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Chapter 1

Introduction

In (1940), Mahalanobis [77] stated the significance of sampling procedure in steps and
developed various sampling designs for estimating the expanse of jute crop in the whole state
of Bengal. This seminal evolution in large-scale sample survey is of national importance as
regarded by many, including Abraham Wald, the forerunner of sequential analysis. The theory
and methodology of sequential tests was developed by Wald and his collaborators to lessen the
number of sampling inspections without negotiating the reliability of the terminal decisions.
Sequential analysis began its march with deep-rooted motivations in response to demands for
testing the efficiency of anti-aircraft gunnery and other weapons during the First World War.
Fewer sampling inspections with accurate outcome were essential to gain advantage in the
front line. This procedure solves a wide range of practical problems from queuing, inventory,
life tests, reliability, quality control and designs of experiments. The collection of books and
research articles are mentioned which provides immense knowledge about this field are: Wald
(1947)[113], Bechhofer et al. (1968)[13], Ghosh (1970)[54], Chow et al. (1971)[35], Chernoff
(1972)[35], Schmitz (1972)[93], Wetherill (1975)[116], Gibbons et al. (1977)[56], Shiryaev
(1978)[96], Gupta and Panchapakesan (1979)[60], Govindarajulu (1981)[57], Sen (1981)[94],
Sen (1985)[95], Woodroofe (1982)[117], Siegmund (1985)[97], Gut (1988)[61], Mukhopadhyay
and Solanky (1994)[81], Ghosh et al. (1997)[55] and Govindarajulu (2004)[58].



1.1 Sequential Analysis

Sequential procedures differ from other statistical procedures as here the sample size is
not fixed in advance. The experimenter has the option of looking at a sequence of observations
one(or a fixed number) at a time and decide whether to: stop sampling and take a decision;
or to continue sampling and make a decision some time later. The order of the sequence of
observations which the experimenter will take is specified in advance. Decision problems in
which the experimenter may sequentially vary the treatments is of a higher order of difficulty
and is called the sequential design problem. For example, if we wish to compare several drugs
or treatments(as in sequential screening of cancer drugs), then it should be possible to drop
some drugs out of the trials at an early stage, if the results from these are very poor when
compared with the others. An essential feature of a sequential procedure is that the number
of observations required to terminate the experiment is a random variable since it depends
on the outcome of the observations. Sequential procedures are of interest because they are
economical in the sense that we may reach to a decision earlier via a sequential procedure

than via a fixed-sample size procedure. In sequential experiments we need to specify:

(a) the initial sample size
(b) a rule for termination of the experiment
(c) the additional number of observations to take if the experiment is to be continued

(d) a terminal decision rule.

1.1.1 Applications of Sequential Analysis
The role played by the sequential procedures in real life phenomenon are:

(a) The application of adaptive and sequential methods in clinical trials has significantly
improved the flexibility, efficiency, therapeutic effect and validity of trials. For example,

sequential testing is done to know the dose given to a patient with hypertension. The



trials stop when the same dose has been tested consecutively for the certain number of

cohorts.

(b) An investigator may wish to estimate to within 10 percent the mean weekly expenditure
on tobacco per household. In order to determine the sample size he would need an
estimate of the expenditure from household to household, and this might be obtainable

only from the survey itself.

(c) A physician wishing to compare the effects of two drugs in the treatment of some disease
may wish to stop the investigation if at some stage a convincing difference can already

be demonstrated using the available data.

1.2 Sampling Inspection Plan

The plan by which one is able to determine whether the population should be rejected
or accepted is termed as sampling inspection plan. This decision is based on the number of
defectives found in a random sample. The rejection takes place if the number of defectives

exceeds a predefined value or level.

The double sampling plan introduced by Dodge and Romig (1929)[39] is the earliest
sequential procedure, in which a lot contains ‘n’ items and the rejection(acceptance) depends
on the number of defectives(d) in the sample i.e. d > ¢(d < ¢), respectively. The drawback
of the scheme is that the number of defective might have been more than ‘c’, that too earlier
than the sample size ‘n’. To overcome this drawback, an alternate scheme was proposed in
which one item is taken at a time. The lot is rejected(accepted) as the number of defectives
in the sample is > ¢(> n — ¢+ 1). The size of the sample is atmost ‘n’ and atleast ‘c’. This

particular scheme is known as curtailed inspection.



1.3 Sequential Probability Ratio Test (SPRT)

In 1947, Wald[113] developed the concept of SPRT for testing simple null hypothesis H,
vs. simple alternative hypothesis H; where Hy : 0 = 6y vs. Hy : 0 = 6,(> 6y). Let f(z,0)
denote the pdf (pmf) of a random variable X where 6 is a scale parameter. Further, let the
successive independent observations on X are X, Xo, ..., X,,, where ‘m’ is any positive integer.
The probability that (X;, Xs,..., X;,) is observed (Likelihood function) is p,,, where p,, =
[T, f(x;,0). Let pr,, = [12, f(zi,61) and pom = [in f(zs,0p) stands for the probability
that (X7, Xs, ..., X)) is observed under Hy and H;, respectively. We consider the likelihood

ratio:

Pim Hzilf(fi,el)_

>\m - — m )
Pom Hi:l f(i% 90)

The SPRT for testing Hy vs. H; is defined as:

Two constants A and B (< A) are chosen. A and B are related to Type I and Type II errors,
respectively. At each stage of experimentation say m!”" stage the probability ratio is calculated.
If this ratio satisfies the inequalities, then we reject Hy if \,, < A; A > 1 or we accept Hy if
Am > B; B < 1 or continue sampling by taking another observation, if B < \,, < A. It is

easier to operate with a logarithm and with the quantity,

Thus, if the m' observation (m > 1) has been taken in the sample, then we reject Hy if,
Yoy Z; > logA and we accept Hy if, > " Z; < logB and proceed to examine the next

(m + 1)™ observation if logB < Y"1, Z; < logA, where A and B are the boundary points of



strength of SPRT (ay, By) defined as

1.4 Properties of the SPRT

The properties of SPRT are:

(a)

Optimal Property: In 1948, Wald and Wolfowitz proposed that among all tests (fixed-
sample or sequential) for which P(rejectHy | 6y) < «, P(acceptHy | 1) <  and for
which F(N | 0;) < oo; 1 =0, 1 and the SPRT with error probabilities & and 8 minimizes

both E(N | 6y) and E(N | 6).

Monotonicity Property: SPRT is said to have the monotonicity property, if at least
one of the error probabilities decreases, when the upper stopping bound of the SPRT
increases and the lower stopping bound decreases, unless the new test and the old test
are equivalent. In this case, the error probabilities are unchanged. (Two tests are said
to be equivalent if their sample paths differ on a set of probability zero under both the

hypotheses).

Uniqueness Property: There is at most one sequential probability ratio test for test-
ing Hy : f(x) = fo(x) vs. Hy: f(x) = fi(x), that achieves a given o and § provided one

of the following conditions hold:

(i) f1(X)/fo(X) has a continuous distribution with positive probability on every in-
terval in (0, 00).
(ii) The SPRT has stopping bounds which satisfy 0 < B < 1 < A.

(iii) The SPRT has monotonicity property.



1.5 Performance Analysis of SPRT

The performance of the SPRT is evaluated through the following two concepts:

1.5.1 Operating Characteristic (OC) Function

Wald (1947)[113], formulated the creative method of obtaining the OC function of SPRT.
OC function is the probability of accepting(rejecting) Hy when Hy : 6 € w(Hy : 0 ¢ w)
and w € Q where Q is the parametric space. It is denoted by L(#) and describes how
well the test procedure achieves the objective of making a correct decision. Since the ac-
ceptance(rejection) of Hy any stage depends upon the common distribution of f(z,0) of
X1, Xo, ooy Xpn(m = 1,2,...) which is determined by 6. The relationship of L(#) to power
and size can be easily established provided we assume that the sequential procedure terminate

with probability 1. All possible cases are as follows:

e [(0) = Probability of accepting Hy when Hj is true(false) i.e. § € w(f ¢ w), respectively.

e 1 — L(f) = Probability of rejecting Hy when H, is true(false) ie. 6 € w(f ¢ w),

respectively.

Thus, L(#) = Probability of correct decision; # € w and 1 — L(f) = Probability of correct

decision; 6 ¢ w. The OC function is defined as

Ah—1
L(@):—Ah_Bh
1— A"

~ Bh_ Ah

where A and B are constants and h # 0 either A < 0 or h > 0. The OC curve is a plot that

displays the probability of acceptance versus the percentage defective in a lot.

6
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Figure 1.1: OC and Ideal OC curve

1.5.2 Average Sample Number (ASN) Function

A function which is used to describe the performance of a sequential test is the ASN

function. This is the mean value of the sample number N requires to reach a terminal decision

i.e. to accept Hy or H; and therefore d

procedure in the terms of average amount of sampling required to reach a terminal decision.

Obviously, a desirable feature of any sequential test is that ASN should be fairly small for all

iscontinue sampling. It explains how economic is the

0 € Q or atleast 8 € w. The ASN function is defined as:

Ey(N) = I

0)logA — (1 — L(0)) logB

Ey(Z)
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Figure 1.2: ASN curve

1.6 Concept of acceptance and rejection region

Let X1, X5, ... beii.d. random variables where # € R. One wish to test Hy : 0 = 0 vs.
H, : 0 = 0,(> 0y) having pre-assigned 0 < a, < 1. Let A= (1—f)/a and B = /(1 — «).
Now, Z; = In [f‘g—@:z(ﬂ ,1=1,2,.... The SPRT can be simplified as follows:

Let Y(n) = > | X; and N = first integer n(>) for which the inequality Y (n) < ¢; + dn or

Y (n) < ¢1 4 dn holds with

In(B) _In(A) __ intercept form
coeff. ofz;’ “2 — Ccoeff. ofz; and d = coeff. of z;

C1 =

At the stopped stage, if Y(N) < ¢; + dN, we accept Hy, but if Y(N) < ¢y + dN, we accept

H;.

1.7 Progress in the field of Sequential Analysis

Following Wald’s (1947)[113] SPRT, Oakland (1950)[86] derived SPRT for testing between
two simple hypotheses concerning the mean of the negative binomial distribution assuming dis-

persion parameter as known. Epstein and Sobel (1955)[46] developed SPRT for testing simple



null hypothesis against simple alternative, for the scale parameter of an exponential distribu-
tion. Harter and Moore (1976)[66] conducted Monte Carlo study to investigate the robustness
of exponential SPRT when the underlying distribution is a Weibull with shape parameter
other than one. Montagne and Singpurwalla (1985)[80] generalized the results of Harter and
Moore (1976)[66] from Weibull to a class of distribution shaving an increasing(decreasing)
failure rate. They obtained inequalities for OC and ASN functions in order to demonstrate
the robustness. Phatarfod (1971)[88] developed SPRT for testing composite hypothesis for the
shape parameter of the gamma distribution. For some fixed sample size results concerning the
robustness of testing and estimation procedures related to exponential distribution, one may
refer to Barlow and Proschan (1967)[8] and Hager, Bain and Antle (1971)[62]. Chaturvedi,
Kumar and Kumar (2000)[27] developed SPRT’S for the parameters of a family of continuous
distributions. Pandit and Gudaganavar (2010)[87] developed SPRT for scale parameter of
gamma and exponential distribution. Kharin (2011)[71] studied the robustness for Bayesian

sequential testing procedures of composite hypothesis.

1.8 The Concept of Reliability

In today’s scenario, there is an immense competition among the different kind of industrial
set up. The focus lies in the efficiency and the durability of the manufactured products or
goods. To improve or enhance the quality as well as the reliability of a system, it needs to be
tested for a required or estimated period of time. With the help of extraordinary life testing
models, one can obtain the significant or fruitful results so as to justify the study.

An experiment which is performed for a certain period of time by applying a set up in
which a number of units as a product/device are subjected to certain predefined conditions
and their performances are observed, popularly known as life testing experiments. It provides
immense knowledge about the average life of a system or a product. During a life testing

experiment, one or more failures may occur at anytime, since the lifetime of an item or a



system is purely uncertain. Thus, the lifetime of a unit is considered as a random variable
with a certain lifetime distribution. The motive of life testing is the concern regarding the
failure.

The term ‘reliability’ refers to the potency of a system to perform its stated purpose
efficiently for a specified period of time under the operational condition encountered. Any
system will be absolutely reliable if some undesirable events, called failures, do not occur in
the system’s operation. Each and every system has its own set of such undesirable events.
For example, a failure of a watch may be defined as a delay exceeding seconds over 24 hours
period. For a mechanical system, a failure is a breakdown(a crack) of some of its parts or an
increase in vibration above the permitted level, etc. One of the most dangerous failure of a
nuclear reactor is a leak of radioactive material. For a missile, the failure could mean missing
the target or exploding before hitting it.

In many fields of transport, industry, communication technology etc., the problem of
increasing reliability of units becomes more important and urgent in connection with the com-
plex mechanization and automation of industrial processes. The significance of this problem is
explained by the fact that insufficient reliability of units engenders great loss in their servicing,
partial stoppages of equipment, and these may be accidents with considerable damage to the
equipment and even human injuries. In some cases, automatic devices are less profitable than
non-automatic ones primarily because of their unreliability. The factors due to underestima-
tion are associated with reliability cause expenditure in the course of the first few years of
use to considerable exceed the original cost of the units. In the present scenario, the role of
machines has a great impact on all spheres of human activity. The problem solved by the
machines, mainly the control machines are becoming even more complicated. The increase
in the complexity of the problem leads to the complexity in forming a machine to overcome
it, and the ever-increasing complexity of system results in decrease in the reliability. On the
other hand, the requirements on the reliable performance of these system become even more

demanding. Reliability theory itself serves in the search for ways of resolving this by the
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two different approaches. Firstly, by increasing the quality and reliability of the individual
elements of which the composite system is composed. Secondly, by developing special ways of
constructing reliable complex systems from unreliable elements and also improvising methods

of servicing such system during their use.

The basic feature of failure is that it has a random(stochastic) nature. A failure re-
sults in a joint action of many unpredictable random processes going on ‘inside’ the operating
system as well as in the environment where the operations takes place. Therefore, with the

help of statistical methodology, an adequate treatment of system reliability can be performed.

