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Abstract

Partial differential equations (PDEs) are the basic tools of various mathematical models
occurred not only in physical, chemical and biological phenomena but also in the other
fields such as in economics, financial forecasting, image processing and many more. No-
tice that physical phenomena consisting of certain hereditary properties can’t be explained
via a mathematical model involving only classical differential/integral operators as they
are local in nature. The fractional differential/integral operators, introduced by a great
mathematician Leibniz (1965), are non-local in nature (i.e., the next state of a system de-
pends not only upon its current state but also upon all of its previous states) and have
memory effects as well as an embedded capability to explain the physical phenomena which
are not explained accurately in terms of the classical operators, and so, the fractional op-
erators are more realistic and become very popular in modeling certain complex systems
arising in fluid mechanics, viscoelasticity, mathematical biology, life sciences, electrochem-
istry, physics, economics, control theory and many more. The above finding invoked the
researchers to develop the techniques to study the behavior of such type of the PDEs model.
In the past years, various methods have been developed to study these models of PDEs,
among them, finite difference method, compact finite difference method (Lele, 1992), differ-
ential quadrature method (Shu, 2000) and collocation methods are employed very broadly
to solve classical PDEs.

The main aim of this thesis is to present a numerical study of some fluid flow problems
occurred in the form of time-dependent partial differential equations (PDEs). We consider
both classical and fractional model of PDEs. Specially, in classical order PDEs, we consider
Burgers’ equations in one and two dimensions and Kuramoto-Sivashinsky equation in one

dimension whereas in a fractional model of PDE, we consider coupled viscous Burgers
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equations, Navier-Stokes equations and fractional model of PDEs with proportional delay.
These classical model of PDEs have been studied numerically using Bellman’s differential
quadrature method (DQM) (Bellman et al, 1975) with a different set of base functions
and Lele’s compact finite difference schemes (Lele, 1992). The fractional model of PDEs
have been studied by using a fractional variational technique, reduced differential transform
method and perturbation techniques.

Chapter 1 deals with introductory information on the work done. Besides some basic
definitions and preliminaries, used throughout the work, we present a brief introduction
to differential quadrature method, reduced differential transform method and perturbation
techniques and their existing literature review.

In Chapter 2, a novel approach: modified extended cubic B-spline differential quadra-
ture (mECDQ) method in space discretization has been developed with time integration
algorithm for numerical simulation of initial values system of nonlinear Burgers’ equation
in (1 + 1) dimension and coupled Burgers equation in (n + 1) dimension (n = 1,2) with
appropriate Boundary conditions. The mECDQ method, DQM with modified extended
cubic B-splines as base functions, is used to convert the initial boundary value system of
the Burgers’ equation into an initial value system of ordinary differential equations (ODEs),
in time. We prefer an optimal five stage four order strong stability preserving Runge-Kutta
method (SSP-RK54) to solve this resulting system of ODEs. Six test problems are con-
sidered to test the accuracy and efficiency of mECDQ method. The proposed results are
compared with the exact solutions in terms of Ly and L., errors and the existing results.
The mECDQ scheme is shown conditionally stable Burgers’ equations.

The mECDQ method, DQM with modified extended cubic B-splines as base functions,
is used to convert the initial boundary value system of the Burgers’ equation into an initial
value system of ODEs, in time. We prefer an optimal five stage four order strong stability
preserving Runge-Kutta method (SSP-RK54) to solve this resulting system of ODEs. Six
test problems are considered to test the accuracy and efficiency of mECDQ method. The
proposed results are compared with the exact solutions in terms of Ly and L., errors and

the existing results. The mECD(Q) scheme is shown conditionally stable Burgers’ equations.
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Chapter 3 concerns with a new method modified trigonometric cubic B-spline differen-
tial quadrature method (MTB-DQM) in space discretization with SSP-RK54 algorithm for
solving the time-dependent PDEs. Specially, the proposed algorithm has been implemented
for nonlinear Burgers’ equations. First, MTB-DQM (DQM with modified trigonometric
cubic B-splines as base functions) is used to convert the initial boundary value system of
Burgers’ equation into an initial value system of first order ODEs, in time, thereafter SSP-
RKb54 algorithm has been employed for solving the resulting system of ODEs. Four test
problems are considered to illustrate the accuracy/efficiency of the method in terms of Ly
and L., error norms and their comparisons with existing results. Moreover, MTB-DQM is
shown conditionally stable for various grid points and computed results are better than the
results obtained by almost all the existing schemes.

Chapter 4 adopted a compact finite difference scheme (Lele, 1992) in the space dis-
cretizations while optimal four-stage, order three strong stability-preserving time-stepping
Runge-Kutta scheme in the time, for the numerical simulation of one dimensional the
Kuramoto-Sivashinsky equation “% + u% = ﬁ% + 7%”, arises in the study of flame
front propagation, phase turbulence in a reaction-diffusion system and many other biolog-
ical and chemical processes. The efficiency of the proposed scheme confirmed by six test
problems with known exact solutions. The numerical results demonstrate the reliability
and efficiency of the algorithm developed.

Chapter 5 deals with an analytical study of time-fractional Navier-Stokes equation,

considering the fractional derivative of Caputo type:
DeU + (U - V)U = vV2U — %Vp, on Q x (0,7)

The approximate analytical solutions are obtained by adopting two reliable methods: Frac-
tional reduced differential transform method and a new integral projected differential trans-
form method. The accuracy/efficiency of these methods is illustrated by three test problems
of the time fractional Navier-Stokes equation. The scheme is found to be very reliable, effec-
tive and efficient powerful technique to solve a wide range of problems arising in engineering

and sciences. The small size of computation FRDTM contrary to the other schemes is its



strength.

Chapter 6 deals with an approximate analytical solution of multi-dimensional, time-
fractional coupled viscous Burgers’ (TFCB) equation obtained by employing “homotopy
perturbation method”. The validity and efficiency of the homotopy perturbation method
have been illustrated by considering three different examples of TFCB equation. The results
are also depicted in graphically for different values of fractional order o and Reynolds
number. It is found that the proposed series solutions converge rapidly for large Reynolds
numbers (Re> 100).

In Chapter 7, at first some properties of (n + 1)-dimensional Extended FRDTM for
delayed TFPDEs are presented. Approximate analytic solutions of (14 1) dimensional TF-
PDEs with proportional delay and generalized Burgers’ equations with proportional delay
are obtained by two reliable methods: 1) fractional variation iteration method (FVIM),
and 2) Extended fractional reduced differential transform method (Extended FRDTM).
The approximate solutions from either method are obtained in a series form that converges
to the exact solution behaviors very fast. The efficiency and validity of these methods are
illustrated by three test problems of TFPDEs with proportional delay. The finding shows
that Extended FRDTM is easy to implement as compared to FVIM. The small size of
computation of Extended FRDTM is its strength.

In Chapter 8, the homotopy perturbation transform method (HPTM) (i.e., hybrid of
homotopy perturbation technique & Laplace transform) has been implemented for solving
initial value autonomous system of time-fractional partial differential equations (TFPDES)
with proportional delay, including generalized Burgers’ equations with proportional delay.
The numerical study of three examples of TFPDEs with proportional delay are presented
to test the efficiency and validity of proposed HPTM. The obtained solutions are in series
form, converges very fast. The HPTM seems very reliable, effective and efficient powerful
technique for study of many physical models arising in various branches of sciences and

engineering.
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Chapter 1

Introduction

First, some preliminaries, mathematical methods, literature review and applications of the

considered problems are revisited to comprehend the upcoming chapters

1.1 Basic definitions and notations

A fluid [163] is a substance that has no fixed shape and it deforms continuously when
subjected to a shear stress, no matter how small. Fluid is the subset of matter, e.g. liquids,

gases, plasmas and some plastic solids.

Definition 1.1.1 (Density). The density (p) of a fluid material is its mass (m) per unit

volume (V'), that is, p = . The SI unit of density is kg/m?®.

The principle of density given by Archimedes. The density of the fluid is tempera-
ture/pressure dependent, that is, density decreases with increasing temperature while it

increases as pressure increases.

Definition 1.1.2 (Fluid pressure). Fluid pressure is the force exerted by the fluid per unit
area. Fluid pressure is transmitted with equal intensity in all directions and acts normal to

any plane. In the same horizontal plane, the pressure intensities in a liquid are equal.

Definition 1.1.3 (Equation of Continuity: Conservation of mass). In physics, the equation

of continuity describes the transport of some quantity in a flow. The equation of continuity
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states that ‘fluid flow in such a way that mass is conserved’. Mathematically equation of

continuity in steady state is
dp
— +V.g=0 1.1.1
o q (1.1.1)
where p — fluid density, ¢ —time, q — flow velocity. In particular, for incompressible
fluid flow, the equation of continuity states that the divergence of the velocity field is zero,

that is, V.q = 0.

Definition 1.1.4 (Classical Navier-stokes Equation: Conservation of momentum). The
fundamental governing equation for incompressible non-newtonian fluid flow, the Navier-
Stokes equation is one of the most powerful model was derived in 1822 [180).

The general classical Navier-stokes Equation [25] is given by

1
%JJrq.Vq: —;Vp+uv2q+F (1.1.2)

where v —kinematic viscosity, F' —body force (an external forces that act on the fluid, for
example: gravity, wind, etc). The local time derivative term % denote the time rate of
change at a fized point, vV?q viscosity term, —%Vp be the pressure term, q.V q —mass of

fluid, q.V is the convective derivative.

Definition 1.1.5 (Viscosity). The fluid property ‘viscosity’ is the measure of its resistance,
i.e., the intermolecular force between fluid particles to gradual deformation by shear stress.

It contradicts the relative motion between the two layers of the fluid.

Mainly the viscosity is of two type, namely i) Dynamic viscosity; it) Kinematic viscosity.
i) Dynamic viscosity sometimes known as shear viscosity is the tangential force per unit
area required to one or more horizontal planes with respect to another plane. Dynamic

viscosity can be expressed as

T = 'ud_y (1.1.3)

which is also called Newton’s law of friction, where 7 — shearing stress, y —dynamic

viscosity, v — velocity, dy — distance between layers.
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ii) Kinematic viscosity (v) is the dynamic viscosity u of a fluid per unit density p, that
is, v = £,
P

The dynamic viscosity is involved in the relationship between stress and strain tensors.

The kinematic viscosity mainly is involved in the classical Navier - Stokes equation gov-

erning the fluid motion. If one interested in the interaction between molecules that can

be interpreted in terms of mechanical stress, the dynamic viscosity is more appropriate.

Nevertheless, the kinematic viscosity is recommended when one interested in fluid motion

and velocity field.

Definition 1.1.6 ( [166,194]). A real valued function ¢ defined on Rt belongs to C, class
(v € R) whenever Ir(r > v) € R and a function h € C[0,00) such that ¢p(x) = h(x)z" for
all z € RT. Further the function ¢ belongs to the class C}.; n € N whenever nth derwative

of ¢ in the member of C,,.

In the literature many types of definitions of fractional differentiation /integration oper-
ators (e.g., Riemann-Liouville [166], Caputo type [39], He [17], Atangana and Baleanu [17],
He’s fractional derivatives [82] and many more) has been defined in [191]. Among them,

we revisit the basic definitions and preliminaries of due to Riemann-Liouville and Caputo

Definition 1.1.7 (Riemann-Liouville (R-L) fractional integration [166,194]). Let f € C,,,
then R-L fractional integral operator J(f) (o >0) of f is defined by J2f (t) = f (t) and

t
TEf )= s [ (=77 (1) dr, ifa>0, (1.1.4)
0
where .
r(t)= /e_xxt_ldx,t eC (1.1.5)
0
1s the well known gamma function, a generalization of factorial function. In particular

['(n+ 1) = n! whenever n € N.

IfpeClv>-1,0,0>0and v > —1, then the operator J7 satisfy the following

properties
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a) JPIPo(t) = JPIZo(t),  b) JtT = e,

r(14+v+o0)
Riemann - Liouville derivative exists for every continuous function but the Riemann - Li-
ouville derivative of constant is nonzero. Caputo and Mainardi [39] defined a fractional
differentiation operator Df* to describe the theory of viscoelasticity to overcome the dis-

crepancy of R-L derivative.

Definition 1.1.8 (Caputo Fractional differentiation [39,166,194]). Let ¢ € C}!, v > —1.
The Caputo fractional derivative D {f (t)} of f € C, of order a (m —1<a<m eN) is
defined by

Dio(t) =T D¢ (t), fort > 0. (1.1.6)

Some properties of the differential operator Dy follows the following axioms

Lemma 1.1.9 ( [39,194]). Let m—1<a<mymeN, and p €c C',v > -1, v > a — 1,

and let C' be a constant, then

oy LA+
@ P = Ny —a)
(b) Dy C = 0;
(1.1.7)
(c) DLTL 6 () =6 (x) ;
(d) T D36 (w) =0 () = 3¢ (07) 77, for x>0,

Notice that the Caputo fractional derivative deals with traditional initial and boundary
conditions in the formulation of the physical problems. The readers are suggested to see

[22,40,70,85,86,96,120] for more details on fractional calculus.

Example 1.1.10. Let « =1/2,n =1 and f (t) = t, then formula (1.1.6) yields

2, 1 ¢ 1 T_zﬂ
D t‘r<1/2>/o (ESEAv-

The Caputo fractional derivative of function f(t) =t is obtained as follows

1/2 t 0 Jgz2 NG
Dt/t:_\/L;fo md(t_ﬂ:_#f\/id?:\%fo dx:%z'

which can be obtained directly from Lemma 1.1.9(b) with o = 1/2,v = 1.
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1.2 Motivation

Partial differential equations are the basic tools of not only in many mathematical models
occurred in physical, chemical and biological phenomena but also in the other fields like in
economics, financial forecasting, image processing and many more.

The classical (integer order) differential /integral operators being local, it is not possible
to construct a mathematical model for each physical phenomenon in terms of classical differ-
ential /integral operators. Specially, a physical phenomena consisting of specific hereditary
properties can’t be explained via a mathematical model involving only classical differen-
tial /integral operators. The concept of the fractional order differential operator was given
by a great mathematician Leibniz in a letter to L’Hospital, in 1965. The fractional order
differential /integral operator is non-local (i.e., the next state of a system depends not only
upon its current state but also upon all of its previous states) and have memory effects as
well as embedded capability to explain the physical phenomena which are not explained
accurately in terms of classical differential operators. Due to the nonlocal property, the frac-
tional operators are more realistic and become very popular in modeling certain complex
systems arising in fluid mechanics, viscoelasticity, mathematical biology, life sciences, elec-
trochemistry, physics, economics, control theory, biophysics [22,40,70,84-86,96,121,166,194]
and many more. Especially in nano-hydrodynamics where continuum assumption does not

well, and the fractional model can be considered to be a best candidate.

Solution of time dependent PDEs

The computation of exact or approximate solutions of nonlinear PDEs in the various fields of
sciences and engineering is still a very significant problem that needs new methods to predict
the exact or approximate solution behavior. The above finding invoked the researchers to
develop the techniques to investigate the behavior of the PDEs model involving integer
order differential/integral operators (and also the PDEs models involving the fractional
differential /integral operators). The behavior of the PDEs model can be predicted by

adopting analytical as well as numerical techniques.
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1.3 Analytical techniques

The prediction of the exact solution behavior of classical/fractional differential equation
is very tough task. Indeed, various type of vigorous techniques have been developed, in
the past years, for computing an approximate solution behavior of such type of differen-
tial equations, among them, the homotopy analysis method [208], homotopy perturbation
method [86], modified Laplace decomposition method [136], generalized DTM [155], local
fractional variational iteration method [283], decomposition method [8,177], variational it-
eration method (VIM) [6,48,63,92,93,232,280] and many more. But most of these methods
have their inbuilt deficiencies like calculation in the computation of Adomian’s polynomials,
Lagrange multiplier, divergent results, and huge computational task. A brief description of

some of these analytical methods is as follows

1.3.1 Variation iteration method

The variation iteration method (VIM) was described by He [83] to solve nonlinear PDEs
without linearization or small perturbations. In this approach, a correction functional
formula is constructed via Lagrange multiplier and variational theory. The fractional VIM
was developed by Odibat and Momani [186]. After the seminal work by He, and Odibat
and Momani, the VIM has been used widely to solve not only classical differential equations
but also the fractional PDEs, see [6,48,63,71,85,92,93, 188,189,207, 232, 280, 283]. The

detailed description of variation iteration method is given in Chapter 7.

1.3.2 Perturbation methods

In the last four decades with a rapid development of nonlinear science create an interest
among researchers to develop analytical techniques for studying the nonlinear differential
equations in the various fields of science and engineering. One of the well-known techniques
widely applied is the perturbation technique. The main drawback of the perturbation
technique is that it is limited to the study of the nonlinear problems in which a small

parameter must exist with the nonlinear term of the problems. This small parameter
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assumption greatly restricts applications of perturbation technique because it can not apply

to a variety of nonlinear problems having no small parameter at all.

A. Homotopy Perturbation method

In 1999, He [86-90] developed the homotopy perturbation method (HPM) by merging the
standard homotopy with perturbation for solving various physical problems. It is worth
mentioning that the HPM is employed without any discretization, restrictive assumption
or transformation. Contrary to the general perturbation technique, the presence of a small
parameter is not required in the differential equations. The HPM in topology is adopted
to construct a standard homotopy for the problem by embedding a parameter p € [0, 1],
which is assumed as a “small parameter”. The approximate results obtained by employing
are uniformly valid/converges not only for problems with small parameters but also for
the problems with large parameters [20,33]. After the seminal work of He, HPM has been
widely for the study of a variety of vigorous linear and nonlinear problems of classical and
fractional partial differential equations in sciences and engineering, see [20, 32, 33, 6769,
79,91,103,106,175,178,187,199, 206,229, 281] and many more. The detailed description of

HPM for classical and fractional partial differential equations is reported in Chapter 6.

B. Homotopy perturbation transform method

The Laplace transform is incapable of handling nonlinear equations due to the difficulties
caused by the nonlinear terms. This difficulty is resolved by developing some methods such
as Adomian decomposition method (ADM) [177], Laplace decomposition algorithm [145,
293,294], variational iteration method [83], homotopy analysis method [88,119,137,200,208].

The homotopy perturbation transform method is a hybrid method, which is obtained by
merging standard homotopy perturbation method with well known Laplace transform [159].
The advantage of HPTM is its capability of merging two powerful methods for computing
the exact solutions for nonlinear equations. The HPTM provides the solution in a rapidly
convergent series. This method is a highly effective technique for handling a broad class

of nonlinear problems and makes the solution procedure highly convenient as compared to
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HPM and ADM. The detailed description of the method is presented in Chapter 8.

1.3.3 Differential transform method

The concept of semi-analytical technique “differential transform method (DTM)” is pro-
posed first by Zhou in 1986 [301] for solving linear as well as nonlinear initial value problems

in electrical circuit analysis.

A. One and two-dimensional differential transform method

The differential transform of kth derivative ¢*)(-) of a function ¢ is defined by

o(k) = (1.3.1)

and inverse differential transform of ®’s is as follows
$la) =Y O(k)(x — zo)* (1.3.2)

k=0

Equation (1.3.1) and (1.3.2) yields the following

> ) (2, i
OEDY casl )(x — zo)". (1.3.3)

k!
k=0

The traditional higher-order Taylor series method needs high symbolic computations. But
in DTM does not compute the derivatives symbolically. However, the these derivatives are
computed recursively, which are defined by transformed equations of the original functions.

In practice, the approximate value of a function ¢(z) can be expressed as

olx) =Y O(k)(x — zo), (1.3.4)

k=0

and so, DTM is based on Taylor series expansion, in which the approximate solutions are
obtained in a polynomial form [301]. The readers are referred to [3,155,181,184,205,288,301]

and the reference therein for further details on DTM.
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The DTM is generalized first by Chen [42] for partial differential equations. The gener-

alized differential transform of a functions 6(x,y) is defined by

O, k) = — (ahw(”g’y))x x (1.3.5)

hk! oxkoyk

and the differential inverse transform of F'(k)’s is defined by
=22 O k)@ = 20)"(y = yo)* (1.3.6)
h=0 k=0

From (1.3.5) and (1.3.6), we get

[e.o]

R x—xo (y — o) (9"*0(x,y)
0(x, ) _ZOZ o ( ror ), (1.3.7)

0

In [185], Odibat and Momani developed fractional DTM, which is based on 2 dimensional
DTM [19,269], generalized Taylor’s formula [183] and Caputo fractional derivative [39], the
proposed 2D DTM was further extended in the study of fractional differential equations.

B. Fractional reduced differential transform method

Using basic properties 1-dim DTM, a function v of two variables with property ¢ (z,t) =
f(z)g(t) can be embodied as

t) = iFa (0) tafia(j Z\pf )t (1.3.8)

where 0 < a < 1, V! (2) := Z G (j)F, (£)x? is the spectrum of ¥ (z,t). Throughout the
thesis W’ (z) or ¥,(z) (uppercase) is used for the fractional reduced transformed function of
(x,t) (lowercase). Some basic definitions and properties of FRDTM [15,252] are described

in the following
Definition 1.3.1. Let ¢(z,t) be an analytic and continuously differentiable, then

(a) FRDT or the spectrum of v is given by
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\I/k( ) m [Dak (@D(x,t))}t:t()’ ]’C:O,]_,

(b) The inverse FRDT of Wk (x) is defined by

Y (z,t) = lim 5, = Z\Ilk t—to

m—r00

m
where 5, = > Uk () (t — )™ denotes the approzimate solution with first m itera-

tions.

In particular for to = 0, we get ¢ (z,t) = > Wk (x)the,
k=0

Let X = (x1,29,...,x,) be a vector of n variables. Some basis properties of FRDTM

are listed below

Theorem 1.3.2. [15,247] Let U (X) and ®F (X) be the spectrums of the analytic and

continuously differentiable functions (X, t) and ¢(X,t), respectively, and

(1) If 0(X,t) = lyah (X, t) + Ly (X, 1), then
Oh(X) = 01V} (X) £ 6,P) (X).

(2) IF (X, 1) = ¢ (X, 1) § (X, t), then OF(X) = 327, Wi (X)WE™(X).

(3) If O(z,t) = f(X)Y(X,t), then

(4) If (X, t) = ™™ (X, 1), then OF(X) =
(5) If 0(X,t) = DI (X, 1); $(X,t) = a"t. Then

GZ(X) :Di\pfi (X)? (I)Igc(X) :-T;n(5<k0z—’y)7 5(]{;) — 1 ka:()

0 otherwise
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(6) IfO(X,t) = DyDpowy (X, ). Then OF(X) = HHE8Y Duwk (X) . In particular,

(a) IfO(X,t) = Dl (X, t). Then ©F(X) = Driwk (X)

(b) If 0(X,t) = Dy (X, t). Then OF(X) = Haktna) gk (x|

I'(1+ka) e

(7) If O(X) = LuEaD . then
t=

Ur(x ifra=m
or(X) = o X) ,r:O,l,...é—l.
0 otherwise @

Fractional reduced differential transform with o = 1 is said to be reduced differential
transform [267,292], which was proposed first by Keskin [110]. After the seminal work of
Keskin [110,111], the reduced differential transform method has been widely employed to
solve different type of classical and fractional partial differential equations [79,162,204,211,
251,255, 256] and many more.

1.4 Numerical Techniques

Most of the cases, it is not easy to predict the precise solution behavior of every PDEs model
analytically, and so, the development of numerical techniques to investigate the predictions
of PDEs models of such phenomena becomes very popular among the researchers. In
general, the approximate numerical solutions are obtained in terms of the functional values
at certain discrete points (grid/mesh points). In most of the numerical techniques, a bridge
seems between the derivatives & the functional values at certain meshes. Many numerical
techniques have been developed in the literature, among them, finite difference technique,
finite element technique, and finite volume techniques are considered in the category of low
order techniques while the spectral/pseudo-spectral technique is taken as global technique.
The method of weighted residuals is the generalization of spectral and pseudo-spectral
techniques.

A brief description of compact finite difference schemes and differential quadrature meth-

ods have been reported in the following
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1.5 Finite difference method

One of the simplest methods, the finite difference methods (FDMs) were introduced by
Euler in 1768 for one-dimensional differential equations and were probably extended in two
dimensions by Runge in 1908. FDMs are very popular, which are computed from Taylor se-
ries or a polynomial approximation. FDMs as tools for solving partial differential equations
are ease of implementation and flexibility concerning the boundary conditions. In FDM,
the partial derivatives are replaced by finite difference approximations, and so, the PDEs
is reduced to a large algebraic system of equations. Thus, the PDEs are converted into
discrete quantities of dependent/independent variables, resulting in simultaneous algebraic
equations with all unknowns prescribed at discrete mesh/grid points for the entire domain.
Appropriate methods of solution are chosen in different applications, e.g., in fluid dynam-
ics applications, depending upon the particular physics of the flows (which may include
inviscid, viscous, incompressible, compressible, irrotational, rotational, laminar, turbulent,
supersonic or hypersonic flows) FDMs are proposed to conform to these different physical
phenomena.

The formulation of FDMs for one-dimensional problem is easy but for multidimensional
problems, meshes must be structured in either two or three dimensions and curved meshes
must be transformed into orthogonal Cartesian meshes. The challenge in analyzing finite
difference methods for new classes of problems are often to obtain an appropriate definition
of stability that allows one to show the convergence and to compute the errors in the
approximation. FDMs discretize the governing PDEs directly using their strong form. It
is the most straightforward way to obtain the discrete system equations but large grid
distortions need to be avoided, the typical boundary conditions can’t be handled easily.

These schemes cannot easily be applied to very complex flow geometry shapes.

Compact finite difference scheme

The large stencils are cumbersome near the edge of the domain, and so, a significant dis-
advantage of the finite difference method is the widening of the computational stencil as

the order of the approximation is increased. Luckily, the high-order finite difference meth-
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ods can be derived with compact stencils (and so-called compact finite difference meth-
ods/schemes) at the expense of a small complication in their evaluation. The high order
compact schemes are implicit in nature and provide high order accuracy and better resolu-
tion characteristics for the same number of grid points in comparison to the classical finite
difference methods with the same number of grid points [152]. This feature brings them
closer to the spectral methods while the freedom in choosing the mesh geometry and the
boundary conditions (as in finite difference schemes) is maintained.

In the past years, various approaches of compact finite difference schemes for the ap-
proximations of the derivatives are derived on uniform grid [7, 46,95 and nonuniform
grids [47,66,72]. Chu and Fan developed sixth/eighth order three-point compact finite
difference methods on uniform grids in [46] and extended to non-uniform grids in [47] and
many more. Lele derived various order compact finite difference schemes for first and
second derivatives using Fourier analysis approach [152], are generalizations of the Padé
schemes. Moreover, he extended compact finite difference schemes for third/fourth order
derivatives [152]. High order compact finite difference schemes have been extensively stud-
ied and widely applied to study the problems involving incompressible, compressible, and
hypersonic flows [278]), computational aeroacoustic [43]) and many more. We refer the
readers to [152,165,231] for further details on compact finite difference schemes for various
order derivatives.

In the following compact finite difference schemes for first and second order derivatives
as derived in [152] are reported for uniform grids z; = h(i—1) for 1 <1i < N, read ¢; = f(x;)

as the functional value of f at grid x;, i € Ap.

A. Approximation for the first derivative

The finite difference approximation for the first derivative ¢, = % at x; depends on the
function values near to x; grid, for instance, second and fourth order central differences the
approximation of ¢, depends on the sets (¢;_1, ¢;11) and (¢;_2, Pi—1, Pir1, Pire2) of functional

values, respectively. Lele [152] derived compact finite difference schemes for first order
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derivative from the following approximation

Bi_s+ad_| +d;+ag;  + B, = C@*S&L@‘S +B¢"+24_h¢i‘2 +A¢”12_h¢i‘1 (1.5.1)

The values of A, B,C' and «a, or the relations between these coefficients are derived
by matching the coefficients of various orders in Taylor series expansion, where the first

unmatched coefficient defines the formal truncation error of the approximation (1.5.1),

see [152, Eq.(2.1.1)-Eq.(2.1.5)].
(a) second order: A+ B+ C =1+ 2a+20.
(b) fourth order: A+ 2?B + 3°C = 23(a + 228), and so on.

The general relation (1.5.1) with certain conditions from [152, Eq.(2.1.1)-Eq.(2.1.5)] leads
to a variety of compact finite difference schemes for first derivative. A variety of tridiagonal
compact finite difference schemes are derived by restricting § = 0 while for 5 # 0 generates
pentadiagonal schemes, e.g., relation (1.5.1) with (a) and (b) leads to a three-parameter
family of fourth-order schemes. Moreover, a two-parameter family of sixth-order penta-
diagonal schemes is obtained by imposing the additional constraint of sixth order formal
accuracy. Among them, some tridiagonal compact finite difference schemes are given below

Fourth order accurate compact approximations: The truncation error 7T.FE. and

coefficients for one parameter o family of fourth order tridiagonal schemes is
4 i) 2 1
T.E.= 530~ Dh'¢ | A=Z(a+2),B=3(4a—1),0=05=0. (1.5.2)

with maximum stencil size ¢ = 3 on left side and m = 5 on the right. Scheme (1.5.2) with

a = 0 reduces to the well-known fourth order central difference scheme. Moreover, scheme

(1.5.2) with @ = } is the classical Padé scheme, and so, it is the generalization of Padé

scheme. Scheme (1.5.2) with o = 3 reduces to sixth order accurate scheme of the form

4

1 14
o z

T.E.= —h%® a:g,/g’:O,A:— B=-,0=0. (1.5.3)
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The specific tridiagonal compact finite difference schemes correspond to a = i and o = %
were proposed in [53, pp. 538]. A family of sixth order compact finite difference scheme is
defined in the following

Sixth order accurate compact approximations: The truncation error T.FE. and

coefficients for one parameter o family of sixth order tridiagonal compact finite difference

schemes are given by

12 6.1 | a_ 1 1 B B B
T.E. = o (3—=8a)h’¢'" =0, A= 6(a+9), B = 15(32a 9), C= 10( 3a+1).
(1.5.4)
with maximum stencil sizes ¢ = 3; m = 7. Sixth order tridiagonal scheme (1.5.3) is

the special case of the family (1.5.4) with a = % In particular for o = %, the family
(1.5.4) of sixth order schemes can be further specialized into an eighth order tridiagonal
scheme (8 = 0) derived from (1.5.1) of the highest formal accuracy. It is noticed that
Padé approximations of the first derivative are the special cases of the family of compact
finite difference schemes derived from (1.5.1), see [122,152]. For further details on the

higher-order tridiagonal /pentadiagonal compact finite difference schemes with accuracy up

to tenth-order, see [152, Table 1]

B. Approximation for the second derivative

Analogous to the first derivative, Lele [152] derived compact finite difference schemes for

second-order derivative from the following approximation

Boi_y +adi_y + & +adi, + B,
A Diyz — 20+ 03 Giya — 2¢0; + 2¢; 2 Giy1 — 20 + Pi1
=C on? B e A 72 ’
(1.5.5)

where ¢! denotes finite difference approximation of the second derivative of ¢ at node
x;. The values of A, B,C" and «, 3 or the relations between these coefficients are derived
by matching the coefficients of various orders in Taylor series expansion, where the first

unmatched coefficient defines the formal truncation error of the approximation (1.5.5),
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see [152, (2.2.1)-(2.2.5)].

A variety of compact finite difference schemes with their maximum stencils sizes and
truncation errors for second derivative within (1.5.5) as reported in [152, Table 2| are given
in the following

Fourth order tridiagonal compact finite difference schemes: The truncation
error T.F. and coefficients for a family of fourth order tridiagonal compact finite difference

schemes are as follows:

4 4 -1
T.E. = —a(lla—Q)h4¢(6) A= 5(1_0‘)= B= ?(—1—#1004), C=0, =0. (15.6)

The specified scheme (1.5.6) with o — 0 is the well known fourth order central difference
scheme while scheme (1.5.6) with v = 75 is the well known classical Padé scheme.
Sixth order tridiagonal compact finite difference schemes: The specified case

of scheme (1.5.6) for a = % become a sixth order tridiagonal scheme are as follows:

8
11!

2 12 3
o9 |a=— B=0, A= B=—, C=0 (15.7)

TE. =

The specified cases of scheme (1.5.6) for o = 1—10 and a = % were proposed in [53, pp. 538]

Fourth order pentadiagonal compact finite difference schemes: The trunca-

tion error T.E. and coefficients for three-parameter family of fourth-order compact finite

difference schemes derived from (1.5.5) with § # 0, ¢ # 0 are as follows:

4
TE. = —5(=2+1la — 1240 +20 )R ®);

(1.5.8)

_ 4—4a— 408+ 5C - —1+ 10a + 465 — 8C
N 3 T 3

A

The above class of compact finite difference schemes is the generalization of the following
two parameter family of sixth order compact finite difference schemes, one parameter family
of eighth order compact finite difference schemes and a tenth order compact finite difference
scheme.

Sixth order pentadiagonal compact finite difference schemes: The truncation
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error 1. FE. and coefficients for two-parameter family of sixth order compact finite difference

schemes, obtained by imposing sixth order constraints on (1.5.8), are as follows:

-8
T.E. = g(9 — 38 + 2148)h5p®;

(1.5.9)

~ 6—9a— 128 B_—3+240z—6ﬁ C_2—11a—|—1246

A =
4 ’ D 20

Eighth order pentadiagonal compact finite difference schemes: The truncation
error T.E. and coefficients for one parameter family of eighth order compact finite difference

schemes, obtained by imposing eighth order constraints on (1.5.9), are as follows:

T, — 3990 =334 o)
2696400 ’
(1.5.10)
38a — 9 696 — 1191 24540 — 294 1179a — 344
b= u 428 535 2140

The specified case of the eighth-order scheme (1.5.10) with o = %, i.e., ¢ = 0 was proposed
in [53, pp.539].

Tenth order pentadiagonal compact finite difference scheme: The truncation
error T.FE. and coefficients for a tenth order compact finite difference scheme, obtained by

imposing tenth order constraints on (1.5.10), are as follows:

619

o 43 334 1065 , 1038 79
" 200043360

104(12) _ _ 20 i
O B = e YT R0 ¢ TroRy 899 1798

(1.5.11)

which is the highest formal accuracy within the class of schemes (1.5.5).

1.6 Differential Quadrature Method: a survey

This section deals with the introductory information on the differential quadrature method
(DQM) developed by Bellman et al. (1972). Before describing differential quadrature, first,

we revisit the integral quadrature in the following



18 1.6 Differential Quadrature Method: a survey

f(x)

X=a x=Db

Figure 1.1: Integrating f(z) over an interval

1.6.1 Integral Quadrature

Most of the case, the most critical problem in the fields of science and engineering is to
evaluate I = ff f(z)dz over a finite interval [a, b]. The value of the integral I is F'(b) — F'(a)
whenever 3 a function F' with the property that dF' = fdx. Practically, it very difficult to
identify an explicit expression for F' for each problem. Indeed, it is impossible to identify
the function I whenever the values of f may known at a set of certain grids only. This
shows that there is an essential need of a numerical technique to compute the value of the
integral in such cases. Noticed that the integral I = f: f(z)dz is the approximation of the
area of the region bounded by z axis and f(z) between x = a and = = b as shown in Figure
1.1. Based on this principle, many vigorous numerical techniques have been developed in
the past years. Let Pla,b] = {x; € [a,b] : a = 21 < 29 < ... < znx_1 < &y = b} be any
partition of [a,b]. Setting Ay = {1,2,..., N} and the functional value of f at each grid

point x, by fo = f(zy), then the integral quadrature formula for f: f(z)dx is given as

/ab fla)de =" wefe,

leEAN

where each wy, ¢ € A, is the weighting coefficient. Thus, in integral quadrature formula an
integral fab f(z)dz is approximated as the weighted linear sum of functional values at each
grid over the integral domain.

If the grid points in the partition Pla, b] is distributed uniformly, that is, h, = x;41—x; =

b—a

=5, @ € Ay \ {N}. Then many well known integral quadrature formula like Trapezoidal
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IIIIIIIII—I—I—I—I—{
1 23 1

Figure 1.2: Partition of the computational domain €2; with N grid points

formula, Simpson’s formula and many more are available in the literature.

1.6.2 Differential quadrature method

Analogous to integral quadrature, the differential quadrature was introduced first by Bell-
man et al. (1972). The differential quadrature method (DQM) is a numerical technique
for the approximation of the derivatives of a smooth function at the certain grid points
over the computational domain. The description of DQM for one-dimensional problem is
as follows

Let ¢(x) be sufficiently smooth function over the computational domain ©Q; = [a,b].
Then the approximate value of the rth order derivative

¢

(r) _
0 dzxr

T=x;

of ¢(x) with respect to z at grid z; is approximated as the weighted linear sum of all the

functional values of ¢(z) in the whole computational domain as follows

o) =" al¢r, i€y (1.6.1)
LeAN

where each ag), (i € Ay is the weighting coefficient of rth order derivative and NN is total
grid points in the partition of the computational domain €2y, see Figure 1.6.2. ¢, = ¢(zy),
the functional value at grid x,. The expression (1.6.1) is referred to as the differential
quadrature. The computation of the weighting coefficients az(.z), 1,/ € Ay, in the differential
quadrature is a key procedure. Once the weighting coefficients are determined, the bridge
to the link the derivatives in the governing differential equation and the functional value
at the each mesh point is established. Before developing DQM, the most of the numerical

problems in the fields of science and engineering are studied via low order finite difference
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ija)

method, finite element method and many more by considering a large number of grid
points. The DQM is very standard method to compute very accurate numerical results
for considerably smaller number of grid points, and so, the DQM requiring relatively little
computational effort. The differential quadrature method (DQM) has been employed very
accurately, efficiently and reliably on the variety of problems in the fields of engineering
and sciences. After the seminal paper of Quan and Chang [196,197] and Bellman et al., the
DQM has been implemented for various type of set of base functions, among others, cubic
B-spline differential quadrature methods [124,128,129], Fourier expansion and Harmonic
function based DQM [226,228], Polynomial DQM [124,131], quartic B-spline based DQM
[24,133], Quartic and quintic B-spline based DQM [130], exponential cubic B-spline based
DQM [126], sinc DQM [134], generalized DQM [223], exponential cubic B-spline based
DQM [126] and modified cubic B-spline based DQM [13,239-241]. The readers are suggested
to see [29,45,50,157,158,225] for a variety of problems studied numerically by DQM.

1.7 Computation procedure of weighting coefficient

1 . .
a;;" 5% ) € Ay
Consider a partition Pla,b] with N grid points Pla,b] = {z; € [a,b] : a = 71 < 3 <
... <xy = b} of the computational domain [a, b] of the problem. According to Bellman et
al. [27], the approximation for the first order derivative ¢§1) of a sufficiently smooth function

¢ at ith grid point is direct from (1.6.1) with » = 1 as follows

oV =" alle;, ieAy (1.7.1)

JEAN

(1)

Among the various approaches to compute the weighting coefficients a;;", ¢, j € Ay, some

rigorous approaches are described in the following
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ija)

1.7.1 Bellman’s approach

Based on two different set of base functions, Bellman et al. [27] developed the following two
(1)

approaches to compute the weighting coefficients a;;’, 4,7 € Ay.