The reliability of a system can be characterized by distinguishing between the non-
renewable(non-repairable) and renewable(repairable) systems. An appropriate example of
non-renewable system is a missile or a rocket which is designed to carry out a single mission
and cannot be reused. In such cases, the reliability characteristics are usually measured in
terms of lifetime where lifetime is a random time from the beginning of the operation until the
occurrence of a failure. Few examples in which lifetime data arise are, firstly, the electronic
items are put under tests in a laboratory setting and are observed until they fail. Secondly,
there are items which can be repaired where we are interested in the length between the two
successive failures. Thirdly, in the medical studies while dealing with fatal diseases one takes
into consideration the survival time of individuals with the disease, measured from the date

of diagnosis or some other starting points.

The lifetime is not always measured in terms of calender time, it is also expressed in
terms of minutes, hours, days or in number of cycles etc. In need to study the life time
distributions where X is a random variable with f(z) and F(x) be the probability distri-
bution function and distribution function, respectively. The reliability or survival probabil-

ity of a new unit corresponding to a ‘mission time’ of duration ‘¢’ can be defined as follows
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1.9 Conceptual Terminologies in Reliability

Let us consider a random variable X representing the ‘lifetime’ of a device or compo-
nent, here F'(z) represents the distribution function and f(x) corresponds probability density

function (pdf).

1.9.1 Hazard Rate

The hazard rate(or conditional failure rate) is a metric which is usually used for identifying

the appropriate probability distribution of a particular mechanism. The hazard rate h(t) is

defined as
f()
MO =1T"Fm
h(t) = % (1.9.1)

which is the function of time, has a probabilistic interpretation, namely, h(t)dt represents the

probability that a device of age ‘¢’ will fail in the interval (¢, t + At), i.e.

h(t) = lim P(a device of age t will fail in the interval (¢ + At))
At—0 At

The hazard rate of a large population of statistically identical and independent items exhibits

often a typical bathtub curve (Figure 1.3) with the following 3 phases:
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a. Early failures: h(t) decreases(in general) rapidly with time; failures in this phase are
attributable to randomly distributed weaknesses in materials, components, or production pro-
cesses.

b. Failures with constant(or nearly so) failure rate: h(t) is approximately constant;
failures in this period are Poisson distributed and often cataleptic.

c. Wearout failures: h(t) increases with time; failures in this period are attributable to

aging, wearout, fatigue, etc. (e.g. corrosion, electro-migration).

Early Random Wear-

failures | failures | out
failures

Failure rate

Time

Figure 1.3: Bathtub curve

Now, we state the mathematical relationships between h(t), f(t) and F(t). Since t > 0,

obviously, F'(0) =0 and F'(co) = 1. We have

0
d
() = f(z)
Now, it follows from (1.9.1]) that
dF(x)
h(z)dx = T~ F)

or,



Thus,
In (i:—?((é))) = — /Oth(x)d:c

1 — F(t) = eap (— /0 t h(x)dx) (1.9.2)

or,

Taking derivatives, one obtains from (1.9.2)) that

1.9.2 Cumulative Hazard Function

The cumulative hazard function is the integral of the hazard function. It can be interpreted

as the probability of failure at time ‘¢” given survival until time ‘¢’

The functions f(t), F(t), S(t), h(t) and H(t) are mathematically related by the following

relations:
h(t) = —%lnS(t)
S(t) = exp (— /Ot h(x)d:z:)
and

Moreover, S(00)=0, H(oo) = oo, giving h(t) > 0 and [~ h(t)dt = oo
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1.9.3 Complete and Censored Sample

If the test is allowed to run until all the ‘n’ components have failed and the lifetimes are
recorded, the data set thereby obtained is said to be complete. Often, it is impractical or too
expensive to wait until all the components have failed. Hence, censoring is applied to cease
the test before all components have failed. In statistics, censoring is a condition in which the
value of a measurement or observation is only partially known. For example, suppose a study
is conducted to measure the impact of a drug on mortality rate. In such a study, it may be
known that an individual’s age at death is atleast 75 years. Such a situation can occur if
the individual withdrew from the study at age 75 years or is currently alive at the age of 75
years. Censoring also occurs when a value occurs outside the range of a measuring instrument.
For example, a bathroom scale might only measure upto 140 kgs. If a 160 kgs individual is
weighed using the scale the observer would only know that the individual’s weight is atleast
140 kgs.

Types of censoring:

(a). Type I censoring occurs if an experiment has a set number of subjects or items and
stops the experiment at a predetermined time.

(b). Type II censoring occurs if an experiment has a set number of subjects or items and
stops the experiment at a predetermined number are observed to have failed.

(c). Mixed or hybrid censoring is the combination of the Type I and Type II censoring.
They have been adopted in competing risks set-up and in step-stress modeling. It can be
further classified as Type I hybrid censoring(the termination time is pre-fixed) and the Type
IT hybrid censoring schemes(the termination time is a random variable).

(d). Random or non informative censoring is when each subject has a censoring time
that is statistically independent of their failure time. The observed value is the minimum of
the censoring and the failure times; subjects whose failure time is greater than their censoring

time are right censored.
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(e). Progressive Type II censoring is a censoring scheme that fulfills the drawbacks of the
other censoring schemes as it allows the removal of units at various stages other than the ter-
minal point of the experiment. In recent years, the progressive censoring scheme has received
considerable attention in the statistical literature, see for instance the book by Balakrishnan

and Aggrawalla (2000)[6] and an excellent review article by Balakrishnan (2007)[7].

1.9.4 Maintainability

Maintenance defines the set of activities performed on an item to retain it in or to restore
it to a specified state. Maintenance is thus subdivided into preventive maintenance, carried
out at predetermined intervals to reduce wearout failures, and corrective maintenance, carried
out after failure recognition and intended to put the item into a state in which it can again
perform the required function. Maintainability is a characteristic of an item, expressed by the
probability that a preventive maintenance or a repair of the item will be performed within a
stated time intentional for given procedures and resources(skill level of personnel, spare parts,
test facilities, etc.). From a qualitative point of view, maintainability can be defined as the

ability of an item to be retained in or restored to a specified state.

1.9.5 Availability

Availability is a broad term, expressing the ratio of delivered to expected service. It is
often designated by A and used for the stationary and steady-state value of the point and aver-
age availability (PA = AA). Availability evaluations are often difficult, as logistic support and
human factors should be considered in addition to reliability and maintainability. Ideal hu-
man and logistic support conditions are thus often assumed, yielding to the intrinsic(inherent)

availability. Hereafter, availability is used as a synonym for intrinsic availability.

_t'
Availability = Up-time

Up-time + Down-time
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where up-time is the actual period for which the equipment is required is available for use
and down-time is the specified time for which the failed equipment is restored to operable

condition.

1.9.6 Mean time to failure (MTTF)

We are often interested in knowing the mean time to failure of a component rather than
the complete failure details. This parameter will be assumed to be same for all the components
which are identical in the design and operate under identical conditions. If we have life-tests
information on a population of N items with failure times ¢, t5, ..., t,, then the MTTF is
defined as

MTTF = % >t

1.10 Stress-Strength Models

A stress-strength model compares the strength and stress on a system; it is used primarily
in reliability engineering. In a stress-strength model, both stresses and strength are considered
as separate random variables. Stress experienced by a component is often represented by the
random variables designated X; strength of the component is represented by Y. A situation in
which X > Y is one in which the stresses are greater than the strengths and the component
fails. If Y > X, the strengths are greater than the stresses. Then, we can define reliability
as the probability a component will not fail: P(X < Y). This R = Pr(X <Y), is the basic
stress-strength model, and refining it and applying it to real life analysis is the essence of

stress-strength analysis.

1.10.1 Applications of Stress-Strength Models

The real life examples based on stress-strength models are:

(a). Reliability of Rocket Engines: When Y is the strength of a rocket chamber and X
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stands for the maximal chamber pressure which is generated when a solid propellent is ignited,
P(X <Y) is the probability that the engine will be fired successfully.

(b). Earthquake Resistance: The strength-stress model was used to study the risk an
earthquake posed to a particular nuclear generator. With no concrete numbers to define the
strength, the researcher took strength estimates from five experts and used the log-normal
distribution as a model and a weighted least squares procedure to estimate the strength. A
similar procedure was used for the stressor, and the conclusion P(InX < InY) = 0.99978 was
reached a very reassuring number, if accurate.

(c). Medical Field: In a medical study, the reaction of leprosy patients to a medicine was
modeled on a P(X < Y') stress-strength model. Initial condition(infiltration status) was taken
as X and Y as the change in health after 48 weeks of treatment. The null hypothesis, that
initial infiltration values did not affect outcomes, was strongly rejected after an analysis of the

data.

1.11 Classical Inferential Procedures in Reliability

The different methods used to estimate the reliability of a model are:

e Maximum Likelihood Estimation
e Unbiased Estimation
e Bayes Estimation

e Interval Estimation

1.12 Concept of Transformation Method

The point and interval estimation of the stress-strength reliability can be expressed by
using the transformation method. Let us consider (X,Y’) be a random vector with the prob-

ability density function f(z,y|6). Suppose that there exist a random variable ¢ and 1 and a
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monotone function u(.) with the inverse v = u~! such that

Also, assume that the function v and v are strictly increasing, so that (¢,7) is the random

vector with the pdf

/ /

glenlr) = [ (u(e), u(n)|v(7)) u (e)u (n)

where the scalar or vector valued parameter 7 is connected to 6 by one to one transformation.
Since, the function u(.) is monotonically increasing, P(e < n) = P(u(e) < u(n)) = P(X <Y).

Hence, the model R = P(X < Y') remains invariant in terms of 7 and 6.

1.13 Advancement in the field of Reliability

Various authors have adopted classical inferential procedures in the field of life-testing
and reliability theory. Cohen (1951)[37] and Harter (1969)[65] obtained local maximum like-
lihood estimators (LMLE’S). Harter and Moore (1966)[64] and later Calitz (1973)[20] noted
that these LMLE’S appear to possess most of the desirable properties ordinarily associated
with Maximum likelihood estimator (MLE). Epstein and Sobel (1953)[44] derived the MLE of
the scale parameter of the one parameter exponential distribution in case of censoring from
right. Epstein and Sobel (1954)[45] and Epstein (1960)[47] extended the foregoing analy-
sis to the two-parameter exponential distribution with and without censoring. Mann et al.
(1974)[78] summarized on industrial life testing point of view, estimation procedures for ex-
ponential, Weibull, log-normal and many other distributions, both for single sample and two
sample problems, with censoring. Engelhardt and Bain (1974)[43] dealt with point estimation
for two parameter Weibull distribution. Tyagi and Bhattacharya (1989a)[I09] obtained the
uniformly minimum variance unbiased estimators (UMVUE’S) of various parametric func-

tions of Maxwell failure distribution. Chaturvedi and Rani (1998)[25] proposed generalized
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Maxwell failure distribution and derived the UMVUE of the reliability function. Chaturvedi
and Surinder (1999)[26] revisited the problem of obtaining UMVUE of the reliability func-
tion of one-parameter exponential distribution under Type I and II censorings. Tyagi et
al. (1993)[111] derived the UMVUE of the reliability function for inverted Erlang failure
distribution. Classical inferences for Weibull process have been developed by Muralidharan
(2002)[83]. Classical inferential procedures for some families of lifetime distributions have been
developed by Chaturvedi and Rani (1997)[23]. Chaturvedi and Pathak (2012)[32] presented
the estimation of the reliability function for exponentiated Weibull distribution. Tripathi et
al. (2016)[108] showed the study of estimating the shape parameter of a Pareto distribution

under restrictions.

1.14 Bayesian Inference

Bayesian estimation is a framework for the formulation of statistical inference prob-
lems. In the prediction or estimation of a random process from a related observation signal,
the Bayesian philosophy is based on combining the evidence contained in the signal with
prior knowledge of the probability distribution of the process. Bayesian methodology includes
the classical estimators such as maximum a posteriori (MAP), maximum-likelihood (ML),
minimum mean square error (MMSE) and minimum mean absolute value of error (MAVE)
as special cases. The estimation accuracy depends on the available information and on the

efficiency of the estimator.

1.14.1 Bayes Theorem

Bayes theorem is an essential element of the Bayesian approach to statistical inference.
It is also known as Bayes Rule or Bayes law and results in probability theory that relates
conditional probabilities. An important application of Bayes theorem is that it gives a rule

how to update or revise the strengths of evidence based beliefs in light of new evidence i.e. a
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posteriori. The theorem relates the conditional and marginal probabilities of stochastic events

A and B such that
P(B| A)P(A)

Pl B =T

,P(B) >0

1.14.2 Bayes Factor

The theory of Bayes factor is one way of performing hypothesis testing in the Bayesian
framework. Suppose we have an observed event E and we wish to test a null hypothesis
Hy : E = FEy vs. alternative hypothesis H; : £ = FE;, where F; and Ej, are two events
which are not necessarily mutually exclusive or even exhaustive of the event space. The Bayes

Factor(BF) is defined as

_ Po/pl
7T0/7T1

BF

where py and p; are the posterior probability of the null and alternative hypothesis, respectively
and my and m; are the prior probability of the null and alternative hypothesis, respectively.
The magnitude of BF tells us how much effect the data has on the relative likelihood. The
Bayes factor may be interpreted as the ratio of the likelihood based on the null hypothesis
to the likelihood based on the alternative hypothesis. It is highly used in the disease testing

procedure.

1.14.3 Bayesian models

A Bayesian model is a parametric model in the classical(or frequentist) sense, but with
the addition of a prior probability distribution for the model parameter, which is treated as
a random variable rather than an unknown constant. The basic components of a Bayesian

model may be listed as:

e the data, denoted by y

e the parameter, denoted by 6
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e the model distribution, f(y | 0), F(y | 6)

e the prior distribution, f(6), F'(6)

1.15 Prior Distributions

The prior distribution is a way to summarize the available prior information. It may also be
considered a tool which provides a unified inferential procedures having acceptable frequentist
properties. There is no unique way of selecting a prior distribution but the resulting inference
may be influenced by the prior information, i.e. the effect may be negligible, moderate or
enormous. So, selecting a prior is still a tough task.

A prior m(f) is said to be non informative prior if it contains no information about
the parameter 6 i.e. the distribution does not favour any value of 6 over others. Some simple
examples of such prior are 7(f) = 1, 7(d) = 1/0, 7() = \/I(). These may often lead to
infinite mass and the density may be improper(i.e. it does not integrate to 1). Mostly, the
principle of indifference is preferred for determining a non informative prior which assigns
equal probabilities to all the possibilities. Informative prior is one which contains some
specific information about the parameter. It is the pre-existing evidence which has already
been taken into account is part of the prior and as more evidences accumulates, the posterior is
determined largely by the evidence rather by the original assumption. In many circumstances,
the sum or the integral of the prior values are not finite and do not provide sensible outcome
for the posterior probabilities, such a prior is known as Improper prior. Proper prior is
just the reciprocal of the improper prior as here one is able to get finite values for the posterior

probabilities. Some frequently used priors are as follows:

e Uniform Prior is the highly accepted prior in a state of ignorance. We adopt a uniform
prior when we have very little or no information regarding the parameter . This prior
was highly used by Guass, Bernoulli and Laplace. Even, Bayes has also used it in his

revolutionary work “An essay towards solving a problem of doctrine of chance”.
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e Jeffery’s prior is defined in terms of the Fisher information:

where 1(0) is k x k Fisher’s information matrix given by

1(6) = —E {%{;@\9)]

Jeffreys priors work well for single parameter models, but not for models with multidi-

mensional parameters. It is nearly uniformly distributed for the location parameter.

e Conjugate Prior is a natural parameter family of distributions such that the posterior
distribution also belong to the same family. These priors make the computations much
easier. Sufficient statistic plays an important role in Bayesian inference in order to con-
struct them. Let X ~ f(x | #) and 7 (@) be the prior distribution on ©. Then, 7 is said
to be a conjugate family, if the corresponding posterior distribution A(# | ) belongs to
the same family as (). Few examples of conjugate prior are gamma, beta and inverted

gamma prior etc.

1.16 Posterior distribution

Bayesian inference requires determination of the posterior probability distribution of 6.

This task is equivalent to finding the posterior pdf of 8, which may be done using the equation
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where f(y) is the unconditional pdf of y given as

) = [ w1 0)F
[ fO)f(y]6)d(0); 0 is continuous

Yo fO)f(y|0); 6is discrete

Bayesian inference is based on the properties of posterior distribution. The relationship be-
tween the posterior density f(6 | y), the prior density f(f) and the likelihood L(6) is given

as

J(O 1y) oc L(8) x f(8)

1.17 Loss functions

Let A be an arbitrary space of actions. A non negative function ‘I’ that maps © x A into
R is called a loss function. The value [(6, a) is the loss to the statistician if he takes action ‘a’

Y

when ‘0’ is the true parameter value. If we use the decision function §(X) and loss function

‘I’ and ‘0’ is the true parameter value, the loss is the random variable {(0,J(X)). Some well

known loss functions are as follows:

e Squared Error Loss Function (SELF) is a symmetric loss function which gives equal
importance to the loss incurred due to over and under estimation. But in situations where

the loss is asymmetric, we need to have some kind of asymmetric loss functions.

e Weighted Squared Error Loss Function (WSELF) is basically obtained by the

product of SELF and a function of the parameter ‘6’.

e Quadratic Loss Function (QLF) is known as modified SELF in which we multiply

SELF with a constant other than 1.

e Precautionary Loss Function (PLF) is one of asymmetric loss function which is
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proposed by Norstrom (1996)[85]. The loss function approach infinitely near the origin to
prevent underestimation and giving conservative estimators, especially when low failure

rates are being estimated.

e LINEX loss Function was suggested by Varian (1975)[112] and was used by Zell-
ner (1986)[118]. It is an asymmetric loss function used for the estimation of a scaler

parameter and prediction of a scalar random variable.

e Generalised Entropy Loss Function (GELF) was purported by Calabria and Pul-
cini (1996)[19], as a valid alternative to the modified LINEX loss. Putting a=1, in the

GELF we get the entopy loss function(ELF).

e K-Loss Function (KLF) was proposed by Wasan (1970)[115], to fit for a measure of

inaccuracy for an estimator of a scale parameter of a distribution on Rt = (0, 00).

Bayes estimator and Posterior risk under different loss functions

Loss Function

Bayes Estimator

Posterior Risk

SELF = (0 — d)?
WSELF = =4~
QLF = (1-3)°

PLF = ¢=4°

LINEX = exp(c(d —0)) — c¢(d —0) — 1
LLF = (logh — logd)?
)

ELF = [4 —log% —1]

GELF = ()" — alog (4) — 1

Var(0 | z)
E@|z)— (B0 )™

E(0—|x)*
L— 02|z

2 [VE@ 2) - B0 | )]

E0 | z)

Var(logh | )
2(E(0 | x)E07" [ 2) —1]
E(logf | ) — logE(67' | 1)

E[(5)" — alog (5) —1]
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1.18 Types of risk

1.18.1 Risk

The risk is a function which quantifies the quality of the estimator fat 6. It is expressed as
Ry(0) = Ey [l (0, é)], where 1(6, §) denotes the loss function. In other words, the risk function
of a decision rule is defined as R(0,5) = E[L(6,0(Y))], where the expectation is taken with

respect to f(y | 0).

1.18.2 Bayes risk

The Bayes approach is an average-case analysis which considers the average risk of an
estimator over all § € ©. Concretely, we set a probability distribution called prior (7) on ©.

Then, the average risk (w.r.t. 7) is defined as

~ A

R (0) = Egr o (0)

~

= Ey x1(6,0)
The Bayes risk for a prior (7) is the minimum that the average risk can achieve, i.e.
m:@m@

In terms of decision rule, Bayes risk with respect to prior distribution g(6) can be expressed
as r(g,0) = E(R(0,9)) where the expectation is taken with respect to g(#). A decision rule

which minimises the bayes risk and is termed as Bayes rule.
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1.18.3 Posterior Risk

The posterior risk is defined as the expected loss, where the expectation is taken with

respect to the posterior distribution of ‘6’

1.19 Evolution in the field of Bayesian Analysis

The Bayesian ideas in reliability were introduced by Bhattacharya (1967)[15] and consid-
ered the Bayesian estimation for one parameter exponential distribution under uniform and
beta priors. Similar estimators have been obtained by Bhattacharya and Kumar (1986)[16],
Bhattacharya and Tyagi (1988)[17], Harris and Singpurwalla (1968)[63], Soland (1969)[99]
and Canavos and Tsokos (1971)[21]. For a detailed review on Bayesian reliability estimation,
one may refer to Martz and Waller (1982)[79], Tyagi and Bhattacharya (1989b)[110], Alvandi
(1990)[2], Basu and Ebrahimi (1991)[12], Calabria and Pulcini (1994)[I8], Chaturvedi and Rani
(1998)[25], Chaturvedi and Singh (2006)[29], Chaturvedi and Tomer (2002)[28], Chaturvedi et
al. (2007)[30] and Chaturvedi and Pathak (2013)[33].

1.20 Significant Aspects

1.20.1 Methods of Random Number Generation

(a). The inverse transform: There is a simple and sometimes useful transformation known
as the probability integral transform that allows us to transform any random variable into a
uniform random variable and more importantly, vice versa. For example, if X has density f(z)
and cdf F(z), then we have the relation F(z) = [*_ f(t)dt and if we set U = F(X), then U
is a random variable distributed from uniform U(0, 1).

(b). Accept-reject method: There are many distributions for which the inverse transform

method and even general transformations will fail to generate the required random variables.
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For such cases, we must turn to indirect methods; i.e. methods in which we generate a
candidate random variable and only accept it subject to passing a test. As we will see,
this class of methods is extremely powerful and will allow us to simulate from virtually any
distribution. These so-called Accept-Reject methods only require us to know the functional
form of the density f(x) of interest(called the target density) up to a multiplicative constant.
We use a simpler density g(z) to simulate, called the instrumental or candidate density, to
generate the random variable for which the simulation is actually done. The only constraints
we impose on this candidate density g(z) are
(). f(z) and g(z) have compatible supports (i.e., g(x) > 0 when f(x) > 0).
(ii). There is a constant M with f(x)/g(z) < M for all x.
In this case, X can be simulated as follows: First, we generate Y ~ g and independently we
generate U ~ Up . If

1 fY)

VS

then, we set X =Y. If the inequality is not satisfied, we then discard Y and U and start again.

1.20.2 Markov Chain Monte Carlo (MCMC) Techniques

MCMC methods are a class of algorithms for sampling from a probability distribution
based on constructing a Markov chain that has the desired distribution of its equilibrium
distribution. The state of the chain after a number of steps is then used as a sample of the
desired distribution. The quality of the sample improves as a function of the number of steps.
In Bayesian statistics, they are also used for generating samples that gradually populate the
rare failure region in rare event sampling. Gibbs sampling or a Gibbs sampler is a MCMC
algorithm for obtaining a sequence of observations which are approximated from a specified
multivariate probability distribution, when direct sampling is difficult. It generates a Markov
chain of samples, each of which is correlated with nearby samples. Metropolis-Hastings

algorithm is a MCMC method for obtaining a sequence of random samples from a probability
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distribution for which direct sampling is difficult. They are generally used for sampling from

multi-dimensional distributions, especially, when the number of dimensions is high.

1.21 Content of the Thesis

In this particular chapter, i.e. Chapter 1 provides introductory review of the research
topics covered in the thesis and also state the significance as well as their applications.

In Chapter 2, sequential testing procedures are developed for testing the hypotheses re-
garding the parameters of the New Weibull-Pareto Distribution (NWPD). Theoretical expres-
sion for the Operating Characteristics (OC) and Average Sample Number (ASN) functions
are derived for the scale parameters of the distribution. The robustness of the SPRT’S in
respect of OC and ASN functions is studied, when the distribution under study has under-
gone a change. The results are presented through Tables and Graphs, so that one can see the
numerical evaluated departures in OC and ASN functions.

In Chapter 3, the sequential testing procedures are developed for testing the hypotheses
regarding the shape and rate parameters of the Positive Exponential Family of Distribu-
tion(PEFD). The robustness of the SPRT’S in respect of OC and ASN functions are studied,
when the distribution under study has undergone a change. The acceptance and rejection
regions for Hy against H; are derived in case of rate parameter. The expressions of OC and
ASN functions for the robustness of the SPRT in case of rate parameter, when the coefficient
of variation is known are also derived and studied. Finally, the results are presented through
Tables and Graphs, so that one can see the numerical evaluated departures in OC and ASN
functions.

In Chapter 4, the problem of Sequential Probability Ratio Test (SPRT) is considered
for Generalised Inverse Weibull Distribution (GIWD). The GIWD has hazard function which
has a unimodal shape. Hence, the GIWD could be an appropriate model for fitting the data

which has the convex and then the concave shape. Robustness of the SPRT is studied for the
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parameters involved in this model, under the conditions when these parameters have under-
gone a change.

In Chapter 5, the probability of disaster is studied when the strength of the items follows
power function distribution and the stress of the manufactured items/devices follows OGE-G
distribution. In order to study the probability of disaster, a relationship between the parame-
ters of OGE-G and power function distribution is established through the reliability measure
P = Pr(Y > X). Finally, through the relationship among the parameters involved in the
model is used to get the optimum cost function when the cost function is linear in terms of
parameters.

In Chapter 6, the estimation of R(t), R = P(Y > X) and o = P(X > Y) for the
Positive Exponential Family of Distribution (PEFD) is considered. The UMVUE’S, MLE’S
and Confidence Interval are derived. These estimators are derived through the method of
Transformation. The a = P(X > ), which is termed as probability of disaster is also derived
when random stress X follows PEFD and finite strength follows Power function distribution.

In Chapter 7, the Bayes estimators for the scale parameter of a family of lifetime distri-
butions are considered under the assumptions of non-informative and conjugate priors. The
uniform and inverted gamma priors are observed to obtain the posterior distribution for the
scale parameter of this family of lifetime distributions under different loss functions. Finally,
the performance is compared by the values obtained through MCMC simulation techniques.

In Chapter 8, firstly, the Bayes estimators for the positive and negative powers of the
parameters are obtained. Then, through using these Bayes estimators, the estimates of the re-
liability function and stress-strength reliability under Type II censoring for Generalized Two
Parameter Rayleigh Distribution are obtained. Estimation procedure is done for different

priors under different loss functions.
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Chapter 2

Robustness Study of the Sequential

testing procedures for the New

Weibull-Pareto Distribution(NWPD)

2.1 Introduction

Wald (1947)[113], is the first who developed the concept of sequential testing of statistical
hypotheses for testing between two simple hypotheses. The concept of sequential testing is
heavily dominated by the Sequential Probability Ratio Test (SPRT). He derived the theoret-
ical expressions for the Operating Characteristics (OC) and Average Sample Number (ASN)

functions, to study the performance of the SPRT’S.

The SPRT has been applied by various authors, to deal with testing problems, for ref-
erences, Oakland (1950)[86] developed SPRT for testing the simple vs. simple hypothesis
concerning the mean of the negative binomial distribution, Epstein and Sobel (1955)[46] dealt
the testing of simple hypothesis problem regarding the mean of one parameter exponential

distribution through SPRT, Johnson (1966)[68] applied SPRT for testing the hypothesis for
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the scale parameter of the Weibull distribution when the shape parameter is known, Phatar-
ford (1971)[88] dealt the problem of testing the composite hypothesis for the shape parameter
of the gamma distribution through SPRT, when the scale parameter is unknown, Bain and
Engelhardt (1982)[5] applied SPRT for testing the hypothesis for the shape parameter of
a non-homogeneous Poisson process and Chaturvedi et al. (2000)[27] developed SPRT for
testing simple and composite hypothesis regarding the parameters of a class of distributions
representing various life-testing models. Bacanli and Demirhan (2008)[4] developed a group
sequential test when response variable has an inverse Gaussian distribution with known pa-

rameter.