1.7.2 Bellman’s first approach

This approach deals with the polynomial base functions to compute ag), i,] € Ay

sp(z) = 2"k € Ay. (1.7.2)

On implementing the base functions (1.7.2) in equation (1.7.1) for ¢th grid point (i € Ay)

yields the following system of equations

> ol =0

JEAN

1
Y ae =1 (1.7.3)

JEAN
Z agjl-) :L‘?_l =(k-1D2"2 keAy\{1,2}

JEAN

Being the coefficient matrix of the system (1.7.3) is of Vandermonde form and its order is
(1)

N x N, the above system has unique solution for a;;", i,j € Ay. Regrettably, the matrix
is ill-conditioned for large N, and so, its inversion is too difficult. In general N is chosen

less than 13.

1.7.3 Bellman’s second approach

This approach is similar to the first approach but main difference is that the following set

of test functions are used with DQM as base functions

LN(ZL‘)
(x — ) LY (x0)

e Ay, (1.7.4)

se(z) =
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where LS\I,) (x) is the first order derivative of Legendre polynomial Ly(z) of degree N. By

choosing the roots z,, ¢ € Ay of the shifted Legendre polynomial as the grid points, Bellman
(1)

et al. [27] computed the following simple algebraic formulae to compute a;;’, i,j € Ay
L(l) T .
z(jl): N( (1)) ) 17&]’ Za]€AN7
(i — ;) (L) (25) (1.7.5)
m _ (1 —2x) e
Qj; 21‘1(1:1_1)’ 1 Js Zaje N-

It is worth mentioning that the computation of the weighting coefficients from equation
(1.7.5) is not an easy task. Since the coordinates of the grid points cannot be chosen
arbitrarily. Instead, one should choose the roots of the shifted Legendre polynomial of
degree N as the grid points in the partition of the computational domain of the problem.
This is why the second approach is not as flexible as the first one. Due to the inflexibility
associated with this approach in selecting the grid points, the first approach is usually

adopted for the numerical study of the variety of physical problems.

1.7.4 Quan and Chang’s approach

After Bellman’s approaches for computing the weighting coefficients, many attempts have
been made in various articles by researchers to improve the Bellman’s approaches in com-
puting the weighting coefficients. One of the most useful approaches was introduced by
Quan and Chang [196,197] by adopting the following set of base functions with Lagrange

interpolation polynomials

Sk<£L') = ke AN, (176)
where

(1.7.7)
MO(a) =[] (i — ).

eAn\{i}
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Subsequently, on implementing the set of base functions (1.7.6) in any partition of the

computational domain [a,b] with N grid points, Quan and Chang obtained the following
(1)

algebraic formulations for computing the weighting coefficients a;;", 4,7 € Ax
1 Ti—T C
(@) = 2i) | gy (@~ )
] ’ (1.7.8)
o _ (—jijeA
Qi Z xi_xk’ 1 J: L) € An.
keAn\{i}

It is worth mentioning that contrary to Bellman’s second approach, this approach has no

restriction for the selection of the grid points.

1.7.5 Shu’s general approach [225]

Inspired by Bellman’s approaches, Shu has developed a general approach which covers all
the approaches including Quan and Chang’s approach. In his approach, Shu considered
two typical sets of the base polynomials as listed in (1.7.9a)-(1.7.9b). Shu demonstrate that
computation of weighting coefficients by all the above approaches is same due to polynomial

approximation and linear vector space analysis.

M@ )
Sg(ZL’) = (:L’ — l’g)M(l)(a?gy e Ay (179 )

se(v) = 2", (e Ay (1.7.9b)

where M(x) and MM (z;) are same as defined in equation (1.7.7) but the computation

procedure of the weighting coefficients is different. For simplicity, we set

M(z) = N(z,x¢)(z — x0), e Ay
(1.7.10)
N(xi,:cj) = 5ij M(l)(ﬁz), ’l,j € AN,

where §;; is well known Kronecker operator. Equation (1.7.10) and Equation (1.7.9a) yields

Sg(l’) = %ﬁg, e Ay (1711)
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Finally, equation (1.7.1) with test function (1.7.11) yields

) _ NO(z;,2))

S VOTEa i, JAN, (1.7.12)

a

where MW (x;) can be computed from equation (1.7.7). To compute N (x;, z;), first

differentiate successively relation (1.7.10) r times with respect to  to obtain the following
M (z) = (z —x;) NO(z,2;) +r NOD(z,2;), jeAyr>1 (1.7.13)

where M) (z) and N (z, ;) denote rth order derivatives of M(x) and N(x,x;), respec-

tively. Equation (1.7.13) yields the following expression for N (z;, z;)

MO (g,
N(l)(miaa’)j)zﬁa 27&]7 Z-7.7'€AN
%;% (1.7.14)
M (z; L
N(l)(xh‘ri):#? t=1 ZaJEAN-
Equation (1.7.14) and (1.7.12) yields the following
MWD (x;)
(1) = : £ 4, i,j €A 1.7.15
Cllj (-Z'Z — :E])M(l)(x])v ? 7£ VE2W] € N ( < a)
MO (z;
) _ M (z:) i=7j, 4,7 €Ay (1.7.15b)

o 2M(1)<JZZ>,

It is worth mentioning that for given x;, M m(:ci) can be computed easily from equation

(1.7.7), and so, ab i # j,i,j7 € Ay can be computed easily from equation (1.7.15).

ij
1)

(A

However, the computation of a;;’, i € Ay is based on the computation of second-order
derivative M) (z;) is not a easy task. This difficulty was eliminated by adopting second
set of base polynomials (1.7.9b). According to the property of a linear vector space, “if one

set of base polynomials satisfies a linear operator, so does another set of base polynomials.

As a consequence, the values of agjl.),i, 7 € Ap obtained from the linear system derived
from Lagrange interpolation polynomials equation (1.7.9a) are equivalent to that derived

from another set of base polynomial ¥~ k € Ay in (1.7.9b). Hence, for base polynomial
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ij77

¢(z) =1 for k =1 in base functions (1.7.9b) with (1.7.1) yields the following

o) =— > a)), i€y (1.7.16)
JeAN\{i}

(1)

Thus, the weighting coefficient a;;’, i,j € Ay can be computed easily from equation

(1.7.15a) and (1.7.16), which is derived from two sets of base polynomials in the linear

polynomial vector space V.

1.8 Computation procedure of weighting coefficient

al?i,j € Ay [225]

According to Bellman et al. [27], the approximation for second order derivative qﬁZ@) of a

sufficiently smooth function ¢ at ith grid point is direct from (1.6.1) with r = 2 as follows

0P =3 alle;, i€y (1.8.1)

JEAN

Mainly the following two approaches are used to compute the weighting coefficients

(2)

1.8.1 Quan and Chang’s approach [196,197]

This approach used the Lagrange interpolation polynomials as a set of base functions in
2)

DQM, to compute the weighting coefficients a;;”, i,j € Ay as follows

4

2 Ti— T 1 .
(IE2):— H ‘ Z ) 1#]7 17]€AN
T (@) tean\figy T3 T leangigy TE T
¢ N »J N 5J (182)

N
@ 1 1 S,
aii _2 Z {$i—$g (lz l(m'z_xl))}, 1#]7 Z?] GAN

\ ZEANfl\{i}
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1.8.2 Shu’s general approach for computing a\? i j €Ay

2]77

Analogous to the weighting coefficients for the first order derivative, Shu’s approach for
the weighting coefficients for second order derivative is also based on the polynomial ap-
proximation and linear vector space analyses. The two sets of base polynomials as given in

(1.7.9a)-(1.7.9b) is used. On using Equation (1.7.11) into Equation (1.8.1), we get

@ _ NO(z;,z)

a;; = MO(z) i,j € An, (1.8.3)

and the following expression for N®(z;, x;) is direct from Equation (1.7.13)

M@ (z;) —2ND (2,
N (a;,2y) = @t) igjiedn
o T (1.8.4)
M) (z; S
N(2)(Ii7xi):%7 =7, %) GAN‘

Equation (1.8.4) and Equation (1.8.3) yields the following

M () — W (p. 7.

(2) (xl) 2N (xu .%‘]) . ..

) — eA
a’zg (xz _ I'])n[(l)($]> ) ? 7£]7 1,7 N

1.8.5
@ _ MO(:) A (183)
1 3M(1)($Z)’ J 4] N
Moreover for i # j, equation (1.7.15) and Equation (1.8.5) yields
(2) 1 R
;- = 2aij | Qi — . i#7J 1,] €AN (1.8.6)
Ty — T

E?),i,j € Ay can be

(2)

i )

Equation (1.8.6) shows that for i # j, the weighting coefficients a

computed easily. On the other hand, the computation of the weighting coefficient a,:’,i €

Ay is a tough task as it involves the third order derivative M®)(x;) whose computation

is not easy. This difficulty was eliminated by adopting second set of base polynomials

(1.7.9b) and a property of linear vector space as used to compute i e Ay. That

)

is, base polynomial ¢(z) = 1 for £k = 1 in base functions (1.7.9b) with (1.8.1) yields the
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7,]77

following

af =— Y a4, i€y (1.8.7)

it iJ

JeAN\{i}
It is worth mentioning that Shu’s general approach was the first approach to compute the

weighting coefficients a”),, j € Ay from Equations (1.8.6)-(1.8.7).

1]77

()

1.9 Shu’s recursive approach for computing a;;’,

1,] €
Ay, r>2 [225]

Using differential quadrature formula, the approximation for rth order derivative (/51(-7") and
(r — 1)th order derivative qbl(r_l) of a sufficiently smooth function ¢ at ith grid point can be

read from (1.6.1) as follows

¢(T): Z ag)@v, QSTSN—l,iGAN,

jeaN (1.9.1)
o =3 al Ve, 2<r<N-1lieAy

JEAN

This approach is also based upon two sets of base polynomials to derive an explicit formu-

lation to compute the weighting coefficients agj), i,j € Ay. Equations (1.9.1) with the first

set of base polynomials from (1.7.11) yield the following

(r=D(p. 2.
(r—1) N (xzax]) ..
aij - M(l)(l‘]) , 4,J] € AN (192)

m  NO(x;, ;)

a:

ij T M(l)(CCJ) ; (2W) GAN (193)

Equation (1.9.2) can be re-written as follows

NOD(z;,2;) = a(?"_l)M(l)(xj), i,j € Ay. (1.9.4)
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On the other hand, recurrence relation (1.7.13), we have

N (g 2) = M i=7j, 14,7 € An, (1.9.5)
NO (5, 2;) = MO(wi) = rNT D@0 2) 5 400 ie Ay, (1.9.6)
T — T
N (2, x;) = % i=34, 14,7 € Ay. (1.9.7)
Equation (1.9.5) and Equation (1.9.6) leads to
N () = - NV w0) = NO i)} oy ve A (1.9.8)

T; — ZL’j
which can be further simplified by using (1.9.4) as follows

r (a7 MO (@) = VMO ()
N (2, 2;) = — #7007 € Ay, (1.9.9)
]

(r)

The recursive values of the weighting coefficients a;;” can be obtained from Equation (1.9.4)

after using Equations (1.9.3) and (1.7.15a) as follows

(r=1)

Q.-
o) =7 <a§j’a§§‘” - J—) , i#£j i, jEAN2<T <N -1, (1.9.10)
Ty — Ty

)

The formulation for ag can be obtained by using equation (1.9.7) into equation (1.9.3) as

follows
(r) M+ ()
a.. =
v (r+1)M®(x;)’

i=3,4,j] €An;2<r<N-1 (1.9.11)

It is worth mentioning that equation (1.9.10) offer an easy way to compute the weighting

coefficients ag) for i,7 € Ay, 1 # j for rth order derivatives. On the other hand, the
(r)

computation of the weighting coefficient a;,’,7 € Ay is a very tough task as it involves
the third order derivative M+ (z;) whose computation complexity is a very tough task.
Analogously, this difficulty is eliminated employing property of linear vector space and a

second set of base polynomials (1.7.9b). That is, base polynomial ¢(z) = 1 for k = 1 in
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(1.7.9b) with first equation of (1.9.1) yields the following

o) == > aff. (1.9.12)
jeAN\{i}

1.10 Computation procedure of weighting coefficients

for multi-dimensional problems

In practice, most of the physical phenomena are modeled in terms of two/three space
dimensional problems, and so, an extension of the differential quadrature approximation
N-dimensional case becomes necessary. This section deals with the extension of differential
quadrature approximation for two-dimensional problems with regular domain. In [224],
it is demonstrated that one-dimensional polynomial based DQM can be extended directly
to multi-dimensional cases whenever the discretization domain is regular (i.e., rectangle,
circle, etc.).

For convenience, consider a rectangular domain for a description of the procedure. Let
¢(x,y) be a smooth function of two variables defined on a regular domain as in Figure 1.3.

The discretization step along each horizontal line, the = interval, is same and analogously

Y=b D)

N
\/
M)
\/
N
\/
T0—0—0—0 0 00
M)
|\
N
\/
N
/
M)
N\

a

Figure 1.3: Uniform grid distribution in a regular (e.g., rectangular) domain
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along each vertical line the y interval, is the same. Therefore, one can assume the same
x coordinate distribution for each horizontal line while the same y coordinate distribution
for each vertical line. Let along y = b for any constant b, the values of ¢(z,b) at the grid
points, denoted by the blank circles, can be approximated by a polynomial Py(z) of degree
(N — 1) which constitutes an N-dimensional linear vector space Vy with N polynomials
ri(z),i € Ay as basis vectors. Similarly, along the vertical line z = a for any constant a,
the values of ¢(a,y) at the grid points, denoted by the dark circles, can be approximated
by a polynomial Py, (y) of degree (M — 1) which constitutes an M dimensional linear vector
space Vi; with M polynomials s;(y),j € Ay as basis vectors. The value of ¢ at any grid

point (z,y) in the domain can be approximated as follows

é(x,y) ~ Pyxm(z,y) = Z Z wijr Tyt (1.10.1)
1EAN JEAN

where w;; is a coefficient. It is to be noticed that Pyyas(x,y) forms an N x M dimensional
linear polynomial vector space Vi with respect to the operation of vector addition and
scalar multiplication, where 7;;(x,y) = ri(x)s;(y),7 € An,j € Ap is a basis vector of the

linear vector space V.
Let the values of ¢ at (z;,y;) is read as ¢;; = ¢(z;,y;) for i € Ay, j € Ay In DQM,
the r-th order partial derivatives of ¢(z,y) with respect to z,y at the grid point (z;,y;) can

be approximated as follows

o by

aj = > aidy i€ Ay

oo e (1.10.2)
_ (r) :

o = > o jEAy

(Z‘i7yj) keA

where az(»;) and bz(-;) are the weighting coefficients of r-th order partial derivatives of ¢ with
respect to x and y respectively. By the properties of linear vector space, “if all the base

polynomials 7;;(x, y) satisty the linear equation (1.10.2), so does any polynomial in Vi "
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Equation (1.10.2) with » =1 for ¢;;(x,y) leads to

ri (@) = > al) ri(xe), ij €Ay
leAN

1 1 ..
35' )(?Jz‘) = Z bgz) sj(ye), 0,5 € An
eEA]w

(1.10.3)

where r§1)(mi) be the first order derivative of r;(z) at x; and 551)(yi) be the first order

derivative of s;(y) at y;.
@ or pb

It is worth mentioning that the weighting coefficients a;; i; » being related to only

rj(x)ors;(y) (see equation (1.10.3)), can be formulated directly from one dimensional case,

ie.,
( MO (x;)
(1) i . ..
i ) » O EA )
G MOy TS BIEA
al == Y ay, i=j, i) €Ay
bgl): . ) 27&]7 iajEAMa
T (i — ) PW(y;)
b =— > b, i=3j, i,j € An
\ JeEAM\{i}
where

M(l)(ifz') = H (xi — ), P(l)(yi) = H (i — yy)
JjeAN\{i} jeAm\{i}

(r)

The weighting coefficients a;;",7,7 € An; bg),i, 7 € Ay for r-th order derivatives can be

computed directly from Shu’s recursive formula [225] based on polynomial DQM as follows

, (r—1)
a. -
a§§) =T (aﬁ-)aﬁf” - #) , 1#7,1,] € An;
i j
o) == 3 ), i=j.i.j €A
JeAN\{i}
! -1 (1.10.5)
b§§) =T bS-)bS*” - h , 1# 7,1, € A
i — Yj
== > by, i=j,ij €A
\ jeALi}
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1.11 Numerical study of time-dependent partial dif-
ferential equation by employing DQM

The partial differential equations are of two types i) steady state (time-independent) and
ii) unsteady state (time-dependent) differential equations. The DQM is applicable to solve
both steady state equations and unsteady state equations. Most of the problems occurred in
sciences and engineering are governed by unsteady state partial differential equations. This
section deals with the study of unsteady state partial differential equation by employing
DQM.

In general, DQM is used to approximate the spatial derivatives. In this way unsteady
state partial differential equation reduces to unsteady state ordinary differential equations,
which can be solved various existing approaches. Consider an unsteady state PDE of the

form
ou
— = Lu] + f(t), (1.11.1)
ot
associated with appropriate initial and boundary conditions. In Equation (1.11.1) u(X,?)
be unknown to be determine, X = (x1,29,...,x,) spatial coordinate in n-dimensional
space, f be a given function and L is a differential operator containing all the spatial

derivatives. DQM is used at each interior grid point to discretize the spatial derivatives in

the differential operator L]u]. Thus, a set of first-order ODEs is obtained as follows

oU

o = LW+ F (1.11.2)

where U is the vector denoting a set of unknown values at each interior point, L[U] be a
vector resulting from differential quadrature discretization, ' be a known vector arising
from source term f and the given boundary conditions. The resulting system of first order
ODEs (1.11.2) with the initial value at each interior point, obtained from the given initial
values, can be solved either via any rigorous time integration technique or by employing

any well known explicitly or implicitly low order finite difference method.
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1.12 Literature review

The classical Navier-stokes Equation can be regarded as Newton’s second law of motion for
fluid substances which is a combination of momentum equation, continuity equation and
energy equation. The development of an efficient control system for a fluid flow should be
based on the specific Navier-Stokes equations that describe the flow in order to exploit their
ability to accurately predict the spatiotemporal behavior of the flow field. Navier-Stokes
equations have motivated an extensive research activity on the dynamics where important
contributions include the realization that turbulent flows involve coherent structures [21,78]
and their computations, see [201,234-236]. The prediction of the behavior of Navier-Stokes
equation is of great importance due to its wide application in the physical problems to
model various phenomenon such as in theory of modeling of gas dynamics [37], traffic flow,
investigating the shallow water waves [156], examining the chemical reaction-diffusion model
8], turbulent flow patterns of soil water [262], shock waves traveling in hydrodynamics
turbulence [52].

The first approximate analytical solutions of time fractional Navier-Stokes equation
were obtained by employing the Laplace transform method, finite Hankel transforms and
finite Fourier sine transform by El-Shahed and Salem [60]. After this seminal work, the
nonlinear fractional Navier - Stokes equation has been studied by many techniques such
as adomaian decomposition method (ADM) [34,177], Homotopy analysis method (HAM)
[68,200]. Recently, the fractional Navier-Stokes equation was solved by employing residual
power series method [100] and a new method based on operational matrices [238].

One dimensional Burgers’ equation: % + aug—; — Vg%f = 0, the simplest nonlinear
partial differential equation for diffusive waves in fluid dynamics consists two terms: non-
linear convection term and viscous diffusion term. Thus, it becomes a simplified form to a
one-dimensional analogue of the Navier-Stokes equations without stress terms. First time,
it was also used in the context of a statistical theory of turbulent motion of fluids [26] and
later describing a mathematical model of turbulence [35-37], due to such extensive work

of Burgers’ this equation is said to be Burgers’ equation. This equation arises in many

physical problems including one-dimensional turbulence, shock/sound waves in a viscous
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medium, waves in fluid-filled viscous elastic tubes, continuous stochastic processes, vorticity
transportation, dispersion in porous media and magneto-hydrodynamic waves in a medium
with finite electrical conductivity and many more. The more details, we refer the readers
to [35-37,52,62,65].

In the last years, a lot of efforts have been made to compute the accuracy and efficiency of
various numerical schemes for Burgers’ equation with various values of kinematic viscosity.
Burgers’ equation has already been solved using several analytical and numerical schemes,
for, instance, Hofe Cole transformation [52,65], finite element method [9], finite differ-
ence method [81,260], implicit finite difference method [104,261], compact finite difference
method [30,153,174], fourier pseudospectral method [202], variational iteration method [6],
reproducing kernel function method [227], quadratic B-spline finite elements [192], colloca-
tion methods based on cubic B-spline [55,168], modified cubic B-splines [171] and extended
B-spline [61]. The interested readers also read [13,30].

The fractional model of one dimensional coupled viscous Burgers’ equation has been
solved by employing the reduced differential transform method [247,251,256], fractional
reduced differential transform [237], generalized differential transform method [155], cou-
pling of homotopy perturbation method and Pade technique [108], homotopy perturbation
method [85], ADM [291], Laplace homotopy algorithm [243], Laplace homotopy perturba-
tion method [103] and Fractional variational iteration method [193]. For more details of
HPM, we refer the readers to [20,187,206,286] and references therein.

Partial differential equations with proportional delays is a special class of delay par-
tial differential equation, arises in the field of complex economic macro-dynamics [124],
medicine, control systems and climate models [279]. A little literature was found for the im-
plementation of numerical methods for the study of the solution behaviors of time fractional
partial differential equations (TFPDEs) with delay. Some methods which were adopted for
the study of classical/fractional differential equations with delay are reported in Chapter 7.

Kuramoto-Sivashinsky equation (1.12.1) was originally derived in the context of plasma

instabilities, flame front propagation, and phase turbulence in the reaction-diffusion system



35 1.13 Thesis Plan

198].
ou 0%u ou 0*u

a = 92 u%—i—v@ (1.12.1)

where R is the set of real numbers, f,g, 1,1y are known functions and u, = %,um =

9u

2.2, etc. The nonlinear term in KS equation counterbalances the dispersion term while

dissipation terms show a mechanism for energy transfer. Moreover, KS equation with
~v = 0 is the known Burgers’ equation.

Kuramoto-Sivashinsky equation models the fluctuations of the position of a flame front,
the motion of a fluid going down a vertical wall, or a spatially uniform oscillating chemical
reaction in a homogeneous medium [54]. Kuramoto-Sivashinsky equation exhibits chaotic
behavior, having solution like traveling waves moving without change of shape over a finite
spatial domain. Kuramoto-Sivashinsky equation occurred in many physical phenomena:
reaction diffusion systems [144], long waves on the interface between two viscous fluids [97],
hydrodynamics thin films [266], and flame front instability [253].

In the past years, the Kuramoto-Sivashinsky equation was studied numerically by
adopting rigorous approaches such as Chebyshev spectral collocation methods [113], lo-
cal discontinuous Galerkin methods [284], tanh function method [150], homotopy analy-
sis method [146], inverse scattering method [59], homogeneous balance method [64], cu-
bic B-spline finite difference collocation method [149], quintic B-spline collocation method
(QBSC) [167], septic B-spline collocation method (SBSC) [295], higher-order finite element
approach [16], finite difference discretization [10], fourth-order singly diagonally implicit
Runge-Kutta method [58], lattice Boltzmann method (LBM) [285]. The asymptotic states

of the damped Kuramoto-Sivashinsky equations were studied numerically in [73].

1.13 Thesis Plan

In continuation of the introduction, the proposed work of the thesis is organized as follows
In Chapter 2, a novel approach: modified extended cubic B-spline differential quadrature
(mECDQ) method in space discretization has been developed with time integration algo-

rithm for numerical simulation of initial values system of nonlinear Burgers’ equation in
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(1+1) dimension and coupled Burgers equation in (n+ 1) dimension (n = 1,2) with appro-
priate Boundary conditions. The mECDQ method (DQM with modified extended cubic
B-splines as base functions) is used to convert the initial boundary value system of the
Burgers’ equation into an initial value system of ordinary differential equations (ODEs), in
time. We prefer an optimal five stage four order strong stability preserving Runge-Kutta
method (SSP-RK54) to solve this resulting system of ODEs. Six test problems are con-
sidered to test the accuracy and efficiency of mECDQ method. The proposed results are
compared with the exact solutions in terms of Ly and L., errors and the existing results.
The mECDQ scheme is shown conditionally stable Burgers’ equations.

Chapter 3 concerns with a new method modified trigonometric cubic B-spline differen-
tial quadrature method (MTB-D@QM) in space discretization with SSP-RK54 algorithm for
solving the time-dependent PDEs. Specially, the proposed algorithm has been implemented
for nonlinear Burgers’ equations. First, MTB-DQM (DQM with modified trigonometric
cubic B-splines as base functions) is used to convert the initial boundary value system of
Burgers’ equation into the initial value system of first-order ODEs, in time, after that SSP-
RKb54 algorithm has been employed for solving the resulting system of ODEs. Four test
problems are considered to illustrate the accuracy/efficiency of the method in terms of Ly
and L., error norms and their comparisons with existing results. Moreover, MTB-DQM
is shown conditionally stable for various grid points and computed presented results are
better than the results obtained by almost all the existing schemes.

Chapter 4 adopted a compact finite difference scheme (Lele, 1992) in the space
discretizations while optimal four-stage, order three strong stability-preserving time-
stepping Runge-Kutta scheme in the time, for the numerical simulation of one-dimensional
Kuramoto-Sivashinsky equation “g—? —i—ug—z = % +”yg47§f”, arises in the study of flame front
propagation, phase turbulence in the reaction-diffusion system and in many other biologi-
cal and chemical processes. The efficiency of the proposed scheme is confirmed by six test
problems with known exact solutions. The numerical results demonstrate the reliability
and efficiency of the algorithm developed.

Chapter 5 deals with an analytical study of time-fractional Navier-Stokes equation,
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considering the fractional derivative of Caputo type:
DU+ (U-V)U =vV?U — 2Vp, onQx (0,T)

The approximate analytical solutions are obtained by adopting two reliable methods: Frac-
tional reduced differential transform method and a new integral projected differential trans-
form method. The accuracy and efficiency of these methods are illustrated by three test
problems of the time fractional Navier-Stokes equation. The scheme is found to be very
reliable, effective and efficient powerful technique to solve a wide range of problems arising
in engineering and sciences. The small size of computation FRDTM contrary to the other
schemes is its strength.

Chapter 6 deals with an approximate analytical solution of multi-dimensional, time-
fractional coupled viscous Burgers’ (TFCB) equation obtained by employing “homotopy
perturbation method”. The validity and efficiency of the homotopy perturbation method
has been illustrated by considering three different examples of TFCB equation. The results
are also depicted in graphically for different values of fractional order o and Reynolds
number. It is found that the proposed series solutions converge rapidly for large Reynolds
numbers (Re> 100).

In Chapter 7, at first some properties of (n + 1)-dimensional Extended FRDTM for
delayed TFPDEs are presented. Approximate analytic solutions of (1+ 1) dimensional TF-
PDEs with proportional delay and generalized Burgers’ equations with proportional delay
are obtained by two reliable methods: 1) fractional variation iteration method (FVIM), and
2) Extended fractional reduced differential transform method (Extended FRDTM). The ap-
proximate solutions from either method are obtained in a series form that converges to the
exact solution behaviors very fast. The efficiency /validity of these methods is illustrated by
three test problems of TFPDEs with proportional delay. The finding shows that Extended
FRDTM is easy to implement as compared to FVIM. The small size of computation of
Extended FRDTM is its strength.

In Chapter 8, the homotopy perturbation transform method (i.e., hybrid of homo-

topy perturbation technique & Laplace transform) has been implemented for solving initial
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value autonomous system of time-fractional partial differential equations (TFPDEs) with
proportional delay, including generalized Burgers’ equations with proportional delay. The
numerical study of three examples of TFPDEs with proportional delay is presented to
test the efficiency and validity of proposed HPTM. The obtained solutions are in series
form, converges very fast. The HPTM seems very reliable, effective and efficient powerful
technique for study of many physical models arising in various branches of sciences and

engineering.



Chapter 2

Modified extended cubic B-spline

DQM for solving Burgers’ Equation

2.1

Introduction

This chapter is concerned with nonlinear Burgers’ equation (2.1.1) and coupled viscous

Burgers’ equation (2.1.2) in (141) dimension, and coupled viscous Burgers’ equation (2.1.3)

in (24 1) dimension together with suitable initial and Dirichlet Boundary conditions:

ou ou 0%u
E—FOZU%—V@ :O, U(.T,O) :'QZ)(.I), xr € Ql, t>0,

u(z,t) = ¢(x,t),z € 004,t >0,

ou  O*u ou  O(uv)
— = —Qu— —«

ot 0x? ox ox

ou ou *u  O%*u
U% ”a__”(%+a_y2)’ u(r,y,0) =¥ (z,y),
v Ov 0%v 0%
- I - i — 0
e +ogt =v (Gt 55 w0 = dale). () € 0t >0

u(r,y,t) = &(r,y,t), v(z,y,t) =((z,y,t), (r,y) € 9Q, t >0,

39

(2.1.1)

(2.1.2)

(2.1.3)
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where Q1 = [a,b], g:(¢ = 1,2,3,4), 0,1 are known smooth functions, the parameters &, 7
real constants, «, 5 be the other constants depend on the system parameters (e.g., Peclet

number, stokes velocity of particles and Brownian diffusivity [182]). Q = [a,b] X [¢,d] —

du

computational domain, and its boundary is €2, u, v — velocity components, 7

— unsteady
term, ug—z — nonlinear convection term, v (% + %) — diffusion term and v — coefficient
of viscosity (#. = v > 0), Re — Reynolds number and « > 0, a constant, and 1, 11,12, &
and ¢ are known functions.

Bellman et al. [27] developed the differential quadrature (DQ) method for solving partial
differential equations (PDEs). After the seminal paper of Bellman et al., and Quan and
Chang [196,197] the differential quadrature method has been implemented for various type
of a set of base functions, among others, cubic B-spline DQ methods [124,128,129], DQM
based on Fourier expansion and Harmonic function [226, 228], Polynomial based DQM
[124,131], quartic B-spline based DQM [24,133], Quartic and quintic B-spline methods [130],
exponential cubic B-spline DQM [126], sinc DQM [134], generalized DQM [223], exponential
cubic B-spline based DQM [126] and modified cubic B-spline DQ method (MCB-DQM)
[13,239-241]. Having capability to handle local phenomena, B-splines (piece-wise smooth
polynomials) have more influence in comparison to another set of basis functions. A lot
of physical models have already been solved by considering the (modified) cubic B-splines
as a set of base functions. Recently, Korkmaz and Akmaz have developed extended cubic
B-spline DQM [127] which produces stable solutions for one dimensional Burgers’ equation.

In this chapter, a modified extended cubic-B-spline differential quadrature (mECDQ)
method has been developed for the numerical computation of the Burgers’ equation. The
mECDQ method is the DQM with modified extended cubic-B-splines as a new set of base
functions. The mECD(Q method converts the initial- boundary value system of Burgers’
equation into an initial value system of ODEs in time, which we solve by an optimal
five - stage, order four strong stability-preserving time-stepping Runge-Kutta (SSP-RK54)
algorithm. The accuracy, efficiency, and adaptability of the method is confirmed by taking

six test problems.
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2.2 Description of the method

This section deals with the description of mECDQ method for Burgers’ equation. Being
the weighting coefficients depend on grid spacing only, the domains €2 and €2; defined by

={zeR:a<x<b} and Q={(z,y) eR*:a<z<b c<y<d}areportioned
uniformly in each direction with the following knots:

a=x1<Tg,..<z;<...<xN,1 <N, =D,
(2.2.1)

C:yl<y27"‘<yj<"'<yNy—1<xNy:d,

where h, = %; hy = %, is the descritization step in x and y directions, respectively.

Let z; € 4, (x;,y;) €  be generic grid points and
wi = u;i(t) = w(z, t);  wy = wi;(t) = u(zs, yj, 1)

The r-th order partial derivatives of u(x,t) with respect to x approximated at z; read:

Ny

8%1- r .

= > aur, i€ Ay, (2.2.2)
k=1

The r-th order partial derivatives of u(x,y,t) with respect to x,y at the grid point (x;,y;)

can be computed as follows:

o0"u (r)

%(%yj) = azk ug; 1€ Ap,
k=1

J"u .
a r xza y] Z b]k Ui, ] € ANy
(2.2.3)

6” .
xl,y] Zalk v 1€ Ap,

(37" .
x’myj Zb]k Vi J € ANy

where a ) and b (r =1,2) are the weighting coefficients of the r-th order partial deriva-

tives with respect to  and y.
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The extended cubic B-spline basis function is defined as [127]:

(

A1 = N Py(x) + 3APLy(2), T € T2, Ti1)
24p +12P,_((x) + 6(2 + NP2 (x) — 12P? | (z) — 3A\P! ((v), = € |11, 7;)

P = i 24p — 12P,(z) + 6(2 + \) P2 (z) + 12P2 | (z) — 3APY (x), x € [z, 2i41)
AN = 1) Plo(x) + 3APL, (@), T € [Tiy1, Tite)
0, otherwise

\

where h, P;(x) = (z—x;) and 24p = 4— ), and A is a free parameter, used to obtain different
forms of the extended cubic B-splines. For instance, extended cubic B-splines with A = 0
are the cubic B-splines. The set of extended cubic B-splines {¢o, ¥1, ©2, .-, N, N, +1}
forms a basis over ;. Let 12h0 = 8+ X and 2h%w = 2+ \. The values of extended cubic B-
spline p;; = @;(z;) and its first and second derivatives at x;, is @i := @i(z;), ¥}; = wi(7;)

and ¢y := j (z;), respectively, read as:

0ifi—j=0 aifi—j=1 —uw,ifi—j=0
Pig = pifi—j=41 @y =q —gifi—j=—1;¢;=1{ wifi—j=+1(224)
0,if otherwise 0,if otherwise 0,if otherwise

Taken idea from [13], the extended cubic B-splines are modified as:

[ 61(2) = () + 200(2)
¢2(35) = 802(35) - 900(95)

oj(x) = @j(x), for j=3,4,..., N, — 2 (2.2.5)

N, -1(7) = on,—1(2) — N, +1(7)

\ on, (r) = on, (T) + 20N, 11(7)

The set {41, P2, ..., ¢y, } forms a basis of the domain €.
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2.3 Computation of the weighting coefficients

In order to evaluate the weighting coefficients agjl-) of Eq. (2.2.3), the modified extended cu-
bic B-splines ¢, (z), m € Ay, are used. Taking ¢, ; := ¢, (;), dm, 1= dm(z;). Accordingly,

approximation of the first order spatial derivative is given as follows:

N
O = > Sy Gt (2.3.1)
/=1

I

Setting ® = |¢p,u], A = a'V](the unknown weighting coefficient matrix), and ® = [¢
g 14

then Eq. (2.3.1) can be written as the set of a tridiagonal system of linear equations:

’

AT =@ (2.3.2)

The coefficient matrix ® of order NV, can be computed from Egs. (2.2.4) and (2.2.5) as:

L e
0o 04 p
p 0 p
d —
p 0 p
p 0 0
p 1

and in particular the columns of the matrix ' read:

—1/h —1/2h 0 0
1/h 0
0 1/2h 0
O'[1] = L P[2] = oL DN,—1] = LP[N,] =
: 0 —1/2h 0
0 : 0 —1/h
0 0 1/2h 1/h
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Being @ invertible, the tridiagonal system Eq. (2.3.2) is solved by using Thomas algorithm
[151] for the weighting coefficients agl}), 1,0 € Ay, Similarly, the weighting coefficients bl(-;)
can be computed by considering the grid points in y-direction.

17

One can determine agg), i, € Ay, as in [128]: ¢, = évz””l Cbg)@ne, ,m € An,.
Similar to system Eq.(2.3.2), this system yields aﬁ) i,¢ € Ay, . The existence of more than
one basis functions to span the N, -dimensional computational domain gives an opportunity
to determine the weighting coefficients agz), i, 0 € Ay, in the same space by means of various
set of basis functions. Keeping the computation cost in mind, we prefer Shu’s rth-order
(r > 2) recursive formula [223,225] based on polynomial based DQM, to compute the

weighting coefficients az(?), 1,0 € An,; bg), i,/ € Ay, as follows:

, (r=1)
ag) =r (agl})agl) o azf_) ) 17& &iag € ANI’
T; — Xy
Ng
ag):— Z al(-g), i=/(ileAy,;
0=1,04i
o - (2.3.3)
. _ by, ) .
bgé) =r bgl})bgl Y - L ) 1 7é 67176 S ANya
Yi — Ye
Ny
b =— 3" b i=0i,0€ A,;
L (=104

2.3.1 Implementation of mECDQ method to Burgers’ equations
in (1+1) and (2 + 1) dimensions
A. Burgers’ and coupled Burgers’ equations in (1 + 1) dimension

On putting the values of the spatial derivatives approximated by mECD(Q method,

Eq.(2.1.1) with initial condition can be re-written as follows:

N, N
8 xT xT
e = —aw Y a3 i € A,
j=1 j=1 (2.3.4)

ui(t = O) = ’QZ)Z‘, 1€ Ax
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Considering boundary conditions in mind, Eq. (2.3.4) reduces to a set of first order ODEs:

o No—1 No—1
aZ—VZa u; — aZZa u;+ F, i€ Ay,
s (2.3.5)
uz(t:()) :1/12', 1 eANz
where
F,=v <a§f)u1 + ag\?xuNJ — oy <a§1>u1 + agjlv)xum) , (2.3.6)

Now, the one dimensional coupled viscous Burgers’ equation (2.1.2) can be re-written

as:

( N, N, N,
CRD YCUIRD STERY 05 STURES oy

7=1 Jj=1 J=1
N, N, N
Wi = ) S ~ ) e (2.3.7)
ot =D av = €u ) v = Bl u Yy aylvit ey agly
j=1 j=1 j=1 =1

ui(0) = ¢(z;), v:i(0) =v¥(z;), i € A,

\

On implementing the boundary conditions from (2.1.2), system (2.3.8) reduces to a set of

first order ODEs of the form:

/ au Ny—1 Ny—1 N;y—1 Np—1
i (2) ) (1) (1)
9 Z @ Ui — Ny Z a;; uj — o (uz Z ;i Vj + U Z (3e Uj> + F;

Ry Ne ! Ne—1 Ny—1
ov; X ” x . .
S P n Y a8 (Z P 3 ) 258)
Jj=1 j=1

u;(0) = o(x;), v;(0) =(x;), 1 <ie< N,

\

where n; = nu;, & = ui, o = au, Oé§ = av;, B = Bu,, 5@{ = fBv;, and

(1) (1) (1) (1)

Fy = (alur + aly) un,) — mi(alun + aly un,) — ci(alor + aly. on,) — aj(alun + aly, un,

Gy = (av +ayon,) = &lay v + apy,ow,) = Bilaiy v + agy,o,) = Bi(ai u + ajy, ux,

),

)-
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Figure 2.1: Stability region of SSP-RKb54 algorithm with z = At

B. Nonlinear coupled Burgers’ equations in (2 + 1) dimension

Similarly, on implementing mECDQ method in space, Eqs. (2.1.3) reduces to
-1

( Ny—1 Ny—1
j = <Z azk U + Z b]k ulk> — Uy Z a; ukj o Z b]k Uk + Fij,
k=2 k=2
Np—1 Ny—l Ny—1 N,—1
(91)1 2.3.9
J = (Z azk Uk] Z bg?“m) — Ui]’ Z GE;)’U]CJ' — ’Ui]' Z bg}f)vzk + Gij; ( )
k=2 k=2 k=2
U(U)(t = O) = f(mi,xj),vij(t = O) = C(l’l,.’ﬁj) l<i< ANI, 1< ] < AN
where u;; = 7;; and v;; = K;; and
Fyj = v(afuy; + aly, un,, + 05w + 05 win,) — 7ij(alf vy + aly, ux, ;)
(1) (1)
— Ky (by ug + B iy ),
e TNy (2.3.10)
1
Gz’j = V(CLZ(?)UU + CLZ(JQ\; UN. T+ bﬁ)vﬂ + bg-?efinNy) — Tij<ag)1}1j + CLE]\;JUNM)

/iij(b( Vi + b]N UzNy)
The initial value system (2.3.5) and system (2.3.9) of first order ODEs can be solved
via many time integration algorithms, among others, SSP-RK algorithms allow low storage
and large domain of absolute properties [77,135,254] which results in less accumulation of

the numerical errors. In particular, we prefer SSP-RK54 algorithm [77,254] for solving of
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these initial value systems through the following steps [135,254]:

UW = U™ +0.391752226571890AtL(U™)

U@ = 0.444370493651235U™ 4 0.555629506348765U ) + 0.368410593050371 At L(UM)
U® =0.620101851488403U™ + 0.379898148511597U @ + 0.251891774271694 At L(U?)
UW = 0.1780799543931320™ + 0.821920045606868U ) + 0.544974750228521 At L(U®)
U™ = 0.517231671970585U @ 4 0.096059710526147U®) 4 0.063692468666290 At L(U))

+ 0.386708617503269U ) + 0.226007483236906 At L(U™),
(2.3.11)

2.4 Stability analysis

In this section, the stability analysis of mECDQ method for Burgers’ equation is studied. As

in [209], Terms «; = au; in the nonlinear terms of Eq. (2.1.1), and w;; = 7;; and v;; = K;; in
(1)]

the nonlinear terms of Eq. (2.1.3) are assumed to be locally fixed. Let Ay = [ag-)]; Ay = [ay;
and By = [bg)]; B, = [bl(;)] be the matrices of the weighting coefficients of order (N, — 2).