The robustness of the SPRT in respect of OC and ASN functions has been studied by sev-
eral authors, when the distribution under consideration has undergone a change, while dealing
with various probabilistic models. For references, Harter and Moore (1976)[66] gives sampling
plans for reliability tests under the assumption of a constant failure rate and by using Monte
Carlo techniques the robustness of the exponential SPRT is studied, when the underlying
distribution is a Weibull distribution, Montagne and Singpurwalla (1985)[80] investigated the
robustness of the sequential life-testing procedure with respect to the risks and the expected
sample sizes for the exponential distribution when the life length is not exponential, Hubbard
and Allen (1991)[67] applied SPRT on the mean of the negative binomial distribution when
the dispersion parameter is known and the robustness of the test to the misspecification of
dispersion parameter is studied. Chaturvedi et al. (1998)[24] considered a family of life-testing
models and studied the robustness of the SPRT’S for various parameters involved in the model

and also generalised the results of Montagne and Singpurwalla (1985)[80].
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2.2 Set-up of the problem

In this chapter, we consider the NWPD proposed by Nasiru and Lugnterah (2015)[84]

with probability density function (pdf) given by

F(@:8,0,0) = %? (g)ﬂ_lexp {—a (g)ﬁ} 250 (2.2.1)

and cumulative distribution function (cdf)

T

F(x;ﬁ,@,&):l—exp{—a <5)6}, x>0 (2.2.2)

where 3 is a shape and 0, 6 are the scale parameters, respectively. Weibull and Exponential
distributions are the specific cases of for 0 =1 and for 9 =1, § = 1, respectively.

In Sections 2.3, 2.4, 2.5 and 2.6, respectively, we developed SPRT’S for testing the simple
null hypotheses for the parameters d and 6 involved in the model (2.2.1). The robustness of
the SPRT’S in respect of OC and ASN functions is studied [see Remarks 2.3, 2.4, 2.5 and 2.6).
In Section 2.7, the acceptance and rejection regions for Hy vs. H; in case of 8 are derived and
plotted in Figure 2.9. Finally, in Section 2.8, the results and findings are presented through

Tables and Figures.

2.3 SPRT for testing the hypothesis regarding ‘0’ for
known values of 6§ and

The SPRT for testing the simple null hypothesis Hy : 0 = 0y against the simple alternative
Hy: 0= 01(01 > 0p) is defined as

(2.3.1)

Zi —1In |:f<xzaﬁaala9>:|

f('rza 57 807 0)
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Z;, =T (%) — (8, — ) (%)5 (2.3.2)

e = <%> exp {—(al — &) (%)ﬁ} (2.3.3)

Now, we choose two numbers A and B such that 0 < B < 1 < A. At the n'" stage, accept H,
if >~ 7; <1In B, reject Hy if >_ Z; > In A, otherwise continue sampling by taking the (n + 1)
=1 =1

observation. If a € (0,1) and 8 € (0,1) are Type I and Type II errors, respectively, then

according to Wald (1947)[113], A and B are approximately given by

Axt70 B (2.3.4)
o) -«
The OC function L(#) is given by
Ah—1
L(o) = T G (2.3.5)
where ‘h’ is the non-zero solution of
Ele#" =1 (2.3.6)
or,
> f(xl7578179):|h
e ;i 3,0,0)dr =1 2.3.7
[ [Fras) fesno0 (230
From (12.2.1)) and ({2.3.3)), we obtain
h
Ele”)" = ’ (3—;) (2.3.8)
h(0y — 0p) + O
On substituting ([2.3.8)) in (2.3.6)), we get
g = MO =%) (2.3.9)



The expression (2.3.9)) is not very useful for finding the values of OC and ASN functions,

hence, we will further evaluate (2.3.9)) in the following manner to obtain the desired results.

hin (%) =In [1+h(81580>} (2.3.10)

Using the expansion of In(1 4+ z); —1 < = < 1 in (2.3.10)), retaining the terms up to third

degree in ‘h’ and on simplifying, we obtain the real roots of ‘h’ from ([2.3.11))

GO BT () (@) e eom

The ASN function is approximately given by

L(O)InB+[1—L(9)]In A
E(Z)

E(N|9) = (2.3.12)

provided that E(Z) # 0, where

E(Z)=1In (g—;) - <81 5 60) (2.3.13)

From ([2.3.12) ASN function under Hy and H; are given by

l—a)lnB+alnA
Eo(N) = ( 8) P (2.3.14)
()~ (%)

and
_ flnB+(1—-p)InA

(%) - (25%)

Remarks 2.3: Let us consider the problem of testing the simple null hypothesis Hy : 9 = 13

EL(N) (2.3.15)

against the simple alternative hypothesis H; : 0 = 15, for « = # = 0.05. The numerical values
of OC and ASN functions are shown in Table 2.1 and their curves are plotted in Figure 2.1 and

2.2, respectively. Table and Figures show that the approximation gives satisfactorily results.
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2.4 Robustness of the SPRT for ‘O’ when 6 has under-
gone a change

Let us suppose that the parameter # has undergone a change to 8* and then the proba-
bility distribution in (2.2.1)) becomes f(x; 3,0, 6%). In order to study the robustness of SPRT
developed in Section 2.3 with respect to OC and ASN functions, the values of ‘h’ are obtained

by solving the following equation

[e's) i ’a ,9 h )
/0 l%] f(zi;6,0,0%)dx = 1 (2.4.1)

ON\" Bo [ sz 61 hoy —8y) 0
(a_;) () eXpH - ow}xﬁ]dx:l

Finally, we get

0= (2.4.2)

where p = %.

The expression ([2.4.2)) is not of much use for calculating the numerical values of OC and

ASN functions. In order to handle the situation, we rewrite (2.4.2)) as

i (5) < fren (252) (5) 249
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Using the expansion of In(1 + z); —1 < x < 1 in (2.4.3) and retaining the terms up to third

degree in ‘h’ and on simplifying, we obtain the following quadratic equation in ‘h’

Ur () e (5 o (559) (@)} -0 e

Ll
0

where p =
The Robustness of the SPRT with respect to ASN is studied by replacing the denominator of

by
Ev(Z)= [ 2f(@:5.0.0)ds
0

S
i (%) ) )
) e
)2 )
—n (%) _ & . %) (8
where p = £

Remarks 2.4: Let us consider the example of testing null hypothesis Hy : 9 = 13 vs.
H, :0 =15, for « = = 0.05. The numerical values of OC and ASN functions are obtained
forp=1,p > 1and p < 1, in order to study robustness of the SPRT and are presented in
Table 2.2 and 2.3, respectively. The OC and ASN curves are plotted in Figure 2.3 and 2.4,
respectively. It follows from Figure 2.3 that the OC function curve shifts to left(right) for
p < 1(p > 1) of the curve corresponding to p = 1 and the similar pattern is followed by the
ASN function curve in Figure 2.4. It is evident from both the curves that the SPRT is highly

sensitive for a minor change in 6.
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2.5 SPRT for testing the hypothesis regarding ‘6’ when
0 is known

The SPRT for testing the simple null hypothesis Hy : § = 6, against the simple alternative
Hy:0=10,(0; > 0)) is defined as

. f(l‘uﬁaavel)
Sl o
or,
() 1 1)
or,

6\ 11
Zi _ 0 B
et = (01) exp{—@ (916 — 905) x; } (2.5.3)

From (2.2.1) and (2.5.3]), we get

Bh

&)

Ele%) = ; — (2.5.4)
1+ ho? (el—ﬁ - ao—ﬁ)
We get from (2.5.4) that
Bh 1/

()"

g= |4 (2.5.5)

The expression ([2.5.5)) is not very useful in calculating the numerical values of OC and ASN

functions. Again, we may rewrite (2.5.3)) as

) _ s( 1 1
o () < (- 1 w10
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Using the expansion for In(1 4+ z); —1 < = < 1 in ({2.5.6]), retaining the terms up to third

degree in ‘h’ and on simplifying, we obtain the following quadratic equation in ‘h’

938 [ 1 1)° 028 [ 1 1)? 1 1 0
() o (5 ) e () (3)
{3 (eﬁ eﬁ)} {2 (615 906)} o " a7) Mo,

The ASN function is approximately given by

LO)InB+[1—-L(#)|InA

E(N|9) = 57

(2.5.8)

provided that FE(Z) # 0, where

E(Z)=In (z—?)ﬁ —0° (9%6 - Goiﬂ) (2.5.9)

Eo(N) = (2.5.10)

and
fInB+(1—-p)InA

B
0
n(#) -0 (- )

Remarks 2.5: Let us consider the problem of testing the simple null hypothesis Hy : 0 = 12

Ey(N) = (2.5.11)

against the simple alternative hypothesis H; : 8 = 15, for « = f = 0.05. The numerical
values of OC and ASN functions are shown in Table 2.4 and their curves are plotted in Figure
2.5 and 2.6, respectively. It is evident from the Table 2.4 and Figures 2.5 and 2.6 that the

approximation gives satisfactorily results.
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2.6 Robustness of SPRT for ‘0’ when 0 has undergone
a change

Let us suppose that the parameter 0 has undergone a change then the probability distri-
bution in (2.2.1)) becomes f(z;3,0*, 6). To study the robustness of the SPRT developed in

Section 2.5 with respect to OC and ASN functions, the values of ‘h’ are obtained from the

following equation

00 i 78’ 9 h .
/0 [M—agé] f(zi; 8,0%,0)dx =1 (2.6.1)

)
)
0o \" Bo* [~ ,_ 11 o
(9—?) 96/0 :1:/31exp{—{8h(9—1—9—0)+6—6}w5}d:c:1

(2.6.2)

The expression (2.6.2)) is not very useful in calculating the numerical values of OC and ASN

functions. Rewrite (2.6.2)) to obtain the real roots of ‘h’.

ShIn <Z—?> =In [1 + he? <§> <% — %)} (2.6.3)
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Using the expansion of In(1+z); —1 < x < 1in (2.6.3)), retaining the terms up to third degree

in ‘A’ and on simplifying, we obtain the real roots for ‘A’ from the following equation

Ao S T UP S T s( L LN _ o (f)1_
(8 (o) b 5 (- ) {0 (- )~ ()} -0

(2.6.4)

where ¢ = 8%

The Robustness of the SPRT with respect to ASN can be studied by replacing the denominator

of (Z58) by
Ev(2)= [ 2f(5:6.0", 0o
0

or,

00\"” 1 1
Bl =E () o 2 — L) ,.8
) n(el) a(eﬁ eoﬁ)x]
0\" (1 1>
n(l) o o) P
0\"” (1 1>93
—ln(2l) —o( - - L
n(l) 0.7 6,°) 0
6\° 9 /1 1
n(l) o <6J3 eoﬁ)
0,\"” (1 1)
Es(Z)=n|—) -0 ———)6° 2.6.5
r @)= (3) =6 (5 26

where ¢ = 8%.

Remarks 2.6: Let us consider the problem of testing null hypothesis Hy : 6§ = 12 vs.
H,:0=15for a = = 0.05. To study the robustness of the SPRT, the numerical values of
OC and ASN functions are obtained for ¢ = 1, ¢ > 1 and ¢ < 1 and are given in Table 2.5
and 2.6, respectively. The OC and ASN curves are plotted in Figure 2.7 and 2.8, respectively.
It follows from Figure 2.7 that the OC function curve shifts to right(left) for ¢ < 1(¢ > 1)
of the curve corresponding to ¢ = 1 and the similar pattern is followed by the ASN function

curve in Figure 2.8. The curves show that the SPRT is highly sensitive for changes in ‘0’.
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2.7 Acceptance and Rejection boundaries for NWPD

The nature of SPRT in case of NWPD is described as, let X, X5, X3, ... be (iid) random
variables from NWPD where 6 > 0. The problem of testing Hy : 0 = 0y vs. Hy : 0 = 01(6, >
0p) is considered. Let A and B be approximately given by where a > 0,3 < 1 and Z;
is defined in ([2.5.2).

Let us define, Y'(n) = > X; and N=first integer n(> 1), for which the inequality Y (n) <
=1

¢1 +dn or Y(n) > cs + dn holds with the constants

B A L ln<9—?>
o-4) " o-4) " (-4

At the stopping stage, if Y(N) < ¢; + dN, we accept Hy and if Y/(N) > ¢ + dN, we reject

C1 =

(2.7.1)

H, for different values of NV, where A and B are the fixed quantities. Figure 2.9 shows the
acceptance and rejection region for Hy under the case when Hy : § =12 vs. H; : 0 =15, 0 =2
and a = = 0.05. From (2.7.1]), values of the constants are ¢; = 0.33316, ¢o = —0.33316 and
d = 6.694, respectively. Thus, if Y(N) < 0.33316 + 6.694N, we accept Hy and if Y(IV) >

—0.3316 + 6.694 N, we accept H, and at the intermediate stage, we continue sampling.
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2.8 Tables and Figures

Table 2.1: OC and ASN Function for
(Hyp:0=13,H; : 0 =15,a = 8 = 0.05)

0 L(0) E(N) 0 L(0) E(N)
124 0.99 159.810 14.2 0.34 413.371
12.6 0.99 183.473 14.4 0.22 384.705
12.8 0.97 212.476 14.6 0.14 346.856
13.0 0.95 247.619 14.8 0.08 307.783
13.2 0.91 288.857 15.0 0.05 272.012
13.4 0.85 334.095 15.2 0.03 241.208
13.6 0.75 377.757 15.4 0.02 215.434
13.8 0.63 410.695 15.6 0.01 194.095
14.0 0.48 423.680 15.8 0.01 176.433

Table 2.2: OC Function for different values of p
(Hyp:0=13,H; : 0 =15,a = 8 = 0.05)

0 p=.96 p=.98 p=1 p=102 p=1.04
12.0 0.99 1.00 1.00 1.00 1.00
12.2 0.98 0.99 1.00 1.00 1.00
12.4 0.96 0.98 0.99 1.00 1.00
12.6 0.93 0.97 0.99 0.99 1.00
12.8 0.87 0.94 0.97 0.99 1.00
13.0 0.79 0.90 0.95 0.98 0.99
13.2 0.66 0.82 0.91 0.96 0.98
13.4 0.51 0.71 0.85 0.93 0.97
13.6 0.36 0.57 0.75 0.87 0.94
13.8 0.24 0.42 0.63 0.79 0.89
14.0 0.15 0.29 0.48 0.68 0.82
14.2 0.09 0.18 0.34 0.54 0.72
14.4 0.05 0.11 0.22 0.40 0.59
14.6 0.03 0.06 0.14 0.27 0.45
14.8 0.02 0.04 0.08 0.17 0.32
15.0 0.01 0.02 0.05 0.11 0.21
15.2 0.00 0.01 0.03 0.06 0.13
15.4 0.00 0.01 0.02 0.04 0.08
15.6 0.00 0.00 0.01 0.02 0.05
15.8 0.00 0.00 0.01 0.01 0.03
16.0 0.00 0.00 0.00 0.01 0.02
16.2 0.00 0.00 0.00 0.00 0.01
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Table 2.3: ASN Function for different values of p
(HO 10 = 137H1 10 = 15,0[ :,B = 005)

0 p=.96 p=.98 p=1 p=1.02 p=1.04
12.0 171.036 144.504 124.632 109.377 97.377
12.2 198.459 165.165 140.498 121.858 107.428
12.4 232.202 190.607 159.810 136.813 119.284
12.6 272.750 221.868 183.473 154.911 133.412
12.8 318.832 259.639 212.476 176.973 150.415
13.0 365.674 303.378 247.619 203.929 171.036
13.2 404.026 349.827 288.857 236.622 196.137
13.4 422.916 391.650 334.095 275.333 226.567
13.6 416.583 418.47 377.757 318.832 262.812
13.8 388.984 422.174 410.695 363.045 304.262
14.0 350.145 402.825 423.680 400.329 348.066
14.2 309.365 368.300 413.371 421.371 388.110
14.4 272.012 328.311 384.705 420.285 415.719
14.6 240.036 289.695 346.856 398.756 423.461
14.8 213.496 255.647 307.783 364.480 409.944
15.0 191.702 226.935 272.012 325.954 380.629
15.2 173.796 203.175 241.208 288.978 343.814
15.4 158.991 183.600 215.434 256.263 306.328
15.6 146.638 167.418 194.095 228.481 272.012
15.8 136.225 153.941 176.433 205.306 242.297
16.0 127.356 142.611 161.737 186.069 217.249
16.2 119.725 132.990 149.409 170.060 196.355
16.4 113.100 124.740 138.970 156.649 178.941
16.6 107.298 117.600 130.046 145.321 164.363

Table 2.4: OC and ASN Function for
(Hy:0=12,H; : 6 =15, = § = 0.05)

0 L(0) E(N) 0 L(9) E(N)
11.0 0.996 73.443 13.6 0.398 169.990
11.2 0.994 79.719 13.8 0.311 162.483
11.4 0.989 86.936 14.0 0.236 152.610
11.6 0.982 95.210 14.2 0.175 141.529
11.8 0.970 104.619 14.4 0.127 130.189
12.0 0.953 115.155 14.6 0.091 119.241
12.2 0.926 126.650 14.8 0.064 109.063
12.4 0.888 138.693 15.0 0.045 99.822
12.6 0.836 150.554 15.2 0.031 91.557
12.8 0.768 161.174 15.4 0.021 84.225
13.0 0.686 169.303 15.6 0.013 77.747
13.2 0.593 173.801 15.8 0.008 72.030
13.4 0.494 174.009
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Table 2.5: OC Function for different values of ¢
(Hyp:0=12,H; : 6 =15,a = 8 = 0.05)

0 ¢ = .96 ¢ = .98 o=1 ¢ =1.02 ¢o=1.04
11.0 0.999 0.998 0.996 0.993 0.988
11.2 0.998 0.997 0.994 0.989 0.980
11.4 0.997 0.994 0.989 0.981 0.966
11.6 0.995 0.990 0.982 0.968 0.945
11.8 0.991 0.984 0.970 0.949 0.914
12.0 0.985 0.973 0.953 0.919 0.869
12.2 0.976 0.957 0.926 0.878 0.808
12.4 0.962 0.933 0.888 0.821 0.731
12.6 0.941 0.899 0.836 0.748 0.639
12.8 0.911 0.852 0.768 0.661 0.538
13.0 0.869 0.790 0.686 0.563 0.436
13.2 0.814 0.714 0.593 0.463 0.341
13.4 0.744 0.625 0.494 0.367 0.258
13.6 0.661 0.530 0.398 0.282 0.191
13.8 0.569 0.434 0.311 0.211 0.138
14.0 0.475 0.344 0.236 0.154 0.098
14.2 0.384 0.266 0.175 0.111 0.068
14.4 0.301 0.200 0.127 0.078 0.047
14.6 0.231 0.148 0.091 0.055 0.032
14.8 0.173 0.107 0.064 0.037 0.021
15.0 0.127 0.077 0.045 0.025 0.013
15.2 0.092 0.054 0.031 0.017 0.008

Table 2.6: ASN Function for different values of ¢
(Hyp:0=12,H; : 6 =15,a = § = 0.05)

0 ¢ = .96 ¢ =.98 o=1 ¢ =1.02 ¢ =1.04
11.0 62.344 67.479 73.443 80.396 88.503
11.2 66.782 72.748 79.719 87.871 97.363
11.4 71.838 78.786 86.936 96.458 107.459
11.6 77.614 85.713 95.210 106.231 118.743
11.8 84.221 93.638 104.619 117.161 130.953
12.0 91.767 102.645 115.155 129.033 143.512
12.2 100.337 112.746 126.650 141.351 155.452
12.4 109.963 123.821 138.693 153.262 165.464
12.6 120.571 135.544 150.554 163.578 172.152
12.8 131.917 147.307 161.174 170.968 174.460
13.0 143.512 158.192 169.303 174.326 172.071
13.2 154.584 167.048 173.801 173.159 165.521
13.4 164.106 172.734 174.009 167.777 155.953
13.6 170.969 174.441 169.99 159.138 144.693
13.8 174.253 171.981 162.483 148.484 132.895
14.0 173.528 165.837 152.610 136.981 121.378
14.2 168.997 156.967 141.529 125.516 110.631
14.4 161.399 146.486 130.189 114.654 100.880
14.6 151.754 135.389 119.241 104.691 92.183
14.8 141.075 124.418 109.063 95.735 84.501
15.0 130.189 114.041 99.822 87.779 77.747
15.2 119.666 104.506 91.557 80.755 71.816
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Chapter 3

Sequential analysis and Robustness
study for the parameters of Positive
exponential family of distributions

with known coefficient of variation

3.1 Introduction

The origin of the concept of sequential analysis has been discussed in the previous chapter
and the related references are also mentioned. In 1990, Joshi and Shah[69] developed the
SPRT for testing the mean of an inverse Gaussian distribution, assuming the coefficient of
variation (CV) to be known. They obtained only theoretical expressions for the OC and the
ASN functions.

In this chapter, we are interested in obtaining the SPRT and its robustness for the mean
of Positive Exponential Family of Distribution (PEFD) with known coefficient of variation
(CV). The theoretical expressions as well as the numerical and graphical interpretation for

the OC and ASN functions with their inferences are also studied for the considered model.
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3.2 Positive exponential family of distribution

Liang (2008)[76] proposed a Positive Exponential Family of Distribution (PEFD). Let us
consider a random variable (r.v.) X follows the PEFD presented by the probability density
function (pdf)

P
pxpy—le(T)

f(x;@,u,p)_T; x>0,0,v,p>0 (3.2.1)

where, 6 is assumed to be unknown and p, v are known constants. When p = v = 1; we get
one-parameter exponential distribution, for p = 1; we get gamma distribution, For v=1; we
get Weibull distribution, for v > 0, p = 1; we get Erlang distribution, for v > 1/2, p = 2; we
get half-normal distribution, for v > m/2, p = 2; we get Chi-distribution, for v =1, p = 2; we
get Rayleigh distribution and for v = p 4+ 1, p = 2; we get Generalized Rayleigh distribution.

In the model (3.2.1)), for testing the simple null hypothesis against the simple alternative,
the SPRT’S and the robustness of the SPRT’S in respect of OC and ASN functions are
developed in the Section 3.3, 3.4, 3.5 and 3.6. In Section 3.7, the robustness of the SPRT
for a mis-specified coefficient of variation is also studied. In Section 3.8, the acceptance and
rejection regions for Hy vs. H; for 8 are derived and plotted in Figure 3.6. Finally, in Section
3.9 and Section 3.10, the results and findings as well as the Tables and Graphs are presented,

respectively.

3.3 SPRT for testing the hypothesis regarding ‘6’

For a given sequence of observations X7, Xa, X3, ... from (3.2.1]), the problem of testing
Hy : 0 =0, against Hy : 0 = 0, (0; > ) is taken into consideration. The SPRT for testing is

defined as follows

ORI
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Wald (1947)[113] suggested the values of A and B (0 < B <1 < A) for the Type I error
-a € (0,1) and Type II error - 5 € (0,1) as defined in (2.3.4). The Operating Characteristic
(OC) function L(#) is defined in ([2.3.5) where ‘A’ is the non-zero solution of ((2.3.6).

From (3.2.1)) and (3.3.1]), we have

E[¢%]" (Z-?) (3.3.2)

taking logarithm and using the expression In(1+x); —1 <z < 1in (3.3.2]). After retaining the

terms up to third degree in ‘h’ and on simplifying, we obtain the following quadratic equation

in ‘h’

h? 1\> h,(1 1)\ 11 0

—P(——=) - ——-— 0(———)—-In(=)=0 3.3.3

3 (91 90) > (91 90) * (91 90) (91 (8:3.3)
On solving (3.3.3)), we get the numerical values of OC function. The ASN function is approx-
imately obtained by using (2.5.8)) provided that F(Z) # 0, where

E(Z) = lln (ZT) —0 (0% - 9—10” (3.3.4)

From ([2.5.8), the ASN function under Hy and H; is given by

—a)lnB+aln A

[ (f)—e(a—%)]

(3.3.5)
and

Ey(N) = fInB+(1-p)lnA (3.3.6)

ol (3) —0 (o )]
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3.4 SPRT for testing the hypothesis regarding ‘v’

To derive the OC and ASN function for the parameter v under the simple null hypothesis

Hy : v = vy against the simple alternative hypothesis Hy : v = v4 (11 > 1). The value of Z; is

F V1 —
_ F—Z‘ie"o'ﬂ:c% 1=0) (3.4.1)

Z;
Using (3.2.1)) and (3.4.1)) for the OC function, we have

FVO 1

<F_V1)h Er[h(yl — ) +v] =1 (3.4.2)

taking the logarithm of both sides of (3.4.2)), with In(1 + z); —1 < z < 1 and using the

approximation
1
InTz=InVvV2r — 2z + <x — 5) Inx (3.4.3)

we have

R (v —1\° hfvy—u\? 1 1

E( 1V 0) (y+1)_z< 11/ 0) (2y+1)_(yo—ﬁ)lnyo%—(yl—i)lnm

1
— (1+IHV—$> (Vl—l/o)zo (344)

which is quadratic equation in ‘h’. The numerical values of OC function is now obtain from

equation . We get the values of ASN by replacing the denominator of by
E(Zilv) =InTvy —InTvy + (1n —vo) In A + (11 — ) E(In x;)
Using the result of Gradshteyn and Ryzhik(1965, p.576, 4.352(1))[59] that
1

Y(z)=Inx — % (3.4.5)
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1 1 1
E(Zlv) = (yo — 5) Invy — (1/1 - 5) Inv + (1 +Inv — 2—) (11 — 1) (3.4.6)
v

3.5 Robustness of the SPRT for ‘4’ when ‘v’ has under-
gone a change.

Let the parameter v has undergone a change to v* and then probability distribution in
(3.2.1) becomes f(x;;0,v%, p). For the robustness of SPRT developed in Section 3.3 with
respect to OC function, the values of ‘h’ are obtained by the equation (3.2.1)) and (3.3.1) as

) bmli-2)

taking logarithm on both sides of equation (3.5.1) and using the expansion of In(1 + x);

—1 <z <1, we have

Qn (1 1\* Qh,[(1 1Y) 11 0o

(o) E e o(—— ) -m(2)= 5.2

s9\o a) 20\ea) TG ) g) T B2
which is quadratic equation in ‘h’. On solving (3.5.2)), we get the real roots of ‘h’. The

robustness of the SPRT with respect to ASN is studied by replacing the denominator of

(2.5.8) by
(b 11

where () = ”y—*

3.6 Robustness of the SPRT for ‘v’ when ‘6’ has under-
gone a change.

Let us suppose that the parameter ¢ has undergone a change to #* and then probability
distribution in (3.2.1)) becomes f(z;;0*, v, p). For OC function, value of ‘h’ are obtained by
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the equation
T\ 1 e ’
(_0> _eh(ulllo)%/ xh(ulfuo)+ufle(—z—*)dx -1
0

I'vy ) Tw (0
Pl/() h 1 h(v1—10) -

where ¢ = %.
Taking logarithm on both sides of equation(3.6.1)) and using the approximation(3.4.3), we get

the roots of ‘h’ by the following equation

h2 (v —1p\° hi(vi—1\° 1 1
E( 11/ 0) (y—l—l)—Z( ly 0) (2V—|—1)—(VO—§)IHV0+(V1—§>IHV1

(- ) — (1 +lnw— 2%) (11— 1) = 0 (3.6.2)

The robustness of the SPRT with respect to ASN is studied by replacing the denominator of

@53 by

E(Zjlv) =InTyy —InTv; + (v; —vo) In A+ (11 — o) E(In ;)

Using the result of (3.4.5)), we get

1 1 1
E(ZJV) = <V0 — 5) In vy + (1/1 — §> In v + (1 + lngb + Inv — 2—) (Vl — Vo) (363)
v

3.7 Robustness of the SPRT for ‘¢’ with known coeffi-
cient of variation(CV)

For PEF-distribution, the mean and variance are (6v) and (0*v) for p = 1, respectively.