This reduces Eq. (2.3.5) to

d
d—g — AU+ F, Ut = 0) = Uy (2.4.1)
where U = (ug,ug,...,uy,—1) and
A= I/A2 - CYZ'Al (242)

Analogously, Eq.(2.3.9) can be written as

% — BU + H, (2.4.3)

where x) U = (u,v)” is an unknown vector of the functional values at interior grid points:
U= (U, ..., Us(Ny—1), U2y - - -, UZ(Ny—1) - - - U(No—1)2) U(No—1)3» - - - s U(Na—1)(N,—1)) and

v = (022, <oy Ug(Ny—1)5, U325« - 5 U3(Ny—1) - - - U(N;—1)25 U(N,—1)35 - - - ,U(szl)(Nyq)) )
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x) H=(F,G)',F = [F;],G = [Gij]1 <i< N,;1<j<N, as defined in Eq. (2.3.10),

A O
B= y and A= _TijAl - K'ijBl + I/A2 + l/BQ7 (244)

O A

where O’s null matrices, A, and B,.(r = 1,2), below are square block diagonal matrices of

order (N, — 2)(N, — 2) of the weighting coefficients a” 5" respectively.

ij 1 Vi
C, O ... O
O, C. ... O
A=[1, Bo=| e =) (2.4.5)
O, O C,
*) wg) = agil)(jﬂ), 1 <i,j € An,_o and cg-) = bgil)(jﬂ), € An,—2. I and Oy are the

matrices of order N, — 2 and N, — 2, respectively.

The stability of system (2.4.1) and system (2.4.3) depends on the eigenvalues of the
matrices A and B, respectively [101]. If the solution of the system (2.4.1) is decreasing in
absolute value, then the system is stable whenever each eigenvalue of A must have negative
real part. In fact, the stability region is the set S = {z € C,|R(z)| < 1,z = AAt} where
R(.) is the stability function and A be the eigenvalue of the matrix A. The stability region
of SSP-RK54 algorithm is depicted in Figure 2.1, see [135, Fig. 5].

Thus, the sufficient for the stability of system (2.4.1) is that A4 At lie inside the stability
region S (let) of SSP-RK54 algorithm for each eigenvalue A4 of A. Similarly, system (2.4.3)
is stable whenever A\g/At € S for each eigenvalue Ag of B. For more details, see [101,135].

It has been checked that the eigenvalues A\; and Ay of A; and A, in one dimension have
the same nature as in two-dimensions. Moreover, the eigenvalues of A, and B,(r = 1,2)
are same, and so, it is sufficient to compute the eigenvalues A\; and A\y. The values of \;,
Ao for different step size h are depicted in Figure 2.2, which shows that each eigenvalue \;
of A; is pure imaginary whereas each eigenvalue Ay of As is real and negative. It is direct
from Figure 2.2 and Eq. (2.4.2) that for given values of h and v one can find the time
step At for which A4At lie inside S, the stability region of SSP-RK54 (see, Figure 2.1)
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Figure 2.2: Eigenvalues \; and A, for different grid size h.

for each eigenvalue Ay = vy — ayA; of A. It is evident from Figure2.2 and Eq. (2.4.3)
that for a given value of h and v 3 At for which A\g/At corresponding to each eigenvalue
Ap = 2vX\y — A (7o + Ko) of B lies inside S. The above findings confirm that mECDQ
method produces stable solutions for Burgers’ equations in one and two dimensions.

In Example 2.5.1, for A = 0.01 the eigenvalues are computed for free parameter A =
—0.012, v = 0.005. It is found that each eigenvalue A, belongs to [—171.394, 173.39:] whereas
each Ay belongs to [—65353,0), and so, for any time step At < 0.01, the value AyAt =
(vAg — a; A1) At lies inside the stability region of SSP-RK54 algorithm. Similarly, the time

step At can be determined for producing table results in the other examples.
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2.5 Numerical results and discussion

This section is devoted to the accuracy analysis of the proposed numerical method. Specif-
ically two test case of (2.1.1) and three test cases of (2.1.3) are taken into account. The
accuracy and consistency of the method is performed by considering the following Ly and

Loo error norms:

Ly := hz [uj — uj|?; Loo = max |u; — uj] (2.5.1)
j
=1

where u; and u] denote exact solution and computed solution at node xz;, respectively.
The efficiency of the method is performed by considering the rate of convergence (ROC)

of the scheme, computed as follows:

_ logyo (B(N)/E(Ny)
MO g/

where E(N;) (i = 1,2) denote the Ly or L., error norm with V; grid points. These values

are computed by using by C++.

2.5.1 (1+ 1)D nonlinear Burgers’ and coupled Burgers’ equation

Example 2.5.1. The first test case deals with (141)D Burger’s equation (2.1.1) with o = 1
for Qy = [1,1.2] as given in [13] with u(x,1) = ———-——— withu(0,t) =0, u(1.2,t) =0,
1+exp(5(x _Z)>

fort > 1. In this problem the initial condition is taken at t = 1. The exact solution for the

problem is given by

T

t) = t t>1; ty=exp(l 2.5.2
u(@,?) 1+(%)1/2exp(:r2/41/t)’ Z 1 to = exp(l/8v) (252)

The numerical computation of Example 2.5.1 is performed for different values of t, 1.7 <
t < 3.5 for At =0.01,h = 0.01 . In order to find the best value of X\ over the interval [—1,1],
maximum absolute error at t = 2.5 is depicted in Figure 2.3 which confirms that the optimal
value is A = —0.012. Table 2.1 shows that the CPU time for mECDQ method is almost
same as MCB-DQM [13] while the mECDQ solutions are comparatively more accurate.

The comparison of mECDQ) results, in terms of Lo and L., error norms with the results
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Figure 2.3: Behavior of L., error norm with respect to the free parameter \.

Table 2.1: Comparison of computational cost of mECDQ of Example 2.5.1 with MCB-
DQM [13] at N, = 121,¢ < 3.1, At = 0.01, A = —0.012 and v = 0.005

t=1.7 t=2.5 t=3.1
Lo L CPU Lo L CPU Lo Lo CPU
N— — N—
x 106 x 106 x 109

MCB-DQM 1.910 7.700 0.038 0.8600 3.080 0.089 0.6500 3.310 0.121
mECDQ 1.125 5.255 0.039 0.5182 2.043 0.075 0.6235 3.561 0.112

Table 2.2: Comparison of Ly andL..errors in the mECDQ solutions of Example 2.5.1 for
v =20.005at t =3.6

mECDQ MCB-DQM  Korkmz and Dag [128]
Method I Method 11 Method III
Lo 0.00001 0.00001 0.00018 0.00016 0.00014
Lo 0.00007 0.00007 0.00046 0.50002 0.00054

due to existing schemes in the literature, is reported in Table 2.2. The Lo and L., error
norms in mECDQ solutions are compared with the errors due to the schemes in [13,128],
1s reported in Table 2.3. The above findings show that mECDQ results are much better in
comparison to the results due to almost all earlier methods. The proposed method is the
generalization of modified cubic B-spline differential quadrature method (i.e., mECDQ with
free parameter A = 0 reduces to modified cubic B-spline differential quadrature method). In
mECDQ method one has the choice to optimize the results by considering the appropriate
value of X\. Physical behavior of the mECDQ solutions for v = 0.005 at different time levels
t < 3.5 with h = 0.01, At = 0.01 is depicted in Figure 2.4. The absolute errors for different

time levels are depicted in Figure 2.5.

Example 2.5.2. The second test case deals with (1+1)D coupled viscous equation (2.1.2)
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Table 2.3: Comparison of the Ly and L., errors in mECDQ solutions of Example 2.5.1 for
v = 0.005 at t < 3.50 with the errors obtained in earlier schemes

t=1.7 t=24 t=3.1
Methods N, At 103 L, 103Lo  10°Ly 103Ly  10°L, 103 L,
mECDQ 121 0.01 0.00101 0.0048 0.00062 0.00199 0.00070 0.00354
[13] 121 0.01  0.00191 0.0077 0.00086 0.00308 0.00065 0.00331
PDQ [123] 200 0.001 0.015 0.056  0.011 0.064 0.584 4.301
CBCDQ [124] 101 0.001 0.210 0.680 0.190 0.530

QRTDQ [133] 101 0.001 0.109 0.434 0.100 0.339 0.091 0.266
BSFEM [49] 20 0.1 0.857 2576 0.423 1.242 0.230 0.680
CSC [210] 20 0.01  0.857 2576 0.423 1.242 0.235 0.688
QBCM1 [154] 200 0.01  0.017 0.061  0.012 0.058 0.601 4.434
QBCM2 [154] 200 0.001 0.358 1.211  0.251 0.807 0.630 4.790
Galerkin [282] 200 0.01  0.857 2576 0.423 1.242 0.235 0.688
1 =25

QBCM [55] 200 0.01 0.0721 0.3115 0.0510  0.18902

CBCM [55] 200 0.01 24664 27577 2.1118  25.1517

QRKM [55] 200 0.01  0.026 0.091  0.031 0.115

t=3.5
[171] 241 0.01  0.02520 0.0994 0.0151 0.0549 0.0117  0.0486
£=0.5 [227] 12001  0.01  0.38421 1.3473 0.49135 1.55470 0.52586 1.52196
B=1 [227] 12001 0.01  3.08966 10.404 2.72048 8.29747 2.12110 5.94321
[13] 121 0.01 0.00191 0.0078 0.0079  0.00275 0.00618 0.04335
mBECDQ 121 0.01  0.00101 0.0048 0.00060 0.00179 0.00616 0.04317

with o = =1, =n=—2 as follows

ou 0%u ou  Ouv

o o Ty g CELmT >0
Qu_ Pv o, 00 0w e =0
ot Ox2 Yor  ox " s

where the values of ¢,, g1, go, g3, g4 can be extracted from the following exact solution of

the problem as given in [182]

u(x,t) = v(z,t) = e 'sin(z), z € (—m,m),t > 0.

The computed mECDQ solutions, the order of convergence and CPU time are compared with
the solutions computed via LBM [147] are reported in Table 2.4. In Table 2.5, the computed
solutions and CPU time are compared with the solutions computed via PDQM [170] and
modified cubic B-spline collocation method [172]. The findings from the above tables show

that computed solutions are more accurate than the solutions obtained by PDQM [170],
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LBM [147] and modified cubic B-spline collocation method [172], the CPU time in mECDQ
method is slightly more as compared to modified cubic B-spline collocation method [172] and
1s less than LBM. The order of convergence of mECDQ method more than the order of
convergence of LBM [147].

Table 2.4: Comparison of Ly, L., errors, CPU time and ROC of in mECDQ solutions with
LBM [147] of Example 2.5.2 with a = =1, =n = —2 and At =0.0001 at t = 1

mECDQ (A = —0.005) LBM [147]
N I, ROC Lo ROC CPU I ROC Lo ROC CPU
10 7.24E-03 3.42E-03 0.002  3.30E-02 1.15E-02 0.031
20 8.27E-04 3.13  4.09E-04 3.06 0008  818E-03 2.01 3.01E-03 1.94 0.062
40 6.14E-05 3.75 3.24E-05 3.66 0.028  2.01E-03 203 7.38E-04 2.03  0.109
80 1.36E-05 218 6.47E-06 232 0.115  4.64E-04 211 1.71E-04 211  0.202

Example 2.5.3. The third test case deals (14 1)D nonlinear Burgers’ equation (2.1.1) with
a=1,Q =10,2] as considered in [15]:

27y (sin(mx) exp(—m2v%t) + 4sin(27rx) exp(—472v%t))
(4 + cos(mz) exp(—m22t) + 2 cos(2mx) exp(—4m2v2t))

u(z,t) = (2.5.3)

The values of ¥ (x),<(x,t)can be extracted from the exact solution (2.5.3).

The numerical computation of Example 2.5.3 is performed with the parameter values
h =0.1,v = 1072 for the optimal value of X in [—10%, 10| with respect to Lo error, which
is A = —4.3x10%. Att =1,Ls and Lo errors with parameter values h = 0.1, At = 0.01
and N\ = —4.3 x 10® are compared in Table 2.6 with the results of [13, 171] for different
values of v. The findings confirm that the proposed results more accurate than the results

in [13,171]. The computed solution behavior of this test example is depicted in Figure 2.6

Table 2.5: The comparison of Ly, L, errors and CPU time in mECDQ solutions of Example
252 witha,=1,&n=—-2att=1

mCEDQA = —0.095 [170] [172]

At Lo(u) Loo(u) CPU Loo(u) Lo (v) Loo(u) Lo (v) CPU

0.01 7.80E-05 2.84E-05 0.024 1.85E-03 1.85E-03 1.34E-04 1.34E-04 0.015
0.006  3.06E-05 1.13E-05 0.059 9.22E-04 9.22E-04 1.34E-04 1.34E-04 0.031
0.002  2.37E-05 1.66E-05 0.113 4.60E-04 4.60E-04 1.34E-04 1.34E-04 0.046
0.001  3.07E-05 2.18E-05 0.303 1.84E-04 1.84E-04 1.34E-04 1.34E-04 0.093
0.0005 3.50E-05 2.43E-05 0.424 9.19E-05 9.19E-05 1.52E-05 1.52E-05 0.171
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Figure 2.6: Behavior of mECDQ solutions of Example 2.5.3 for v = 0.01, h = 0.02, At =
0.01 at different time levels t <1

Table 2.6: Comparison of obtained Ly and L, errors with [13,171].

v Mittal and Jain [171] MCB-DQM [13] mECDQ
h=0.025, At =103 h=0.1, At = 0.01 h=0.1, At =0.01
L2 Loo L2 LOO L2 LOO

1072 3.13E-02 2.66E-02 2.92E-02 2.63E-02 5.81E-04 7.99E-04
1073 4.45E-04 3.59E-04 3.93E-04 3.45E-04 6.39E-06 8.55E-06
1074 4.61E-06 3.72E-06 4.09E-06 3.55E-06 6.53E-08 8.61E-08
1075 4.62E-08 3.74E-08 4.11E-08 3.56E-08 6.55E-10 8.61E-10
1076 4.62E-10 3.74E-10 4.11E-10 3.56E-10 6.55E-12 8.61E-12

at different time levels.

2.5.2 (24 1)D nonlinear coupled viscous Burgers’ equation
Example 2.5.4. This case deals (2+1)D nonlinear coupled viscous Burgers’ equation 2.1.3

in Q= 10,1]? [11, 30, 275] with the following initial and boundary conditions

Uy (z,y) = sin(nzx) sin(7y),
Po(x,y) = [sin(rz) + sin(27x)] [sin(7y) + sin(27y)], (z,y) € Q,

§(z,y,1) =0,¢(z,y,1) =0, (z,y) €0Q, t >0,

The numerical computation of Example 2.5.4 is performed for v = 0.01,1, At = 0.005, A\ =
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0.5 at t < 1 for different grid points. The computed results are compared with the results
of [11,30,275] in Tables 2.7 and 2.8. The findings from Table 2.7 and Table 2.8 show that the
proposed results are agreed well with the results obtained by fourth-order compact schemes:
ETDRK-P13 [30]. The physical behavior at different time levels t = 0.04,0.25,0.5,1 is
depicted in Figure 2.7 for v = 0.01, N, = N, = 81 and At = 0.005.

Example 2.5.5. This test case deals with (2 + 1)D nonlinear coupled viscous Burgers’

Table 2.7: Comparison of mECDQ results of Example 2.5.4 at t = 0.01 for Re = 1.0

Points [30] Method of line [11] FEM [11] mECDQ
N, 20 40 20 40 20 40 40
At 0.005 0.0050  0.005 0.00025  0.00067  0.0005  0.005

u (0.1,0.1) 0.07258 0.07253  0.07257 0.07253  0.07257  0.07252  0.072517
( ) 0.28846 0.28836  0.28846  0.28836  0.28842  0.28835  0.277556
( ) 0.72206 0.72178  0.72205 0.72178 0.72210 0.72179 0.721622
( ) 0.20113 0.20106 0.20112 0.20106 0.20113  0.20107  0.204770
( ) 0.07949  0.07947 0.07948 0.07947  0.07947 0.07946  0.079461
v (0.1,0.1) 0.43302 0.43162 0.43302 0.43173 0.44336 0.43178 0.431192
( ) -0.12386 -0.12182 -0.12387 -0.12184 -0.12366 -0.12180 -0.124340
( ) 1.65573 1.65336  1.65571 1.65335 1.65499 1.65316 1.652340
( ) 0.06571 0.06681 0.06571 0.06679 0.06621 0.06692 0.066822
( ) 0.01372 0.01349 0.01372 0.01349 0.01367 0.01349  0.013431

Table 2.8: Comparison of mECDQ results of Example 2.5.4 with the results in [30] and [275]
for Re = < =100

Points mECDQ [30] [275]
N, =80, At = 0.005 N, =80, At = 0.002 N, =80, At = 0.002
t=20.5 t=1.0 t=05 t=1.0 t=20.5 t=1.0
(0.1, 0.1) = 0.015095 0.007264 0.01510 0.00727 0.01509 0.00726
v 0.121633 0.055424 0.12169 0.05546 0.12162 0.05542
(0.2,0.8) w 0.158422 0.080754 0.15863 0.08073 0.15839 0.08076
v 0.987385 0.581761 0.99333 0.58211 0.98654 0.58111
(0.4,0.4) w 0.128221 0.070449 0.12819 0.07043 0.12822 0.07045
v 0.700213 0.369000 0.70023 0.36899 0.70021 0.36900
(0.7,0.1) w 0.133546 0.068174 0.13362 0.06823 0.13353 0.06816
v 0.099979 0.074458 0.09995 0.07444 0.09999 0.07446
(0.8,0.8) w 0.563817 0.295711 0.56408 0.29573 0.56378 0.29571
v 1.185270 0.696786 1.18625 0.69686 1.18512 0.69677
(0.9,0.9) w« 0.281002 0.366676 0.27905 0.36783 0.28128 0.36648
v 0.221346 0.752660 0.21695 0.7544 0.22196 0.75237
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t=0.04

u(z,y,t)

Figure 2.7: The behavior of Example 2.5.4 with v = 0.01, N, = N, = 81, At = 0.005 at
different time levels t <1
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Table 2.9: Rate of convergence (ROC) for u for different grid points (N, N,) with A\ =
0.52, At =0.0005 at t =1

A =0.52 A=0.4

N, Lo ROC Ly ROC Ny Lo ROC L ROC
) 1.5779E-02 2.4630E-03 4 1.0799E-02 2.1600E-03

10 1.2799E-03 3.62 1.2191E-04 4.34 8 2.6363E-03 2.03  2.8422E-04 2.93
20  2.0471E-04 2.64 1.2110E-05 3.33 16 3.5676E-04 2.89  2.6252E-05 3.44

40  3.4962E-05 2.55  1.1437E-06 3.40 32 6.2368E-05 2.52 2.4576E-06 3.42
80 5.5606E-06 2.65 1.0017E-07 3.51 64 1.0004E-05 2.64 2.1893E-07 3.49

Table 2.10: Rate of convergence (ROC) for v for different grid points (N,, N,) with A\ =
0.52, At = 0.0005 at ¢t = 1

A=0.52 A=04
N, Lo ROC L ROC N, Lo ROC L4 ROC
5 1.5779E-02 2.4630E-03 4 1.0799E-02 2.1600E-03

10 1.2799E-03 3.62 1.2191E-04 4.34 8 2.6363E-03 2.03  2.8422E-04 2.93
20  2.0471E-04 2.64 1.2110E-05 3.33 16 3.5676E-04 2.89 2.6252E-05 3.44
40  3.4962E-05 2.55 1.1437E-06 3.40 32 6.2368E-05 2.52  2.4576E-06 3.42
80 5.5606E-06 2.65 1.0017E-07 3.51 64 1.0004E-05 2.64 2.1893E-07 3.49

equation (2.1.3) with the following exact solution as given in [65]

t —3 :
u(z,y,t) 1 4(1 + exp((—4x + 4y — t))Re/32)
3 1
v(z,y,8) =7 + A(1 + exp((—4z + 4y — t))Re/32)

where V1 (x,y)and Yo(x,y) on Q; and ((z,y,y),s(z,y,t) on OQ can be computed from the
ezact solution for the computational domain Q = [0,1]?.

The numerical computation of Example 2.5.5 is performed for v = 1072, At = 0.0005
and X\ = 0.52. The computed Lo and L., error norms for u and v are reported in Tables
2.9 and 2.10. 1t is found that the rate of convergence (ROC) for this example is cubic.
The mCEDQ solution behaviors of u and v with v = 1072 and X = 0.52 at time t = 0.5
are depicted in Figure 2.8 whereas the exact solution behaviors of w and v with the same

parameters are depicted in Figure 2.9 at t = 0.5.

Example 2.5.6. This test case deals with (2+ 1)D nonlinear coupled viscus Burgers’ equa-
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Figure 2.8: mECDQ) solutions of Example 2.5.5 at t = 0.05 with N, = N, = 41, At = 0.005
and v = 1072,

Figure 2.9: The exact solutions of Example 2.5.5 at t = 0.05 with N, = N, = 41, At = 0.005
and v = 1072,

tion (2.1.3) with the following exact solutions

u(z,y,t) = —e ' sin(x + y)

v(x,y,t) = e ' sin(x + y)

where Y1 (z,y) and Pa(x,y) on Q; and ((x,y,t),s(x,y,t) on O can be computed from the
ezact solution for the computational domain Q = [—m, 7|2

The numerical computation of Example 2.5.6 is performed for At = 0.001 and v = 2 at
different grid points. The Lo, Lo, error norms are computed with the parameters:A = 0.025
at t = 3.0 for different grid points, are reported in Table 2.11. Table 2.11 shows that for
this problem mECDQ method converges linearly. The mCEDQ solution behavior of u and
v with v = 0.5, N, = N, =41 and A = 0.25 at t = 3 is depicted in Figure 2.10 whereas the

absolute errors are depicted in Figure 2.11.
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Figure 2.10: mECDQ solution of Example 2.5.6 at t = 3.0 with N, = N, = 41, At = 0.001
and v = 0.05.

Figure 2.11: Contour plots of absolute errors in mECDQ solution of u(upper), v(lower) of
Example 2.5.6 at ¢t = 3.0 with N, = N, = 41, At = 0.001 and ¢ = 0.5.
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Table 2.11: Lo, Ly errors and ROC of Example 2.5.6 in Q = [—m, 71]” for A = 0.25, At =
0.001

N, u v

Lo L ROC (Lwo) Lo Lo ROC (Lwo)
10 7.20E-05 1.16E-06 7.20E-05 1.16E-06
20 4.29E-05 4.05E-07 0.72 4.29E-05 4.05E-07 1.52
40 3.90E-05 1.92E-07 1.08 3.90E-05 1.92E-07 1.08
60 3.84E-05 1.27E-07 1.01 3.84E-05 1.27E-07 1.01
80 3.82E-05 9.54E-08 1.00 3.82E-05 9.54E-08 1.00

2.6 Conclusions

This chapter deals with a new method “modified extended cubic B-spline differential
quadrature method” developed for numerical computation of nonlinear partial differential
equations. From the definition of the DQM, the modified extended cubic B-splines have
been taken as a set of base functions to determine the weighting coefficients of the first-
order derivative approximations. The polynomial based DQM has been used to determine
the weighting coefficients of the second-order derivative approximations. The proposed
mECDQ method is implemented for Burgers’ equation in both one and two dimensions.
Section 2.3.1 confirms that the computational cost of both MCB-DQM [13] and mECDQ
method with an optimal value of the free parameter is same. In Section 2.5, the accuracy
and efficiency of mECDQ method have been measured by calculating Ly, L., error norms
and the rate of convergence, which shows that mECDQ method generates very accurate
solutions for Burgers’ equation in both (1+1) and (2+1) dimensions. For instance, mECDQ
method with suitable a value of A produces better results for (1 + 1) dimensional Burgers’
equation in comparison to MCB-DQM [13]. Moreover, for (2+1)D coupled viscous Burgers’
equation the mECDQ method produces results comparable to the recent result in [30]. The
advantage of mECD(Q method is its accuracy in comparison to MCB-DQM, low memory
storage and easiness of the implementation. The mECDQ) solutions of Burgers’ equation are
computed without transforming the equation and without any linearization technique. The
proposed method is shown stable for Burgers’ equation by performing the matrix stability

analysis method for various grid values.



Chapter 3

Modified trigonometric cubic B-spline

DQM for solving Burgers’ equation

3.1 Introduction

This chapter deals with a new approach called “modified trigonometric cubic B-spline
differential quadrature method (MTB-DQM)” in space together with a time integration
algorithm to predict the approximate behavior of the initial value systems of nonlinear
coupled viscous Burgers’ equations with Dirichlet boundary conditions as given in (2.1.2)
and (2.1.3) for one and two space dimension, respectively.

In the past years, a lot of efforts have been made for the accuracy and efficiency of
various schemes for the numerical computation of Burgers’ equation with different values
of kinematic viscosity. The numerical computation of coupled viscous Burgers’ equation
in one space dimension has been done via various vigorous techniques, some of them are
lattice Boltzmann method [147], differential quadrature method [170], fully implicit finite
difference method [259], composite finite difference and Haar wavelets schemes [142], dis-
crete adomian decomposition method [98], variational iteration method [31], cubic spline
techniques [102], compact finite difference scheme of higher order [30,215],Quartic B-spline
collocation method [14] and many more. In 2016, Arora and Joshi [12] developed mod-

ified trigonometric cubic B-spline collocation method for the solution of one-dimensional

62
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parabolic partial differential equation in biological processes. For more schemes for (2+1)D
Buregers’ equation, the interested readers are referred to [11,49,154,210,275,282] and the

references in chapter 2.

3.2 Description of MTB-DQM

This section deals with the description of modified trigonometric B-spline DQM for Burg-
ers’ equation. The computation domain €2; and 2 for one and two space dimension Burg-
ers’equations are portioned uniformly in each direction as defined in chapter 2.

For the generic grids x; € Q, (z;,y;) € €, define

U; = Ul<t> = U(LUZ', t), ui,j = Ui,j(t) = U(l’i, yj7 t)

Setting
I N S T
' sin(h,) sin (o)’ T 1+42cos(hy)’ ' 4sin (3he) 3’
3+ 9cos(hy) 3 cos* (%)

16sin® (%) (2cos (%) + cos (%))’ sin® (%) (2+4cos (hy))

The trigonometric cubic B-spline function as defined in [12] is as follows

p3<xi)7 T e [qui—s—l)

T — 1 < P@){P(x:)q(Tit2) + P(Tit1)a(Tivs)} + P*(Tip1)a(Tiva), x € [$i+1vmi+2)(3.2.1)

q(@ipa){p(Tis1q(Tiys) + p(Tip2)q(Tiva) } + (@) P (Tivs), @ € [Tiro, Tits)

q3(xi+4)> S [ﬂfi+3,l‘i+4)

where p(x,,) = sin(*=5=); q(x,,) = sin(*%-*), w = sin (%Z) sin (h,) sin (%)

Noticed that the set {Ty, T4, ..., Tn, Tny1} of trigonometric cubic B-splines form a base

for the domain §2;. The values of T; j := Ti(x;) and its derivatives T}, = Tjz;; T}, = T} (x;)
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at grid z; are respectively, read as:

as, ifi—j5=0

Tij =14 ap, ifi—j=%1; (3.2.2)
0, otherwise
aq, ifi—j=1

T, =% a3, ifi—j=-1;
0, otherwise,

ag, ifi—75=0
Tii =19 as, ifi—j==1 (3.2.3)

0, otherwise

Analogous to [13,248], the set {0y : ¢ € Ay, } of modified trigonometric cubic B-spline base

functions over {2, are read as:

(

o1(z) = T1(z) + 2Ty(x)

oo(x) = Ty(z) — To(x)

§ oj(x) =T;(z), for2<j<N,—1 (3.2.4)

on,—1(z) = T, —1(z) — T 41 (2)

on,(z) = Tn,(7) + 2Tn,11(2)

\

3.2.1 Computation of the weighting coefficients

In order to evaluate the weighting coefficients ag) of for the first derivative (2.2.2), the
modified trigonometric cubic B-spline o,,(z), m € A, are used. Setting o/, := o/, (z;) and

Omi := 0m(x;). Accordingly, the approximation for the first-order derivative is given by:

Ny
U;ni = Z ag;)o—mb myi € ANI (325)
/=1
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After setting ¥ = [0,,0], A =

la

5;)], and ¥’ = [0/ .], then system (3.2.5) reduces to

nAT =¥ (3.2.6)
Eq.(3.2.2) and (3.2.4) yield the coeflicient matrix ¥ of order N, as:
ay + 2&1 aq
0 (05} aq
aq (05} aq
Y
aq a9 aq
a a2
ay
and in particular the columns of the matrix ¥’ read:
2&4 Qy 0 0
as — Gy 0
0 as
¥[1] XR2=10 |, ., X [N—1] 0 |, and X'[N,] =
ay 0
0 0 2&4
0 0 as a3 — Q4

It is worth mentioning that the tridiagonal system (3.2.6) has a unique solution as ¥ is
invertible. We use Thomas algorithm [151] to solve system (3.2.6) for weighting coefficients
ag),i,é € Ap,. Similarly, the coefficients b;; can be computed by considering the grid
descretization in y direction. Keeping computational cost in mind, we prefer Shu’s r-th
order (r> 2) recursive formula (2.3.3) based on polynomial DQM [223,239] to compute

a%,i 0 € An,, b7 i 0 € Ay,
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3.2.2 Implementation of MTB-DQM for Burgers’ equation

This section deals with the main goal of the chapter, the implementation of the proposed

method for Burgers’ equations in both one space and two space dimension.

A. (1+1)D nonlinear coupled viscous Burgers’ equation

On putting the values of derivatives approximate from MTB-DQM, equation (2.1.2) can be

re-written as:

Na N,
aaliz _ ZCLU Uj — MUy Z (1 )Uj —Y <uz Zagjl.)vj + v, Zal(;)uj>

j=1 i=1
q{ Ov; (1) (1) (1) (3.2.7)
o Z —fvizaij v; — B uiZ%‘ vj+viz%- U,
j=1 j=1 j=1 j=1

ui(0) = é(x;), vi(0) =(x;), i € A,

\

On implementing the boundary conditions from (2.1.2), system (3.2.8) reduces to a set of

first order ODEs as follows:

( u Nz—1 Ny—1 Ny—1 Nz—1
i (2) (1) (1) 1)
j=1 j=1 j=1 j=1
Nz—1 Nz—1 Nz—1 Nz—1
ov; = = - S (1 3.2.8
TEDILTERS SETEEI(S SETETS S P
j=1 j=1

u;(0) = @(x;), v;(0) =(x;), 1 <i €< N,

\

where 7; = nu;, & = ui, o = au, 062 =av;, i = ﬁui;@{ = fBv;, and

Fy = (alur + a3 un,) — mi(alu + aly un,) — aa(al v + aly ow,) — al(alYu + aly.un,),

Gi = (alvy + aly vn,) = E(aPv1 + aly vw,) = BilaG v + aly vn,) — Bi(alur + aly un,).
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B. (2 + 1)D nonlinear coupled Burgers’ equation

Analogously, on implementing MTB-DQM to initial boundary value system of two space

dimensional Burgers’ equation (2.1.3) in space, we get

4

S No—1 Ny—1 N,—1 Ny—1
o =" (Z oy + Y bﬁi’wk) g D ol — vy D W+ By
k=2 k=2

k=2 k=2
Ng—1 Ny—1 N.—1 Ny—1

o (Z ag vk + ) bﬁ)”'“) Sy Y a0
k=2 k=2 k=2 k=2

\ UU(O) = ?/)1(1‘1‘,1)]'),2}@']‘(0) = Zbg(l'i,l‘j), l<i< N:c: 1< j < Ny

where U5 = Tij and Vij = Rij

Ej =y (ag)ulj + GEJZ\;IUNI]' + bﬁ)uzl + bﬁ\),yuwy> — Tij <ag)u1j + al(-]l\;zuNIO
—Kij (bﬁ)uﬂ + b§2yuiNy> ;

(3.2.10)

Gij =V (CLZ(?)UU + CLE?\;Z’UNM' + bﬁ)vﬂ + b§?37inNy) — Tij (CLS)’UU —+ CLS\;I?)NZJ)

—Rij (bﬁ)vn + bﬁ\);yvuvy> ,

The resulting initial value systems of first order ODEs (3.2.8) or (3.2.9) can be solved via
many time integration algorithms. We prefer SSP-RK54 time integration algorithm (2.3.11)
to solve these systems. The SSP-RK54 scheme allows low storage and large domain of

absolute properties [133,196,197].

3.3 Stability analysis

The stability analysis for both dimension is being similar, we concerned with the stability
analysis of (2 + 1)D coupled viscous Burgers’ equation (3.2.9), only. Following [209], the
term w;; = 7;;, v;; = K;; in the nonlinear terms of equation (3.2.9) are assumed to be locally

fixed. Then, Equation (3.2.9) can be re-written as

d
d—(tj — BU + H. (3.3.1)
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Figure 3.1: Eigenvalues A\; and A, for different grid size h

where the definitions of U, B, H and so, A, B, (r = 1,2) are same as defined in Section 2.4.

It is worth mentioning that stability of system (3.3.1) depends on the eigenvalues of the
matrices B [226]. To claim the stability of the system (3.3.1), it is sufficient to claim that
A/t € S, (i.e., the stability region of SSP-RK54 algorithm, depicted in Figure 2.1) for
each eigenvalue A\ of B. For more details, see [101,135]. Similar to the previous chapter,
the eigenvalues \; of matrix A; (i = 1,2) computed for different step sizes h, = h, = h are
depicted in Figure 3.1, which concludes that each eigenvalue A\; of the matrices A; is pure
imaginary while each eigenvalue s of the As is real and negative.

Figure 3.1 and Equation (2.4.5) concludes that for given values of h and v, IAt for which
the value A\g/At corresponding to each eigenvalue Ag = 2vAy — (79 + Ko) lies inside the
stability region S of SSP-RKb54 algorithm. This shows that MTB-DQM produces stable
solutions for two space dimensional coupled viscous Burgers’ equation. Analogously, one
can demonstrate that MTB-DQM method also produces stable solutions for one space

dimensional coupled viscous Burger’s equation.

3.4 Numerical results and discussion

The accuracy and consistency of the scheme is measured in terms of Ly := \/ h Z?Zl \U; — Us|?

— Nz
and L := max;™

uj — uj| error norms (U; — exact solution and U} — computed solution
of at node z;) for four test problems of (1+1)D and (2+ 1)D Burger’s equation, which we
computed by using by C++.
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3.4.1 (1+1)D coupled Burgers’ equation

Example 3.4.1. The first test case deals with coupled viscous equation in one space di-

mension (2.1.2) with a = =1, =n = —2 as follows

@—@+2u@—% xr € (—m,m), t>0
ot Ox2 or Oz’ Y

%_8_21) 281} Ouw

T 8x2+ U%—W, x € (—mm), t>0

where the values of ¢,1, g1, g2, g3, ga can be extracted from the following exact solution of

the problem as given in [182]
u(x,t) = v(x,t) = e 'sin(z), z € (—m,7),t > 0.