The coefficient of variation (CV) is \% Let us suppose that coefficient of variation changes

from ¢ to cx, so that, the (pdf) of (3.2.1)) shifts to f(z;;6,c*, p).
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From (33.3.1)) and (3.2.1]), OC and ASN functions are

(@) poG-a))” -

taking logarithm on both sides of equation (3.7.1) and using the expansion of In(1 + x);

—1 <z < 1. In order to obtain the roots of the given equation, we get the following quadratic

equation

wh? (1 1N\® Wh (1 1\° 1 1 0o
— 0 === —=0——-—= 0l ———)—In{—=]=0 3.7.2
s P\e 7o) 2% \e a) T\ T a) e (3.72)
On solving (3.7.2)), we get the real roots of ‘h’. The robustness of the SPRT with respect to
ASN function is studied by replacing the denominator of (2.5.8)) by

B(Z|A) = In (Z—‘i) -y (9—11 - 9—10) (3.7.3)

where ¢ = (£)*

3.8 Acceptance and Rejection Region for PEFD

To test the simple null hypothesis Hy : 8 = 6, against the simple alternative H; : 6 =

01(61 > 6p) having pre-assigned 0 < «, 5 < 1. Z; is defined as

0, 1 1
7 —vln (2 Y (el
' Vn<91)+gcZ (90 91)

X, and N = first integer n(> 1), for which the inequality
1

Y(n) < ¢ +dnor Y(n) > ¢y + dn holds with the constants

Let us define, Y(n) =

n

)

(3.8.1)



3.9 Results and Findings

I. For Section 3.3 and 3.4, the numerical values of the OC and ASN functions for the parameters
0 and v are presented in Table 3.1 and 3.2, respectively. The OC and ASN curves are plotted in
Figure 3.1 and Figure 3.2, respectively. The Tables and Figures shows that the approximation
gives the satisfactory results.

II. To study the robustness of 8, the numerical values of OC and ASN functions are derived
for Section 3.5 and are presented in Table 3.3 and 3.4. Finally, the values of OC and ASN
curves are plotted in Figure 3.3 for various values of ‘Q’. The OC curve shifts to the right(left)
and ASN curve shifts to the right upward (left downward) for @ < 1(Q > 1). From both the
curves, it is evident that the SPRT is highly sensitive for any change in v.

II1. Similarly for Section 3.6, the robustness is studied for v and the values and curves of OC
and ASN functions are presented and shown for various values of ¢ in Table 3.5 and 3.6 and
Figure 3.4, respectively. The OC curve shifts to the right(left) and ASN curve shifts to the
right upward (left downward) for ¢ < 1(¢ > 1). From both the curves, it is evident that the
SPRT is highly sensitive for any change in 6.

IV. For Section 3.7, the values and curves of OC and ASN functions for various values of ¢ are
presented and shown in Table 3.7 and 3.8 and Figure 3.5, respectively. The OC curve shifts to
the right (left) and ASN curve shifts to the right upward (left downward) for ¢ < 1(¢» > 1).
From both the curves, it is evident that the SPRT is highly sensitive for any change in ).
V. In case of Section 3.8, Figure 3.6 shows the acceptance and rejection regions for Hy under
the case when Hy : g = 13 vs Hy : #; = 15 for « = f = 0.05 and v = 2. The values
of constants ¢; = —287.0828, c; = 287.0828 and d = —27.90466, respectively. Thus, if
Y(N) < —27.90466N + 287.0828, we accept Hy and if Y(N) > —27.90466 N — 287.0828, we

accept Hq. At the intermediate stages, we continue sampling.
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3.10 Tables and Figures

Table 3.1: OC and ASN Function under a = 5 = 0.05
(HO : 90 = 13,H1 : 01 = 15)

0 L(6) E(N) 0 L(0) E(N)
12.0 0.9986 146.6379 14.0 0.4649 421.7277
12.2 0.9969 162.8450 14.2 0.3268 401.3977
12.4 0.9936 182.6031 14.4 0.2148 365.6746
12.6 0.9903 206.8220 14.6 0.1344 324.0585
12.8 0.9936 236.4311 14.8 0.0813 283.5593
13.0 0.9511 272.0115 15.0 0.0481 247.6194
13.2 0.9745 312.9813 15.2 0.0280 217.1700
13.4 0.9101 356.2505 15.4 0.0161 191.8948
13.6 0.8427 394.9805 15.6 0.0091 171.0361
13.8 0.7423 419.4413 15.8 0.0051 153.7820

Table 3.2: OC and ASN Function under o = 5 = 0.05
(HO LYy = 13,H1 V= 15)

v L(v) E(N) v L(v) E(N)
12.0 0.9978 9.2084 14.0 0.4909 29.2767
12.2 0.9958 10.2831 14.2 0.3489 28.5099
12.4 0.9921 11.5862 14.4 0.2299 26.4396
12.6 0.9852 13.1771 14.6 0.1429 23.7140
12.8 0.9727 15.1207 14.8 0.0852 20.9075
13.0 0.9506 17.4707 15.0 0.0496 18.3477
13.2 0.9128 20.2269 15.2 0.0284 16.1527
13.4 0.8514 26.1920 15.6 0.0091 12.8154
13.8 0.6350 28.4159 15.8 0.0051 11.5706
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Table 3.3: Values of OC Function
(HO : 90 = 13,H1 : 91 = 15,(1 = B = 005)

0 Q = 0.96 Q = 0.98 Q=1 Q=102 Q=1.04
12.0 0.9997 0.9994 0.0936 0.0969 0.9930
12.2 0.9994 0.9987 0.9970 0.9933 0.9851
12.4 0.9987 0.9972 0.9937 0.9860 0.9692
12.6 0.9974 0.9942 0.9871 0.9717 0.9389
12.8 0.9948 0.9884 0.9745 0.9448 0.8844
13.0 0.9898 0.9775 0.9512 0.8970 0.7952
13.2 0.9806 0.9577 0.9101 0.8188 0.6673
13.4 0.9640 0.9231 0.8427 0.7043 0.5125
13.6 0.9354 0.8662 0.7424 0.5604 0.3583
13.8 0.8884 0.7801 0.6113 0.4086 0.2306
14.0 0.8162 0.6636 0.4650 0.2745 0.1395
14.2 0.7155 0.5263 0.3269 0.1729 0.0811
14.4 0.5904 0.3874 0.2149 0.1042 0.0460
14.6 0.4552 0.2665 0.1345 0.0609 0.0256
14.8 0.3283 0.1738 0.0814 0.0350 0.0141
15.0 0.2238 0.1090 0.0482 0.0198 0.0076
15.2 0.1460 0.0667 0.0281 0.0111 0.0041
15.4 0.0925 0.0401 0.0162 0.0061 0.0021
15.6 0.0573 0.0238 0.0092 0.0033 0.0011

Table 3.4: Values of ASN Function
(Ho : 9() = 13,H1 : 91 = 157a:5 :0.05)

0 Q=096 Q=098 Q=1 Q=102 Q=104

12.0 117.9642 130.7879 146.6379 166.6099 192.2676
12.2 127.9919 143.4212 162.8450 187.7760 220.2996
124 139.8035 158.5618 182.6031 213.9330 255.0499
12.6 153.8510 176.8701 206.8220 246.1303 297.0357
12.8 170.6990 199.1305 236.4311 284.9204 344.6670
13.0 191.0183 226.1628 272.0115 329.2600 392.0871
13.2 215.5267 258.5597 312.9813 374.7806 428.1692
13.4 244.8080 296.1020 356.2505 412.5785 440.5583
13.6 278.9059 336.7466 394.9805 431.4178 424.5372
13.8 316.5908 375.4905 419.4413 424.5431 387.0856
14.0 354.4084 404.3614 421.7277 395.0849 340.6018
14.2 386.2119 415.2478 401.3977 353.2120 294.8779
14.4 404.5178 404.8214 365.6746 308.9473 254.6703
14.6 404.1337 376.9041 324.0585 268.2821 221.1477
14.8 385.5071 339.5334 283.5593 233.4569 193.7957
15.0 354.2942 300.2335 247.6194 204.5853 171.5783
15.2 317.7116 263.6472 217.1700 180.9222 153.4506
15.4 281.3539 231.7132 191.8948 161.5276 138.5275
15.6 248.2856 204.7226 171.0361 145.5348 126.1096
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Table 3.5: Values of OC Function
(HQ )y = 137H1 V= 15,0& = ,3 = 005)

v $ =0.96 % =0.98 p=1 ¢ =1.02 6 =1.04
12.2 0.9994 0.9983 0.9958 0.9903 0.9787
12.4 0.9987 0.9967 0.9921 0.9820 0.9611
12.6 0.9975 0.9938 0.9852 0.9669 0.9305
12.8 0.9952 0.9882 0.9727 0.9405 0.8796
13.0 0.9910 0.9782 0.9506 0.8960 0.8003
13.2 0.9833 0.9604 0.9128 0.8251 0.6884
13.4 0.9693 0.9294 0.8514 0.7221 0.5501
13.6 0.9448 0.8779 0.7591 0.5896 0.4044
13.8 0.9033 0.7979 0.6350 0.4435 0.2743
14.0 0.8366 0.6852 0.4909 0.3072 0.1741
14.2 0.7382 0.5465 0.3489 0.1982 0.1054
14.4 0.6091 0.4008 0.2299 0.1213 0.0618
14.6 0.4635 0.2713 0.1429 0.0717 0.0356
14.8 0.3245 0.1720 0.0852 0.0414 0.0203
15.0 0.2112 0.1040 0.0496 0.0237 0.0115
15.2 0.1300 0.0610 0.0284 0.0134 0.0065
15.4 0.0771 0.0351 0.0161 0.0076 0.0036
15.6 0.0447 0.0200 0.0091 0.0043 0.0020

Table 3.6: Values of ASN Function
(H() )y = 13,H1 V= 157a:ﬂ:005)

v $=096  ¢=008 p=1 6=102  ¢=104
12.2 8.0434 9.0470 10.2831 11.8171 13.7175
12.4 8.8527 10.0687 11.5862 13.4827 15.8179
12.6 9.8159 11.3033 13.1771 15.5140 18.3199
12.8 10.9748 12.8073 15.1207 17.9528 21.1584
13.0 12.3819 14.6459 17.4707 20.7670 24.0814
13.2 14.1009 16.8816 20.2269 23.7618 26.5821
13.4 16.1989 19.5421 23.2560 26.4916 28.0034
13.6 18.7256 22.5548 26.1920 28.3015 27.8953
13.8 21.6623 25.6463 28.4159 28.6312 26.3483
14.0 24.8326 28.2725 29.2767 27.4095 23.9095
14.2 27.8024 29.7362 28.5099 25.1018 21.1947
14.4 29.8941 29.5709 26.4396 22.3555 18.6177
14.6 30.4711 27.8882 23.7140 19.6606 16.3631
14.8 29.3709 25.2770 20.9075 17.2626 14.4676
15.0 27.0272 22.3887 18.3477 15.2307 12.9001
15.2 24.1288 19.6563 16.1527 13.5457 11.6077
15.4 21.2315 17.2702 14.3239 12.1568 10.5380
15.6 18.6290 15.2662 12.8154 11.0089 9.6455
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Table 3.7: Values of OC Function
(HQ : 90 = 137H1 : 01 = 15,0& = ,B = 005)

0 ¢ = 0.98 o=1 ¢ =1.02
12.2 0.9994 0.9970 0.9849
12.4 0.9987 0.9937 0.9687
12.6 0.9974 0.9871 0.9379
12.8 0.9947 0.9745 0.8827
13.0 0.9897 0.9512 0.7926
13.2 0.9803 0.9101 0.6637
13.4 0.9635 0.8427 0.5084
13.6 0.9344 0.7424 0.3545
13.8 0.8868 0.6113 0.2276
14.0 0.8138 0.4650 0.1375
14.2 0.7122 0.3269 0.0798
14.6 0.4511 0.1345 0.0251
14.8 0.3247 0.0814 0.0138
15.0 0.2208 0.0482 0.0075
15.4 0.0910 0.0162 0.0021
15.6 0.0564 0.0092 0.0010

Table 3.8: Values of ASN Function
(HQ : 00 = 137H1 : 01 = 157Ot = B = 005)

0 ¢ =0.98 o=1 ¢ =1.02
12.2 128.2688 162.8450 221.0448
12.4 140.1371 182.6031 255.9894
12.6 154.2568 206.8220 298.1778
12.8 171.1966 236.4311 345.9449
13.0 191.6313 272.0115 393.2965
13.2 216.2803 312.9813 428.9734
13.4 245.7220 356.2505 440.6648
13.6 247.3173 171.0361 125.7705
13.8 279.9782 394.9805 423.9333
14.0 280.2862 191.8948 138.1281
14.2 316.6156 217.1700 152.9754
14.4 317.7702 419.4413 386.0318
14.6 353.3112 247.6194 171.0077
14.8 355.5624 421.7277 339.4071
15.0 384.8421 283.5593 193.1064
15.2 387.1238 401.3977 293.7435
15.4 403.9848 324.0585 220.3159
15.6 404.9570 365.6746 253.6803
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Chapter 4

Robustness Study of the SPRT for
the Generalised Inverse Weibull(GIW)
Distribution when the parameters are

misspecified

4.1 Introduction

Wald’s (1947)[113], idea of sequential testing procedure is motivated by the double sam-
pling procedure of Dodge and Romig (1941)[40], where the decision to draw the second sample
or not, depends upon the observations of the first sample. They presented this scheme in recog-
nition of the fact that they required, on an average, lesser number of sample observations than
the single sampling procedure. Sequential testing procedures have been applied by several au-
thors to handle different testing problems related to various probabilistic models. For a brief
review of the literature, one may refer to Barnard (1946)[9], Barnard (1947)[10], Foster et al.
(1982)[52] and Fowler (1983)[53]. Robustness of the Sequential testing procedure in respect

of OC and ASN functions, when the parameters under study are misspecified or undergone a
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change, is studied by several authors from time to time. For detailed review, one may refer to
Surinder et al. (2018)[104].

Following the trend of performing the SPRT and its robustness, in this chapter, apart
from making alterations in the scale parameters, the impact of the shape parameter is also
taken into consideration. The study shows the the variation through the graphical represen-
tation when a slight change(i.e. increasing or decreasing) is made in the values of the shape

parameter of the considered distribution.

4.2 Set-up of the problem

Consider the cdf F(t) of the inverse Weibull distribution proposed by Drapella (1993)[42]
F(t) = exp[—(a/t)"] (4.2.1)
where t, o, f > 0. On upgrading F(t) to Z(t)7, the cdf given at becomes
Z(t) = exp[—y(a/t)"]
where t, a, 3, v > 0 and the corresponding pdf is
2(t) = 7BoPexpl—(a/t)?],t > 0 (12.2)

Equation (4.2.2)) is the probability density function of generalised inverse Weibull distribution

GIWD (a, 8,7), Felipe et al. (2011)[50].

4.3 SPRT for testing the hypothesis regarding o

~

The Sequential Probability Ratio Test of strength (&, ) for testing the simple null hy-

pothesis Hy : oo = oy against the simple alternative Hy : v = (> ) is as follows:
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Let x;(i = 1,2, 3, ...) be the successive observations on X. Now computing Z; which is defined as

f(ﬂUi;Oél,ﬁ,’Y)}
Z; = log {— 43.1
f(mi;OKOaﬂar)/) ( )

o) 1\
Z; = Blog (a—;> —y(af = ag) (—) (4.3.2)
From Chapter 2, considering equations (2.3.4]) and (2.3.5)), and using equation (2.3.6]), we have
f(xa alaﬂa,y):| "

EFlm—/—————=| =1 4.3.3
|:f(l';060,6,’}/) ( )

%)

of [(ﬂ)ﬁh - 1] = h(a? — af) (4.3.4)

On solving the equation (4.3.4)) by using the exponential function of the form y = f(x) = a”

where a > 1, and retaining the terms upto 3rd degree in ‘h’, we get

+a”Blog o (af —a)y=0 (4.3.5)

a’h?p3 a]? afhp? a1’
log—| + log
3! [67)) 2!

Equation (4.3.5)) is a quadratic equation in ‘h’. From this equation, we can compute ‘A’ for
a > 0. The values of OC function L(«) may be obtained by using equation ([2.3.5)).

The ASN function of the SPRT is given by

E[N|a] = (4.3.6)

where,

E(Z) = log (ﬂ)ﬁ - [M] (4.3.7)
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Thus, finally the ASN function is given by

L(a)log B+ [1 — L(a)]log A
ar\”_ | (od —ap)
os (52 - [—6]

4.4 Robustness of the SPRT for the parameter «

E[N|a] = (4.3.8)

Let us suppose that the parameter v misspecified and has undergone a change then the
pdf becomes f(x;a, ,7*). The robustness of the SPRT presented in Section 4.3 with
respect to OC and ASN functions is studied by obtaining the values of ‘A’ from the following
equation

h] _ <[ flx;oa,8,7) " . %
EW*[eZ ] —/0 {m] f(ZL',OZ,/B,’Y )dl’ (441)

Vo [(ﬂ) s 1] = yh(a? — af) (4.4.2)

o

Again, using the exponential function y = f(z) = a®, a > 1 in equation (4.4.2)) and retaining

the terms upto 3rd degree in ‘h’, we get the following quadratic equation in ‘A’

h?’ﬁg aq ’ Oéﬁh52 aq ? Y aq
log — log — Py =) —aPBlog— = 4.4,
3 {og ao] +—5 {og ao} + (o) —ap) <7*) a”Blog - 0 (4.4.3)
h333 a]? alPhp? a1’ 5 8 5 ay
3 {log 05_0:| + 1 {log a—o} + (o) —ag)M — a”Blog o 0 (4.4.4)
where M = l.
fy*

Hence, the values of OC function L(«) is obtained from ([2.3.5)), on using the values of ‘h’ for
a > 0 computed from (4.4.4)). The robustness of the SPRT for the parameter « is analysed

by considering the cases (i) v > ~*, (ii) v = 7* and (iii) v < y*. The Robustness of the SPRT
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with respect to ASN function is studied by replacing the denominator in equation (2.5.8) by

E,.(Z) = log (ﬂ)ﬁ _(ai—ap) <l> (4.4.5)

ab y*

After computing the values of ASN function under the cases v > v*,v = 7* and v < ¥,

respectively, the robustness is studied accordingly.

4.5 SPRT for testing the hypothesis regarding v

The SPRT for testing the null hypothesis Hy : 7 = 7o against the simple alternative

Hy iy =(> ) is defined as

o f(l"i;%ﬁ»’h)
Z; = log Tz B.0) (4.5.1)
B
Z; = log (%) — (%) (v — ) (4.5.2)

The OC function of the SPRT for testing Hy : v = v against, Hj : v = 71 (> ) is

obtained by using equation (2.3.5)).
For each value of v, the value of h is to be determined, such that h # 0. We have

" ng—%] - ! (4.5.3)
! { {%] - 1} = h(1 =) (4.5.4)

On solving (4.5.4)) by using the exponential function of the form y = f(x) = a® where a > 1,

and retaining the terms upto 3rd degree in h, we get

T T R
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Hence, we obtain the quadratic equation in h. The ASN function of the SPRT is given by:

L(y)log B+ [1 — L(y)|log A

E Ny = 4.5.
IN) 7 (450
where,

E(Z) = log l%} n-mn (4.5.7)
7o v
By substituting the value of E(Z) in (4.5.5)), we get the ASN as follows
L(y)logB+[1—-L log A
BN = () [1 - L{y)] (45.8)

71 M~
{log [70} v }
4.6 Robustness of the SPRT for parameter

Let us suppose that the parameter o has undergone a change, then (4.2.2) becomes
f(z;a*, B,7). Considering the equations (2.3.6) and - we have,

(M —0)a’h = { [%] " 1} ya? (4.6.1)

Again, using the exponential function y = f(z) =a”, a > 1in and retaining the terms

upto 3rd degree in h, we get the following quadratic equation in h

wfal sl fill s Rl -G

h? “w1N* ok w1 " (=)
T dlog [V 4 D dog [ Y gog || - N0 g (4.6.2)
3! Yo 2 Yo Yo g

o
where N = —
a*

The robustness of SPRT with respect to ASN is studied by replacing the denominator of
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[©5.8) by
Eo [7] = log (ﬁ> _ =) (ﬁ)ﬂ (4.6.3)

Yo Y ar
Now, the values of ASN function is computed from (2.5.8) through using (4.6.3). The robust-
ness of the SPRT for the parameter v is studied by taking the cases, where (i) a > a*, (ii)

a = a* and (iii) o < ax and then analyse the ASN curve to check the robustness.

4.7 Acceptance and Rejection boundaries for GIWD

In order to test the simple hypotheses Hy : o = ag against H; : @ = «; having pre-assigned

0 < a, 8, < 1. Considering (2.3.4), we defined Z; as
Q 1)’
Z; = Blog (a_;> — () —af) (—) (4.7.1)

Let us define, Y (n) = > X; and N=first integer n(> 1), for which the inequality Y (n) <

i=1
¢1 +dn or Y(n) > ¢y + dn holds with the constants

n

In (&
In B In A S
, Cy = and d = ———24—
v (o1 — ) v (o1 — ) v (o1 — )

C1 =

(4.7.2)

4.8 Results and Conclusions

The theoretical expressions for the OC and ASN functions are obtained in Section 4.3 for
the scale parameter .. The problem of testing simple null hypothesis versus simple alternative
hypothesis is considered by fixing ap = 15 and a1 = 17, a = = 0.05. For varying values
of v, the numerical values of OC and ASN functions are obtained. Table 4.1 and ( Figure
4.1 and 4.2 ) depicts the values(curves) for the OC and ASN functions for the parameter .
For Section 4.4, the numerical values(curves) are obtained for M = 1, M > 1 and M < 1

(see Table 4.2 and 4.3) and Figures 4.3 and 4.4 shows that the SPRT is highly robust for a
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little misspecification in the parameter v. The graphical representation of the OC and ASN
function clarify that curves deviate towards right(left) for M > 1 (M < 1) from M = 1. Thus,
in case of parameter « involved in the model the SPRT is highly sensitive.

Following the same procedure for Section 4.6, the robust behaviour of the SPRT developed
for 7y is studied. The values(curves) of the OC and ASN functions for N=1, N > 1 and N < 1
are given in Table 4.9 and 4.10(Figure 4.11 and Figure 4.12). Here, we observe that the OC
and ASN curves shift towards the right (left) for N > 1(N < 1). It is evident from the
observations that the SPRT is highly sensitive for even a minor change in the parameter a.

Alongwith, the study of scale parameters, the focus is also given to the shape parameter
[, to study its effect, we considered different values of 5 i.e =1, > 1 and < 1 and the results
are presented in Tables 4.4-4.7, 4.11-4.14; Figures 4.5-4.8, 4.13-4.16. From this study, it is
concluded that due to little variation in the parameter [ there is a drastic change in the shape
of the curves.

In Section 4.7, the problem of constructing the acceptance and rejection regions for H
under the case when Hy : ap = 15 vs Hy : a7 = 17 for « = f = 0.05 and v = 0.5 is
considered and the findings are presented in Figure 4.17. The obtained values of constants
are ¢ = —2.9444, ¢ = 2.9444 and d = 0.1431, respectively. Finally, it is concluded that if
Y(N) < 0.1252N + 2.9444, accept Hy and if Y(N) > 0.1252N — 2.9444, accept H;. At the

intermediate stages, continue sampling.
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4.9 Tables and Figures

Table 4.1: OC and ASN Function for
H01a0:15, H120Z1:17,C¥:5:0.05
o L(a) E(N) « L(«) E(N)

13.5 0.9996 127.9958 16.5 0.1798 477.2827
14.0 0.9978 165.6792 17.0 0.0498 352.7286
14.5 0.9891 225.6010 17.5 0.0126 263.8483
15.0 0.9502 324.4736 18.0 0.0032 208.2099
15.5 0.8062 466.0721 18.5 0.0008 172.3676
16.0 0.4847 553.7270 19.0 0.0002 147.9020

Table 4.2: OC Function for g =1
(H() Qo = 157H1 Lo = 17,0[ = 5 = 005)

@ M =0.96 M =0.98 M=1 M =1.02 M =1.04
13.5 0.9999 0.9998 0.9996 0.9990 0.9973
14.0 0.9996 0.9991 0.9978 0.9945 0.9859
14.5 0.9982 0.9956 0.9891 0.9729 0.9326
15.0 0.9915 0.9794 0.9502 0.8820 0.7409
15.5 0.9625 0.9127 0.8062 0.6180 0.3801
16.0 0.8549 0.7043 0.4847 0.2659 0.1195
16.5 0.5832 0.3592 0.1798 0.0770 0.0299
17.0 0.2549 0.1195 0.0498 0.0193 0.0071
17.5 0.0790 0.0325 0.0126 0.0047 0.0017
18.0 0.0215 0.0084 0.0032 0.0012 0.0004
18.5 0.0057 0.0022 0.0008 0.0003 0.0001
19.0 0.0015 0.0006 0.0002 0.0001 0.0000

Table 4.3: ASN Function for § =1
(HQ Qo = 157H1 Lo = 17,0[ = ﬁ = 005)

«a M =0.96 M =0.98 M=1 M =1.02 M =1.04
13.5 101.831 113.436 127.995 146.751 171.674
14.0 125.694 143.019 165.679 196.265 238.855
14.5 160.444 187.968 225.601 278.228 351.372
15.0 214.329 260.518 324.473 408.744 500.109
15.5 301.607 376.769 466.072 539.308 546.427
16.0 432.101 514.788 553.727 517.734 434.008
16.5 545.678 542.925 477.282 390.735 314.599
17.0 513.627 434.008 352.728 286.839 237.491
17.5 393.146 320.415 263.848 221.583 189.950
18.0 293.293 244.710 208.209 180.509 159.061
18.5 228.654 196.849 172.367 153.132 137.696
19.0 187.103 165.280 147.902 133.787 122.117
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Table 4.4: OC Function for g > 1
(HQ L0 = 157H1 L0 = 17,0[ = ﬂ = 005)

@ M =0.98 M=1 M =1.02
13.5 0.9990 0.9996 0.9998
14.0 0.9947 0.9979 0.9992
14.5 0.9741 0.9896 0.9958
15.0 0.8868 0.9523 0.9803
15.5 0.6292 0.8134 0.9162
16.0 0.2754 0.4964 0.7137
16.5 0.0805 0.1869 0.3700
17.0 0.0203 0.0521 0.1245
17.5 0.0049 0.0133 0.0341
18.0 0.0012 0.0033 0.0088

Table 4.5: ASN Function for g > 1
(HQ L0 = 15,H1 L0 = 17,0[ = B = 005)

@ M =0.98 M=1 M =1.02
13.5 146.4394 127.7334 113.2132
14.0 195.9239 165.3690 142.7532
14.5 278.2979 225.3610 187.6875
15.0 412.8893 325.3565 260.5346
15.5 588.1994 476.0245 379.3985
16.0 285.7719 350.2118 427.2487
16.5 221.0826 262.9952 318.6569
17.0 180.1645 207.7392 243.9831
17.5 152.8516 172.0219 196.3978
18.0 133.5448 147.6163 164.9343

Table 4.6: OC Function for g < 1
(HQ L0 = 15,H1 Lo = 17,0[ = ﬁ = 005)

@ M =0.98 M=1 M =1.02
13.5 0.9989 0.9996 0.9998
14.0 0.9942 0.9977 0.9991
14.5 0.9716 0.9886 0.9954
15.0 0.8770 0.9479 0.9785
15.5 0.6066 0.7988 0.9089
16.0 0.2565 0.4729 0.6946
16.5 0.0736 0.1728 0.3486
17.0 0.0184 0.0476 0.1146
17.5 0.0045 0.0120 0.0311
18.0 0.0011 0.0030 0.0080
18.5 0.0003 0.0008 0.0021
19.0 0.0001 0.0002 0.0005
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Table 4.7: ASN Function for § < 1
(Ho:a9=15,H; : ay = 17,0 = 8 = 0.05)

o M =0.98 M=1 M =1.02
13.5 147.0640 128.2587 113.6602
14.0 196.6034 165.9886 143.2857
14.5 278.1236 225.8304 188.2458
15.0 404.3683 323.5154 260.4790
15.5 489.2650 455.7250 373.9965
16.0 538.9801 980.1456 490.9139
16.5 394.5228 488.5765 585.9467
17.0 287.8846 355.1826 440.6188
17.5 222.0800 264.6894 322.1396
18.0 180.8551 208.6788 245.4315
18.5 153.4134 172.7137 197.3016
19.0 134.0308 148.1883 165.6279

Table 4.8: OC and ASN Function for § =1
(HO Y = 15,H1 = 17,& = 5 =0.05

gl L(v) E(N) gl L(v) E(N)
13.5 0.9995 127.9957 16.5 0.1797 477.2827
14.0 0.9978 165.6791 17.0 0.0498 352.7285
14.5 0.9891 225.6010 17.5 0.0126 263.8483
15.0 0.9501 324.4736 18.0 0.0031 208.2098
15.5 0.8062 466.0720 18.5 0.0007 172.3676
16.0 0.4846 553.7269 19.0 0.0002 147.9020