The computed solutions, the order of convergence and CPU time are compared with the
solutions computed via LBM [147], are reported in Table 3.1. In Table 3.2, the computed
solutions and CPU time are compared with the solutions computed via PDQM [170] and a
modified cubic B-spline collocation method [172]. The findings from the above tables show
that computed solutions are more accurate than the solutions obtained by PDQM [170],
LBM [147] and modified cubic B-spline collocation method [172], the CPU time in MTB-
DQM is slightly more as compared to modified cubic B-spline collocation method [172] and
is less than LBM. The order of convergence (ROC) of MTB-DQM is cubic in space while
the order of convergence of LBM [147] is quadratic. It is evident from the Table 3.3 that
the computed solutions are more accurate in comparison to FDM and LBM [147]. The
comparison of the computed L, and L. errors in MTB-DQM solutions with the errors
from existing schemes at different time levels ¢t < 3, At = 0.001 and N, = 121, is reported
in Table 3.4. The findings show that the computed solutions are more accurate than the
solutions obtained from the earlier methods in [142,147,168,170,202,259], and have a good
agreement with the exact solutions. L., and the absolute error norms at different time

levels are depicted in Figure 3.2 whereas the solution behavior is depicted in Figure 3.3.
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Figure 3.2: L., and absolute error norms in Example 3.4.1 for u at different time levels

Table 3.1: Comparison of Ly, L, errors, CPU time and ROC of in MTB-DQM solutions
with LBM [147] of Example 3.4.1 with a = =1,6 =n= —2 and At =0.0001 at t = 1

MTB-DQM LBM [147]
N I, ROC Lo ROC CPU L, ROC Ly ROC CPU
10 6.69E-03 3.27E-03 0.004  3.30B-02 1.15E-02 0.031

20 8.77E-04 293 4.40E-04 2.89 0.010 8.18E-03 2.01 3.01E-03 194 0.062
40 1.03E-04 3.08 5.13E-05 3.10 0.040 2.01E-03 2.03 7.38E-04 2.03 0.109
80 8.01E-06 3.68 4.15E-06 3.63 0.136 4.64E-04 2.11 1.71E-04 211 0.202

Table 3.2: The comparison of Ly, L., errors and CPU time in MTB-DQM solutions in
Example 3.4.1 with a, 5 =1,{,n=—-2att=1
MTB-DQM [170] [172]

At Loo(u) Lo (v) CPU Loo(u) Lo (v) Loo(u) Lo (v) CPU
0.01 2.45E-05 2.45E-05 0.029 1.85E-03 1.85E-03 1.34E-04 1.34E-04 0.015
0.005  3.88E-06 3.88E-06 0.052 9.22E-04 9.22E-04 1.34E-04 1.34E-04 0.031
0.002  1.94E-05 1.94E-05 0.252 4.60E-04 4.60E-04 1.34E-04 1.34E-04 0.046
0.001  2.44E-05 2.44E-05 0.239 1.84E-04 1.84E-04 1.34E-04 1.34E-04 0.093
0.0005 2.69E-05 2.69E-05 0.423 9.19E-05 9.19E-05 1.52E-05 1.52E-05 0.171
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u(x,b)

Figure 3.3: The 2D plots and surface behavior of MTB-DQM solution of Example 3.4.1 for
wat t < 3.0 for N, = 121; At = 0.001

Table 3.3: Comparison of errors in MTB-DQM, FDM & LBM [147] for At = 0.001, N = 64

L, Lo

t=1 MTB-DQM LBM [147] FDM [147] MTB-DQM LBM [147] FDM [147]
0.1 8.44E-06  3.036-05  8.03E-05 2.165-05  2.75E-05  7.27E-05
0.5 1.45E-05  1.52E-04  4.02E-04 1.62E-05  9.20E-05  2.44E-04
1.0 2.02E-05  3.03E-04  8.03E-04 1.02E-05  1.12E-04  2.95E-04
2.0 3.30E-05  6.07E-04 1.61E-03 420E-06  8.21E-05  2.18E-04
50 T7.61E-05  152E-03  4.02E-03 A87E-07  1.02E-05  2.71E-05
10.0 1.50E-04  3.04E-03  8.06E-03 6.64E-09  1.38E-07  3.66E-07
20.0 3.00E-04  6.09E-03  1.62E-02 6.10E-13  1.25E-11  3.34E-11

3.4.2 (2+1)D coupled Burgers’ equation

Example 3.4.2. This test case deals with (2 + 1)D Burgers’ equation (2.1.3) in Q =

(0.5,0.5]% as in [98] with V1 (x,y) = & + y, Yoz, y) = v — y and

u(0,y,t)

v(0,y,t) =

Y

T 1o
—y — 2yt
1—2t2 7

_05+y—t
1 — 2t

0.5 —y—2yt
U(O57y7t> = #

1—2¢t2

, 0<y <05, >0,
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Table 3.4: Comparison with earlier schemes for solution of u in Example 3.4.1 with a =
b=1&=n=-2att=1

Schemes N, At t=20.5 t=1 t=2 t=3

Lo Lo Lo Lo Lo Lo
MTB-DQM 121 0.001 2.00E-07 7.82E-08 1.21E-07 8.45E-08 4.42E-08 1.62E-08
DQM|[24] 0.01 1.52E-04 1.84E-04 1.35E-04 7.46E-05
CBCI16] 400 0.001 6.22E-06 1.02E-05 7.56E-06 2.04E-05
CBCI16] 200 0.001 4.10E-05 2.49E-05 8.21E-05 0.00003 t=0.1
FPM [14] 128 0.0001 1.16E-05 2.88E-05 L Lo

FFID[25] 200 0.001 1.79E-04 2.94E-04 2.17E-04 5.91E-04 5.30E-05 5.86E-05
CFDH]26] 16 0.001 7.27E-06 1.05E-08 2.38E-05 5.03E-07 3.77E-05 3.27E-08
MTB-DQM 121 0.001 2.00E-07 7.82E-08 1.21E-07 8.45E-08 3.01E-07 7.52E-08

T — 2xt x— 0.5 —2xt
t) = ——"~ 5f)=———= =7
u(x707 ) 1—2{;2’ u('r’OE)? ) 1_2t2
T x—0.5—2¢
0,t) = —— 05,t) = ——5—, 0<2 <05, >0
U(I‘, ) ) 1_2t27 U('r7 ) ) 1_2t2 ) —‘r— Y - 9
The ezxact solutions given in [11] as follows:
x4y —2axt r—y— 2yt
t) = —/——————; ) = —————— Q,t>0.
u(l’, y7 ) 1 _ 2t2 ) U(I7 y’ ) 1 _ 2t2 Y ("'E7 y) 6 )

The MTB-DQM solutions are computed for h, = h, = 0.025 and At = 107 at time
t = 0.1, and compared them (the values of u and v) with the exact solutions for Re =
1/v = 80 in Tables 3.5 and 3.6 for different grid points and time levels ¢ = 0.1,0.3,0.5
. Lo, L errors for u and v are found same, reported in Table 3.7. The finding from the
above tables show that the computed results are agreed well with the exact solutions. The
physical behavior of MTB-DQM solutions of Example 3.4.2 for v and v components are
depicted for Re = 100 in Figure 3.4 at time ¢t = 0.1 whereas for Re = 80 in Figure 3.5 at

time ¢ = 0.5.

Example 3.4.3. This test case deals with (2 4+ 1)D initial value coupled viscous Burgers’
equations (2.1.3) in Q = [0,0.5)% with 1y (x,y) = sin(7x) + cos(my), V¥o(z,y) = v +y subject

to the following boundary conditions

u(0,y,t) = cos(my), w(0.5,y,t) =1+ cos(my)

v(0,y,t) =y, v(0.5,y,t) =0.5+y, 0 <y <0.5,t>0,
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u(z,0,t) =1 +sin(rz), wu(x,0.5,t) = sin(7x)
v(z,0,t) = x, v(z,0.5,t) =x+ 0.5, 0<x<0.5,t>0.
The numerical solutions are computed at ¢ = 0.1 for uniform mesh grid h, = h, = 0.025
and At = 1074,
The MTB-DQM solutions of v and v components in Example 3.4.3 with Re = 50 are
compared with the solutions in [102,261,268] and also with exact solutions taking grid size
20 x 20 and various time levels, see Table 3.8. The physical MTB-DQM solution behavior

of v and v components in Example 3.4.3 with v = 0.01 is depicted in Figure 3.6 at different

time levels t = 1,2, 3.

Example 3.4.4. The last test case deals with (2 + 1)D coupled viscous Burgers’ equation
(2.1.3) in Q = [0, 1]* with the following exact solution as in [65]

3 1

U(%y;t) - Zl_ 4[1_|_exp ((—4x+4?/_t)%)] 3.4.1

o N 1 (3.4.1)
' Y, - 4 4[1+exp ((—4!E+4y_t)%)}

where Yy, 19 on Q and &, Con O can be computed from the exact solution (3.4.1).

The numerical solutions is performed for v, At = 0.0001. The computed L, and L,
errors are compared with the errors in mECDQ [248], Expo-MCB-DQM [268] solutions, in

Table 3.5: Comparison of MTB-DQM solutions with exact solutions of u(z,y,t) for Re =
80, At = 10~* at different time levels

Mesh t=0.1 t=0.3 t=0.5

Num Exact Num Exact Num Exact

0.1,0.1 0.183673 0.183673 0.170732 0.170732 0.20004 0.20004
0.3,.01 0.346939 0.346939 0.268259 0.268259 0.19996 0.19996
0.2,0.2 0.367347 0.367347 0.341465 0.341465 0.40008 0.40008
0.4,0.2 0.530612 0.530612 0.438991 0.438991 0.40000 0.40000
0.5,0.3 0.714286 0.714286 0.609723 0.609723 0.60004 0.60004
0.1,0.3 0.387755 0.387755 0.414670 0.414670 0.60020 0.60020
0.3,0.4 0.653061 0.653061 0.634166 0.634166 0.80020 0.80020
0.2,04 0.571429 0.571429 0.585403 0.585403 0.80024 0.80024
0.4,0.5 0.836735 0.836735 0.804898 0.804898 1.00024 1.00024
0.5,0.5 0.918367 0.918367 0.853662 0.853662 1.00020 1.00020
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Table 3.6: Comparison of the MTB-DQM solutions for v(z,y,t) of Example 3.4.2 with
Re = 80, At = 10~* with exact solutions at different time levels

Mesh t=0.1 t=0.3 t=0.5
Num. Exact Num. Exact Num. Exact

0.1, 0.1 -0.02041 -0.02041 -0.07321 -0.07321 -0.20012 -0.20012
0.3, 0.1 0.183673 0.183673 0.170732 0.170732 0.20004 0.20004
0.2, 0.2 -0.04082 -0.04082 -0.14641 -0.14641 -0.40024 -0.40024
0.4, 0.2 0.163265 0.163265 0.097527 0.097527 -0.00008 -0.00008
0.5, 0.3 0.142857 0.142857 0.024321 0.024321 -0.2002 -0.2002
0.1, 0.3 -0.23980 -0.2398 -0.46356 -0.46356 -1.00052 -1.00052
0.3,0.4 -0.18367 -0.18367 -0.41479 -0.41479 -1.00056 -1.00056
0.2,0.4 -0.28571 -0.28571 -0.53676 -0.53676 -1.20064 -1.20064
0.4, 0.5 -0.20408 -0.20408 -0.48800 -0.48800 -1.20068 -1.20068
0.5, 0.5 -0.10204 -0.10204 -0.36603 -0.36603 -1.0006 -1.0006

Table 3.7: Comparison of the MTB-DQM solutions for v(z,y,t) of Example 3.4.2 with
Re = 80, At = 10~* with exact solutions at different time levels

(Nz; Ny)

U

(Y

t=0.5

t=0.01

t=0.5

t=0.01

Loy

L

Lo

L

Loy

L

Lo

L

6.23E-08  2.40E-08

4.21E-09 1.21E-09
2.66E-10 4.36E-11
1.61E-11 1.40E-12
4.13E-12  2.64E-13
6.28E-13 2.28E-14

1.48E-09
1.11E-10
7.55E-12
5.10E-13
1.60E-13
5.43E-14

o0
4.83E-10
2.27E-11
9.03E-13
3.13E-14
6.71E-15
1.80E-15

6.23E-08
4.21E-09
2.66E-10
1.61E-11
4.13E-12
6.28E-13

o0
2.40E-08 1.48E-09
1.21E-09 1.11E-10
4.36E-11 7.55E-12
1.40E-12 5.10E-13
2.64E-13 1.60E-13
2.28E-14 5.43E-14

o
4.83E-10
2.27E-11
9.03E-13
3.13E-14
6.71E-15
1.80E-15

Table 3.8: Comparison of solutions of Example 3.4.3 with Re = 50 for N, = N, = 20, At =

10~* at £ = 0.625

Mesh u v

MTB- FDM Expo-MCB MTB- FDM  Expo-MCB

DQM [261] -DQM [268] [102] DQM [261] -DQM [268] [102]
0.1,0.1 0.97056 0.97146 0.97056 0.97258 0.09842 0.09869 0.09842 0.09773
0.3,0.1 1.15152 1.15280 1.15152 1.16214 0.14107 0.14158 0.14107 0.14039
0.2,0.2 0.86244 0.86308 0.86243 0.86281 0.16732 0.16754 0.16732 0.16660
0.4,0.2 0.98078 0.97985 0.98078 0.96483 0.17223 0.17111 0.17223 0.17397
0.1,0.3 0.66336 0.66316 0.66335 0.66318 0.26380 0.26378 0.26380 0.26294
0.3,0.3 0.77226 0.77233 0.77226 0.77030 0.22653 0.22655 0.22653 0.22463
0.2,0.4 0.58273 0.58181 0.58273 0.58070 0.32935 0.32851 0.32935 0.32402
0.4,0.4 0.76179 0.75862 0.76179 0.74435 0.32884 0.32502 0.32884 0.31822
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—0.1)

VXYLt

Figure 3.4: Behavior of MTB-DQM solutions of Example 3.4.2 with Re = 100 for u, v at
t=0.1

Re=50

V(x,y,t=0.05)

Figure 3.5: Behavior of MTB-DQM solutions of Example 3.4.2 with Re = 80 for u,v at
t =0.0.05

Table 3.9. It is evident that the proposed MTB-DQM solutions comparable to [248,268],
and are in good agreement with the exact solutions. The MTB-DQM solutions and exact
solutions of u and v at ¢ = 1 in Problem 3.4.4 with v = 10~2are depicted in Figure 3.7 and

Figure 3.8, respectively.
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Figure 3.6: Behavior of MTB-DQM solutions of Example 3.4.3 for Re = 100,h, = hy, =

0.025 and At =10"*att =3
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Re=100,h=0.05

y,t=1)

U(x,

Lt=1)

v(x,y

V(xyt=1)

Figure 3.7: Comparison of MTB-DQM solution (u,v) with exact solution (U,V) of the
velocity profile of Example 3.4.4 at t = 1 for v = 0.01, h = 0.05, At = 0.0001
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Re=250,h=0.05

Re=250,h=0.05

Re=250,h=0.05

Re=250,h=0.05

)

V(x,yt

Figure 3.8: Comparison of MTB-DQM solution (u,v) with exact solution (U,V) of the
velocity profile of Example 3.4.4 at t = 1 for v = 0.004, ~ = 0.05, At = 0.0001
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3.5 Conclusion

In this chapter, a new approach “modified trigonometric cubic B-spline DQM” has been de-
veloped for numerical computation of nonlinear PDEs. Specially, the MTB-DQM has been
implemented for both (1+1)D and (2+1)D coupled Burgers’ equation. The weighting coef-
ficients of the first-order derivative are obtained by using MTB-DQM while Shu’s recursive
formula based on polynomial DQM has been adopted to evaluate the weighting coefficients
of second order derivatives. Then, the set of time-dependent first order ODEs obtained by
using MTB-DQM to Burgers’ equation in space, is solved via SSP-RK54 algorithm.

The findings show that the computational cost of both MCB-DQM [13] and MTB-DQM
is same and the computed solutions agreed are well with the exact solutions as compared
to the other schemes in (1 + 1)D coupled viscous Burgers’ equation and are comparable to
mECDQ [248] and Exp-MCB-DQM [268] for (2 + 1)D coupled viscous Burgers’ equation.
For the stability of the proposed method, the matrix stability analysis has been performed
for various grid values, which concludes that the proposed method is stable for the nonlinear
coupled viscous Burgers’ equation in both one space dimension and two space dimension.
Moreover, in the proposed method the solutions of Burgers’ equation are obtained without

any linearization technique and transformation.



Chapter 4

Numerical computation of Kuramoto-
Sivashinsky equation via fourth order

compact finite difference scheme

4.1 Introduction

The Kuramoto-Sivashinsky equation (4.1.1) was originally derived in the context of plasma
instabilities, flame front propagation, and phase turbulence in the reaction-diffusion system
[198].  Kuramoto-Sivashinsky equation models the fluctuations of the position of a flame
front, the motion of a fluid going down a vertical wall, or a spatially uniform oscillating
chemical reaction in a homogeneous medium [54]. This equation exhibits a chaotic behavior
having a solution like traveling waves over a finite spatial domain moving without change
of shape.

This chapter is concerned with the numerical simulation of one-dimensional Kuramoto-

Sitvashinsky equation subject to the initial and boundary conditions as follows

ou ou 0%u 0*u

u(z,0) =g(z), v €R (4.1.2)
B B ou(a,t)  Ou(b,t) 0*u(a,t)  u(bt)
u(a,t) = Y1 (t), u(b,t) = a(t), e " 0, (4.1.3)

81
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where R is the set of real numbers, f,g,1,19 are known functions. The nonlinear term
in KSE counterbalance the dispersion term while dissipation terms show a mechanism for
energy transfer. This equation has many applications in a variety of physical phenomena,
e.g, in reaction-diffusion systems [144], long waves on the interface between two viscous
fluids [97], hydrodynamics thin films [266] and flame front instability [253].

In the recent years, many researchers have developed the vigorous numerical techniques
for numerical computation of time-dependent PDEs [149, 284, 285]. KSE studied numeri-
cally via several techniques, among others, Chebyshev spectral collocation methods [113],
local discontinuous Galerkin methods [284], tanh function method [150], homotopy anal-
ysis method [146], inverse scattering method [59], homogeneous balance method [64], cu-
bic B-spline finite difference collocation method [149], quintic B-spline collocation method
(QBSC) [167], septic B-spline collocation method (SBSC) [295], higher-order finite element
approach [16], finite difference discretization [10], fourth-order singly diagonally implicit
Runge-Kutta method [58], lattice Boltzmann method (LBM) [285]. For more schemes, we
refer the readers to [73,94,241,248] and the references therein.

The compact finite difference scheme (CFDS) has been implemented for numerical sim-
ulation of various types of partial differential equations [152] such as hyperbolic equations
[274], Navier-Stokes equation [213,270], reaction diffusion [273], equation and Schrédinger
equation [56]. A sixth-order compact finite difference has been developed for solving numer-
ically to Helmholtz equation [264], advection diffusion equation [80], integro - differential
equations [296], Burgers’ equation [215], Burger - Fisher equation [217], Fisher’s equa-
tion [23], Sine - Gordon equation [216], etc.

In this chapter, a new numeric solution of KSE is proposed via CFDS in space with
the time integration SSP-RK43 algorithm [254]. First, CFDS is performed to convert
KSE into a system of first-order ODEs, in time. Thereafter, time integration SSP-RK43
algorithm [254] is used to solve the resulting system of ODEs. To demonstrate the accuracy
and utility of the proposed scheme, six test problems considered by many researchers are

studied numerically.
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4.2 Compact Finite Difference Schemes (CFDS)

In order to get the numerical solution of KSE (4.1.1) by CFDS, the spatial and time

discretization is needed. The computational domain Q; = {x € R : a < z < b} is portioned

with uniform grid points: a = x; < x9,..., 2y 1 < zy =bwith h =2, —2; = }{,‘f‘l, 1=
1,2,...,N — 1.
The procedure of finding the spatial derivatives via CFDS is as follows:
4.2.1 First-order spatial derivative
The first-order derivative i-th collocation point can be given as
Uiy — Ui—2 Uip1 — Ui—1
Ou’ 4O = h—E 4.2.1
U1 + U, + U’z—i—l 4h +a 2h ( )

In particular, for a = 2(2 +6),b = £(40 — 1), Eq. (4.2.1) get reduced into a f-family of
fourth-order tridiagonal schemes. Further, for § = & the above scheme (4.2.1) is reduced in

to the sizth-order tridiagonal scheme as

/ / / 1
U; 1 + 3“2 + ui“ = ﬁ(ui“ + 28U7;+1 - 28’&@'_1 — Ui_g), (422)

with the truncation error %h6u§7) [152].
The approximation for the derivatives at the boundary points xq, ¥, xny_1 and zy,

derived from one-sided schemes [215], respectively are

1
uy + buy = — (—197u; — 25uz + 300u3 — 100uy + 25us — 3ug)

60h
1
2uf + 11uy + 2uy = Toh (—80uy — 3bug + 136us — 28ug + 8us — ug)
1
2u'N72 + 1111,?\771 + 211,?\7 = m (8OUN + 35UN,1 - 136’&]\[72 + 28uN,3 — 8’21,]\774 + UN,5)

1
5U,IN_1 + UIN = @ (197UN + 25UN_1 — 300UN_2 + 100UN_3 — 25UN_4 + 3U,N_5)
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The matrix representation of the scheme is given as

15 uy Y1 (u)
2 11 2 ul, o (u)
1 3 1
1 3 1
2 11 2 Uy n_1(u)
i i) 1__UIN_ _@/)N(U)
where u = (u1, us, . ..,uy)’ and
1
W (u) = 5Oh (—197u; — 25uy + 300us — 100uy + 25u; — 3ug)
1
QﬂQ(U) 12h ( 801,61 — 35U2 + 136”3 — 28U4 + 8U5 - UG)
Vi(u) = oh (Uigo + 28uiy — 28w — u;j—2) , i=3,4,...,N =2,
1
Un_1(u) = Toh (80uy + 3bun_1 — 136uy_o + 28un_3 — 8un_4 + un_5), and
1
¢N(u) (197UN + 25UN 1 — SOOUN 2 + 100UN 3 — 25UN 4+ SUN 5)

60h
4.2.2 Higher-order spatial derivative

The second-order derivative at ith collocation point can be given as follow

plit2 — 2u; + ui—o Uip1 — 2U; + Uiy

" "
Ou;_y + uj + Ouy = e a 2

(4.2.4)

In particular, for a = §(1 —6),b = $(—1+ 106), Eq. (4.2.4) get reduced into a -family of

fourth-order tridiagonal scheme. For § = —, Eq. (4.2.4) reduced to

107

12
up 4 10w +uf = F(UHI — 2u; + ui1) (4.2.5)
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At the boundary nodes: x1, zy, the approximation formulae for the second-order derivatives

are derived from Taylor series expansion about the nodes [23,296] as follows:

10u] + uy = 12 <gu1 — 1555142 + @u;:, — Em + Eu5 - Eu(;)
h? \ 36 144 6 72 36 16
) L1211 151 773 89 1555 115
Uy_; + 10uy = 72 (—1—6uN_5 + %UN_ZL — WUN_?, + EU/N_Q - ﬂ“N‘l + %u]v)

The above scheme for second order approximation can be written in matrix form as follows

10 1 uy o1(u)
1 10 1 ul Pa(u)
= : (4.2.6)
1 10 1 u_q dn-1(u)
1 10 ul on(u)
where
BT Rz 36 144 26 0 72 736 0 16 °
12 )
oi(u) :ﬁ(ui+1—2ui+ui_1), 1=2,3,...,N—1, and
o (1) 12 11 . 151 773 n 89 1555 n 115
u)=—|——uy_5+ —Unv_4— —UN_3+ —UN_-2— ——UN_1+ —U
N 2\ 16 036 Mt 72 NPT e TR e YT 36 Y
The fourth-order spatial derivative is obtained by replacing u by u” in (4.2.6):
Au' = p(u), (4.2.7)

where ¢(u”) = (¢1(u”), pa(u”), ..., on(u")) and A is the coefficient matrix defined in Eq.
(4.2.6). The spatial derivatives every grid point are obtained by solving the above tridiag-

onal system of linear equations using “Thomas algorithm”.
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4.3 Implementation of the method

On putting the values of spatial derivatives approximated by CFDS, Eq. (4.1.1) is reduced

into a system of first-order ODEs:

dui
dt

= L(u), i € {1,..., N}, (4.3.1)

with initial condition (x) and boundary conditions (*x), where L —nonlinear differential

operator defined by
L(u;) = —u(z)u' (z;) — au’ (z;) — yu™(x;).
Eq. (4.3.1) is solved by SSP-RK43 scheme through the following steps:

At
u) =™ + 7L(Um),

u® — 0 4 % L(u),

and thus, the solutions of u(x,t) at the required time level are obtained.

4.4 Application of CFDS for KS equation

This section presents the numerical computation of six problems by adopting CFDS. The
accuracy and efficiency of the method is measured by evaluating the Lo, L., error norms

and the following global relative (GRE) error norm for the considered test problems.

(2 s = w31)

(4.4.1)

where u; —numerical solution, uj —analytical solution at grid j.
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Figure 4.1: The absolute errors in Example 4.4.1 with Q; = [—50,50] with At = 0.01 and
N = 101 at different time levels ¢ < 10

Physical Behavior

Time(t)

Figure 4.2: Physical behavior of Example 4.4.1 with Q; = [—50,50] with At = 0.01 and
N = 101 at different time levels ¢ < 10

Table 4.1: Comparison of GRE at different time levels t< 12 with the errors due to earlier
schemes [167], LBM [148], and SBSC [295] with At = 0.01

t QBSC LBM SBSC CFDS

N =200 N =200 N =200 N =100
6 6.50927E-06 7.8808E-06 1.62464E-07 8.43458E-08
8 7.13154E-06 9.5324E-06 1.94032E-07 8.91175E-08
10 7.31029E-06 1.0891E-05 2.22878E-07 9.25444E-08
12 8.77659E-06 1.1793E-05 5.31428E-07 1.69186E-07

Table 4.2: Comparison of L., errors at time ¢t = 1, 2 taking different grid pints and At = 0.01
N 15 30 60 120
t=1 2.98E-01 9.83E-04 1.61E-05 8.20E-07
t=2 9.33E-01 5.96E-03 2.45E-05 1.32E-06
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Example 4.4.1. The first test case deals with KSE (4.1.1) with a« = —1, v =1 as follows

Ou,Ou_ Tu du_y, g
ot u@x or2 ozt '

The initial and boundary conditions are extracted from the following exact solution [167]:

15tanh®(k(z — Bt — 1)) — 45 tanh(k(z — Bt — x0))

u(z,t) =B+ T

. (4.4.2)

The numerical computation of Example 4.4.1 is performed for g = 5,k = #ﬁ, Ty =
—25 with N = 101,141 and At = 0.1,0.01. For At = 0.01, N = 101, the comparison
of the computed GRE at different time levels ¢ < 12 using CFDS with the errors from
earlier schemes: LBM [148], QBSC [167] and SBSC [295], is reported in Table 4.1. L,
global relative errors at different time levels ¢t € {1,2,3,4,5} are compared with the errors
computed by using SBSC [295] in Table 4.3. The errors are reported in 4.2 and Table 4.4
for different number of grids and time-steps. The findings show that the proposed solutions
are more accurate than the solutions computed in SBSC [295], LBM [148] and QBSC [167].
The absolute errors and the physical behavior of the CFDS solutions at different time levels

are depicted in Figure 4.1 and Figure 4.2, respectively.
Example 4.4.2. This test case deals with KSE (4.1.1) with o = 1,y = 1, that is,

ou ou @ J*u

i gY _0,t>0
ot +u3m+8x2+8x4 ’ ’

subject to the initial and boundary conditions extracted form exact solutions (4.4.3) [148]:

u(z,t) =+ 1—3\/% [—9tanh(k(z — Bt — z0)) + 11 tanh®(k(x — St — z0))] . (4.4.3)

Table 4.5: Comparison of GRE with errors in LBM [148], QBSC [167] for At = 0.01 at
different time levels t < 4

scheme N t=1 t=2 t=3 t=4
QBSC 150 3.82E-04 5.51E-04 7.04E-04 8.64E-04
LBM 150 6.79E-04 1.15E-03 1.59E-03 2.01E-03

CFDS 63 4.33E-04 5.79E-04 8.74E-04 3.57TE-03
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Figure 4.3: Solution behavior of Example 4.4.2 in Q; = [—30,30] at different time levels
t <4 in two and three-dimensions with At = 0.01, N = 63

The numerical computation of Example 4.4.2 is performed for = 5,k = 0.5\/g and
xo = —12. The comparison of the GREs computed via CFDS at different time levels (t < 4)
for At =0.01, N = 63 with the errors computed in LBM [148] and QBSC' [167] is reported
wn Table 4.5. The findings show that the proposed results are comparable to the results
in [148,167]. The numerical results with analytical solutions for Qy = [—30,30] at different

time levels are depicted in Figure 4.3.

Example 4.4.3. KSE (4.1.1) with « = —v,y = 0 get reduced to Burgers’ equation

ou ou 0%u

This test case deals with Burgers’ equation (4.4.4) in Q = [0,1.2] together with the initial
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Table 4.6: Comparison of CFDS solutions of Example 4.4.3 with MCB-DQM [13], Mittal

and Jain [171], Shu et al. [227] and the exact solutions for v = 0.005

T t [227] with h =101 [171] [13] CFDS Exact Value
g=1 B =0.5 h=0.006 hA=0.01 h=0.01
At =0.01 At=0.01 At=10"% At=0.01 At=0.01
0.20 1.7 0.1176565 0.1174841 0.1176452  0.1176450 0.1176450 0.1176452
2.5 0.0800527 0.0798389  0.0799990  0.0799989 0.0799990 0.0799990
3.0 0.0667147 0.0665176  0.0666658  0.0666658 0.0666658 0.0666658
3.5 0.0571820 0.0570060 0.0571422  0.0571422 0.0571422 0.0571422
0.40 1.7 0.2332111 0.2348504 0.2351690 0.2351680 0.2351680 0.2351677
2.5 0.1591735 0.1596608 0.1599771  0.1599770 0.1599770 0.1599769
3.0 0.1328314 0.1330273 0.1333211 0.1333210 0.1333210 0.1333209
3.5 0.1139606 0.1140077 0.1142780  0.1142780 0.1142780 0.1142779
0.6 1.7 0.2940048 0.2961269 0.2958570  0.2959160 0.2959090 0.2959097
2.5 0.2347876 0.2376699 0.2381299  0.2381200 0.2381210 0.2381207
3.0 0.1973222 0.1990478 0.1994839  0.1994800 0.1994810 0.1994805
3.5 0.1697753 0.1708231 0.1712257 0.1712240 0.1712240 0.1712242
0.8 1.7 0.0008917 0.0006640 0.0006381  0.0006464 0.0006464 0.0006465
2.5 0.1103866 0.1036067 0.1021325 0.1020930 0.1020940 0.1020957
3.0 0.2088346 0.2093735 0.2088032  0.2088380 0.2088360 0.2088359
3.5 0.2119293 0.2143409 0.2145938  0.2145870 0.2145870 0.2145869

condition considered at t =1 as follows

1
u(z,t=1)=z {1+exp <4—

and the boundary conditions

v

u(0,t) =u(1.2,t) = 0,t > 1.

The exact solution of for this example is given by

T t\'? 2\
u(z,t) ; 1+ <t0> exp <41/t) , to=-exp(1/8v), fort>1

The comparison of computed CFDS solutions at different time levels are presented in
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Figure 4.4: The absolute errors and the physical behavior of Example 4.4.3 at different
time levels t < 3.5

Physical Behavior

2
Time(t)

Figure 4.5: The absolute errors and the physical behavior of Example 4.4.3 at different
time levels t < 3.5

Table 4.6 for selected node points, with parameters v = 0.005, h = 0.01 and At = 0.01.
The comparison is done with solutions obtained by Mittal and Jain [171], Shu et al. [227],
Arora-Singh [13], and the exact solutions. In Table 4.7, Ly and L, errors for v = 0.005
at different time levels, ¢ < 3.5, are compared with the errors computed by using several
earlier schemes. At t = 3.6, Ly and L., errors are 107 and 7 x 1075, respectively which
are same as in MCB-DQM [13] and are very less in comparison to the errors computed by
three methods proposed in [128]. These findings show that CFDS produces more accurate
numeric solutions which are better than almost all the earlier schemes, and approaching
the exact solutions. The absolute errors and physical behavior behaviors of this example

are depicted in Figure 4.4 and Figure 4.5, respectively.
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Figure 4.6: CFSDS solution behavior of Example 4.4.4 for v = 1.0, v = 0.1 at different time
levels (t < 1) with N = 21, At = 0.001

Example 4.4.4. This test case deals with KSE (4.1.1) with o = 1, and v = 0 (i.e., Burgers’
equation (4.4.4)) in Q = [0,1] with initial condition u(x,0) = sin(nz), and boundary

conditions u(0,t) = u(1,t) = 0. The analytical solution of this problem is given by

Arv Y22 5l (555) sin (jm) exp (=5 m2vt)
Iy (ﬁ) +2 Z;il I; (ﬁ) Ccos (]’n'x) exp (—j27T2Vt) )

u(zx,t) = (4.4.5)

where I; are the modified Bessel’s functions.

The numerical solutions are obtained for different values of v as follows:

a) The numerical solutions are computed at different time levels with parameter values
v = 10,h = 0.05 and At = 0.001 at some selected node points. Table 4.8 presents
the comparison of CFDS numerical solutions with the exact solutions and the solutions
computed by using several schemes in [13,55,134,167,171]. The findings show that CFDS
produces comparable results.

b) In Table 4.9, the CFDS solutions are computed at different time levels with parameter
values v = 0.1, h = 0.025, At = 0.004. The findings from Table 4.9, concludes the CFDS
solutions are comparably much better than the numerical solutions computed by using the
earlier schemes in [13,55,134,167,171,215|, and approaching towards exact solutions.

The physical behavior of the solution for v = 0.1, 1.0 is depicted in Figure 4.6.

Example 4.4.5. This test case deals with KSE (4.1.1) with o = 1 and v = 0.5 in the

domain [—10,10]. The numerical solutions are computed for the initial and boundary con-
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Table 4.8: Comparison of CFDS solutions of Example 4.4.4 for v = 1.0 with earlier schemes,
and exact solutions with parameter h = 0.05 and At = 0.001

z [55] 71 [134] [13] [167] CFDS  Exact
At— 1074 0.00025 0.000125 0.00025  0.001  0.001
t 0.0125 0.025  0.025  0.025 0.004 0.0 —h
025 04 001357 0.01354 0.01363 0.0135710 - - - 0.01357
0.6 0.00189 0.00188 0.00190 0.0018888 0.00185 0.001889 0.00189
08  0.00026 0.00026 0.00026 0.0002624 0.00026 0.000262 0.00026
1.0 0.00004 0.00004 0.00003 0.0000365 0.00004 0.000036 0.00004
0.50 0.4  0.01923 0.01920 0.01932  0.0192336 - - - 0.01923
0.6 0.00267 0.00266 0.00269 0.0026719 0.00262 0.002672 0.00267
0.8  0.00037 0.00037 0.00037 0.0003712 0.00036 0.000371 0.00037
1.0 0.00005 0.00005 0.00005 0.0000516 0.00005 0.000051 0.00005
0.75 04 001362 0.01360 0.01369 0.0136298 - - - 0.01363
0.6 0.00189 0.00188 0.00190  0.0018899 0.00185 0.001890 0.00189
08  0.00026 0.00026 0.00026 0.0002625 0.00026 0.000262 0.00026
1.0 0.00004 0.00004 0.00003 0.0000365 0.00004 0.000036 0.00004

ditions extracted from the following exact solutions [149]

1
u(z,t) = T + %k (o — 38vk?) tanh (k;a: + %) + 120k® tanh® (ka: + %0) , (4.4.6)

_ 1 /[1la
where k = 3\/ 195 -

The errors are found in Table 4.10 are comparable with that the errors computed via a
method based on the finite difference and collocation method using B-splines by Lakestani
and Dehghan [149]. The numerical solutions are also presented graphically in Figure 4.7 at

different time levels 1 <t < 5, which shows the same characteristics as depicted in [149].

Example 4.4.6. Consider the KSE (4.1.1) with « =1 and v = 1 in the domain [—30, 30]
which results in the nonlinear partial differential equation exhibiting the chaotic behavior
over a finite spatial domain. The solution is obtained for the Gaussian initial condition
[149, 167, 272]:  w(x,0) = exp(—x?)  with the BCs  u(—30,t) = u(30,t) = 0.  The
numerical solutions at different time levels 5 < t < 30 are presented graphically in Fig

4.8, and it is found that the solutions depict the same characteristics as in it were in

[149, 167, 272)].
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Figure 4.7: Physical behavior of numerical solutions of Example 4.4.5 at t < 5 with N =
41, At = 0.01

u(x,t)

Time(t) s A *

Figure 4.8: Physical behavior of numeric solutions of Example 4.4.6 at t < 5 with N =
101, At = 0.01
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Table 4.9: Comparison of CFDS solutions of Example 4.4.4 for v = 0.1 with solutions by
earlier schemes, and exact solutions

x
At
t

[55]
1074
0.0125

[171]
0.0025
0.025

[134]
0.00125
0.025

[13]
0.004
0.025

[167]
0.0001
0.004

CFDS
0.001
0.025

[215]
0.00001
0.0125

Exact

«~— h

025 04
0.6
0.8
1.0
3.0

0.50 04
0.6
0.8
1.0
3.0

0.7 04
0.6
0.8
1.0
3.0

0.30890
0.24075
0.19569
0.16258
0.02720

0.56965
0.44723
0.35925
0.29192
0.04019

0.62538
0.48715
0.37385
0.28741
0.02976

0.30892
0.24077
0.19572
0.16261
0.02718

0.56970
0.44729
0.35930
0.29195
0.04016

0.62520
0.48694
0.37365
0.28724
0.02974

0.30910
0.24093
0.19586
0.16274
0.02720

0.56973
0.44736
0.35943
0.29213
0.04032

0.62573
0.48760
0.37434
0.28788
0.29881

0.3089280
0.2407550
0.1956840
0.1625700
0.0272047

0.5696530
0.4472170
0.3592450
0.2919250
0.0402085

0.6253490
0.4872040
0.3739350
0.2874930
0.0297753

0.24073
0.19519
0.16206
0.02699

0.44683
0.35875
0.29136
0.03993

0.48613
0.37281
0.28642
0.02952

0.308894
0.240739
0.195676
0.162565
0.027202

0.569629
0.447205
0.359235
0.291915
0.040205

0.625361
0.487212
0.373920
0.287473
0.029772

0.308894
0.240739
0.195676
0.162565

0.569632
0.447206
0.359236
0.291916

0.625438
0.487215
0.373922
0.287474

0.30889
0.24074
0.19568
0.16256
0.02720

0.56963
0.44721
0.35924
0.29192
0.04021

0.62544
0.48721
0.37392
0.28747
0.02977

Table 4.10: Comparison of the errors in Example 4.4.5 for ¢ = 1 with the parameter
At =0.01 and N =40

Errors CFDS Lakestani & Dehghan [149]

(j=3) (j=4)
L 8.58E-04 4.80E-03 2.10E-03
Lo 1.44E-03 4.40E-03 1.60E-03

Table 4.11: The errors in Example 4.4.5 at different time levels ¢ < 5 with the parameters
At =0.01 and N =40

Errors t=0.5 t=1 t=2 t=3 t=4 t=2>5

Lo 8.07E-04 8.58E-04 1.01E-03 1.24E-03 1.31E-03 1.32E-03
Lo 1.29E-03 1.44E-03 1.94E-03 2.45E-03 2.84E-03 3.01E-03
GRE 1.17E-04 1.46E-04 2.19E-04 3.11E-04 3.97E-04 4.25E-04

4.5 Conclusion

This chapter deals with a new numerical simulation of the Kuramoto-Sivashinsky equation,

which is approximated by using compact finite difference scheme (CFDS). The CFDS is

used to convert KSE into a system of first-order ODEs, in time. The SSP-RK43 algorithm
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is adopted to solve the resulting system of ODEs. Six test problems considered by many
researchers have been studied to confirm the accuracy and utility of the proposed scheme.

The findings can be summarized as follows

v" The proposed results are found to be in good agreement with the exact solutions.
The effects of space and time resolutions on the accuracy of the present scheme are

also investigated through detailed simulations.

v The advantage of this scheme is that it is easy to implement to a (non)linear equation
and easy to program. It requires less number of grid points, and so, it leads to the

least accumulation of numerical errors.

v' The approximate solutions have been computed without any transformation or lin-
earization. Easy, computational efficiency and economical implementation is the

strength of this scheme.

v' This scheme can be adopted as a promising technique to solve multi-dimensional

problems arising in various engineering and physical modeling problems.



Chapter 5

An approximate series solutions of
time fractional Navier- Stokes

equation by two reliable methods

5.1 Introduction

The most famous governing differential equation of motion of viscus fluid flow, Navier-Stokes
equation (regarded as Newton’s second law of motion for fluid substances) was derived in
1822 [180]. This equation is a mixture of momentum equation, the equation of continuity
(i.e., expresses the conservation of momentum and mass). This equation describes many
physical phenomena such as ocean currents, liquid flow in pipes, blood flow, air flow around
the wings of an aircraft. The fractional modeling of Navier-Stokes equation was first done in
2005 by El-Shahed and Salem [60]. The following is the multi-dimensional, time-fractional
of Navier- Stokes equation for the incompressible fluid flow of kinematic viscosity v = n/p

and constant density p as given in [34]:

DU+ (U-V)U =vV?U — -Vp, on Qx (0,T)
V-U=0, on Q x (0,7) (5.1.1)
U=0, on 09 x (0,T)

99
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where U = (u,v,w) is the fluid vector, p is the pressure and u(z,y, z,t), v(z,y, z,t) and
w(z,y, z,t) are the velocity components in the direction of z, y and z at time ¢, respectively.
02 is the boundary of the spatial domain €2, 7 is the dynamic viscosity, the ratio v = n/p

be the kinematic viscosity of the flow and p is the density.

Further, if p is known, then ¢g; = —;%, go —;a—y, g3 = —l% can be determined. Time

fractional Navier - Stokes equation (5.1.1) in cartesian coordinates reduces to

'Do‘—i—%—i- @+ @_ 82u+82u+82u N
Y% Ty T Va2 oz2 a2 922 ) I
v Ov ov v v 0%
Dy — — — = 1.2
v—l—ua +vay+ 5 (8x2+8y2 822)+gg, (5.1.2)
Do a2 40 4 Y, (T T T
L wriee T y 9 U\ a2 oy? 022

El-Shahed and Salem presented the first approximate analytical solutions of time frac-
tional Navier-Stokes equation via Laplace transform, finite Hankel transforms and finite
Fourier sine transform [60]. After this seminal work, the nonlinear fractional Navier -
Stokes equation has been studied by many techniques such as adomaian decomposition
method (ADM) [34,177], Homotopy analysis method (HAM) [68,200], residual power series
method [100] and a new method based on operational matrices [238].

Integral transforms have capability to transform differential equations into algebraic
equations, which allows simple and systematic solution procedure for nonlinear PDEs [173,
249]. Keeping this in mind various semi-analytical hybrid methods have been developed
to compute an approximate solution of fractional Navier-Stokes equation, among them,
homotopy perturbation transform method (HPTM) [139,250], mixture of ADM and Laplace
transform algorithm (LTA) [136], the coupling of LTA and finite Hankel transform [41], new
iterative Elzaki transform method [276] and many more.

This chapter deals with the approximate series solutions of multi-dimensional, time-
fractional of Navier- Stokes equation (5.1.1) with Caputo type fractional derivative when
p is known. The proposed solutions are obtained by two reliable methods: 1) fractional
reduced differential transform method (FRDTM), 2) New integral projected differential

transform method (NIPDTM). The description of these methods is given in the following



101 5.2 Description of the semi-analytical methods

5.2 Description of the semi-analytical methods

The NIPDTM is a hybrid semi-analytical method, in which projected differential transform
together with new integral transform [105] is adopted for the analytical study of models

consisting of time-fractional PDEs.

5.2.1 New integral projected differential transform method

Let F be the set of functions of exponential order as defined below:
It .
F = {f(t) : AM, k1, ky > 0 such that |f(t)] < Me* whenever ¢ € (—1)" x [0, oo)} ,

where a given f € F the constant M must be finite while k1, ks may be finite or infinite.

Definition 5.2.1 ( [105,106,218]). The new integral transform IC {u(t)} = U(pn) of u(t) € F
1s defined by

—t

1 [ =
Un) = K {u(t)} = —/ e u(t)dt (5.2.1)
K Jo
The following are some properties of new integral transform

Theorem 5.2.2 ( [105,106,218]). a)The new integral transform of g:—: is given by

n>1. (5.2.2)

v

© {8%(3:, t) } U)o < 1 OFu(z,0t)
- M?n

n 2(n—k)—1 k ’
ot — (n—Fk) ot

b) The new integral transform of the Caputo fractional derivative Diu(z,t) and Riemann-

Liouville fractional integral J2u(x,t) of u(x,t) is given by

(i) KA{T u(z, )} = p Uz, p),

(17) K{Dju(x,t)} = uigf) - Zk:é M2<a1k),1 2 a(tféo ), n—1l<a<neN,

c) K {r(fﬁm)} = pPretth,

The readers are referred to [219,220] for more properties of new integral transform.
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A. Implementation of NIPDTM method for fractional PDEs

Consider the following initial value system of time fractional nonlinear PDEs

Diu(z,t) + Lju(z,t)] + N[u(z,t)] = g(x,t) >0,z e R, 0<a <1,
(5.2.3)

u(z,0) = h(z),

where Dfu Caputo-fractional derivative of u of order «, L —linear operator, N —nonlinear
operator and g(z,t) — smooth functions.

The new integral transform on (5.2.3) yields
KADu(x, )} + K{Llu(z, )]} + K{Nu(z, )]} = K{g(z,1)}. (5:2.4)
On using Theorem 5.2.2(a, b), we get
Uz, p) = 1**G(x, 1) + ph(a) — 2 [IK{Llu(z, )]} + K{N[u(z, )]}]. (5.2.5)
Next, inverse new integral transform on (5.2.5) yields
u(a,t) = gi(x, t) — K~ {2 I {Llulz, )]} + K {N[u(z, £)]}]} (5.2.6)

where g;(x,t) = h(z) + K~ {u?**G(x, 1)}, i.e., the term arising from the initial conditions
and source terms.
The projected differential transform (PDT) method on equation (5.2.6) yields the following

recurrence relation

U(z,0) = g1(x,t,),
Ulx,h+1) = =K {p**K[A, + B}, h=0,1,2,....

(5.2.7)

where Ay, = PDT{NJu(z,t)|},B, = PDT{L[u(x,t)]}.
The above expression (5.2.7) is referred to as “new integral-projected differential trans-

form (NIPDT)” of the problem (5.2.3).
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The approximation solution of (5.2.3) is given by
u(z,t) = Z Uz, h). (5.2.8)

h=0

The advantage of NIPDTM is its capability of computing approximate solutions PDEs in
forms of a fast convergent series [105]. The implementation of NIPDTM for time fractional

Navier- Stokes equation is described in the following

B. NIPDT for time fractional Navier- Stokes equation

The NIPDT on Equation (5.1.2) yields

4 ta
UK h+1) = K7 (2 (A0 + BY]), U(X,0) = uo(X) + —r(?l+ .
ta
VX A+ 1) = K7 (2K (AP + BP]) VX, 0) = wp(X) + —F(f: 5 629
_ -1 2c (3) (3) B g3ta
’ - h h ) ) = Wo —_—
WX 1) = K (e [a + BP)), wix,0) () + 5

ox Jy 0z
(X, h) n OPU(X, h) n O?U(X, h)
0x? Oy? 022 ’

Af) _ _Z (U(X,m)(?V(X,h—m) +V(X,m)aV(X’h_m> —I—W(X,m)aV(X’h_m)> ,
V

h
AS) = —Z (U(X,m)aU(X’h_m) —I—V(X,m)aU(X’h_m) +W(X,m)aU(X’h_m)) ;
U

ox oy 0z
(X, h) n ?V(X,h)  O*V(X,h)
0x? (9y2 022) ’
@ _ OW(X,h—m) OW(X,h—m) OW(X,h—m)
AY ==Y (U(X, m) o +V(X,m) 5 + W(X,m) 2 ,
@ [OPW(X,h) OPW(X,h) O*W(X, h)
B =v { dz? * 0y? * 022

}, h=0,1,2...

(5.2.10)
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Once the recurrence relation (5.2.9) solved for U(X,h),V(X,h) and W(X,h) h > 0, the

approximate solution of time fractional Navier stokes equation (5.1.2) is given by

:iU(X,h), v(X,t):iV(X,h), w(X,t):iW(X,h). (5.2.11)

5.2.2 FRDTM for time fractional Navier- Stokes equation

Keeping the properties of FRDTM in mind from Theorem 1.3.1 and Theorem 1.3.2, the
FRDTM of Equation (5.1.2) with known p yields the following

)
DA+ (T+k)a) i1 Cormk UL n UL . UL 1y
T k) Ukt = yvAUk — ;; —5Ua 5 S Va4 g0 (k)
PA+(1+k)a) 01 ook VL e ¢y Vi e n OV s
q (1 1 o) Vi — yv2VE ; Uy + SEVaT AW )+ gad (),
P+ +k)a) o ook oW, e . W, e . WL s
T 1 k) W =y 2wk — ;; .U 3 oy W) + g0 (k)

(5.2.12)
where V? = aa—; + g—; + %, X = (z,9,2), U* = U¥(X) etc.. One can obtain the re-
cursive values of U* V¥ WF (k > 1) by solving above the system of recurrence relation

alr b

simultaneously once the value U2, V2, W9 are known.

a) o)

The approximate solution of time fractional Navier- Stokes equation (5.1.2) is obtained

by taking inverse FRDTM of U*, V¥ and W¥’s, respectively

=S Uk
WX 1) = S VEW,

e}

=Wy

The mth order solution of time fractional Navier- Stokes equation (5.1.2) can be read as

= i UE (), Su(v) =Y VE®M, Sp(w)= i Wk (1)F

k=0 k=0 k=0
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5.3 Numerical result and discussion

This section deals with the main aim, to test the accuracy and efficiency of the two methods

considering the following three test problems

Example 5.3.1. This test case deals with two dimensional time-fractional Navier-Stokes

equation with g1 = —gs = g as follows

K Ox oy \0z2  0Oy? 4

5.3.1
Do+ v N v v N v (5:3.1)

vtu—+v—=v|=—+-— | —

t or Oy ox?  Oy? 9
subject to the initial condition

u(X,0) = —sin(z +y), v(X,0) =sin(z +y), X = (z,y). (5.3.2)

The exact solution of Example 5.3.1 with o = 1,9 = 0 is given by
u(z,y,t) = —e ' sin(x + y); v(x,y,t) = e sin(x +y). (5.3.3)

Example 5.3.2. This test case deals with two dimensional time-fractional Navier-Stokes

equation (5.3.1) subject to the initial condition

w(X,0) = —e", v(X,0) =", X = (2,y) (5.3.4)

The exact solution of Example 5.3.2 with oo = 1,9 =0 [34] as given by

_ezp+y+2ut’

u(z,y,t) = v(x,y,t) = "V (5.3.5)

Example 5.3.3. This test case deals with three dimensional time-fractional Navier-Stokes

equation (5.1.2) with g1 = go = g3 = 0 subject to the initial condition

u(X,0) = —0.52+y+z, v(X,0) = x—0.5y+z, w(X,0) =2+y—0.52. X = (z,y,2) (5.3.6)
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The exact solution of Example 5.3.3 with o = 1 ( i.e., classical Navier-Stokes equation)

subject to the initial conditions (5.3.6) is given by

U(X7t): 21 9¢2 1
T4
r—Yp -
o(X,t) =2 T (5.3.7)
L=
w(X,t) = §t2 4
- )

5.3.1 Solution of Example 5.3.1

A. By fractional reduced differential transform method

The following recurrence relation is obtained by applying FRDTM on (5.3.1)-(5.3.2)

(T(1+(1+ka) UER(X) 4 Z’“: <8U§;X)U§_4(X) . 8U§Z(JX)V§_E<X)>

= vVA(UNX)) + go(k), U2X) = —sin(z +y),

«

F(IFJ(rl(Jeroi)a) VELX) +§; (aV?;;X)Ui_Z(M . %Vﬁ(}q) (5.3.8)
| = vVEVE) — ga(). VAX) = sin(e+p). k0.
On solving the recurrence relation (5.3.8), we get
UAX) = Feay sinle +9) + eyt Ve (¥ = —Feay sl + )~ ey
U2 =~ sinte +); Vi) = s+ )
U = 2 sinta + ) VEe0) = possin(e ) k2 2
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By using inverse FRDT, we have

2vt® t®
u(zx,y,t) ZUk X))tk —sin(z + ) ZF vty + J
0

2 (5.3.9)
ta
= —sin(w + y) Eo (—20t) + r(1g+ a)
XL (—2ut) gt
o(, 9,1 ka to‘k—smx+yz ’
T(1+k I
Z<T(1+ka) T(1+a) (5.3.10)
. gta
— Baa=2%) = 5oy
sin(z + y) Ea,1 (—2v1%) I'(1+a)

where E,5(2) = > rep r(ﬁszka)v for ar, 3 > 0 denotes the Mittag-leffler function with two
parameters [194], and so, E 1(2) = €*.
In particular for ¢ = 0, = 1, the solutions (5.3.9)-(5.3.10) is the closed form of the

exact solution (5.3.3) of the classical Navier- Stokes equation for the velocity field.

B. By new integral projected differential transform method

Applying NIPDT on (5.3.1) with (5.3.2) yields the following recurrence relation

UK h+1) =k (uor (A + B ), U(X,0) = —sin(e +y) + L
['(1+a) (53.11)
VR4 = K7 (K [AP + BP)) VX0 =sine +y) -
, w T B]) VI T+a)
where h >= 0 and
h
OU (X, h —m) OU (X, h —m)
O )
A = =3 (Vo TS v e m TR )
h
e M L e ] (5:3.12)

m=0
o [PUX R PUXR) e [PVXR)  PV(X,h)
By = V{ Ox? * Oy? B =v Ox? * Oy? '
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On solving the relation (5.3.11), we get

A(()l) —0, B((]l) — 9 sin(a: + y), U(X) 1) = é?sfl)) s1n(a7 + y)

AD — BY = —ousin(z +y), V(X,1) = =22 sin(z + ),

AD g B = (;(4;25; sin(z + y), U(X,2) =— F%“i)f) sin(z + y),

A§2) =0, B§2) = (FLL(';?Z; sin(z + ), V(X,2) = F(?sai)l) sin(z + ), (5.3.13)
1/3 2c . vt™

AP =0, B = sin(@+y),  UX,3) = 25 sin(a +y),
_8u22a) . a3

AP =0 B =Gy, V(X3 = - i ),

Hence the solutions u(X,t), v(X,t) are obtained as

oo

- (—2ute)h gt~
(X, h) = —
};“ Sm“yz (I+ha) T(+a)

=0 (5.3.14)
. . o
= — Sln(SL’ + y)EaJ(—QVt ) + ﬁ,
= =L (—2ut)h gt®
ZVXh *sm(az—ky)z — ,
— — 14+ ha) T(1+a) (5.3.15)
: N t
= Sln(.T + y)Ea71(—2Vt ) — ﬁ
In particular, F 1(2) = €*. For g = 0,a =1 Eq. (5.3.14)-(5.3.15) is the closed form of the

exact solution (5.3.3) of the classical Navier- Stokes equation for the velocity field.

Remark 5.3.4. From the above study, we have found that both methods FRDTM and
NIPDTM vyield the same approximate solutions. The absolute errors in different order
(m = 4,6,8,10) approximate solutions of velocity profile (u,v) of Example 5.3.1 with dif-
ferent value of Re = 1,10,100 is depicted in Figure 5.2, which confirms that the absolute
errors are decreases with increasing order of approximations, and so, the approximate series
solutions converge to the exact solutions. Moreover, the solutions converge fast for large
Reynolds numbers (Re). The behavior of the velocity field of classical Navier- Stokes equa-
tion via either method is depicted in Figure 5.1 while the behavior of the velocity field of
time fractional Navier- Stokes equation with o = 0.1,0.5,0.8 is depicted in Figure 5.5.
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5.3.2 Solution of Example 5.3.2

A. By fractional reduced differential transform method

The following recurrence relation is obtained by taking FRDTM of Eq. (5.3.1)-(5.3.4),

(T(1+(1+k)a), 40
I'(1+ ka) “

(X)

= vV (Ua(X)) + 910 (k),

ox @

+ Z (aUa(X> Uk—é()() + aUa<X) Vk—Z(X))

=0 dy

Ug(X) = _ele-y’

On solving the system (5.3.16), we have

2v

Up(X) = Tita) a)ex” +
2 _ (2v)? y.
UalX) = CT(1+2a) ™
3 _ (2v)? T+y.
Ua(X) - _m )
k (2V)k T4y,
V) =11

kL /avE(X) VLX) (5:310)
e} k—¢ «
N A Y
VIX) = e, k>0,
R P . e g
Tira) =X =g (0 +a)
2 <2V)2 Tty
Val )_F(1+2a) :
3 (2V)3 z+y
V)= 5 (5.3.17)
v k
Va(X) = P(§2+)ka)ex+y’ k=2

Figure 5.1: The behavior of u and v of Navier- Stokes equation in Example 5.3.1 at t = 3
with the parameters a =1, g =0, v =10.5
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‘ @ ‘ ‘ @ ‘
— Ju-spol / — [v=Sol /
0.008F— fu=sg} 0.008F— v=sgt
— Ju-s4| / — |[v—sg| /
u— V—
5 0.006 lu=sl 5 0.006 Vs
(0] [0}
5 o004 3 0004
[ [
Qo Qo
< <
0.002 0.002
0.000t 4 0.000k: ‘
00 02 04 06 08 1.0 0.0 02 04 06 08 10
t t
: ® ‘ ‘ (b) ‘
. — [U=Sy0] B — [V=Sy0
1.x10 [U—sg] 1.x10 [V=sg]
. ~ Ju-sq . -
5 B:X10° fu=saf | 8X10° =
Y6 x107 W6 %107
E E
§ 4.%x107° § 4,%x107°
< <
2.x107° - 2.x10°°
Ok R U FEPEEEE S . 1 o) R SR SO NS s :
0.0 02 04 06 0.8 1.0 0.0 02 04 06 08 10
t t
© ‘ © :
— |u=syo] — |[v=sol
1.x1078 iu—%i 1.x1078 iv—qai
)  Ju-s ., e
5 8.x10™ iu—§4i 5 8.x10™ iv—:,4i
2 6.x10°4 D 6.x10
E 5
§ 4.x107# § 4.x107%
< <
2.x1071 2.x107%
ok 1 f ok 4
0.0 02 04 06 08 1.0 0.0 02 04 06 08 10

Figure 5.2: Absolute errors in different order (m = 4,6, 8, 10) approximate solutions u, v of

Example 5.3.1 with different value of Re a) Re =1, b) Re =10, ¢) Re = 100
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Figure 5.3: The behavior of u and v of Navier- Stokes equation in Example 5.3.1 at t = 3
with the parameters: a = 0.5, ¢ = 0, v = 0.5 (upper), « = 0.1, g = 0, v = 0.5 (middle)
and o = 0.8, g =0, v = 0.5 (lower)

By using inverse FRDT, we have

= (uto)k gt~
k tak r—l—y (
u(, 1) ZU ZF(1+/€Q)+F(1+a)’

k=0
tCz
= —e"VE,  (2ut®) + S L
; I'l+ «) (5.3.18)
%0 = (ute)k gt
5 — Vv tak ery —
v(z,y,t) Z o (X) “T(1+ka) T(l+a)
gt“

= "B, 1 (2ut") —
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which is the required approximate solution.

B. By new integral projected differential transform method

NIPDT of Navier- Stokes equation (5.3.1) with initial conditions (5.3.4) yields the following

recurrence relation

to
UX,h+1) =Kk (;ﬁalc [Aﬁf) + B,ﬁ”D L u(X,0) = —e"T + —F(f+ D
-1 2c (2) (2) 4y gta (5319)

where Agf), B,(f) (¢ =1,2) are same as defined in Eq. (5.3.12). The relation (5.3.19) yields

AV =o, B = —2vemty, U(X,1) = —psen,
AP =0, B = 2verty, V(X,1) = gise,
1 1 2v)2t> T 22 z
Ag )= 0, B§ )= _(r(<3+t1)e I U(X,2) = _r((2<i+)1)€ v,
(2 _ (2) _ @)t o _ (@) o
1 1 V)32 z )3 z
Amo B - BEmen ping - e
(2 _ (2) _ @)t o _ (vt o
Ay =0, By = tearn @ V(X,3) = tGarne s
Hence, the solution u(X,t),v(X,t) are obtained as
= 2wt gt
X,1) = X, h) = —e*tV (
WX ) = Yol = et 3o A
h=0 h=0
tOL
= —e"E, 1 (2utY) + g—,
| LA +a) (5.3.21)
U(X t) _ iU(X h) — oty i (2Vta)h B gt®
’ ’ F'(1+ha) T(1+a)
h=0 h=0
ta
=" YE, 1 (2ut") — J

I'l+a)
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Remark 5.3.5. It is noticed that solutions (5.3.18) and (5.3.21) are same. The same
solutions for g = 0 are obtained by using discrete adomian decomposition method [34].
In particular the above solution with g = 0 and o = 1 is the closed form of the exact

solution (5.3.5) of the classical Navier- Stokes equation. The absolute errors in different

‘ @ ‘ ‘ (4]
— |u=Spo| — V=0
4.x1078 4,x1078
o |u-sg| o V-l
- u-sg| V-5
5 3.x108  |u-syf 5 3.x10°8——{v—gf
i I
2 2
S 2.x10°8 3 2.x10°8
? ?
o Ko}
< <
1.x1078 1.x1078
ok S R S——— ] ok S S ——— ]
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 10
t t
(b 2
— Ju-sg| — V-5
= |u-Sg| - V-5l
3.x 1072 —ju=54] 3.x 1072 —jv=54]
5 5
| I
o 2.x107%2 o 2.x107%
2 2
? ?
< <
1.x10712 1.x10712
Ot = Ot x|
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 04 0.6 0.8 1.0
t t
© )
14x 1078 14x 10783
- Ju-sgl - v-sg
1.2x 1078 [U=Sg| 1.2x 107 8— [v=sg]
1.x 10_13 |U_S4| 1.x 10—13 |V_54|
5 s
0 8xloM 0 8.xl10M
2 2
2 6.x10°# 2 6.x10#
? ?
Qo Qo
< 4.x10 < 4.x10¥
2.x107% 2.x10714
0’\"‘""' - (| 0’\'“"" i T il
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 10

Figure 5.4: Absolute errors in different order (m = 4,6, 8, 10) approximate solutions wu, v of
Example 5.3.2 with different value of Re a) Re = 10, b) Re = 100, ¢) Re = 500
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order (m = 4,6,8,10) approximate solutions of velocity profile (u,v) of Example 5.3.2
with the different value of Re = 10,100,500 is depicted in Figure 5.4, which confirms
that the absolute errors are decreases with increasing order of approximations, and so,
the approrimate series solutions converge to the exact solutions. Moreover, the solutions
converge fast for large Reynolds numbers (Re). The behavior of velocity field of classical

Navier- Stokes equation via either method is depicted for a = 1,0.5 in Figure 5.5.

V(X,y)

100

Figure 5.5: The behavior of u and v of Navier- Stokes equation in Example 5.3.2 with the
parameters g = 0, v = 0.5 and o = 1(upper), « = 0.5 at t = 0.05 (lower)
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5.3.3 Solution of Example 5.3.3
A. By reduced differential transform method

The FRDT of time fractional Navier-Stoke’s equation considered in Example 5.3.3 yields

the following recurrence relation

(T(1+ (14 k)a)
I'(1+ ko)

Ua ™ (X) = vV (Ug (X))

35 (5 0 58 2 ).
=0

I'(1+ (14 Fk)a) VLX) = v V2(VF(X))

F(l + ka) “
! Z <8V;§j >U§_Z(X> 8‘/82(/ )Va —K(X) av;i )W(f 5<X)) ’ (5.3.22)
F(lr?l(i;;f))a) §+1(X> — VV2(Wk<X))
k ¢ l Z
-y <_‘9W5:£X i) + el yioe x4 D) )Wc’ff(x)> ,

(X)=—-05r+y+z VIX)=2—-05y+2z WIYX)=z+y— 0.5z

On solving the simultaneous equations in (5.3.22), we get

L 225 2(225) o (2.25)? (1 + 2a)
Ua(X)——m% ol )—m a(X)aUa(X)__m< m)x
4oy (2.25)? 2I'(1 + 2«) 4T (1 + 3a) 07 v,
UalX) = [(1+ 4a) (8 T(1+a)® TA+a)(1+ Qa)) (X);.--

. 225 oo 2(225) oo a0 (2.25)? D(1+2a) \
VA0 =~ 0 = gy R0 =~ (4 e
4oy (2.25)2 2I(1 + 2a) 4T(1 + 3a) .
ValX) = I'(1+4a) (8 T(14a)> TA+a)l(1+ 2a)) Va X
. 225 o . 2(2.25) 5 (225 (14 2a) .
WalX) T(1+ )Z’ o (X) = F(1+2a)W o (X); Wa(X) = I'(1+ 3a) (4+ (F(1+a))2)
b (225)% 2I'(1 + 2« 4T(1 + 3a) A
WalX) = (1 + 4a) < (T(1+a))? F(1+a)F(1+2a)> a(X):--
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By using inverse FRDT, we have

2.25 2(2.25)

«

2 ey 222 (05 2o
fita) T T 20y 05Ty T2)

u($,y,z,t) = ZUS(X) =—-0br+y+z—

e ) e
Féf‘i@i) (8 + (?(?ij;l F(llfél);:(foﬁ 2@)) (—0.52 +y + 2)t* + ..
v, 9,2,1) = g%vf(X) =7 —05y+2— %W + %(x — 0.5y + 2)t%
e S
réi'i‘i; (8 + (25((11:5;)2 F(léfg)?(fi) 2@)) (x— 05y + 2)t + ..
Hinn = ; Wa) =ty = 00e - %ZW ! %(I +y— 0.52)8*
% (8 (QIF((;:(?;)Q I'(1 Lfs)lf(f? 2a)) (z+y—0.52)t" + ...

which is the required exact solution. In particular for a = 1, we get

x 9, [(9\°, 9 9., )
u(X,t):<—§+y+z) L+ () | =gt (1 8+

T 9xt

9 9\? 9 9
v(X,t):(x—%—l—z) <1+Zt2+(1) t4+...> —Z—Lyt(l—l—Z—LtZ—l—...)

(5.3.23)

_ 2 4
_ o
4
2 9 9\° 9 9
r+y—Z— %
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which is the closed form of the exact solution of the associated classical Navier- Stokes

equation.

B. By new integral projected differential transform method

On applying NIPDT in (5.1.2) with (5.3.6) yields the following recurrence relation

UX,h+1) = K7 (12K | AP + B | ) JU(X,0) = =5 +y+ 2
V(X h+1) =K (,ﬂa/c (A® 4 B ) V(X,0) =2 — g s (5.3.24)
WX, h+1) = K7 (12K [ AP + BY ) W(X,0) =2 +y - 2

where Agf), B,(f), (¢ =1,2,3) are defined in Eq.(5.2.10). On solving the above relation, we

get B,(f) =0 foreach /=1,2,3and h=0,1,2,..., and so,
1) _ 9z _ 9xt™
Ay =—7 UX1) =  AT(a+1)?
2 _ 9 _ 9yt
AO - _Iy7 V(X7 1) - _4F(ya—+1)7
B _ _9 _ 92t
A" =—7, W(X1) = _4F(zat+1)’
(1) U (X,0)t> U (X,0)t2
Ay T 2T (a+1) 0 U(X,2) = 2F(2a+1) )
(2) 9V (X,0)t> 9V (X,0)t2>
Ay T 2T(a1) 0 V(X,2) = 2F 2a+1) )
(3) IW (X,0)t 9W (X,0)t2
A T 20(atl) W(X, 2) 2T (2a+1) °
(1) r(142a) 81zt __—8lxt3® L(14+2a)
Ay =— <4 + F(1+a)2> 16r(1t+2a)’ U<X> ) - 16F(1Jf3a) (4 + r(1+a)2> )
2) _ I'(1+2a) 81yt _ —8lyt3> I'(1+2a)
Ay =— <4 + F(1+a)2> 16F(Z{+20¢)’ V<X7 3) - 16F(1y-‘,-3a) (4 + r(1+a)2> )
(3) _ D(1+20) | _ 81zt _ _—8lstde T(1+20)
Ay’ =— <4 + r(1+a)2> wraza WX 3) = e (4 + F(1+a)2) ,
1 4T (1+3a) 2T (1+2a) \ 81U(X,0)t3*
Ay’ = <8+ Tita)l(i12a) T F(1+a)2> 16T (1+3a)
- AT (1+30) 2T (1+2a) \ 81U(X,0)t*
U(X,4) = <8 * Fitarat2a) T T(ita)? > 16T (1+4a)
(2) AT (1+3a) 2I'(14-2a) | 81V (X,0)t3
Ay = <8+ F(ita)l(i12a) T F(1+a)2> 16T (1+3a)
. AT (1+30) 2T (1+2a) \ 81V(X,0)t4e
V(X,4) = <8 + Fitarat2a) T T(ita)? > 16T (1+4a)
(3) 4r(14-3a) 2T (1+2a) \ 81W(X,0)t3%
A" = <8 + T(14-a)T(1+2a) + T(1+a)? > 16T (1+3a) °
_ 4r'(143a) 2T (14-2a) \ 81W(X,0)t4
W(X, 4) - <8 + T(14-a)T(1+2a) + T(1+a)? > 16T (1+4a)
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w(z,y,0.5,t)

Figure 5.6: The velocity profile (u,v,w) of Navier- Stokes equation in Example 5.3.3 at
t=0.1witha=1

Thus, the solution is given by
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w(X,t) = U(X,0) + U(X, 1) + U(X,2) + U(X,3) + ...

byt S S ( C byt ) gy LLF20)
=—= z— —— z) — _——
g Y T(1+a) 2TA+2a)\ 2 Y T(1+a)?
Sl 81 AT(1 + 30) 20(1 + 20) (_g . Z) .
160(1 +3a) | 16D(1 + 4a) T(1+a)l(1+2a)  T(1+a)? o Y
(X, t) =V(X,00+ V(X,1)+ V(X,2)+ V(X,3)+...
y 9y 9t y '(1+2a) S1yt3*
S o AT R
Ty T M1t 21120 <I 2 +Z> ( T+ a)2) 1671 + 30)
g1t AT(1 + 30) or(1 + 20) y
T 16T (1 + 4a) ( (It a)l(1+2a)  T(1+a) (z=5+2)+-
w(X,t) =W(X,0)+W(X, 1)+ W(X,2) + W(X,3) +...
ey E_ 9z o 9t2 < e z) 4y (14 2a) 81213
ST T T M1 ta) M t2a) VYT T(1+a)? ) 160(1 + 3a)
L sue AT(1 + 3a) oT(1 + 20) (x Y 3) .\
160(1 + 4av) T+ o) (1+2a)  T(I+a) Y79) T

Remark 5.3.6. The same solution is obtained FRDTM and NIPDTM are same. The
proposed solutions for o = 1 by either of these method reduces to the solutions (5.3.23). The
same solutions are obtained by using high-order finite difference scheme with a linearization
technique [38]. The wvelocity profile (u,v,w) of the Navier-Stokes equation for o = 1 is

depicted in Figure 5.6, which shows the same characteristics as reported in [38].

5.4 Conclusion

In this chapter two reliable methods: fractional reduced differential transform
method and new integral projected differential transform method have been adopted
for the numerical simulation of time-fractional model of the Navier-Stokes equations with
suitable initial conditions. The fractional derivative is considered in the Caputo sense. The
analytical results have been given in terms of a power series. Three test problems are car-
ried out in order to validate and illustrate the efficiency of the method. The findings are as

follows
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The proposed solutions from both of the methods are identical.

The proposed solutions agree excellently with HPM [68], a high-order finite difference

scheme with a linearization technique [38] and ADM [34].

The approximate series solutions converge to the exact solutions. Moreover, the

solutions converge fast for large Reynolds numbers (Re).

The FRDTM solutions are approximated without any discretization, transforma-
tion, perturbation, or restrictive conditions. However, the performed calculations in
FRDTM show that the described it needs a very small size of computation in compar-
ison to HPM [68], ADM [34], high-order finite difference scheme with a linearization
technique [38] and NIPDTM.

Small size of computation contrary to the other schemes, is the strength of FRDTM

scheme.



Chapter 6

An approximate solution of time

fractional coupled viscous Burgers’

equation in multi-dimensions via

homotopy perturbation method

6.1 Introduction

The study of the solution behavior of fractional partial differential is very popular area of
the research as it has a great attentions among the researchers due to its applications in
modeling of various nonlinear complex systems arising in fluid mechanics, viscoelasticity,
mathematical biology, life sciences, electrochemistry and physics [22,39,40,166,194]. Most
of the cases, it is very tough to compute the exact behavior of the fractional differential
equations. A great deal of effort has been expanded to develop techniques for computations
of the approximate behavior of such type of equations. Especially, in nano-hydrodynamics
where continuum assumption does not well, the fractional model can be considered to be
the best candidate. In the past years, several vigorous techniques have been proposed
for solving such type of fractional PDEs, among them, homotopy perturbation method

(HPM) [86], homotopy perturbation Sumudu transform method [243], homotopy analysis
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method [200], adomian decomposition method (ADM) [291], reduced differential transform
method [204, 211], fractional reduced differential transform method (FRDTM) [246, 248,
252], variation iteration method [193].

The computation of the solutions time fractional coupled Burgers’ equation (6.3.1) is of
great importance due to its applications in approximate theory of flow through a shock wave
traveling in a viscous fluid [52], in model of turbulence [36]. Burgers’ equation is reduced to
a simple model of sedimentation or evolution of scaled volume concentration of two/three
kinds of particles in fluid suspension or colloids under the effect of gravity modulation [182].
The fractional model of one dimensional coupled viscous Burgers’ equation has been solved
by employing reduced differential transform [247,251,256], fractional reduced differential
transform [237], generalized differential transform method [155], coupling of HPM and
Pade technique [108], HPM [85], ADM [291], Laplace homotopy algorithm [243], Laplace
homotopy perturbation method [103] and Fractional variational iteration method [193]. For
more details of HPM, we refer the readers to [20, 187,206,286] and references therein.

This chapter deals with an approximate behavior of multi-dimensional, time fractional

coupled viscous Burgers’ equation obtained by employing He’s HPM [85].

6.1.1 Homotopy perturbation method

Consider the boundary value differential equation of the form

L(u)+ N(u) — f(r)=0, reqQ, (6.1.1)
B <u %) . T e (6.1.2)

where f(r) be a known analytical function, B be the operator for boundary conditions,
0f) be the boundary of the domain 2 whereas L and N represent linear and nonlinear
differential operators, respectively.

Define homotopy v(r,p) : Q x [0,1] — R for (6.1.1)-(6.1.2) as in [86] satisfying

H(v,p) = (1 = p) [L(v) = L(uo)] + p[L(v) + N(v) — f(r)] = 0, (6.1.3)
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where p € [0, 1] is an embedding parameter, ug is an initial approximation obeying condition
(6.1.2). It is worth mentioning that Eq. (6.1.3) reduces to linearized differential equation:
L(v) = L(up) for p = 0 while nonlinear original differential equation (6.1.1) for p = 1. Thus,
the changing process of p from zero to unity in (6.1.3) results the corresponding changes
in v(r,p) from uy to u(r). In topology, this process is referred to as deformation. The
equations L(v) — L(ug) and L(v) + N(v) — f(r) are called homotopic equations.

The basis solution of (6.1.3) is taken as
v=1y+p+pirat... (6.1.4)
Moreover, solution (6.1.4) converges to u (i.e., v — u) as p — 1 [33], and so,

u=1vp+uvi+ura+... (6.1.5)

6.1.2 HPM for time-fractional nonlinear PDEs

Consider initial value system of time-fractional nonlinear differential equation as follows:

Diu(X,t) + Lu(X,t)] + Nu(X,t)] = f(X,t), t>0, m—1<a<m, (6.1.6)

u$(X) = en(X), =0,1,2,...,m— L (6.1.7)

where X = (x,y,2) € Q CR3, L and N denote linear and nonlinear differential operators,
respectively. Either of these operator may include other fractional derivatives of order less
than «, f — known smooth function and Df* —Caputo fractional derivative of order «.

Define homotopy for (6.1.6) as in [178] satisfying the following

FUED _ pix)
ot R (6.1.8)
=p %—L[U(X,t)] — Nu(X,t)] — Dfu(X,t)|, p€[0,1].

Moreover, for p = 0 Eq. (6.1.8) reduces to the linearized equation u™(X,t) = f(X,1).
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Let the basic solution of (6.1.8) is considered as
=> pu, (6.1.9)
=0

and so, nonlinear term N|[u(X,t)] is decomposed as follows

=> p'He(u), H(u) = { [Zp u;(X, 1) ” (6.1.10)

where Hy(u) = Hy (uo(X, 1), uy (X, 1), ..., u(X, 1)) is referred to as He’s polynomial [86].
After implementing Eq. (6.1.9) - (8.2.6), Eq. (6.1.8) reduces to

=, 0Mu(X )
Vi ? )
— = — f(X,t
Zp o F(X,t)
- . (6.1.11)
U t
_ pz { 5tm ~ Lue(X, )] — He(u) — D2ug(X, 1)
On equating the coefficient of like power p’ (¢ = 0,1,2,...) on both sides of (6.1.11), a

sequence of linear differential equation for each wu,(X,t) is obtained as follows:

(
Coefficient of p° : 6’%07(;5(15) f(X, 1),
 Coefficient of p*! : 0 ug;r(LX’ 2 = 0 lgt(ri(’ t)_ Lug(X,1)] — Helu) (6.1.12)

— D?U@(X,t), l > 0.

The recursive values of uy,(X,t) (¢ = 0,1,2,...) can be obtained by solving (6.1.12). Eq.
(6.1.8) with p = 1 is the original differential equation (6.1.6), and so, the approximate

solution of equation (6.1.6) is given by

U(X, t) = UO(X, t) + Ul(X, t) + UQ(X, t) + U3(X, t) + ... (6113)

6.2 Convergence analysis and error estimate [20,206]

This sections studies the convergence of the HPM solution and the error estimate.
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Theorem 6.2.1. Let {u,(X,t)}~, be a sequence of a Banach space B = (C(2 x [0,T7), || - ||),
obtained by (6.1.12), then

a) Doy un(X,t) converges to w(X,t) € B [solution of problem (6.1.6)] whenever 3(0 <
o < 1) such that u,(X,t) < oupm-1)(X,t), Vn eN, and

b) The mazimum absolute truncation error in solution (6.1.13) for problem (6.1.6) is

computed as

(+1
< X, t)]]. 6.2.1
< T Jus(X, 0 (621

)4
u(X,1) = > (X 1)

Proof. a) Define the sequence {S,,} - _, as follows

;

SO = UO<X7 t)7

Sl = UO(X>t) +u1<X7t)7

\

To show the convergence of series (6.1.13), it is sufficient to prove that {S,,} -_, is Cauchy
sequence.

Let m, ¢ € N such that m > £. By assumption, we get

18m = Sm-1ll = [lum (X, )l < olltm-1(X, )] < 0®[|um—2(X, Ol < o™ [[uo(X, )] (6.2.2)

Using (6.2.2) and Cauchy-Schwarz inequality, we get

m—L—1 m—£—1 m—{—1
1S — Sell = (Ser — Sevrt1)|| < [Serk — Sl < Z o T  lue (X, 1)
k=0 k=0 0
m——_—1 1 . O_m_g
= o up(X, t) Z o¥|| = ott! (ﬁ) lluo(X, 1)]].

k=0
r0<o<1l,andso, 0<1—0m*<1VYm </ Hence,

O.€+1
1Sm = Sell < 37— lluo(X; O)]]- (6.2.3)
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Moreover ||ug(X,t)|| is bounded, and so, limg_,« || Sy, — Se|| = 0. This evident that {S,,} -,

is Cauchy sequence, and so,

lim S, = u(X,t). (6.2.4)
m—r0o0
The result b) is direct from (6.2.3)-(6.2.4). u

Theorem 6.2.2. [20] Let i € N be arbitrary. Define

Bl df )] # 0,
0 if |lus|| = 0.

(6.2.5)

In Theorem 6.2.1, > ,~ ue(X,t) converges to the exact solution u(X,t) whenever 3(0 <
Ai < 1), and if A = max {\; : 0 < i </}, then the maximum absolute truncation error is

gien by

[ux,6) = SLow(X,0)|| < 35 lluo(X, 1)1

Suppose {u;}2,, {u}2, are obtained from two different homotopy, and \; < X, Vi € N,

then rate of convergence of >~ uy is larger than the rate of convergence of >, uj.

6.3 Implementation of HPM for TFCB equations

This section deals with the numerical study of the following time-fractional model of coupled

viscous Burgers’ equations in (2 + 1) and (3 + 1) dimensions by employing HPM

DU + (U-V)U = vV2U,  on Qx (0,T)
Ut =0) = T(X), X eQ,

(6.3.1)

where X=(x, y), V = Za% —i—]a% in 2D (and X=(x, y, z), V = Za% +ja% + k% in 3D), U =
(u,v,w) — fluid vector at time t, U = (11, 19, 13) be the initial fluid vector, 9 —boundary

of Q, v = ﬁ — kinematic viscosity of the flow, Re is the Reynolds number.
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In Cartesian co-ordinates, Equation (6.3.1) reduces to

3 2 2 2
Dau—i—u%—i—v@—i- %Il/(au—i-au-l-au), U(X,O):¢1(X)

ox dy 0z ox?  0y*> 022
o dv v v v v %

N ow  OJw ow Pw  Pw  *w
D w+ua—$+vﬁ_y+wE—V(ax2 + ay2 + az2>7 w(Xuo)_w3(X)

\

Embedding HPM on TFCB equation (6.3.2), keeping (6.1.8) in mind for m = 1, we get

(0 e (P, Bu B0 (o e oy
o Pl U\ oa2 oy 022 “ ! Yo tv)
v v v 0Pv 9w dv v v N

=P | tVvlagstastas ) — u—+v—+w—z — Djv|,

ot ot 022 " Oy | 922

ow_ fow  (Pw Pw Pw\ (ow ow.  ow) L,
ot Yot 812 | o2 | 922 Yor Ty T2 e

U(X,O) :1/}1(X)7 U(X7O):¢2(X) w(XaO)st(X)

\

(6.3.3)

where the basic solution of Eq. (6.3.3) is assumed as
Xot) = u(X,0p', o(X,t) = w(X,t)p, w(X,t)=> wi(X, ), (6.3.4)
=0 =0 =0

The following is direct from (6.3.3)-(6.3.4)

ou > v, 0Puy  O%u

o Oug ¢ ¢ ¢ o

Z _pz [ (a$2+ay2+322)_DtW
¢

Ouy—; Ouy—; Ouy—;
— E ; X,0) = X
gar (uz 8 +v U; ay +w7, 82 )]7 u( 70) w1< )7
82’04 62w 821)@) _ D?U@

a’l)g (9?)5
Zp —PZP { <0;1:2 + 2 + 022
Ovp_; avg ; 0vy_; _
—Z< oy + w; B )] , u(X,0) = a(X)

azwg 82wg E)ng

8wg > awﬁ o
Zp pr X {— (5’x2 + B + 822>—th4
¢

Owy_; 3wz—i Owy_; .
—Z< S TRRE )] w(X,0) = 45(X).

(6.3.5)
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On equating the coefficients of the like power of p in recurrence relation (6.3.5), we get the
following set of linear differential equations for wu,, vy, we (¢ = 0,1,2,...) as follows:

Coefficient of p° :

&,

% =0= UO<X,t) = wl(X>7

% = 0= vo(X,t) = a(X), (6.3.6)
\ % =0 = wo(X, 1) = ¥3(X),

Coefficient of p**! (¢ >0) :

ou ou u,  Puy  O%u : Oup;  Oup, Ouy_;
ﬂz—z—i—V( R 4)_2(%‘—64‘% = >_D?u€7

ot ot ox?  OJy> 022 — ox dy 0z
8vg+1 (%,g 8211@ 821)@ 82’05 ‘ 8’Ug,i 81)@,1- 8’0@4
= _ . . Ui ) pa
ot ot (83:2 o T2 ) T2 \"Tar Ty T e L

8wg+1 . (?wg 82wg 82w4 aQQUg g 8wg_i awg_i 8wg_i o
ot _W+V(0x2+3y2+3z2 _.Z . A T ~ D

(6.3.7)

Now, the values of u,(X,t), ve(X,t),we(X,t) ({ = 1,2,...) are obtained by solving recur-
rence relation (6.3.7) of linear differential equations by using ug(X, t), vo(X, t), we(X, t) from
Eq. (6.3.6).

An approximate solution of (6.3.2) is correspond to p = 1 in (6.3.3), that is,
u(X, 1) = uw(X,t),  o(X,t) = w(X,t), wX,t)=) w(X,t), (6.38)
=0 =0 =0

It is consequence from Theorem 6.2.2 that solutions of (6.3.8) converges to the exact solu-
tions whenever for each sequence {un} o, {Um}_g, {Wm}m_o, I(N;) as defined in (6.2.1)

such that 0 < \; < 1.

6.4 Numerical results and discussion

Example 6.4.1. The first case deals with the following 2D TFCB equation (6.4.1) with

Yi(z,y) = —sin(z +y), ¥a(r,y) = sin(z +y).
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ox oy ox? 0y (6.4.1)
ox oy ox?  Oy?

Embedding HPM on Eq. (6.4.1) with basic solutions for u,v as defined in (6.3.4), we get

8u 8u 6 uy 0w £ Ouy_; Ouy_;
(Oug Oug ‘ AN Ouyp Oue—i\
Z ar? * ayﬂ) Z(“’ gz oy ) th],
81}4

81} 8@ 0*v . OVp_; Ovp_;
OV _ 0%y AN Qv | Ui\ g
Z [ ax2 * ay2> ,0<“’ ar "oy ) DtW]’
+y)

v(X,0) = sin(x + y).

u(X,0) = —sin(x

Y

(6.4.2)

In (6.4.2), the coefficient of p° :

o — 0= wo(X, 1) = () = —sin(z + 1),
t (6.4.3)

aavto = 0= uo(X,t) = ¢Ya(z,y) =sin(z +y).

and the coefficient of p**1 (¢ >0) :

( 2 2 ¢ . .
Qs _ % +v <8 atl + 7 W) — Z (ui—aué_Z + v—aueﬂ) — Dj'uy,
- X

o ot Jx?  0y? — 0 " Oy
2 i = (6.4.4)
ale 6vg 0 Vy 0 Ve 8vg,i (%g,i
= o gy o) - 4 — D2,
o ot (ax2 * 8y2) 2 (“ or Vo ) e

\
On simplifying the above equations, we get
uy = —vy = 2usin(x + y)t;
) t2—a
= vy =2t - — —— s -
Us U2 I/( v F(g_a))sm(x+y),

2 3t 62~ 1203~
- ( + (3t — 6ut* + 20%%) — i ) sin(x + y)

B =3\ TE-20) TB—a) T{A-a)
v ([ 332 612~ 12vt3~@
(3t — 6wt + 2 — -
R (F(4—2a)+( Vi + 278 r(g—a)+r(4—a)>sm(“y)
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Figure 6.1: The behavior of u, v of 2D TFCB equation in Example 6.4.1 with Re=2 at ¢t = 3
for different values of & = 0.1,0.5,0.8 and o = 1.0 (top to bottom), respectively
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Figure 6.2: Absolute error in the solution u of Ex. 6.4.1 withz =y = anda=1att <1
for (a) Re=1; (b) Re= 10; (¢) Re=100
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Figure 6.3: The behavior of u of 2D TFCB equation in Example 6.4.1 with z =y = ¢
and (a) Re= 1, (b) Re= 10, (¢) Re= 500 at different time levels ¢t < 1 considering different
values of a = 0.5,0.7,1.0
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9t3—2o¢

2v i3«
= B 6 )
“4 { T FHE =W G =) + R

3 (5 — 3a)

18yti—2 92—« 6vtd— 36T

F5—20) T(B-a) T@d—a) TGB-a) } sin(z +);

2v 3pi—3e gt3—2
g

= t(3 =9t + 6% — 133 + ————
U\ T gy T WA O )

18pti=2e 92— N 6vtd~> 362 (& + 1)
— — — Sin(x e
I6G-22) [(3-a) T(d—a) I(G-a) v

Hence, an approzimate analytic solution of Burgers’ equation (6.4.1) with first ¢ itera-

tions 1s given by

1
U(x,y,t) ~ SE - Zuk(xayvt)a U(.’L’,y,t) ~ gé = ka(xayat)' (645)
k=0

Under the norm

IF ()] = max [f(2)],

0<t<1

it is notice that for each sequence {uy},—, and {vi},., the value of \; (i = 1,2,...), as

defined Theorem 6.2.2, are strictly less than unity whenever vt < 5 and v < 1, e.g., for

1
2
{urtrey witha = 0.5,v = 0.25: A\g = 0.5; Ay = 0.172415; Ay = 0.429199; . ... This confirms
that the solutions u,v in (6.4.5) converges to the exact solutions as { — oo.

The solution of Example 6.4.1 with o = 1 1s the closed form of

u(z,y,t) = —sin(z + y)e >,

(6.4.6)
vz, y,t) = sin(z + y)e ™",

which is the solution of classical coupled viscous Burgers’ equation. The solution behavior
of TFCB equation (6.4.5) with o = 0.1,0.5,0.8,1 and Re= 2 is depicted in Figure 6.1.
Similar behavior has been found in [248]. It is worth mentioning from Table 6.1 that HPM
solutions u,v are agreed excellently with the solutions obtained by FRDTM [248], and the
errors in u, v decreases rapidly as iterations/terms increases. Table 6.2 and Figure 6.2 show

that for a given t, the approximate solution u is more accurate for large Reynolds number
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(Re > 100). The solution behavior of u for different o = 0.5,0.7,1.0 has been depicted
i Figure 6.3 for Re = 1,10,500. Similar behavior can be found for v. The findings
confirm that HPM solutions u,v converges to exact solutions comparatively more fast for

large Reynolds numbers.

Example 6.4.2. The second case deals with 2D TFCB equation (6.4.1) with ¢y (z,y) =
_ex-i-y, ¢2<I?y) = ex—i-y'
Similar to Example 6.4.1, the values of ug(x,y,t),ve(z,y,t) can be obtained by solving the

recurrence relation (6.4.3)-(6.4.4) with ¥y (z,y,t) = —e* Y o(x,y,t) = "V as follows:

UO(x7y7t) = _UO(xayat) = _em-f—y;

u1<x7y>t> = _Ul(xvyat) = _2yte$+y;

t2—a
t) = — t)=—2w(t+vt?— = | Y
u2($,y, ) UQ(:L‘aya ) V< +v F(?)—Oz))e 3

us(z,y,t) = —v3(x,y,t) (6.4.7)
2—a 3—a
6t L 12vt o+,
I'B—a) TI'(d—-a)

2v 332
= ————— +t(3+6vt+ 2%
3(P(4_2a)+(+u+u )+

_ v, S 2,2 | 3,3

ug(z,y,t) = —vg(z,y,t) = 3¢ (m — t(3+ vt 4 6v°t° + v°t7)
9¢3—2e 18utt=2 92 36vt>~> 362t

"T(4—2a) T(-a) +P(3—oé) +F(4—a) +F(5—a)>’

The approximate analytic solution of Burgers’ equation with first { iterations is given by

I
g
>
8
S

¢
u(z,y,t) ~ S v(zy,t) ~ Se =Y vi(z,y.1), (6.4.8)
k=0
and which converges to the exact solution as { — oo, and the solution of Fxample 6.4.2

with o = 1 is the closed form of

T+y+2vt,
Y

u(@,y,t) = —e v(a,y,t) = e (6.4.9)

which is the solution of classical coupled viscous Burgers’ equation. The solution behavior
of TFCB equation is depicted in Figure 6.4 for a« = 0.1, 0.8,1.0 and Re= 2. Similar
behavior has been found in [248]. It is evident from Table 6.4 that HPM solutions wu,v
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Figure 6.4: Behavior of u and v of 2D TFCB equation in Example 6.4.2 with Re= 2 at
t = 0.05 for « = 0.1,0.8,1.0 (top to bottom)
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Figure 6.5: Absolute error in the solution u of Example 6.4.2 with « = 1 at ¢t < 1 for
x =y = 0.5 and different values of Re= 10, 100, 500
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Figure 6.6: The behavior of u and v of 2D TFCB equation in Example 6.4.2 with x =y = 0.5
and different values of Re= 10, 100, 500 at different time levels ¢t < 1 for different values of

a=0.5,0.7,1.0
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Table 6.4: Comparison of HPM solutions with FRDTM [248] solutions and exact solutions
of Example 6.4.2 with o = 1, Re = % = 2 considering first n terms (n = 5,7)

y=0.10 Absolute Error in u Absolute Error in v
FRDTM [248] HPM FRDTM [248] HPM

x ot |u — S4] |u — Sy |u — Sg] |vf§4} |U*§4| |vf§6}

0.2 0.1 1.14390E-07 1.14390E-07  3.77673E-09 1.14390E-07 1.14390E-07 3.77673E-09
0.2  3.72313E-06 3.72313E-06  2.43491E-07 3.72313E-06 3.72313E-06  2.43491E-07
0.3 2.87622E-05 2.87622E-05 2.79431E-06 2.87622E-05 2.87622E-05 2.79431E-06

0.4 0.1 1.39716E-07 1.39716E-07 4.61291E-09 1.39716E-07 1.39716E-07 4.61291E-09
0.2 4.54744E-06 4.54744E-06  2.97400E-07 4.54744E-06 4.54744E-06  2.97400E-07
0.3 3.51303E-05 3.51303E-05 3.41298E-06 3.51303E-05 3.51303E-05 3.41298E-06

0.6 0.1 1.70650E-07 1.70650E-07  5.63422E-09 1.70650E-07 1.70650E-07  5.63422E-09
0.2 5.55425E-06 5.55425E-06  3.63246E-07 5.55425E-06 5.55425E-06  3.63246E-07
0.3 4.29082E-05 4.29082E-05 4.16862E-06 4.29082E-05 4.29082E-05 4.16862E-06

y = 0.50

0.2 0.1 1.70650E-07 1.70650E-07  5.63422E-09 1.70650E-07 1.70650E-07 5.63422E-09
0.2  5.55425E-06 5.55425E-06 3.63246E-07 5.55425E-06 5.55425E-06 3.63246E-07
0.3 4.29082E-05 4.29082E-05 4.16862E-06 4.29082E-05 4.29082E-05 4.16862E-06

0.4 0.1 2.08432E-07 2.08432E-07 6.88165E-09 2.08432E-07 2.08432E-07  6.88165E-09
0.2 6.78398E-06 6.78398E-06 4.43669E-07 6.78398E-06 6.78398E-06 4.43669E-07
0.3 5.24082E-05 5.24082E-05 5.09157E-06 5.24082E-05 5.24082E-05 5.09157E-06

0.6 0.1 2.54580E-07 2.54580E-07  8.40526E-09 2.54580E-07 2.54580E-07 8.40526E-09
0.2 8.28597E-06 8.28597E-06  5.41899E-07 8.28597E-06 8.28597E-06 5.41899E-07
0.3 6.40115E-05 6.40115E-05 6.21885E-06 6.40115E-05 6.40115E-05  6.21885E-06

are agreed excellently with the solutions obtained by FRDTM [248], and the errors in u,v

decreases rapidly as iterations/terms increases. The absolute error in u for different values

of Reynolds number (Re=10,100,500) and o« = 0.5,0.7,1 is reported in Table 6.3, and

similar behavior of absolute error can be found for v. From Table 6.3 and Figure 6.5, it is

evident that for a given t, the approximate solutions are more accurate for large Reynolds

number (Re > 100). The solution behavior of u,v for different a = 0.5,0.7,1.0 has been

depicted in Figure 6.6 for Re = 1,10,500. The findings confirm that HPM solutions u,v

converges to exact solutions comparatively more fast for large Reynolds numbers.

Example 6.4.3. The third case deals with initial value 3D TFCB equation (6.3.2) with

1(X) = =052 +y + z,

o(X) =2 — 0.5y + z,

77Z)3(X) =T +y - 0527 X = (ZE,y,Z).

Similar to the previous problems, the recursive values of ue(X,t) = wupv(X,t) =
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ve, we( X, t) = wy (£ > 0) are obtained by solving (6.3.6)-(6.3.7) as follows:

up = —2.25xt; v = —2.25yt; wy(z,y,2,t) = —2.252t;

$279(2.25
uy = —2.25xt — 1.125¢%x + 2.25t%y + 2.25t%2 + M;
'3 —a)
t27(2.25
vy = 2.25t%x — 2.25ty — 1.125t%y + 2.25t%z + M;
I'3—a)
t27(2.25
wy = 2.25t%x + 2.25t%y — 2.25t2 — 1.125¢%2 + M;
'3 —a)
45272 —x+2y+2z  2.25pt37%
= 4.5t —2.25zt(1 +t) — 5.0625t3 0 + ————— — 4.5t>7° - :
s (y+2) w1 +1) "B -a) T(4—a) T(d-2a)
4,512 20 —y+2z  2.25yt3 7%
= 4.5t —2.25yt(1 +t) — 5.0625%y + ————— — 4.5¢57 — :
vs (+2) ytL+1) A Y Td—a) T@E-2a)
4.5t 20 + 2y — 2z 2.25z137%
= 4.5t —2.252t(1 4+ t) — 5.0625t%2 + ———— — 4.51>° -
s (r+y) H1+1) B a) T4—a) T(4-2a)

The approximate analytic solution with first four terms € = 3 is given by

u(z,y,z,t) = Zukxy,zt
v(x,y, z,t) ka x,y, 2, t), (6.4.10)
w(z,y, z,t) = Zwkxy,zt

which converges to the exact solution as ¢ — co. Moreover, the solution of Example 6.4.3

with o = 1 is the closed form of

=052 +y + 2 — 2.25xt

u(@,y,z,t) = 1 — 2.25¢2 ’
x — 0.5y + 2 — 2.25yt

v,y 2 t) = 1—22522
r+y— 0.5z — 22521

w(z,y, 2 1) = 1—22562

which is the solution of classical initial value coupled viscous Burgers’ equation. The behav-
ior of velocity profile (u,v,w) att = 0.1 is depicted in Fig. 6.7 for z = 0.5 and o = 0.5, 1.0.
The similar velocity profile has been obtained in [248] by FRDTM. Also, the solution be-
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Figure 6.7: The velocity profile (u,v,w) of TFCB equation in Example 6.4.3 with a =
0.5,1.0 (below to above) at ¢t = 0.1
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havior of TFCB equation is depicted in Fig. 6.8 for a = 0.5,0.7,1, which shows that the

HPM solution profile (u,v,w), for a = 1, converges to exact solutions for t < 1.

6.5 Conclusion

In this chapter the homotopy perturbation method has been adopted for numerical study
of (n+1)D TFCB equation (n = 2,3) with appropriate initial conditions, where fractional
derivative is of Caputo type. The analytical results are obtained in terms of a power se-
ries. Three test problems are carried out in order to validate and illustrate the efficiency of
the method. The proposed solutions agreed excellently with exact solutions and FRDTM
solutions [248]. The results are also depicted in graphically for different values of the frac-
tional order v and large Reynolds number (Re> 100). It is found that the proposed series
solutions converges rapidly for large Reynolds numbers. The solutions are approximated

without any discretization, transformation or restrictive conditions.



Chapter 7

Numerical simulation for time
fractional PDEs with proportional

delay using two reliable methods

7.1 Introduction

Consider an initial value autonomous system of time fractional partial differential equations

(TFPDESs) with proportional delay of the form

Dp (u, ) = f (, u(aow, bot), Zulara, bit), .., Lwulam, but))
a2, 0) = i ().

where a;,b; € (0,1), i € N U{0}. 1t is initial value and f is the differential operator,
the independent variables (x,t) generally denotes the position in space or size of cells,
maturation level at time ¢ while its solution may be the voltage, temperature, densities of
different particles, form instance, chemicals, cells, etc..

One significant example of the model: Kortewegde Vries (KdV) equation, arise in the

research of shallow water waves is as follow:

3

N 0 0
Dy (u(z,t)) = bu%u(aox, bot) + @u(alx, bit), 0<a<l.

144
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where b is a constant.
The time-fractional nonlinear Klein-Gordon equation with proportional delay, aries in

quantum field theory to describe nonlinear wave interaction, is defined as follows

2

D; (u(z,t)) = u%u(aox, bot) — bu(ayx, bit) — F(u(agz, bot)) + h(z,t), 1< a<2.

where b is a constant, h(x,t) known analytic function and F' is the nonlinear operator of
u(z,t). For details of various type of models, we refer the reader to [2,206,279] and the
references therein.

The variational iteration method (VIM) has been developed by Chinese Mathematician
He [85]. After the seminal work of He, various modification of VIM has been employed
to solve various nonlinear problems, among others, diffusion and wave equations on can-
tor sets [283], Riccati differential equation [71] and alternative VIM for time fractional
Fornberg-Whitham equation [207], for more details, we refer the readers to [188,189,207]
and the reference therein. The reduced differential transform method (RDTM) has been in-
troduced by Keskin and Oturanc [111] for finding the approximate series solutions of PDEs.
After seminal work of Keskin and Oturanc, FRDTM have been adopted to solve vigorous
type differential equations arising in mathematics, physics and engineering by various re-
searchers: Srivastava et al. [256,257], Saravanan and Magesh [211,212], Yu et al. [292],
Singh and Kumar [246], Singh [237] and Singh and Mahendra [251] and many more.

In the past years, very few methods are available for the study of TFPDEs with de-
lay, namely Chebyshev pseudospectral method [299], spectral collocation-waveform relax-
ation method [300] and iterated pseudospectral method [164], group analysis method [271].
Abazari and Ganji [2] proposed two dimensional differential transform method (2D-DTM)
and RDTM for partial differential equations with proportional delay. Abazari and Kilic-
man [3] adopted DTM for the study of nonlinear integro-differential equations with pro-
portional delay. In [32,206,221], the HPM was adopted for solving time fractional partial
differential equations with delay. Chen and Wang [44] proposed variational iteration method
(VIM) for solving a neutral functional-differential equation with proportional delays. The

functional constraints method was proposed by Polyanin and Zhurov [195] for the numerical
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study of nonlinear delay reaction-diffusion equations and many more.

The main aim this chapter is to investigate the basic properties of (n + 1) dimensional
extended fractional reduced differential transform method for time fractional differential
partial differential equations with proportional delay. In addition to the above mentioned
properties, the initial value autonomous systems of time fractional PDEs with proportional
delay has been studied analytical in terms of the series solutions of TFPDEs by employ-
ing two reliable methods: alternative variational iteration method (AVIM) and (n + 1)

dimensional extended fractional reduced differential transform method (FRDTM).

7.2 Description of the methods

This section deals with the description of variational iteration method and extended frac-
tional reduced differential transform method for time fractional PDEs with proportional

delay.

7.3 Alternative variational iteration method (AVIM)

Consider a initial value differential equation of the form

Lu(t) + Nu(t) = g(t), (73.1)
u®(0) = ¢, k=0,1,...,m—1.

where ¢;, are real numbers, L = jt—rfn, m € N be a linear operator; N —nonlinear operator
and ¢(t) is a known analytic function.
The correction functional for (7.3.1) can be constructed using AVIM as defined in [189]

as:

wan () = wn(t) + / A7) (Lug(7) — Nag(r) — g(r))]dr (73.2)

where the Lagrange multiplier A\(7) can be identified optimally by means of variation theory.
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Generally, the following Lagrange multipliers are used:

A7) = %(T — )™ m > 1. (7.3.3)

Eq. (7.3.3) and (7.3.2) yields the following iteration formula for (k + 1)th order solution:
U1 (t) = ug(t) + Afug(t)], (7.3.4)

where the operator Afu| is defined by

A(u) = %/0 ((7’ — )™ Y Lug (1) — Niig (1) — g(T))) dr (7.3.5)

Moreover, if we set the components s, (k= 0,1,2...) as:

(

So — U
S1 = A[So]
So = A[So + 51] (736)

\Sk+1:A[SO+51+...+Sk]

From (736), we get So+S1 = U0+A[U0] = U1;S0+S1+S2 = U1+A[U1] = Ug; Sg+S1+S2+S53 =
uy + Afuy] + Also + s1 + sa] = ug + Afus] = us and consequently, the approximate solution

of (7.3.1) is given by

u(t) = lim wy(t) = > silt). (7.3.7)

The interested readers are referred to [71,188,189,207,283] for further detail.
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7.3.1 AVIM for time fractional PDEs

Consider the initial value system of time fractional PDE of the form

D{u(x,t)} + Lu(z,t)] + N[u(z,t)] = g(x,t), m—1 <a<méeN
(7.3.8)
u®(z,0) = fu(z), k=0,1,...,m -1,z € R,

where L and N are linear and nonlinear operators respectively, g = g(x,t) is the known
analytic function, Df is the Caputo fractional derivative of order o and fj s is a real valued
function.

The solution

u(z,t) = lim wu,(z,t)
n—oo

to the problem (7.3.8) can be derived from the following variation iteration formula as

in [188]:

U1 (1) = up(t) + JEA(E, 7) (Dug(z,t) + Llug(x, )] + Nug(z, )] — g(z,t))]  (7.3.9)

the terms L{ug(z,t)] and N|ug(x,t)] are restricted variations, and the Lagrange multiplier
can be computed as A(t,7) = —1.
The variational iteration solution: w(x,t) = Y, vk(z,t), in the present framework is

obtained by the following iteration formula for [a] = m € N as in [188,189]:

( n—1
fe(@) 4
Vo = t
—~ k!
_ I(a) (7.3.10)
T D0 —m et DD(m)
TS DY [vo+...+v]+ Lvg+...+vg] + Nlvo+ ...+ v —g(x,t)],

The iteration formula (7.3.10) converges to a solution of problem (7.3.8) whenever there

exists v such that v € (0,1) and s < ysx_1 V k € N.

Theorem 7.3.1 (Convergence analysis [188,189]). Let A be an operator as defined in (7.3.5)

from Banach space to Banach space, then
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a) the series solution u(x,t) = Y oo sk(z,t) as defined in (7.3.7) converges whenever
30 < o < 1) such that Also + s1 + ... + sk+1] < 0A[sg + s1 + ... + sk (i-e.,
Skr1 < os;) V ke NU{0}, and

b) the mazimum absolute truncation error in solution (7.3.7) for problem (7.3.8) is com-

puted as
¢

u(z,t) — Z s,(x,t)

1=0

O.Z-‘,—l

<

T Iso(@: Al (7.3.11)

The complete proof of the above results is given in [188,189].

7.4 Extended fractional reduced differential trans-
form method

The properties of FRDTM has been extended for (n+1) dimensional time fractional partial

differential equations with proportional delay in the following

7.4.1 (n+ 1)-dimensional extended FRDTM

Let X = (x1,29,...,7,) be a vector of n variables, and let X, = (a121,asz9, ..., a,x,),

where a; € (0,1).

Theorem 7.4.1. Let W% (X)) and ®* (X) be the spectrums of the analytic and continuously
differentiable functions ¥(X,t) and ¢(X,t), respectively. Then

(1) IfO(X,t) = tp (X,, bt). Then

O (X) = ("5 (X,).

(2) ]f 0<X, t) = glw (Xa, blt) + €2¢ (Xa, bgt) Then

OL(X) = (bW (X,) & 6057 0% (X,) .
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(3) If 0(X,t) = b (Xa, bit) ¢ (X, bot). Then
k

OF(X) =D 0yoby W (X,) P (X).
r=0

(4) IfO(z,t) = f(X)(Xa,bt). Then

0L (X) = f(X)B L (Xa) -

(5) IfO(X,t) = 2 {4 (X, bt)}. Then

't otne
i

I'l+ (k+n)a)

k X) = (k4+n)a
0a(X) =1 I'(1+ ko)

o k+n

oz’ {\Ij‘j (Xa)}
In particular,

(a) IFO(X,1) = 25 {0 (XabE)}. Then

O (X) = 1 Wk (X.))

)

(b) IfO(X,t) = 22 {4 (X,,bt)}. Then

T otne

ot )~y LG 010 gy

Proof. (1) Let 7 = bt, then b0t = O1. Thus,

. B 1 aka B bka aka
OalX) = L(1+ ko) {atkae(x, t>} - T+ ka) {aTkaw(X“’ T>}

=0 =0 (7.4.1)
= (b ! o V(Xq,T) = 0Tk (X,)
o F(l + IfOé) 87—ka “ g =0 N ¢ “r
(2) Keeping g;o; {6(X,t)} = Elaat% { (X,,b1t)} £ Kgaat% {& (X4, bot)} with property (1),

we get

OL(X) = LB WL (X,) & o057 (X,,) .
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(3) Set u(X,t) =1 (X,,0t) and v(X,t) = ¢ (X, bat), then Theorem 7.4.1(1) confirms
that U (X) = 07U (X,) and VF"(X) = b *®k=r(X,). Using Theorem 1.3.1(a)
for 0(X,t) = u(X,t)v(X,t), we get

k k
= S TXOVET(X) = Yo e (Xa)} {0 ek () §

. (7.4.2)
= 3 oW (X, )8R ().

(4) Let 7 = bt, then bOt = Ot and let O(z,t) = f(X)1(X,,bt). Then

. 1 aka
Ou(X) = ['(1+ ko) {atkag(X“’bt)}

B f(X)bka aka
- I(1 + ka) {87”“0‘

=0 (7.4.3)
w(Xa,T)} (XU (X,).

7=0

(5) Let 0(X,t) = ar " {4 (X,,bt)}. Using Theorem 7.4.1(1), we get

Tz otne

O = i |

I'(1+ ka) | Otk 1o, >}} 0

(7.4.4)

b(k+n)a ori a(k+n)cx
"~ T(1+ka) 0z}’ [aﬂmn)a t (X“’T)}]
B b(Hn)aF(l + (k+n)a) 0

7=0

" k+n
G eS)

Moreover, for n = 0, we get result 5(a), and for r; = 0 we get result 5(b).

7.4.2 Extended FRDTM for TFPDEs with proportional delay

Consider the initial value autonomous system of TFPDEs with proportional delay as follows:

{ Dp (u(e 1)) = 1 (& ulaor, bof). grulanz, ), gwu(ama bat)

u(z,0) = (z).
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The extended FRDTM on Equation (7.4.5) yields a recurrence relation in U*s of the

following form

( F(l + (1 + k)a) fel fe4 8U2<G1I)
T+ ko) UMt (z) = F (2,08,...,0%, U%aoz), ..., Ur(aoz), B
OU*(ay ) OmUL(ay,x) omU* (a,) (7.4.6)
SR - e NEEE B @gm
| Ua(z) = ¥(x),
which is a recurrence relation in U*, k = 0,1,2,---. This relation can be solved for U*

for each k once ¢ (x) is known. The inverse FRDTM leads the approximate series solution

u(z,t) of TFPDEs with proportional delay.

7.5 Results and discussion

This section deals with the main goal of this chapter, a new application of alternative
variational iteration method and extended FRDTM in computation of the approximate
solutions of the initial value autonomous system of TFPDEs with proportional delay. The
effectiveness and validity of both of the methods is illustrated by considering three test

problems.

Example 7.5.1. Consider initial value system of time-fractional order, generalized Burgers’

equation with proportional delay as given in [2, 206]

N 0? z t\ 0 t 1

u(z,0) = x,

In particular for a =1 the exact solution is u(x,t) = xexp(t).

Example 7.5.2. Consider initial value TFPDE with proportional delay as given in [200]

Diu(z,t) = u (az %) aa_;u <x %) ~ulz?) (7.5.2)

u(z,0) = 22,
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In particular for a = 1 the exact solution is u(x,t) = z* exp(t).

Example 7.5.3. Consider initial value TFPDE with proportional delay as given in [2, 206]
0? x t\ 0 [zt 10
DY = (o) Zu(Z, 2 ) = ==u(at t
vulet) = 554 (2’ 2) oz (2’ 2) 5ag" (1) —ulzd) (753)
u(z,0) = 2°

In particular, for a = 1, the exact solution is u(z,t) = x? exp(—t).

7.5.1 Solution of Example 7.5.1
A. AVIM

Keeping (7.3.10) in mind, the iteration formula for (7.5.1) can be constructed as

So =T

b k 0?si(x, 1) b Osp—i(z, %)
Sk+1 = ZSZ x, t Z 81’2 — —s + ZS’ T

1=

On simplifying the above relation, we get

(
S0 = 7T,
xt®
51 = =———
T Ta+1)
(217 + 1)
Sg = M2a+1) (7.5.4)
5-2-3a (242924 4)(T(1 + ) + 21T (1 + 2a)t3
53 = x :
s (T(1 4 )T (1 + 30)
\
The approximate solution of the problem (7.5.1) is
u(z,t) = so(x,t) + s1(x,t) + so(z,t) + ss(x, t) +.
4 te (21704 + 1)t2a
=z
Tat1) ' 20(2a+1) (7.5.5)

(2+ 20‘)(2 +4) 2_1_20‘F(1 + 204) 30,
+ < 22T (14 3a) | (T(1+a)2T(1+ 3a)) e }
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B. Extended FRDTM

Using extended FRDTM on (7.5.1), the recurrence relation in U¥(x) is obtained as

O+ (1+ka), o, P, L= i (T O e 0 Lo
T ) Uk (x)—@Ua(x)Jr—;U (—)%Ua(l’)JrgUa(iU) (756)

Ualz) ==,

The solution of recurrence relation (7.5.6) is obtained as follows

Ug(x) =z,
1 B T
Ualw) = I'l+a)
2y (427 _
Val®) = Spisaa) = 750
73 z {1 L gl-a 4 9gl-2a 4 gl-3a I'(1+ 2a) 212a} — By

() = T+ 3a) r(1+a)’

AN I'(1 + 3a) 1-3a (142175
U({L’)—m((l+2 )B‘FmA)l‘

Using inverse FRDTM, we get

u(x,t) = US(x) + UL(x)t® + U2 (2)t* 4+ U3 ()£ + Ul (x)t* + . ..
¢ (1+27)

=z(1
x( +Fﬂ+ay+ﬂu+2@

F(l + 30() 1-3a (1 + 2173&) 4o
*ém1+ao(a+2 )B+(1+%HQA>t'h”)

2% + Bt (7.5.8)

Remark 7.5.4. The computed solutions obtained by both of the methods is a closed form
to the results obtained by Sarkar et al [206]. The computed AVIM solutions u(z,t) are
depicted in Figure 7.1(a-c) and two dimensional plots for different values of o = 0.8,0.9,1.0
at different time levels t < 1 with x = 1 are depicted in Figure 7.2(a). In particular for
a =1, both the AVIM olution (7.5.5) and FRDTM solutions (7.5.8) reduces to

2 3
u(x,t):x(1+t+§+§+z+...) (7.5.9)



7.5 Results and discussion

155

0+HS0969C°C
0+HTESTTL'T
0+HTCLIEE'T
0+HZOTLIO'T

0+HF00ETS T
0+HTCOEIT'T
TO-HILVTI6S
TO-HSVETSL9

T0-H8T0G9G°2L
T0-U80TISI8'G
T0-H9ELSST' T
T0-HELI06E €

O0+HTFY88SG'C
0+HS8ETLEE'T
0+HTCTOLY'T
0+H960680°'T

0+H8TIGTL'T
0+HST8T0E'T
T0-H6.LVT108°6
T0-H8€E909¢ L

T0-HB8ET18CI'8
10-H9¢1vCS9
10-HO07L006'%
T0-H6TE0€9°€E

Y0-HEE0L6I'T
G0-HOTTO06T ¢
90-HB8GVIET T
80-HCLBGRT'T

VO-HCEVIET T
G0-HOVL6ST'T
L0-HCCL6ST8
60-H918G06"L

GO-HTT16999°¢
90-HT0L86C L
LO-HTIRTETV
60-H806¢56°€

0+HZVS8¢0°C
0+HK8CTLLSG'T
0+HOVS9ET'T
TO-HT6T10€9°6

0+H8C06GET
0+HS8F8G0'T
TO-U86GETC'S
T10-HLCT10GV'9

T0-H6ETG6L°9
10-HLCVC6C S
T0-H66LTCT Y
10-H79001¢°€

€0-HOLETIV 'L
€0-H0G¥069°T
¥0-HO0EYCT ¢
90-H000L9€9

€0-H0GCrL6'V
€0-H0L69CT'T
Y0-HOG8STV T
90-H000SVC ¥

€0-HECTLBY G
Y0-HOERTEI"G
G0-H00EY60"L
90-H000€¢T ¢

0+H09C1E0°C
0+H09098G°T
0+H8TEIET'T
T0-HLCT0€9'6

0+HLITVGE'T
0+HELELGO'T
T0-U88ICIC'S
T10-HS800¢¥ "9

T0-HEER0LL™O
T10-HG9898¢C G
10-H760TCT ¥
10-HeV001¢ €

0+HTTLSE0'T
0+HO0GLLSSG'T
0+HTYE9ET'T
T0-HT6T0E9°6

O+HTVT6SE T
0+H00S8G0T
T0-H909€VC'8
10-H.2T0CV9

T0-HS0LG6L°9
10-H004¢6¢°¢
T10-HEO08TCT' ¥
10-H¥9001¢°€

00°T
GL0
060
Gco
00°T
GL0
060
Gco
00T
GL0
0S¢0
Sy

6.0

0S¢0

¢co

6'0="

80="

(T =)

(1 = 0)xoxddy

SqUry

‘xoxddy

INLAYA PoPULIXH

[902] WdH

10exXT

X

[=0

10 [907] yym suostreduron Iey) pue () ‘Q°() = © 10} [°G L o[dWeX] JO SWLID) AT ISIF [YIm suonnjos N LAHA POPUIXH :g'L 9[qRL,

G0-HGTS680°C
90-H6886¢0°¢C
80-H<206069°L
0T-HSGLT616°C

G0-HOTOE6E T
90-H09¢ESE' T
80-H89¢LCT G
OT-HLTTIV6'T

90-HTS0%96°9
L0-H86C99.L9
80-HP€9€94°¢
TT-HERGOEL 6

€O-HILETTIC'T
¥0-H6.8¢L0°¢C
GO-HEGSTGLT
2L0-H.LL8IEID'C

70-H608G20°8
VO-H6T618C'T
GO-HC0LLIT T
LO-HBT6LGL'T

V0-HV06LE0°T
G0-1569606'9
90-HB80GRER G
80-H68G68L'8

GOHLETTLRE
COHVIBLAT'T
€0-HEG699T ¢
V0-HSGLEVRT'T

¢0-U8GLO8S T
€0-HRBGL8TL L
€0-H696ETT'T
G0-HT0GC99'8

¢0-H6.LE06C T
€0-H6LE698°€
VO-HEVB61C L
GO-HTGCI8C T

0+H009L£0°C
0+HEVELSSG'T
0+HETLIET'T
TO-U88T0€9'6

0+HEEESGE'T
0+HTIESGO'T
T0-HO67ETVC'8
T0-HSCT10CV"9

T10-HL99T16L9
T10-H60816¢"G
T0-HSVLICT Y
T10-HE€9001C €

0+HTTLSE0'T
0+HO0GLLSSG'T
0+HTYC9ET'T
TO-HT6T0€96

O+HTIVI6EE'T
0+H0098G0°T
T0-H909€VC'8
T0-HLCT0CV"9

T10-HG0LG6.L°9
10-H004¢6¢°G
T10-HEOSTCT ¥
T10-HV79001¢ €

00°T
GL0
040
Gco
00°T
GL0
060
Gco
00°T
GL0
0G0
Gco

GL0

g0

Gco

i )

jen ]

o )

‘xoxddy

INIAV

19ex]

T = 0 10} 1°G"), o[dwrexr jo uonnios NJAY 2rewrxoxddy 12 o[qe],



156 7.5 Results and discussion

Figure 7.1: The solution behavior of AVIM solutions (a) to (c¢) and extended FRDTM
solutions (1) to (3) of Example 7.5.1 for & = 0.8;0.9; 1.0 (top to bottom)
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35 T 35
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Figure 7.2: Two dimensional plots of (a) AVIM solutions, (b) extended FRDTM solutions
of Example 7.5.1 for different values of « = 0.8,0.9,1.0 at ¢t € (0,1) and z =1

The solution is same as the solution due to DTM and RDTM [2], converges to the exact
solution u(x,t) = xexp(t).

For a =1, the computed AVIM solutions with first five terms are compared with exact
solutions in Table 7.1 and the absolute errors are also computed for different order (m =
3,5,7) solutions is also reported in Table 7.1, which shows thatl the absolute errors are
decreasing with increasing the order of the approximate solutions. Thus, computed results
converges to the exact results. The comparison of FRDTM solution with HPM solution [206]
fora =1 and the extended FRDTM solutions for a = 0.8, 0.9 are reported in Table 7.2. The
computed extended FRDTM solutions u(x,t) are depicted in Figure 7.1(1-3) for different
values of a = 0.8,0.9,1.0 and Figure 7.2(1) depicts the 2D solutions for « = 0.8,0.9,1.0 and
x =1 at different time levels t < 1. The findings show that the computed AVIM solutions
and extended FRDTM solutions are agreed well with the solutions obtained HPM [206],
DTM and RDTM [2](for o = 1) and approaching to the exact solutions.
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7.5.2 Solution of Example 7.5.2
A. AVIM

The iteration formula for (7.5.2) can be constructed as

SOZZEZ

D ( t)] (7.5.10)

k k
t 5
Sk+1 = _‘-7ta [D? {ZSZ(.T,t)} + Si(m,t) - ZSZ' (iL‘, 5) TQ
=0 ;

k
=0 =0
On solving the above relation, we get

( 2

So =T,
to?
S1 = ———<
T T(a+1)
t2a$2 _2704 _4+2a
83 = ( ( ) (7.5.11)

['(2a+1) ’
(=4 +29) (=24 2)(2 4 2)0(1 + ) + 2T (1 + 20)
I'(1+ a)’T(1 4 3a)

§3 = 8_at3a$2 ,

The approximate AVIM solution of the problem (7.5.2) is given by

u(z,t) = so(x,t) + s1(x,t) + so(x,t) + ss(x,t) + ...
o t 2 (=27%(—4 4 2%))
- [1+F(a+1)+ T(2a + 1)
(=4 +29) (=2 + 29)(2 + 2)0(1 + a)® + 21*°T(1 + 20)
I'(1+a)’T(1 + 3a)

+8—at3a

; ]

(7.5.12)

which is closed form to the exact solution and the results due to Sarkar et al [206].
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B. Extended FRDTM

Using extended FRDTM on (7.5.2), the recurrence relation in U¥(z) is obtained as follows:

R ) ) PP B SR
T(i+ka) O ) 2’““;(]“ (@) gl (2) = Oule) (7.5.13)
Us(a) = 2,

The solution of the above recurrence relation yields the following

Upla) = a2,
2
T
Ua(x) - F(l + O_/)’
yoo (2 1)
Val®) = 520y
247304 — 4 22704 1 2172051'\ 1 2
Ug(x):{ + + (1+ a)z}x2
I'(1+3a) I'(1+3a)T(1+ )
U4( ) B 2 6ay2 (20‘ — 4)22+20T(1 + 304)
T T P11 40) | T+ a)T(1 + 20)
(214-06(804 B 4)F(12+ 20[) — 64 4 24+0¢ + 3 22+3a . 22+5a + 24+2a . 22+40z + 2604) }
(I(1+ «))

On taking inverse FRDTM, we get

) o 92-a 1) (gie gy _g2a 1)
uzt) =z (1+F(1+a)+(1“(1+2a))t { (17 3a) }t
{ 21-201(1 4 20)) }tga 64 {(2@ — 4)47eT(1 + 30) } o
T(1+30)0(1 + a)’ T(1+4a) | T(1+a)0(1 1 2a)
64222 { <21+a(8a ~4HT(1 + 2a)
I'(1+4a) (T(1 4 a))?

—64 T 24+a 4 3 22+3a - 22+5a 4 42+a o 41+2a + 64(1)} t4a 4o

(7.5.14)

Remark 7.5.5. The fifth order AVIM solutions for a = 1 are compared with exact solutions

and the absolute errors in different orders (m = 3,5,7) solutions are reported in Table 7.3.
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Figure 7.3: The solution behavior of AVIM solutions (a) to (¢) and extended FRDTM
solutions (1) to (3) of Example 7.5.2 for & = 0.8;0.9; 1.0 (top to bottom)
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Figure 7.4: Two dimensional plots of (a) AVIM solutions and (b) extended FRDTM solu-
tions of Example 7.5.2 for different values of o« = 0.8,0.9,1.0 at t € (0,1);x =1

The comparison of extended FRDTM solutions with HPM solutions [206] for « = 1 and the
extended FRDTM solutions for o = 0.8,0.9 are reported in Table 7.4. The behavior of AVIM
solutions and the extended FRDTM solutions for different values of a« = 0.8,0.9,1.0 are
depicted in Figure 7.3(a-c) and Fig.7.3(1-3). Figure 7.4 depicts the two dimensional plots of
the AVIM solutions and extended FRDTM solutions for different values of o = 0.8,0.9,1.0
at different time levels t < 1 and x = 1, the similar solution behaviors has been obtained by
employing HPM [206].

In particular for o = 1, both the AVIM solution (7.5.12) and extended FRDTM solution
(7.5.14) reduces to

VR
u(z,t) = (1—1—15—1—5—1-5—1—...) 7 (7.5.15)

The same results is obtained in [2] using DTM and RDTM, and converging to the exact re-
sult u(x,t) = x? exp(t). The findings shows that the computed AVIM solutions and extended

FRDTM solutions of Example 7.5.2 are agreed well with solutions computed by employing
HPM [206] and approaching to the exact solution.
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7.5.3 Solution of Example 7.5.3
A. AVIM

The iteration formula for (7.5.3) can be constructed as

So =T
k k
182 ,t aSi £,£ 825 — w)i
e B R N
=0 =0
(7.5.16)

Simplification of above relations leads to

( 2

So =T,
12
S1= ——=——
YT T(a+ 1)
9 2tap2ag(—2 4 291 4 4x))
S =
? I'(1+2a) ’

S3 —

{SH%F(%a) — T (=2 + 29) (=2 + 4%) + 24Fag (=1 — 2% 4 4°(1 + 22))T(1 + @) }
25430 /71(1 + a)I'(1 + 3a)

X t3o¢’

(7.5.17)

and so, the solution is given by

u(z,t) = so(z,t) + s1(z,t) + so(z,t) + ... (7.5.18)

B. Extended FRDTM

Using extended FRDTM on (7.5.3), we get the following recurrence relation in U¥(z)

T'(1+(1+k)a) U () = k 0 s (1Y O (1Y 10, k
I (1 + ka) Z 5:047 (2) 7V (3) — 59,00 @) — V@)
Ug() = 2%,

(7.5.19)
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By solving the recurrence relation (7.5.19), we get

Ua() =2,
2
T
Up(z) = —
x (1 -2+ 4x)
UZ(x) =
() A0(1 + 20)
U3 (x) = —4 oMt 4 glH2e g e (] — 2o 4 4) g — 25H3ay?
a\t) = 25+3aT(1 + 3a)

2727200 (1 + 2a))
(T(1+))*T(1 + 3a)
U4(1,) _ (4 + 22+a _ 22+3a _ 41+2a + 3 392¢ + 23+2a (_2 _ 21+a _ 21+2a + 3 804) l’)
a 321+e (1 + 4a)
321+ (=2 4+ 8% + 8'+eg) (T'(1 + 2a))?
321eT(1+4a) 321+ (T(1 + a))?T(1 + 2a)0(1 + 4av)
21t (=24 2% + 222 (1 + a)T'(1 + 3a)
32 (T(1+ @) T(1 + 20)T(1 + 4a)

On taking the inverse FRDTM, we get

w(a 1) = 2% — 2t N x (1 =24 4z) ,, { —4 + 21Fa }
I'(1+a) AT(1 + 20) 25+30T'(1 + 3a)

N {21+2a — 8 9tte (] — 2% 4oy g — 25FBag2 97272047 (] 4 2q) } 2o

25+3aT(1 4 3) (T(1+))*T(1 + 3a)
(4 4 22+e — 9230 _ygl+2a 4 3 390 4 93+2a (9 glta _ olt2a 4 3 ga) 4 3oltay?2)

* { 3217aT (1 + 4a)

(=24 8% 4 81+ag) (D(1 + 2a))? — 21+ (=2 + 2% + 23Tog) T(1 + )[(1 + 3a) } o
321+ (D(1 + ))* T(1 + 20)T(1 + 4a)

+ ...

(7.5.20)

Remark 7.5.6. It is found from Table 7.5 and Table 7.6 that the computed results by both
of the methods are the closed form of the results reported in [206]. The fifth order AVIM
solutions for a = 1 are compared with exact solutions and the absolute errors in differ-

ent orders (m = 3,5,7) solutions are reported in Table 7.5. The comparison of extended
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Figure 7.5: The solution behavior of AVIM solutions (a) to (¢) and extended FRDTM
solutions (1) to (3) of Example 7.5.3 for a = 0.8;0.9; 1.0 (top to bottom)
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Figure 7.6: Two dimensional plots of (a) AVIM solutions and (b) extended FRDTM solu-
tions of Example 7.5.3 for different values of &« = 0.8,0.9,1.0 at t € (0,1);x =1

FRDTM solutions with HPM solutions [206] for a = 1 and the extended FRDTM solutions
for a=0.8,0.9 are reported in Table 7.6. The behavior of AVIM solutions and the extended
FRDTM solutions for different values of o = 0.8,0.9,1.0 are depicted in Figure 7.5.Figure
7.6 depicts the two dimensional plots of the AVIM solutions and extended FRDTM solutions
for different values of a = 0.8,0.9,1.0 at different time levels t < 1 and v = 1, the similar
solution behaviors has been obtained by employing HPM [206].

In particular for « = 1, both the AVIM solution (7.5.18) and extended FRDTM solution
(7.5.20) reduces to

2 B ¢
u(x,t):(1—t+———+——...)x2. (7.5.21)

The same result is obtained in [2] using DTM and RDTM, and converging to the exact
results u(z,t) = x*exp(—t). The findings shows that the computed AVIM solutions and
extended FRDTM solutions of Example 7.5.3 are agreed well with solutions computed by
employing HPM [206] and approaching to the exact solution.
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7.6 Conclusion

In this chapter, some basic properties of fractional reduced differential transform method
extended for time-fractional partial differential equations with proportional delay. Further-
more, the approximate solutions of time-fractional partial differential equations with pro-
portional delay are obtained by employing two reliable methods: alternative variation
iteration method and extended fractional reduced differential transform method.
The efficiency and validity of these methods are illustrated by considering three examples.

The findings are as follows:
v" The approximate analytical results have been given in terms of a power series.

v The proposed solutions by both of the methods converges to the exact solutions. The

computation of extended FRDTM solutions are easy in comparison to AVIM.

v" The computed AVIM solutions and extended FRDTM solutions are agreed excellently
with HPM [206], HPTM [245] and DTM [2].

v' These approximate solutions are obtained without any discretization or perturbation.



Chapter 8

Homotopy perturbation transform
method for solving fractional PDEs
with proportional delay

8.1 Introduction

Definition 8.1.1 ( [120,166]). The Laplace transform of a piecewise continuous function
u(t) in (0,00) is defined by

ﬁ{u } / exp (8.1.1)

where s is a parameter.
Moreover, for the Caputo derivative Dyu (t) and Riemann— Liouville fractional integral

Jfu(t) of a function u € C, (n > —1), the Laplace transform is defined as

L{T u(t)} = s U(s),
L{Dyf (t)} Y s (04), (m—1<a<m)

r=0

,_.

(8.1.2)

In the past years, vigourous techniques with the Laplace transform have been devel-

oped [74,112,115-119, 136], among them, HPTM has been employed for solving fractional

169
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model of Navier-Stokes equation [139], optimal control problems [69], fractional coupled
sine-Gordon equations [203], Falkner-Skan wedge flow [161], time- and space-fractional cou-
pled Burgers’ equations [243], strongly nonlinear oscillators [179], non-homogeneous partial
differential equations with a variable coefficient [160] and many more.

The main goal of this chapter is the new application homotopy perturbation transform
method (HPTM) in the numerical study of the initial value autonomous system of time

fractional partial differential equations (TFPDEs) with proportional delay (8.2.1).

8.2 HPTM for TFPDEs with proportional delay

This section deals with the implementation of HPTM to the following initial value au-
tonomous system of time fractional partial differential equations with proportional delay

as in (7.4.5)

Dy (u(z,t)) = f (z,ulaoz, bot), Zu(arz, bit), . .., Lu(amz, byt))

u(z,0) = (x).

(8.2.1)

Laplace transform of equation (8.2.1) yields the following

~u(z,0) 1 0 om
U(z,s) = . + Saﬁ {f (x, u(aox, bot), (,hu(alx, bit),. .., axmu(amx, bmt)> } (8.2.2)

The inverse Laplace transform of equation (8.2.2) yields the following

u(z,t) = ¥(x) ( )
. 8.2.3
+ ,C_l {Siaﬁ {f (23, U(Gox> bot)7 %u(alx, blt)a ) aax—mu(amx, bmt)) }} ’

where () is due to the initial conditions.

The homotopy for equation (8.2.3) is defined as follows

e L2 L (2 utaon, bot), Zoulare, bit), -, 2w, bt) (824
p T, ulapx, Og ,8xu a1 x, 01 ,...,ammu Am T,y Oy, s



171 8.2 HPTM for TFPDEs with proportional delay

Let the basic solution of Equation (8.2.1), i.e., Equation (8.2.4) read as
= pu(z,t). (8.2.5)
1=0

and so, nonlinear term Nu(z,t)] (let) occurred in the right hand side of equation (8.2.1)

is decomposed as follows

00 , -
= ;pﬁHe(u), HE(U) = % {aa—péN [;pluz(m,t)] } (826)

=0

where Hy(u) = Hy (uo(z,t),us(z,t), ..., up(x,t)) is referred to as He’s polynomial [86].

From Equation (8.2.5) and (8.2.3), we get

L1 { { ( i ur(aox, bot),
. (8.2.7)
p Zp ur(ayx, byt) Z(; P Uy (amz, b t)) }}]

Zprur(x,t) =u(x,0)+p

r=0

On equating like powers of p, we get

P’ s uo(w,t) = (x)
Viug(z,t) = £71 izf £, uo( bt)ﬁ (a1, bit) o ( bnt)
p U\, - o J |1 UplGo, Oo 78.22'“0 aix, 01 a"'7axmu0 Am T, Om

S

Consequently, the mth order approximate solution of equation (8.2.1) is corresponding to

p =1 as follows

Sm = Zuz(x,t). (8.2.8)

1=0

and so, s, converges to the exact solution of equation (8.2.1). That is,

u(z,t) = lim s, = Zu,(x,t). (8.2.9)

m—ro0

Theorem 8.2.1. [206, Theorem 4.1, 4.2] Let 0 < v < 1 and let u,(z,t),u(z,t) are in
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Banach space (C[0,1],|| - ||). Then

a) The series solution y . u,(x,t) from the sequence {u,(z)}r2, converges to the so-

lution of equation (8.2.1) whenever u,(x) < yu,—1)(z) for alln € N.

b) The mazimum absolute truncation error of the series solution (8.2.9) for equation

(8.2.1) is computed as

¢

u(z,t) — Z w,(z,t)

1=0

,y€+1
< 7 o@Dl (8.2.10)

8.3 Application of HPTM for TFPDEs with propor-
tional delay

This section deals with the effectiveness and validity of HPTM, illustrated by three test

problems of initial value autonomous system of TFPDEs with proportional delay.

Example 8.3.1. The first case deals with initial value system of time-fractional order

generalized Burgers equation with proportional delay [206] as

D) = gvte) o (35) o (m) oo
u(w,0) =

Taking Laplace transformation of Eq. (8.3.1), we get

Z

Uiz, s) =~ + Saclgu(:p t)—l—u(x t) aam ( t>+;u(x t)] (8.3.2)

S

Now, inverse Laplace transform with basic solution (8.2.5) leads to

Smin-rosfsle el
+;u,«xt +Zuk(2 2) %{ix%)}}]

(8.3.3)
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On comparing the coefficient of like powers of p™ on both sides of Equation (8.3.3), we get

(
Coefficient of p° : uo(x,t) = x,

. 1 0?u,(x,t)
r+1 . —r-1) - v
Coefficient of p'*" -y (x,t) = £ {Saﬁ { 922 (8.3.4)

1 " x t aur,k (LE, %)
—|—§u,«(x,t) + Zuk <§, 5) T ,T > 0.

\ k=0

Recurrence relation (8.3.4) yields

up(z,t) = x,

xt®

ur(z,t) = T0+a)
(1 4 21-)z2
t) =

et ) = S r T oa)

xt3® (14 2a)
U {L',t — 1 + 21—a + 21—2a + 22—3a + 21—2@}

t4o¢

U4(l’,t) — 8F<T+ 4&) {1 4 29760{ 4 287501 4 3 x 27730( 4 27720( 4 27704 4 287404

B Coa [(1 4 2a) N B I'(1+ 3a)
28 Sa 27 2a 29 4o 28 3a o
+ * )F(l—l—a)2 * i )F(1+a)f‘(1+2a) ’

Therefore, the mth order approzimate solution of equation (8.3.1) is
u(z,t) = uo(z, t) + uy(z,t) + ug(x,t) + us(x,t) + ug(x,t) + ... + up(x, t) (8.3.6)

The same solution is obtained by Sarkar et al. [206]. In particular for o = 1, the seventh

order solution is

e R L 4
wet) = (1ree G b D s Do )

2 6 24 120 720 5040 (8:3.7)

which is same as obtained by DTM and RDTM [2], and is a closed form of the exact
solution u(z,t) = xexp(t). The comparison of the fifth order HPTM solutions with exact

solutions and absolute errors in different order HPTM solutions (m = 4,5,6,7) for a =1
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(@ (b)

t

Figure 8.1: The surface HPTM solution behavior of u of Example 8.3.1 for (a) a = 0.8; (b
) @ = 0.9; (¢) @ = 1.0; and their plots for different values of o = 0.8,0.9,1.0 at different
time levels ¢ € (0,1) and z =1

are reported in Table 8.1. The surface solution behavior of u(x,t) for different values of
a = 0.8,0.9,1.0, and the plots of the solution for x =1 at different time intervalst < 1 are
depicted in Figure 8.1. The findings from Table 8.1 that the results are agreed well with the

results obtained by HPM and DTM and approaching to the exact solution.

Example 8.3.2. Consider initial value TFPDE with proportional delay as given in [2, 206]

Diu(z,t) = u (x %) @6—;“ <x %) ~ulz i) (8.3.8)

u(z,0) = z2,
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Table 8.1: Absolute errors in different order HPTM solutions (m = 4,5,6,7) of Example
8.3.1at a=1.0

T t

Exact

HPTM
Solution

absolute errors in mth order HPTM solutions

lu — s4]

lu — s5|

lu — s

lu — s7]

0.25 0.25
0.50
0.75
1.00

0.50 0.25
0.50
0.75

1.00

0.75 0.25
0.50
0.75

1.00

0.321006
0.412180
0.529250
0.679570

0.642012
0.824361
1.058500
1.359141

0.963019
1.236541
1.587750
2.038711

0.321004
0.412109
0.528686
0.677083

0.642008
0.824219
1.057373
1.354167

0.963012
1.236328
1.586060
2.031250

2.1224E-06
7.0943E-05
5.6348E-04
2.4871E-03

4.2448E-06
1.4189E-04
1.1270E-03
4.9742E-03

6.3697E-06
2.1283E-04
1.6900E-03
7.4614E-03

8.7896E-08
5.8385E-06
6.9096E-05
4.0379E-04

1.7579E-07
1.1677E-05
1.3819E-04
8.0758E-04

2.6369E-07
1.7516E-05
2.0729E-04
1.2114E-03

3.1248E-09
4.1316E-07
7.2979E-06
5.6568E-05

6.2497E-09
8.2632E-07
1.4596E-05
1.1314E-04

9.3745E-09
1.2395E-06
2.1894E-05
1.6970E-04

9.7306E-11
2.5636E-08
6.7663E-07
6.9651E-06

1.9461E-10
5.1273E-08
1.3533E-06
1.3930E-05

2.9192E-10
7.6909E-08
2.0299E-06
2.0895E-05

Taking Laplace transform of Eq. (8.3.8), we get

Uz, s) = %2 + Siaz [u (x %) aa—;u (x %) - u(x,t)} (8.3.9)

The inverse Laplace transform of Eq. (8.3.9) leads to

I E N2 ()
u(z,t) =a"+ L [Sx—l—sa/l{u <x,2) 52 \ 73 u(z,t)

Eq. (8.3.10) with basic solution (8.2.5) leads to

(8.3.10)

Zp”un(:c, t) = x?
n=0

e e )

On comparing the coefficient of like powers of p™ on both sides of Equation (8.3.11), we

(8.3.11)
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(b)

Figure 8.2: The surface HPTM solution behavior of u of Example 8.3.2 for (a) a = 0.8, (b
) a =0.9, (¢) a = 1.0; and their plots for different values of « = 0.8,0.9,1.0 at different
time levels ¢ € (0,1) and z =1

get

.
Coefficient of p° : uo(x,t) = 22,

Coefficient Ofp”Jrl : (8.3.12)

)1 - t\ 0 t
Upi1(z,t) = L {S—aﬁ (kz; ug, <x, §> @un_k X, 5) U (z, 1) ,n>0.

N

\
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Table 8.2: Absolute errors in different order HPTM solutions (m = 4,5,6,7) of Example
8.3.2at a=1.0

T

HPTM
Solution

t Exact

absolute errors in mth order HPTM solutions

lu — s4]

lu — s5|

lu — s

lu — s7]

0.25

0.50

0.75

0.25
0.50
0.75
1.00

0.080252
0.103045
0.132313
0.169893

0.080252
0.103045
0.132311
0.169879

0.25
0.50
0.75
1.00

0.321006
0.412180
0.529250
0.679571

0.321006
0.412180
0.529243
0.679514

0.25
0.50
0.75
1.00

0.722264
0.927406
1.190813
1.529034

0.722264
0.927405
1.190796
1.528906

5.3060E-07
1.7736E-05
1.4087E-04
6.2178E-04

2.1224E-06
7.0943E-05
5.6348E-04
2.4871E-03

4.7754E-06
1.5962E-04
1.2678E-03
5.5960E-03

2.1974E-08
1.4596E-06
1.7274E-05
1.0095E-04

8.7896E-08
5.8385E-06
6.9096E-05
4.0379E-04

1.9777TE-07
1.3137E-05
1.5547E-04
9.0853E-04

7.8121E-10
1.0329E-07
1.8245E-06
1.4142E-05

3.1248E-09
4.1316E-07
7.2979E-06
5.6568E-05

7.0309E-09
9.2961E-07
1.6420E-05
1.2728E-04

2.4326E-11
6.4091E-09
1.6916E-07
1.7413E-06

9.7306E-11
2.5636E-08
6.7663E-07
6.9651E-06

2.1894E-10
5.7682E-08
1.5224E-06
1.5671E-05

cug(x,t) = x®,

cug(z,t) =
ug(x,t) =
ug(z,t) = I

cug(x,t) =

2

2t
I'l+a)
$2t2a(22_a _ 1)
T(1+ 2a)
.Z'tha
1+ 3«
$2t4a
I'(1+4w)

) {1 - 22704 o 227204 + 247304 +

I'(1+2a)
(1 + )

21+a}

(1 _ 22—(1 _ 22—2a + 3 22—30( + 24—40( + 24—50¢ _ 26—60()

132t4a <<21+4a o 23+2o¢>r(1 + 2&)

T+ 4a)

I'(1+ «a)?

Thus, the mth order approzimate solution for Equation (8.3.8) is given by

w(x,t) = ug(x, t) +ur(z, t) + ua(x, t) + us(z, t) + ua(x,t) + ... + up(z, ).

(22130 — 2420 (1 3a))
I'1+a)l(1 4 2«)

(8.3.13)

Sarkar et al [206] obtained the same solution by employing HPM. In particular for o = 1,
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the seventh order solution is given by

(z,t) = 2 1+t+t2+t3+t4+ £ + r + v
u\x =X — — — - -
’ 5040 )

2 6 24 120 720
which is same as obtained by DTM and RDTM [2], and is a closed form of the exact solution

(8.3.14)

u(z,t) = 2?exp(t). The HPTM solutions for a = 1 are compared with the exact solutions
and the absolute errors in different order HPTM solutions are reported in Table 8.2. The
findings show that the proposed HPTM results are agreed well with HPM and DTM solutions
and approaching to the exact solutions. The surface solution behavior of u(x,t) for different

values of a = 0.8,0.9,1.0, and the plots of the solution for x = 1 at different time intervals

t <1 are depicted in Figure 8.2.
Example 8.3.3. Consider initial value TFPDE with proportional delay as given in [2, 206]

N 0? r t
Dt u(a:,t) = @U (5, 5)

u(z,0) = 22,

10

o (2.2) = g nt) —ula,
9z \2°2) T g Y T U (8.3.15)

The Laplace transform of Equation (8.3.15) yields the following

Table 8.3: Absolute errors in different order HPTM solutions (m = 4,5,6,7) of Example

833 at a=1.0

x t

Exact

HPTM
Solution

absolute errors in mth order HPTM solutions

|u — s4]

lu — s5]

lu — sg|

lu — s7]

0.25 0.25
0.50
0.75
1.00

0.50 0.25
0.50
0.75

1.00

0.75 0.25
0.50
0.75

1.00

0.0486751
0.0379082
0.0295229
0.0229925

0.1947002
0.1516327
0.1180916
0.0919699

0.4380754
0.3411735
0.2657062
0.2069322

0.0486751
0.0379083
0.0295244
0.0230035

0.1947002
0.1516330
0.1180977
0.0920139

0.4380754
0.3411743
0.2657198
0.2070313

4.8817E-07
1.5011E-05
1.0966E-04
4.4503E-04

1.9527E-06
6.0043E-05
4.3864E-04
1.7801E-03

4.3935E-06
1.3510E-04
9.8693E-04
4.0053E-03

2.0459E-08
1.2652E-06
1.3937E-05
7.5798E-05

8.1836E-08
5.0608E-06
5.5750E-05
3.0319E-04

1.8413E-07
1.1387E-05
1.2544E-04
6.8219E-04

7.3387E-10
9.1146E-08
1.5121E-06
1.1007E-05

2.9355E-09
3.6459E-07
6.0486E-06
4.4029E-05

6.6049E-09
8.2032E-07
1.3609E-05
9.9064E-05

2.3012E-11
5.7348E-09
1.4316E-07
1.3936E-06

9.2047E-11
2.2939E-08
D.7264E-07
5.5746E-06

2.0711E-10
5.1613E-08
1.2884E-06
1.2543E-05
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u(x,s)zx—2+i,c[‘92 (”“" t) 0 (I t) —lﬁu(x,t)—u(:v,t)] (8.3.16)

s s |02\ 272) 02"\2°2) " 80a

The inverse Laplace transform leads to

Ty Siaﬁ {82u (% 3) 0u(s5) Lot u@,t)}] (8.3.17)

S

u(z,t) =2> + L7}

Homotopy perturbation transform method on Eq.(8.3.17) leads to

o0 o0

Y pun(w ) =2 +pYy p"
n=0 n=0

- 82Uk (

Z Ox

k=0

(8.3.18)

N (o8

= [ig

SOC

t z t
72) 6un—gg(;272) ;W—Un(xvt)]]

On comparing the coefficient of like powers of p™ on both sides of Equation (8.3.18), we get

(
Coefficient of p° : uo(x,t) = 27,

Coefficient of p"* :

1 - GQuk(
_ —1
Upi1(z,t) = L {S—aﬁ (E e

k=0

I

N

ox 8 Oz

D) Ouna(5,8)  10u(rt) un<x,t>) } e

\

The solution of the above recurrence relation yields the following

O ug(z,t) = 22,

p
21
: t) = ————
P () ['(1+ «)
2 2 (217 + 222+ 1)
: t)=t
Pl t) = TS S
t30¢

-1 - 21,2 _ 24 + o + 2—20c + 2—3—Oc + 2—3—2a

r(1+ za)}
(14 «)?

P’ rug(z,t) = (1 + 3a) {

+27273a + 27172041,
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(b)

t

Figure 8.3: The solution behavior of HPTM solution u of Example 8.3.3 for (a) a = 0.8;
(b) @ =0.9; (¢) @ = 1.0; and their plots for different values of & = 0.8,0.9,1.0 at different
time levels t € (0,1) and z =1

t4cv
p4 :U4(Z‘, t) — F(l - 4a) {(3 % 2—5 o 2—3—a . 2—3—2a 4 2—3—40{ 4 2—3—5&)}
+ t4a (( 2—1—3a 2—1—204 2—1—a + 3) + 2)
T(1+ 4a) TR
o (14 2a)
_ " (_94a 9521 | 9-2-2a,\ = T Y
1+ da) * * it a)
o (1 + 3a)
— o7t g o> 4 9¥Fe
F(1+4a){ (24 2 4 ) T  50) = r(1+4a))}’

The required solution of Eq. (8.3.15) is

u(z,t) = uo(z,t) +uy(z,t) + ug(z,t) +ug(z, t) + ... (8.3.19)

which is a closed form to the exact solution and the solution obtained by Sarkar et al [206].
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In particular for a = 1, the seventh order solution is obtained as

A 1o 16 t7
+ .. ) (8.3.20)

ule ) =a* (“”5‘6*%@*%‘ 5010
which is same as obtained by DTM and RDTM [2] , and is a closed form of the exact
solution u(x,t) = x®exp(—t). The HPTM solutions for a = 1.0 are compared with the
exact solutions and the absolute errors in different order HPTM solutions are reported in
Table 8.3. The findings show that the proposed HPTM results are agreed well with HPM
solutions [206], DTM [2] solutions and approaching to the exact solutions. The solution
behavior of u for different values of a = 0.8,0.9, 1.0, and the plots of the solutions for x =1

at different time levels t < 1 are depicted in Figure 8.5.

8.4 Conclusion

In this chapter, the homotopy perturbation transform method has been successfully em-
ployed for solving the initial value autonomous system of the TFPDEs with proportional
delay. Three examples are considered to validate and illustrate the efficiency of the HPTM.
The proposed solutions agreed excellently with HPM [206], DTM [2] and the two meth-
ods AVIM and extended FRDTM reported in Chapter 7. The obtained series solutions
converges very fast and does not require any discretization or restrictive conditions. Cal-
culations show that the described HPTM needs a small computation size as compare to

HPM [206], DTM [2] and AVIM.
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Abstract In this paper, a new approximate solution of time-fractional order multi-dimensional
Navier-Stokes equation is obtained by adopting a semi-analytical scheme: “Fractional
Reduced Differential Transformation Method (FRDTM)”. Three test problems are car-
ried out in order to validate and illustrate the efficiency of the method. The scheme is found to be
very reliable, effective and efficient powerful technique to solve wide range of problems arising in
engineering and sciences. The small size of computation contrary to the other schemes, is its

© 2016 Faculty of Engineering, Ain Shams University. Production and hosting by Elsevier B.V. Thisis an
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1. Introduction

The idea of fractional derivative was first given by a great
mathematician Leibniz, in 1695, in a letter to L’Hospital. Frac-
tional calculus deals with the differential and integral opera-
tors with non-integral powers. Noting that the integer-order
differential operator is a local operator while the fractional-
order differential operator is non-local, it means that the next
state of a system depends not only upon its current state but
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also upon all of its previous states. It is more realistic and is
one of the main reasons why the fractional calculus has
become so popular. In the recent years, advances of fractional
differential equations have a great attention due to their
numerous applications in a wide range of nonlinear complex
systems arising in fluid mechanics, viscoelasticity, mathemati-
cal biology, life sciences, electrochemistry and physics [1-8].
For instance, the non-linear oscillation of earthquake can be
modeled with fractional derivatives [9], and the fluid-
dynamic traffic model with fractional derivatives [10] can elim-
inate the deficiency arising from the assumption of continuum
traffic flow. Based on experimental data fractional partial dif-
ferential equations for seepage flow in porous media are sug-
gested in [11]. Fractional differential equations have created
attention among the researcher due to exact description of
non-linear phenomena, especially in nano-hydrodynamics
where continuum assumption does not well, and fractional
model can be considered to be a best candidate. These findings

2090-4479 © 2016 Faculty of Engineering, Ain Shams University. Production and hosting by Elsevier B.V.
This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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invoked the growing interest of studies of the fractal calculus
in many branches of science and engineering.

In the recent various analytical techniques such as
Homotopy perturbation method (HPM) [10], homotopy
perturbation Sumudu transform method [12,13], homotopy
analysis method (HAM) [14,15] and Adomian decomposition
method (ADM) [16,17] have been developed to solve the frac-
tional partial differential equations. By coupling of HPM and
Laplace transform algorithm (LTA), Kumar et al. solved ana-
Iytically the nonlinear fractional Zakharov—Kuznetsov equa-
tion in [18]. At first, Keskin and Oturanc [19] introduce
reduced differential transform method (RDTM) as a reduced
form of differential transform method, and implement it to
find the approximate solutions of partial (and factional partial)
differential equations [19,20]. Fractional reduced differential
transform method (FRDTM) has been adopted in many arti-
cles to solve the differential equations prevailing in mathemat-
ics, physics and engineering [21-36].

A famous governing equation of motion of viscus fluid flow
called Navier—Stokes (NS) equation has been derived in 1822
[37]. The equation can be regarded as Newton’s second law
of motion for fluid substances, and is a combination of
Momentum equation, continuity equation and the energy
equation. This equation describes many physical things such
as ocean currents, liquid flow in pipes, blood flow and air flow
around the wings of an aircraft. The fractional modeling of NS
equations was first done in 2005 by El-Shahed and Salem [38].
The authors [38] generalized the classical NS equations using
Laplace transform, finite Hankel transforms and finite Fourier
Sine transform. By coupling of HPM and LTA, Kumar et al.
[39] solved analytically a nonlinear fractional model of NS
equation. Ragab et al. [14] and Ganji et al. [15] solved nonlin-
ear time-fractional NS equation by adopting HAM. Birajdar
[16] and Momani and Odibat [17] adopted ADM for numerical
computation of time-fractional NS equation. Analytical solu-
tion of time-fractional NS equation is obtained using coupling
of ADM and LTA by Kumar et al.[40] while Chaurasia and
Kumar [41] solved the same equation by coupling of Laplace
transform and finite Hankel transform. This paper presents
an approximate analytic solution of multi-dimensional, time-
fractional model of NS equation by adopting FRDTM.

The rest of the paper is organized as follows: some basic
definitions and notations on fractional calculus are revisited
in Section 2 while the preliminary on FRDTM is presented
in Section 2.1. In Section 3.1, the approximate analytic solu-
tions of three test problems of time-fractional order NS equa-
tion are obtained. Section 4 concludes the study.

2. Fractional calculus theory: basic definitions and notations

In this section, among several definitions of fractional integrals
or fractional derivatives, available in the literature due to
Riemann-Liouville, Grunwald-Letnikov, Caputo, etc., only
those basic definitions and preliminaries are revisited, which
we need to complete our study.

Definition 1 ([1,2]). Let € R and m € N. A real valued
function f: R — R belongs to C,, if there exists k € R, k > u
and g€ C[0,00) such that f(x) = xfg(x), for all xe& R".
Moreover, f € C}/ it /) € C,.

Definition 2 ([1,2]). The Riemann—Liouville fractional integral
of f'e€ C, of the order a > 0 is defined as

I (1) ifa=0,
) = ﬁ fot (t— T)ailf(’f)d‘f, if 0 >0, 1)
where I" denotes gamma function: I'(z) = [~ e™'F'd1,z € C.

In their work, Caputo and Mainardi [3] proposed a modi-
fied fractional differentiation operator Df to describe the the-
ory of viscoelasticity in order to overcome the discrepancy of
Riemann-Liouville derivative [1,2]. It is mentioned that the
proposed Caputo fractional derivative allows the utilization
of initial and boundary conditions involving integer order
derivatives.

Definition 3 ([1,3]). The fractional derivative of /'€ C, of the
order « > 0, in Caputo sense, is defined as

Diflt) = DA

L — )" A (1)de
= | e )

form—1<a<m meN, >0, feC), u> -1

The basic properties of Caputo fractional derivative are
given as follows:

Lemma 1 ([1-4]). Let m—1<a<mmeN, and feC},

uw = —1, then
DT (1) = A1)
TDf(0) = fl) = > fP07) 5, fort>o0.

k=0

In the present work, Caputo fractional derivative is consid-
ered because it includes traditional initial and boundary condi-
tions in the formulation of the physical problems. For more
details on fractional derivatives, one can refer [1-5].

2.1. Fractional reduced differential transform method
(FRDTM)

This section describes the basic properties of fractional
reduced differential transform method [25,26]. Let y(x, ) be
a function of two variables such that y(x,r) = f(x)g(7), then
from the properties of one-dimensional differential transform
(DT) method, we have

D) = SN S g = >0 S )

where y(i,7) = f(i)g(j) is referred as the spectrum of (x, ¢).
Throughout the paper Rp and R;' denote the operators for
fractional reduced differential transform (FRDT) and inverse
FRDT, respectively. Further, the lowercase (x,?) is used
for the original function whereas its fractional reduced trans-
formed function is represented by the uppercase Wy (x).

The basic definitions and properties of FRDTM are
described below.
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Definition 4 ([25,26]). Let y(x,?) be an analytic and continu-
ously differentiable with respect to space variable x and time
variable ¢ in the domain of interest, then

(a) FRDT of y is given by
_
(ko +1)

where o describes the order of time-fractional derivative.
(b) The inverse FRDT of W,(x) is defined by

=S

(c) From (a) and (b), we have

Yy (x) = [DF(W(x,0)],_,» k=0,1,2,...

(1 — 1)

W) =3 s [PF W), (- )

k=0

In particular, for 7y = 0, above equation becomes
ka ¢ l‘ka.
;Fm+1 0],y

It shows that FRDTM is a generalization of the power
series expansion.

Theorem 1 ([24-26]). Let u(x,t) and v(x,t) be any two analytic
and continuously differentiable functions with respect to space
variable x and time t such that u(x,t) = Rp'[Ux(x)] and

v(x, 1) = R [Vi(x)], then

@) Rp{u(x, 0o(x, 0} = Us(x) ® Vi(x) = 30U, (0) Vi (x):
(b) Rp{aju(x,t) £ apv(x, 1)} = a1 Uy (x) £ axVi(x);

(¢) Rp{x"t"u(x,t)} = {x Upo(x) ifk=n

else
() Ro{DY*(u(x, 1))} = HEHEG2 Ukan (x);

(e) RD{D’ u(x,1)} = DLUk(x); Rp{x"} = x"5(k); & Rp{e™}

s

k"

where the convolution ® denotes the fractional reduced
differential transform version of multiplication and the function ¢

) ) 1 ifk=0
is defined by o(k) = { 0 otherwise’

3. Implementation of FRDTM on Navier—Stokes equation

In this section, the numerical study of time-fractional model of
NS equation of order oo < 1) is presented. The time-
fractional model of NS equation for an incompressible fluid
flow of kinematic viscosity v =n/p and constant density p is
given as follows [16,37]:

DiU+(U-V)U=p,V?U—=1Vp, onQx(0,7)
V-U=0, on Qx (0,7) 4)
U=0, on 9Q x (0, 7)

where U = (u,v,w), t, p denote the fluid vector, time and the

pressure, respectively. (x, y, z) are spatial components in Q and

0Q is the boundary of Q,# denotes dynamic viscosity and p is
the density while the ratio p, = n/p denotes the kinematic
viscosity of the flow. In Cartesian co-ordinates, the above
equation becomes

o Qu g Ou gy Ou QPuy Pu) _10p
D,u—l—u(,,/\_—i-vay—i-w 7/)0( +},2+9_2) L
o v v v Pv . Py Py 1 9p
D,v—Q—ua—f—va—y—ﬁ—w _pO(_Z"'a_"‘aT)_ZT’ (5)

an dw 0w w_ , (Pwy Pw  Pw) 1
Dz”+“a,r+"0y+waz_po(a +% +a;2) 0 927

Further, if p is known, then g, = —%g—f? &= —%g—f
g3 = —; ; can be determined. Applying FRDTM on Eq. (5),
we have

NS Y CONE T s

= poV*(U) + £18(k),

i S )

= V (Vk)‘i‘gzé(k)v

(1+kor) Ox

1+ T+(1+k)a) VV/(+1 + Z(()W( U( Z+ dW; Vk* () w, VV/( )

= poV> (W) + g38(k),

2 _ 9 o _
where V* =5 +42 +0~,, and U, =
obtain the recursive values of Uy, Vi, Wj by solving above
equation simultaneously once the values Uy, V,, W, are

known.

Ui (x,y,z), etc. One can

3.1. Hlustrative examples

Example 1. Consider time-fractional order 2-dimensional NS
equation with g, = —g, =g as

Du+u%+ o _ (T, O,
0 8x2 8}’2 &,

7
D"erua—Jrv8 = 62V+@ - 7
ax oy P\ow T e) T8
subject to the initial condition
u(x,y,0) = —sin(x+y), v(x,y,0) = sin(x +y), (8)

Using FRDTM on the above two equations, we obtained the
following recurrence relation:

r(l+14lr7:ol: )2) U/H» + ( U/c (+ V/( )-P VZ(U/<)+g5(k)7

k

r<lr<+ll:i ) Viewr + ( LU+ % "y, >:P0V2(Vk) —go(k),
=
Uy=—sin(x+y), Vo=sin(x+y)
©)

On solving the system (9), we have
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0, the solution of the problem is obtained by Bira-

With g
jdar [16]. For g

(13)

which is the exact solution of classical NS equation for the
velocity field. The behavior of velocity field of the classical

0 and « = 1, we have

(19)

¥t t2eot

_ ¥t t2eot

I

v(x,p,1)
which is the exact solution of classical NS equation for the

velocity field. The behavior of velocity field of the NS equation
is depicted for « = 1 and 0.5 in Figs. 5 and 6, respectively.

I

u(x, y, )

NS equation is depicted in Fig. 1, and the behavior of NS

0.1, 0.5 and 0.8 is

equation with time-fraction order o

depicted in Figs. 2-4, respectively.

Example 2. Consider time-fractional order two dimensional

NS Eq. (7) subject to the initial condition

Example 3. Consider time-fractional order three dimensional

g3 = 0 subject to the initial condition

NS Eq. (5) withg, = g,

(14)

v(x,p,0) = e,
Using FRDTM on Egs. (7) and (14), we obtained the

following recurrence relation:
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The behavior of u and v of NS equation in Example 1 at 1 = 3 with the parameters a = 1, g

Figure 1
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Figure 2 The behavior of u and v of NS equation in Example 1 at t = 3 with the parameters o = 0.5, g
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Figure 3  The behavior of u and v of NS equation in Example 1 at z = 3 with the parameters o = 0.1, g
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Figure 4 The behavior of u and v of NS equation in Example 1 at t = 3 with the parameters o = 0.8, g

Using FRDTM on these equations, we obtained the follow-

ing recurrence relation:
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Figure 7 The velocity profile (u, v, w) of NS equation in Example 3 at t = 0.1 with « = 1.

On solving the simultaneous equations in (21) and denoting
Uk(x,y,z) = Uy, etc., we have

2 2
U, = _nz,isi)x; U, = 2(2.25) Uy: Us = (2.25) (4+ F(1+2a))x; Uy = (2.25) (8 4 2L(1+23) 4T(1432) )) Us: ...

T T(1+29) T T(1+3%) (C(1+a))’ T T(1+42) (C(1+a)® " T+ (1422
_ 205 . _2(225) 1. (2257 r(1422) \ ... _ (2257 20(1422) 4T (1432) .
i=- N(EIRg Vo= T(1+2a) Voo Va=- T(1+3x) (4 + (F(I+oc))2)y’ V= T(1+42) (8 + (T(14a) + l'(1+a<)1"(1+2x)) Vos - (22)
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By using inverse FRDT, we have
u(x,p,2,8) = Uy + Uy * + Ust? + Ut + Ugt™ + . ..
_ o | 2(2.25) a (225)? I(1422) "
=—05x+y+z— mm XU+ iy (—O.Sx +y+z)* — N (4 + (F(M))z)xﬂ
(2.25)° 20(1421) 4T(1432) ‘
+ 0149 (8 + T(1+2)) l"(1+o<)l"(1+2a)) (0.5x +y+2)* + ...
v(x,p,2,0) = Vo + V11" + sz“ F VP Vit 4
_ ) o 2(2.25) a  (2.25)° I'(1422) o
=x—-05y+z— r(zlfx)yl + i (x — 0.5y + ) — NEET) (4 + m)yﬂ
(2.25)% 20(1422) 4r(1432) 4
+ T(1+4x) (8 + (T(14a))? T (140)T(14-20) )( - 0. Sy + )t t..
w(x,p,z,t) = Wy + Wit* + Wat + Wit + Wyt + . ..
_ _ 0 | 22.25) x  (225) T(1422) »
=x+y-05z— r<212+5x> 2+ Fray (Y Y - 0.52)¢* — T(1+3%) ( + <r(1+a)>2)213
(2.25)° 2T(1422) 4T(1432) 4z
+ 40 (8 + (C(142)) l"(1+o<)l"(l+2a)) (x+y—0.52)r* +
which is the required exact solution. For « = 1, we have
u(x,y,z,0) = (=0.5x + y + 2)(1 +2.252 + 22524 +...) — 2.25x1(1 +2.25 +...)
—() Sx+y42z-2.25x¢
12257
v(x,y,2,8) = (x = 0.5y 4 2)(1 + 2252 + 2.257* +...) = 2.25p1(1 + 2.25¢ +...)
_ x—=0.5p4+z-2.25yt (23)
= 1252 -
w(x,p,z,8) = (x +y — 0.52) (1 + 2.252 + 2.25% ¢ +...) = 2.2521(1 +2.252 +...)
_ Xx+y—0.52-2.25z¢

1-2.252

which is the exact solution of the associated classical NS
equation for the velocity field which is same as reported in [42].
The velocity profile (u, v, w) of the Navier—Stokes equation for
o =1 is depicted in Fig. 7.

4. Conclusion

In this paper, fractional reduced differential
transformation method is adopted for the numerical sim-
ulation of time-fractional model of Navier—Stokes equations
with initial conditions. The fractional derivative is considered
in the Caputo sense. The analytical results have been given
in terms of a power series. Three test problems are carried
out in order to validate and illustrate the efficiency of the
method. The proposed solutions agree excellently with HPM
[15] and ADM [16], and are approximated without any dis-
cretization, transformation, perturbation, or restrictive condi-
tions. However, the performed calculations show that the
described method needs very small size of computation in com-
parison with HPM [15] and ADM [16]. Small size of computa-
tion contrary to the other schemes, is the strength of the
scheme.
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The present article is concerned with the implementation of the compact finite difference scheme, in the
space and the optimal four-stage, order three strong stability-preserving time-stepping Runge-Kutta
(SSP-RK43) scheme, in time for computation of one dimensional Kuramoto-Sivashinsky equation (KSE),
arises in the study of flame front propagation, phase turbulence in reaction-diffusion system and in many

other biological and chemical processes. The efficiency of proposed scheme is confirmed by six test prob-
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algorithm developed.

lems with known exact solutions. The numerical results demonstrate the reliability and efficiency of the
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1. Introduction

The Kuramoto-Sivashinsky equation was originally derived in
the context of plasma instabilities, flame front propagation, and
phase turbulence in reaction-diffusion system [40]. This equation
models the fluctuations of the position of a flame front, the motion
of a fluid going down a vertical wall, or a spatially uniform oscillat-
ing chemical reaction in a homogeneous medium [3]. It exhibits
chaotic behavior, having solution like traveling waves moving
without change of shape over a finite spatial domain. It also has
a wide range of applications in a variety of physical phenomena
such as reaction diffusion systems [23], long waves on the interface
between two viscous fluids [16], hydrodynamics thin films [50],
and flame front instability [46].

This paper is concerned with the numerical simulation of one-
dimensional Kuramoto-Sivashinsky equation

U + Ully + OlUyy + Vuxxxx = 07 (1)

subject to the initial condition (x):u(x,0) = g(x), x € R and the
boundary  conditions  (xx):  u(a,t) =y, (t), u(b,t) = y,(t),
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uy(a,t) = uy(b, t) = Uy (a,t) = uy(b, t) = 0, where R is the set of real
numbers, f, g, ¥, ¥, are known functions, and u; = %, u, = % etc.
The nonlinear term in KSE counterbalance the dispersion term
while dissipation terms shows a mechanism for energy transfer.

In the recent years, various type of numerical schemes have
been developed for numerical simulation of time dependent partial
differential equations [28,29,26,5-7]. The KSE has been studied
numerically by several schemes: Chebyshev spectral collocation
methods [24], local discontinuous Galerkin methods [28], tanh
function method [27], Homotopy analysis method [25], the inverse
scattering method [13], homogeneous balance method [14], cubic
B-spline finite difference-collocation method [26], Quintic B-
spline collocation method (QBSC) [38], Septic B-spline collocation
method (SBSC) [30], A higher-order finite element approach [31],
Finite difference discretization [33], A fourth-order singly diago-
nally implicit Runge-Kutta method [35], Lattice Boltzmann Method
(LBM) [29]. For more schemes, we refer the readers to [34,32,9,8—
10] and the references therein.

The compact finite difference scheme (CFDS) has been imple-
mented for numerical simulation of various types of partial
differential equations [36] such as hyperbolic equations [54],
Navier-Stokes equations [42,51], reaction-diffusion [53], equation
and Schrodinger equation [12]. A sixth-order compact finite differ-
ence scheme has been used for the numerical solution of Helmholtz
equation [49], advection diffusion equation [15], integro-
differential equations [55], Burgers’ equation [43], Burger-Fisher
equation [45], Fisher’s equation [ 2], and Sine-Gordon equation [44].
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In this paper, a new numeric solution of KSE is obtained by adopt-
ing CFDS.Using CFDS to KSE gets converted intoasystemoffirst-order
system of ordinary differential equations (ODEs), in time. The result-
ing system of ODEs is solved by using SSP-RK43 scheme [48]. Six test
problems considered by different researchers, have been studied to
demonstrate the accuracy and utility of the proposed scheme.

The rest of the paper is organized as follows. Description of a
compact finite difference scheme is presented in Section 2. Sec-
tion 3 describes the procedure for implementation of the method.
Six test problems are given to illustrate the applicability and accu-
racy of the proposed method in Section 4. Section 5 concludes the
applicability and accuracy of the proposed schemes.

2. Description of a Compact Finite Difference Schemes (CFDS)

In order to get the numerical solution of KSE (1) by CFDS, the
spatial and time discretization is needed. The computational
domain D C Rdefined by D = {x € R: a < x < b}, is portioned uni-

formly with the following knots:
A=2X1 <Xa,...,Xy.1<Xy=D

with h = =4
The procedure of finding the spatial derivatives using CFDS is as
follows:

2.1. First-order spatial derivative
The first-order derivative i-th collocation point can be given as

U1 — Ui
+a 5h (2)

Ui — Ui
—b i+
1 4h
In particular, for a =2(2 +6), b =1(46 — 1), Eq. (2) get reduced
into a A-family of fourth-order tridiagonal schemes. Further, for
0 =1 the above scheme (2) is reduced into the sixth-order tridiago-
nal scheme as

Ou;_y + uj + Ouy,

u;,] + 3uf + U;+] = (U,urz + 28ui+1 —28u;_ 4 — u,',z), (3)

1
12h
with the truncation error 4 h°u” [36]. The approximation for the
derivatives at the boundary points x;, X2, Xy_1 and xy, derived from
one-sided schemes [43], respectively are

uy + 5u) = (—197uy — 25u; + 300u3 — 100u4 + 25us — 3ug)

60h
2u) + 11, + 2u; :llﬁ(—SOul —35u, + 136u3 — 28u4 + 8us — ug)

2uy_ 2+l]u;V 1+ 2uy

12h (80uN+35uN 1 — 136uy_p + 28uy_3 — Suy_g4 + Uy_ 5)

Suy_; +Uuy = (197uy + 25uy_1 — 300uy_, + 100uy_3

60h
—25UN_4 + 3UN_5)

The matrix representation of the scheme is given as

1 5 ST w ] [ ) ]
2 11 2 U Yo (u)
1 3 1 : :
u | = i) (4)
1 3 1 :
2 151 f Uy 4 Un_q (1)
- Louy (u)

where u = (uq,uy,... ,uN)T and

1

V() = 60h( 197u; — 25u, + 300u3 — 100u4 + 25us — 3ug)

Va(u) = ~2 (80w,

12h — 35u, + 136u3 — 28u4 + 8us — U5)

1
Wi(u) = == (Uig2 + 28U — 28ui1 — U;_3),

b i=3,4,....N-2,

1
WN—I (u) :m(SOUN +35uy_1 —136uy_» +28uy_3—8uy_4 +UN75), and
l//N(ll) GOh (]97”]\] +25uN 1 *300UN 2 +]OOUN 3— 25uN 4 +3UN 5)

2.2. Higher-order spatial derivative

The second-order derivative at ith collocation point can be
given as follow

, " Uinp — 2Ui + Uiy | Ui1 — 2Ui + Ui
Oui  +ui+0u, =b i a 2 . (5)
In particular, for a=%(1-6), b=1(-1+1006), Eq. (5) get

reduced into a 6-family of fourth-order tridiagonal scheme. For
= 4. Eq. (5) reduced to
" 12
1+ 100 +uj,, = rd (Uit1 — 2U; + Uj_q) (6)

At the boundary nodes, x; and xy, the approximation formulae
for the second-order derivatives are derived from Taylor series
expansion about the nodes [2,55] as follows:

10u] +u) = 12(115u —1555u2 +§u3—ﬂu4+ﬂu5—ﬂu5>
rre 36 144 6 72 36 16

uy_; + 10uy :E<—Eu _ +Eu _ —Eu _

N-1 N h2 16 N-5 36 N-4 72 N-3

+89u 1555 115
6 N*Z‘W“N*l*%”N)

The above scheme for second order approximation can be writ-
ten in matrix form as follows

10 1 uj ¢4 (u)
1 10 1 u; ¢, (1)
Lo N (7)
110 1 Uy_y dn-1 (L)
T 100 | uy on(U)
where
¢( ) 12 gu _1555u +gu _Eu +ﬂu _Eu
! 2 'T14477 76 7 7274736 ° 16 °
12 .
oi(u) = hz (Ui1 — 2U; + Uiq), i=23,...,N-1, and
) (u)fE —Eu +Eu —Eu +§u
N *hz 16 N-5 36 N-4 72 N-3 6 N-2
1555 115
144 "' 36 V)
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The fourth-order spatial derivative is obtained by replacing u by

ux,t) = f+ 15tanh’ (k(x — Bt — Xo)) — 45 tanh(k(x — Bt — Xo)) .

u” in (7): 1932
Auiv _ d)(un)7 (8) (11)
where $u") = (¢y ("), o ("), ... oy(u")) and A is the coefficient The numerical solution is obtained for f=5, k=5’ and

matrix defined in Eq. (7). The spatial derivatives at each of the nodal
points are obtained by solving the above tridiagonal matrix system
of linear equations by the well-known “Thomas algorithm”.

3. Implementation of the method

On putting the values of spatial derivatives approximated by
CEDS, Eq. (1) is reduced into a system of first-order ODEs:

du,v

E - L(ui)»
with initial condition (x) and boundary conditions (*x), where L —
nonlinear differential operator defined by

ic{l,....N}, (9)

L(u) = —u(x)u'(x;) — ot (x;) — yu'” (x;).

Eq. (9) is solved by SSP-RK43 scheme through the following steps:

At
u® =y™ 4+ —-L(u™),

Xo = —25 with N = 101, 141 and time-step At = 0.1, 0.01. The com-
parison of the GRE obtained by CFDS at different time levels t < 12
taking At = 0.01 and N = 101 with the errors obtained by the ear-
lier schemes: LBM [17], QBSC [38] and SBSC [30], is reported in
Table 1. The L, and the global relative errors at t € {1,2,3,4,5}
are compared with the errors obtained by SBSC [30] in Table 3.
The errors are reported in Tables 4 and 2 taking different number
of nodal points and time-steps. It is evident that the proposed
numerical results are more accurate than that obtained in SBSC
[30], LBM [17] and QBSC [38]. The absolute errors and the physical
behavior of the CFDS solutions at different time levels are depicted
in Fig. 1.

Example 2. Consider the KSE (1) withx=1and y =1 as
Up + Ully + Ugy + Upxxx = 0, t>0.

The initial and boundary conditions are extracted form the

2 exact solution (12):
u® = u 4 L), u(,t) = f+ 19
11 3
&) =] _ Bt — _ Bt —
e =§u"’+u?+%tL(u(2)), X 19[ 9tanh(k(x — Bt — X)) + 11tanh” (k(x — Bt xo))].

ym™t =y® +%tL(u<3)).

and thus, the solutions of u(x,t) at the required time level are
obtained.

4. Numerical experiments and discussions

This section presents the numerical computation of six prob-
lems by adopting CFDS. The accuracy and efficiency of the method
is measured by evaluating the L,, L., and the global relative (GRE)
errors norms for the test problems whose analytical solutions exist.

1
L, = (hi[uj — uj*]z)z, L, = rPila]x‘uj — U
j=1
(Sl - w1)
(Zﬂuﬂ)

where u; and u}, respectively denote the numerical solution and the
analytical solution at the node j.

)

GRE =

Example 1. Consider the KSE (1) withx=-1andy=1 as

Up + Uly — Uy + Ugxx = 0, t>0.

The initial and boundary conditions are extracted form the
exact solution (11):

(12)

The numerical solution is obtained for =5, k = 0.5\/% and

Xo = —12. The comparison of the GREs obtained by CFDS at different
time levels t <4 taking At =0.01 and N =63 with the errors
obtained by the earlier schemes: LBM [17]and QBSC|[38]is presented
inTable 5. It is evident that the proposed numerical results are com-
parable to the results that obtained in LBM [17] and QBSC [38]. The
numeric results with the analytical solutions for the computational
domain [-30, 30}, are depicted at different time levels, in Fig. 2.

Example 3. The KSE (1) with oo = —v and y = 0 get reduced into
Burgers’ equation (@) u, + uu, — Vi =0, x € [0,1.2], subject to
the initial condition: u(x,t=1)=x[1+exp;x? — }1]’1, and the
boundary conditions u(0,t) = u(1.2,t) =0, t > 1. The exact solu-
tion of the equation is

X, t i, x !
ux,t)=>1+-to"?exp— , to=exp1/8v, fort > 1.
t 4vt
The comparison of the CFDS numeric solutions at different time
levels, are presented in Table 6 for selected node points, with param-
eters v =0.005, h =0.01 and At =0.01. The comparison is done
with solutions obtained by Mittal and Jain [39], Shu et al. [47],
Arora-Singh [1], and the exact solutions. In Table 7, L, and L, errors
for v = 0.005 at different time levels t < 3.5 are compared with the
errors obtained by several earlier schemes. At t = 3.6, L, and L,

errors are 10~ and 7 x 107>, respectively which are same as in

Table 1

Comparison of GRE at different time levels t < 12 with the errors due to well known earlier schemes [38], LBM [17], and SBSC [30] with at = 0.01.
t QBSC LBM SBSC CFDS

N =200 N =200 N =200 N =100

6 6.50927E-06 7.8808E—06 1.62464E—-07 8.43458E—08
8 7.13154E-06 9.5324E-06 1.94032E-07 8.91175E-08
10 7.31029E-06 1.0891E-05 2.22878E-07 9.25444E-08
12 8.77659E—-06 1.1793E-05 5.31428E-07 1.69186E-07
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Table 2
Comparison of the L. errors at time t = 1 and ¢ = 2 taking different number of nodal pints and At = 0.01.
N 15 30 60 120
t=1 2.98E-01 9.83E-04 1.61E-05 8.20E-07
t=2 9.33E-01 5.96E-03 2.45E-05 1.32E-06
Table 3
Comparison of global relative and L., errors at different time levels, t <5 with the errors due to SBSC [30] with parameter N = 141, at = 0.01.
Scheme Errors t=1 t=2 t=3 t=4 t=5
CFDS GRE 9.5984E-09 1.4368E-08 1.7535E-08 1.9749E-08 2.2235E-08
Ly 4.6014E-07 6.6612E-07 8.1212E-07 9.0924E-07 9.7622E-07
SBSC GRE 2.9543E-08 4.9686E—08 6.7009E—-08 8.2345E-08 9.6082E—-08
L. 3.1791E-06 5.9019E-06 8.2807E-06 1.0385E-05 1.2264E-05
Table 4
Comparison of the errors at different time levels t < 12.
N:at t=1 t=2 t=3 t=4 t=6 t=28 t=10 t=12
101:0.01 Ly 1.727E-06 2.685E-06 3.283E-06 3.681E-06 4.153E-06 4.399E-06 4.534E-06 3.040E-05
L, 3.961E-06 6.265E-06 7.764E—-06 8.791E-06 1.005E-05 1.073E-05 1.114E-05 3.356E-05
GRE 3.415E-08 5.358E-08 6.609E—08 7.438E-08 8.435E-08 8.912E-08 9.254E-08 1.692E-07
101:0.1 Lo 1.097E-05 1.990E-05 2.727E-05 3.343E-05 4.306E-05 5.014E-05 5.545E-05 2.052E-04
Ly 2.997E-05 5.451E-05 7.504E—-05 9.240E-05 1.199E-04 1.404E—-04 1.559E-04 2.709E-04
GRE 2.824E-07 5.050E-07 6.886E—07 8.440E-07 1.087E-06 1.266E—-06 1.401E-06 1.939E-06
51:0.1 Ly 3.029E-05 5.117E-05 5.532E-05 6.668E—05 7.263E-05 7.497E-05 7.577E-05 7.614E-05
L, 7.465E-05 1.147E-04 1.391E-04 1.550E—-04 1.740E-04 1.849E-04 1.920E-04 1.971E-04
GRE 6.759E-07 9.793E-07 1.255E-06 1.367E—-06 1.540E-06 1.629E-06 1.693E-06 1.634E-06
x10° Absolute Errors Physical Behavior
5 T T T T T T T T T . . e
IOt =)
(I 1 —o— 14
4+ ’\ ‘ —E—t6 -

=g

——=10

u(x,t)

Absolute Errors

40 -3

Figure 1. The absolute errors and the physical behavior of Example 1 in [-50,50] with At = 0.01 and N = 101 at different time levels t < 10.

Table 5
Comparison of GRE at different time levels < 4 with the errors in LBM [17] and QBSC [38], for at = 0.01.
Scheme t=1 t=2 t=3 t=4
QBSC (N = 150) 3.82E-04 5.51E—04 7.04E—04 8.64E—04
LBM (N = 150) 6.79E—04 1.15E-03 1.59E-03 2.01E-03
CFDS (N =63) 433E-04 5.79E—04 8.74E—04 3.57E-03
MCB-DQM [1] and are very less in comparison to the errors obtained The analytical solution of this problem is given by
by the three methods proposed in [22]. Thus, CFDS produces more N
a.ccurate numeric solutions V\{hich are better than almost al.l the ear- 47W2ﬂj % sinjmxexp — jzﬂ:zvt
lier schemes, and approaching towards the exact solutions. The =
absolute errors and physical behavior are depicted in Fig. 3. u(x,t) = = ) 5 ) (13)
Io 555 + 2 I3k cosjmxexp — j mvt
j=1
Example 4. Consider the KSE (1) with « =1, and y = 0, i.e., Burg- ] )
ers’ equation (@) in the domain [0,1] with initial condition where J; are the modified Bessel’s functions.
u(x,0) = sin(nx), and boundary conditions u(0, t) = u(1,t) = 0. The numerical solutions are obtained for different values of v as

follows:
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Figure 2. The physical behavior of Example 2 in [-30,30] with At = 0.01, N = 63 at different time levels in two and three-dimension t < 4.
Table 6
Comparison of the CFDS solutions of Example 3 with exact solutions, for v = 0.005.
X t Shu et al. [47] with h = 10~* Mittal and Jain [39] MCB-DQM [1] CFDS Exact value
p=1 p=0.5 h = 0.005 h=0.01 h=0.01
At =001 At=001 At=10"3 At =001 At=001
0.20 1.7 0.1176565 0.1174841 0.1176452 0.1176450 0.1176450 0.1176452
25 0.0800527 0.0798389 0.0799990 0.0799989 0.0799990 0.0799990
3.0 0.0667147 0.0665176 0.0666658 0.0666658 0.0666658 0.0666658
35 0.0571820 0.0570060 0.0571422 0.0571422 0.0571422 0.0571422
0.40 1.7 0.2332111 0.2348504 0.2351690 0.2351680 0.2351680 0.2351677
25 0.1591735 0.1596608 0.1599771 0.1599770 0.1599770 0.1599769
3.0 0.1328314 0.1330273 0.1333211 0.1333210 0.1333210 0.1333209
35 0.1139606 0.1140077 0.1142780 0.1142780 0.1142780 0.1142779
0.6 1.7 0.2940048 0.2961269 0.2958570 0.2959160 0.2959090 0.2959097
2.5 0.2347876 0.2376699 0.2381299 0.2381200 0.2381210 0.2381207
3.0 0.1973222 0.1990478 0.1994839 0.1994800 0.1994810 0.1994805
3.5 0.1697753 0.1708231 0.1712257 0.1712240 0.1712240 0.1712242
0.8 1.7 0.0008917 0.0006640 0.0006381 0.0006464 0.0006464 0.0006465
2.5 0.1103866 0.1036067 0.1021325 0.1020930 0.1020940 0.1020957
3.0 0.2088346 0.2093735 0.2088032 0.2088380 0.2088360 0.2088359
3.5 0.2119293 0.2143409 0.2145938 0.2145870 0.2145870 0.2145869
Table 7
Comparison of L, and L., errors in the CFDS solutions of Example 3 for v = 0.005 at different time levels t < 3.5.
Methods N At t=1.7 t=24 t=3.1 t=3.25
L x 10° L. x10° L, x 10° L. x10° L, x 10° L. x10° L x 10° L. x10°
CFDS 121 0.01 0.00095 0.00428 0.00041 0.00167 0.00051 0.00330 0.001284 0.009148
MCB-DQM [1] 121 0.01 0.00191 0.00777 0.00086 0.00308 0.00065 0.00331 0.001341 0.00918
QRTDQ [20] 101 0.001 0.109 0.434 0.100 0.339 0.091 0.266
CBCDQ [19] 101 0.001 0.210 0.680 0.190 0.530
BS.FEM [4] 50 0.1 0.857 2.576 0.423 1.242 0.230 0.680
CS.C. [41] 50 0.1 0.857 2.576 0.423 1.242 0.235 0.688
Galerkin [56] 200 0.01 0.857 2.576 0.423 1.242 0.235 0.688
QBCM1 [37] 200 0.01 0.017 0.061 0.012 0.058 0.601 4.434
QBCM2 [37] 200 0.01 0.358 1.211 0.251 0.807 0.630 4.790
PDQ [18] 200 0.01 0.015 0.056 0.011 0.064 0.584 4.301
t=25
QBCM [11] 200 0.01 0.072 0.311 0.051 0.189 1.129 8.983
CBCM [11] 200 0.01 2.466 27.577 2.111 25.15 1.925 21.084
QRKM [11] 200 0.01 0.026 0.091 0.031 0.115 1.111 8.000
t=3.00 t=3.50
CFDS 121 0.01 0.00095 0.00428 0.00038 0.00152 0.00033 0.00158 0.005815 0.04090
MCB-DQM [1] 121 0.01 0.00191 0.00777 0.00778 0.00275 0.00056 0.0017 0.006177 0.04335
MCB-CM [39] 241 0.01 0.0252 0.0994 0.0151 0.0549 0.0118 0.0414 0.0117 0.0486
[47] (B=10.5) 12001 0.01 0.38421 1.34728 0.49135 1.55470 0.51508 1.5529 0.525855 1.52196
[471(B=1) 12001 0.01 3.08966 10.4040 2.72048 8.29747 2.39922 6.9880 2.12110 5.94321
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Figure 3. The absolute errors and the physical behavior of Example 3 at different time levels t < 3.5.
Table 8
Comparison of CFDS solutions of Example 4 for v = 1.0 with earlier schemes, and exact solutions with parameter h = 0.05 and At = 0.001.
X [11] [39] [21] [1] [38] CFDS Exact
At — 1074 0.00025 0.000125 0.00025 0.001 0.001
t 0.0125 0.025 0.025 0.025 0.004 0.05 —h
0.25 0.4 0.01357 0.01354 0.01363 0.0135710 . .. 0.01357
0.6 0.00189 0.00188 0.00190 0.0018888 0.00185 0.001889 0.00189
0.8 0.00026 0.00026 0.00026 0.0002624 0.00026 0.000262 0.00026
1.0 0.00004 0.00004 0.00003 0.0000365 0.00004 0.000036 0.00004
0.50 0.4 0.01923 0.01920 0.01932 0.0192336 o .. 0.01923
0.6 0.00267 0.00266 0.00269 0.0026719 0.00262 0.002672 0.00267
0.8 0.00037 0.00037 0.00037 0.0003712 0.00036 0.000371 0.00037
1.0 0.00005 0.00005 0.00005 0.0000516 0.00005 0.000051 0.00005
0.75 0.4 0.01362 0.01360 0.01369 0.0136298 . o 0.01363
0.6 0.00189 0.00188 0.00190 0.0018899 0.00185 0.001890 0.00189
0.8 0.00026 0.00026 0.00026 0.0002625 0.00026 0.000262 0.00026
1.0 0.00004 0.00004 0.00003 0.0000365 0.00004 0.000036 0.00004
Table 9
Comparison of CFDS solutions of Example 4 for v = 0.1 with solutions by earlier schemes, and exact solutions.
x [11] [39] [21] 111 (38] CFDS [43] Exact
At — 1074 0.0025 0.00125 0.004 0.0001 0.001 0.00001
t 0.0125 0.025 0.025 0.025 0.004 0.025 0.0125 —h
0.25 0.4 0.30890 0.30892 0.30910 0.3089280 - 0.308894 0.308894 0.30889
0.6 0.24075 0.24077 0.24093 0.2407550 0.24073 0.240739 0.240739 0.24074
0.8 0.19569 0.19572 0.19586 0.1956840 0.19519 0.195676 0.195676 0.19568
1.0 0.16258 0.16261 0.16274 0.1625700 0.16206 0.162565 0.162565 0.16256
3.0 0.02720 0.02718 0.02720 0.0272047 0.02699 0.027202 - 0.02720
0.50 0.4 0.56965 0.56970 0.56973 0.5696530 - 0.569629 0.569632 0.56963
0.6 0.44723 0.44729 0.44736 0.4472170 0.44683 0.447205 0.447206 0.44721
0.8 0.35925 0.35930 0.35943 0.3592450 0.35875 0.359235 0.359236 0.35924
1.0 0.29192 0.29195 0.29213 0.2919250 0.29136 0.291915 0.291916 0.29192
3.0 0.04019 0.04016 0.04032 0.0402085 0.03993 0.040205 - 0.04021
0.75 0.4 0.62538 0.62520 0.62573 0.6253490 - 0.625361 0.625438 0.62544
0.6 0.48715 0.48694 0.48760 0.4872040 0.48613 0.487212 0.487215 0.48721
0.8 0.37385 0.37365 0.37434 0.3739350 0.37281 0.373920 0.373922 0.37392
1.0 0.28741 0.28724 0.28788 0.2874930 0.28642 0.287473 0.287474 0.28747
3.0 0.02976 0.02974 0.29881 0.0297753 0.02952 0.029772 - 0.02977
(a) The numerical solutions are computed at different time (b) The numerical solutions are computed at different time

levels with parameter values v=1.0, h=0.05 and
At =0.001 at some selected node points. Table 8 presents
the comparison of CFDS numeric solutions with the exact
solutions and the solutions due to schemes in
[1,11,39,38,21]. It is found that CFDS produces comparable
results.

levels with parameter values v=0.1, h=0.025 and
At = 0.004, presented in Table 9. It is evident that the CFDS
solutions are comparably much better to the numeric solu-
tion due to earlier schemes [1,43,11,38,39,21], and
approaching towards exact solutions.
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Figure 4. Physical behavior of CFSDS6 numeric solutions of Example 4 for v=1.0 and v = 0.1 at t < 1 with N = 21, at = 0.001.

Table 10
Comparison of the errors in Example 5 for t = 1 with the parameter At = 0.01 and N = 40.
Errors CFDS Lakestani and Dehghan [26]
(G=3) =4
Ly 8.58E—-04 4.80E-03 2.10E-03
L, 1.44E-03 4.40E-03 1.60E-03
Table 11
The errors in Example 5 at different time levels t < 5 with the parameters At = 0.01 and N = 40.
Errors t=0.5 t=1 t=2 t=3 t=4 t=>5
Ly 8.07E—-04 8.58E—-04 1.01E-03 1.24E-03 1.31E-03 1.32E-03
L, 1.29E-03 1.44E-03 1.94E-03 2.45E-03 2.84E-03 3.01E-03
GrE 1.17E-04 1.46E—-04 2.19E-04 3.11E-04 3.97E-04 4.25E-04

u(x.t)

- ; i 7
- - & 5
.L‘-&~"“J‘¢ z A B TR, % - 4 -1
I i
* - . : 2
o x* R e s ! 15

y
S ok SRR

*

Time(t) 5 Ta0 s

Figure 5. Physical behavior of numeric solutions of Example 5 at t < 5 with N = 41, at = 0.01.

The physical behavior of the solution for v = 0.1, 1.0 is depicted u(x,t) = _ﬂ n @k(cx _ 38yk2) tanh(0) + 120yk3tanh3(0), (14)
in Fig. 4. k19
where 0 = kx + 0.1t and k =} /33%
Example 5. Consider the KSE (1) with « =1 and y = 0.5 in the The errors are found in Table 10 are comparable with that the

domain [-10,10]. The solution is obtained for the initial and errors obtained by Lakestani and Dehghan’s [26] method based on

boundary conditions extracted from the exact solutions, as given the finite difference and collocation method using B-splines. In
below Table 11, the GRE, L, and L. errors have been computed for
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Figure 6. Physical behavior of numeric solutions of Example 6 at t < 5 with N =101, at = 0.01.

different time levels 0.5 <t<5 with at=0.01, N=40. The
numerical solution are also presented graphically in Fig. 5 at
different time levels 1 < t < 5, which shows the same character-
istics as depicted in [26].

Example 6. Consider the KSE (1) with « =1 and y =1 in the
domain [-30,30] which results in the nonlinear partial differential
equation exhibiting the chaotic behavior over a finite
spatial domain. The solution is obtained for the Gaussian initial
condition [52,38,26]:  u(x,0) =exp(—x?) with the BCs
u(-30,t) = u(30,t) = 0.

The numerical solutions at different time levels 5 < t < 30 are
presented graphically in Fig. 6, and it is found that the solutions
depicts the same characteristics as in it were in [52,38,26]).

5. Conclusion

This paper present a new numerical simulation of Kuramoto-
Sivashinsky equation which is approximated by using the compact
finite difference scheme (CFDS). CFDS is used to convert KSE into a
system of first-order ODEs, in time and then SSP-RK43 scheme is
used to solve the resulting system of ODEs. Six test problems con-
sidered by different researchers have been studied to confirm the
accuracy and utility of the proposed scheme. The findings can be
summarized as follows.

(a) The proposed results are found to be in good agreement with
the exact solutions. The effects of space and time resolutions
on the accuracy of the present scheme are also investigated
through detailed simulations.

(b) The advantage of this scheme is that it is easy to implement
to a (non) linear equation and easy to program. It require
less number of grid points, so it leads to the least accumula-
tion of numerical errors.

(c) The approximate solutions have been computed without any
transformation or linearization. Easy, computational effi-
ciency and economical implementation is the strength of
this scheme.

(d) This scheme can be adopted as a promising technique to
solve multidimensional problems arising in various engi-
neering and physical modeling problems.
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