Table 4.9: OC Function for § =1
(H() Y = 157H1 Y1 = 17,0[ = 5 = 005)

5 N =1.04 N =1.02 N=1 N =0.98 N = 0.96
13.5 0.9999 0.9998 0.9995 0.9990 0.9973
14.0 0.9996 0.9991 0.9978 0.9945 0.9859
14.5 0.9981 0.9956 0.9891 0.9729 0.9326
15.0 0.9914 0.9794 0.9501 0.882 0.7409
15.5 0.9625 0.9127 0.8062 0.6180 0.3801
16.0 0.8549 0.7043 0.4846 0.2659 0.1195
16.5 0.5831 0.3592 0.1797 0.0770 0.0299
17.0 0.2548 0.1195 0.0498 0.0193 0.0071
17.5 0.0790 0.0325 0.0126 0.0047 0.0017
18.0 0.0214 0.0084 0.0031 0.0012 0.0004
18.5 0.0056 0.0022 0.0007 0.0003 0.0001
19.0 0.0015 0.0006 0.0002 0.0001 0.0
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Table 4.10: ASN Function for § =1
(Ho:v =15,Hy : v1 = 17, = 8 = 0.05)

vy N =1.04 N =1.02 N=1 N =0.98 N =0.96
13.5 101.830 113.436 127.995 146.751 171.674
14.0 125.694 143.019 165.679 196.265 238.855
14.5 160.444 187.968 225.601 278.228 351.372
15.0 214.329 260.518 324.473 408.744 500.109
15.5 301.607 376.769 466.072 539.308 546.427
16.0 432.101 514.788 553.726 517.734 434.009
16.5 545.678 942.925 477.282 390.735 314.599
17.0 513.627 434.008 352.728 286.839 237.491
17.5 393.146 320.415 263.848 221.583 189.950
18.0 293.293 244.710 208.209 180.509 159.061
18.5 228.654 196.849 172.367 153.132 137.696
19.0 187.103 165.280 147.902 133.787 122.117

Table 4.11: OC Function for g > 1
(HO Y = 15,H1 Y1 = 177a:ﬁ:005)

~ N =1.02 N=1 N =0.98
135 0.9998 0.9996 0.9990
14.0 0.9991 0.9978 0.9945
14.5 0.9956 0.9891 0.9729
15.0 0.9794 0.9502 0.8819
155 0.9127 0.8062 0.6178
16.0 0.7045 0.4847 0.2657
16.5 0.3595 0.1798 0.0769
17.0 0.1196 0.0498 0.0193
17.5 0.0326 0.0126 0.0047
185 0.0022 0.0008 7 0.0003
19.0 0.0006 0.0002 0.0001

Table 4.12: ASN Function for g > 1
(HO Y = 157H1 Y1 = 17701 = 5 = 005)

~ N =1.02 N=1 N =0.98
135 113.423 127.995 146.772
14.0 142.999 165.679 196.301
14.5 187.935 225.601 278.290
15.0 260.463 324.473 408.835
15.5 376.684 466.072 539.355
16.0 514.719 553.727 517.666
16.5 542.965 A477.282 390.651
17.0 434.095 352.728 286.782
17.5 320.481 263.848 221.547
18.0 244.752 208.209 180.485
185 196.877 172.367 153.115
19.0 165.300 147.902 133.774
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Table 4.13: OC Function for 8 < 1
(Ho:v =15,Hy : v1 = 17, = 8 = 0.05)

~ N =1.02 N=1 N =0.98
13.5 0.9998 0.9996 0.9990
14.0 0.9991 0.9978 0.9945
14.5 0.9956 0.9891 0.9729
15.0 0.9794 0.9502 0.8821
15.5 0.9126 0.8062 0.6182
16.0 0.7041 0.4847 0.2661
16.5 0.3590 0.1798 0.0771
17.0 0.1194 0.0498 0.0193
17.5 0.0325 0.0126 0.0047
18.0 0.0084 0.0032 0.0012
18.5 0.0022 0.0008 0.0003
19.0 0.0006 0.0002 0.0001
Table 4.14: ASN Function forg < 1
(H() Y = 15,H1 Y1 = ].770[ = ﬁ = 005)

~y N =1.02 N=1 N =0.98
13.5 113.4494 127.9958 146.7304
14.0 143.0392 165.6792 196.2303
14.5 188.0003 225.6010 278.1673
15.0 260.5734 324.4736 408.6527
15.5 376.855 466.0721 539.2613
16.0 514.8594 553.7270 517.8019
16.5 542.8852 477.2827 390.8183
17.0 433.9228 352.7286 286.8957
17.5 320.3505 263.8483 221.6191
18.0 244.6681 208.2099 180.5339
18.5 196.8219 172.3676 153.1492
19.0 165.2612 147.9020 133.8002
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Chapter 5

Study of disaster probability when
Strength follows Power Function
Distribution and Stress follows Odd

Generalised Exponential Gompertz

(OGE-G) Distribution

5.1 Introduction

For any complex manufactured system, the reliability of its component or the whole system
is always a topic of discussion for the manufacturers as well as the buyers. Overestimation and
underestimation of stress and strength of the components, items or systems may engender to
great losses in terms of system failures as well as human injuries. There are several statistical
methods/models exist in the literature to study the reliability of a system. For example,
R(t) = P(X > t), where t is the given time, R = Pr(X > Y), where X and Y represents

the strength and stress of the model respectively, P = Pr(X > ), where 6 is the maximum
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range of the strength distribution etc. For a brief review, one may refer to Church and
Harris (1970)[36], Enis and Geisser (1971)[48], Downton (1973)[41], Tong (1974)[107], Kelly
(1976)[70], Sathe and Shah (1981)[92], Chao (1982)[22], Awad and Gharraf (1986)[3], Kundu
and Gupta (2005)[73], Ragab and Kundu (2005)[90], Kundu and Raqab (2009)[74], Chaturvedi
and Sharma (2010)[31], Rezaei et al. (2010)[91] and Surinder and Mayank (2017)[102].

In this chapter, the OGE-G lifetime model is considered, which has many advantages
over the other well known life testing models such as Exponential, Generalised Exponential,
Gompertz, Generalised Gompertz and Beta Gompertz distribution [see El-Damcese et al.
(2015)[49]]. The probability density function (pdf) and cumulative density function (cdf) of
the OGE-G distribution, which is considered here to represent the stress of the manufactured

devices is defined as
o _ e%(ecm7 ) - e%(ecm7 )y ,8*1
f(z;©) = 7B)\ecxe%(e Ve ’Y{ 1 1} {1 —e 7{ 1 1} (5.1.1)

and

A el _q B
F(z;0) = 1—677{66( )1}} x>0, v, A\ B,e>0 (5.1.2)

where © = (¢,7,\, ) and ¢, v, A are the scale parameters and [ is the shape parameter,
respectively.
Let us assume that the strength of the manufactured items/devices follows the power

function distribution with probability density function (pdf)

-1
g(y;&u):%(%y 0<y<O,u>0 (5.1.3)

This chapter has manifolds, in Section 5.2, the theoretical expressions for the probability of
disaster is obtained. In Section 5.4 and Section 5.5, the stress-strength reliability for the model
R = Pr(Y > X) is obtained when the strength follows power distribution and when strength

follows OGE-G distribution, respectively. In Section 5.3 and Section 5.6, the numerical study
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is done and the results are discussed. Finally, the whole study is illustrated with an example

in Section 5.7.

5.2 Probability of disaster i.e. when a = P(X > 0)

Theorem 5.1: If the random variable X follows OGE-G distribution given at (5.1.1)) and 6 is
the maximum range of a random variable Y which follows Power function distribution given

at (b.1.3) respectively, then « is given by
a=P(X >0)

I P ’

where, p = cf.
Proof: We know that

a=P(X >0

00 A pew_ Aoz B-1
= / yﬁ)\ecme%(ectl)eﬂ{H( V-1 [1 — 677{66( V-1} dx (5.2.1)
0

A (oCT
2(e“r—1

—~de ) . .
On taking 1 —e ﬂ’{ 1}: z, in equation ([5.2.1)), we get

1
o} :/ _W{e%@c"fl)_l} Pz
l1—e

or,
o d e (eP-1)_ p
a=1- l1 PG 1}} (5.2.2)

where, p = cf.

Hence, the theorem follows.
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5.3 Numerical study for the Probability of Disaster «
for different values of ¢ and A\

From the expression ([5.2.2)), which is established for measuring the probability of disaster
a = P(X > 6), the numerical values are obtained for different combinations of p, ¢ and A and
are presented in Table 5.1. It can be easily interpreted from Table 5.1 that the probability
of disaster decreases with an increase in the value of p. The probability of disaster means
the stress increases over the strength i.e. disaster will happen when X > 6 [Alam and Roohi
(2003)[1]]. Here, it is suggested that in order to overcome the problem of disaster (i.e. to attain
the smallest value of « = P(X > 6)), the values of p = cf, where ¢ is the scale parameter of
OGE-G distribution and 6 is the scale parameter of the power function distribution, should
be considered in such a manner that the value of o tends to zero.

The values of p at different tolerance level for « are presented in Table 5.2. These values
have an interpretation that as the tolerance level o decreases, the corresponding values of p
increases. Further, these values are utilized to have an idea to obtain the minimum cost, which

is shown in Section 5.7.
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5.4 Stress-Strength Reliability when the random stress
and strength follows OGE-G and Power function
distribution

Theorem 5.2: Let X ~ f(2;0) and Y ~ g(y;60, 1), where X represents the stress and Y

represents the strength, respectively, then R = Pr(Y > X) is given by

_W{e%@pﬂ)_l}
l1—e

Y t _
= 7{ - 1}} / Blog [1 + C—} tP~Ydtwhere, p = cb.
pH Ay
(5.4.1)

where, p = cf.

Proof: We know that

//f 9(y; 0, p)dydz (5.4.2)

cx A(eF—1) — e (1) = e (eT-1)_y By
/ / yBAe“e e { } [1 { }] 7 (9) dydr  (5.4.3)

On substituting y = vx in (5.4.3)), we get

/ / Y et e —r{er -1} {1—6‘7{*‘6”‘” 1}] %(”@’”) " duda

Aecx _q A (T 1 p-1
/ / R I C [1 .t )‘1}} w(5) ot dvda
cr_q A (eCT 1 6_1
A e IO N (R
0

Y T Vi
On substituting 1 —e e o t, in and solving the above integrals, we get, the

theorem follows.
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Remarks 5.1: R is obtained for the fixed value of A\, ¢, v, 5 and for different values of
p and pu, from (5.4.1) and shown in Table 5.3. Interpretation of Table 5.3 is given in Section
5.6.

5.5 Stress-Strength Reliability when both the random
stress and strength follows OGE-G distribution

Theorem 5.3: Let X and Y be two independent random variables from OGE-G distribution,
where X and Y are the stress and the strength, respectively, which the item/component faces,

then R = Pr(Y > X) is given by

Al era_ I pri-l
o AL (gerw_1) —71{”1 (el 1)—1} _Vl{eel <el 1>—1}
R=1- Y181\ e e e 1—e
0

Ay

72{662
1—e

(ec27-1)

B2
1} dz  (5.5.1)

Proof: The pdfs follows the random stress X and random strength Y, respectively. The

probability ‘R’ is obtained by solving the following expression

R= /0 N / " F(;0) £ (y; ©)dyds (5.5.2)

21 (eera Al e1_ B1—1
o) /\—1(@61‘”—1) —71{601 (el 1)_1} —71{ecl (e€1 1)_1}
= MBi e e e 1—e
0

Ag )‘72(662?;/_1) 1} 62_1

(e°2Y 1)
ee A2 peay_1) T12€ —1} —“/2{662
/ 7252)\26023/663( #De { 1—e dy| dr (5.5.3)
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-1
M ere_y M ere_y B
/°° B st e ”1{601(9 )1} 1 71{661« -
= Y101 A€ el e — e

0

N { 2\72(602z_1) 1} 62
—2<¢ e 2 _
1—(1-—e dx (5.5.4)

Hence, the theorem follows, on solving .

Remarks 5.2 The equation cannot be evaluated further. To study the behaviour
of the stress-strength model, the equation is tackled with Mathematica software and
the results are presented in Table 5.4 which concludes that as the value of 5 increases, the

probability ‘R’ converges to one, for decreasing values of f3;.

5.6 Discussion

Any manufactured items or components has maximum limit of its strength. For example,
in case of an electric bulb its maximum voltage capacity is 220V, on the other hand, the
accelerating capacity of an engine should not increase its maximum possible speed. Thus, it is
desirable that the value of § must have the maximum limit say, 6. For a fixed tolerance level
«, suppose one wishes that 6, is the required value of #. In this particular case 6, < 6y, one
may obtain the desired value of i say, u, , by using Table 5.3, so that the items or components
are manufactured with the strength distribution parameters having parameters ( ji,, 0, ) and
subsequently the required strength reliability may be achieved. In case, if 8, > 6y then one will

have to either adjust a or needed some alterations in the manufactured items or components.

5.7 An illustrative example

Without loss of generality, let us suppose that the maximum possible value of p is 6.0.
For a < 0.01, we must have p > 5.25. Since p cannot exceed 6.0, we have the option of fixing

the item in such a way that 5.25 < p < 6.00 i.e. 2.0 < # < 2.2 and corresponding value of p
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leads to a maximum of P(Y > X).

Let C} be the cost of adjusting one unit of  and Cy be the cost of adjusting one unit of
p. Minimize C' = C16 4+ Cyp subject to 2.1 < 6 < 2.4 and P(Y > X) > 0.99. The problem
may be solved analytically as follows:
Using Table 5.3, for p = 5.25, 5.50, 5.75, 6.00 i.e. 8 = 2.1, 2.2, 2.3, 2.4 and find those values
of p for which P(Y > X) > 0.99. Evaluate the cost function for each pair of (¢, ). Clearly,
the minimum of the cost lies at 2.1CY + 4C5 depending upon the numerical values of C; and

C.
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5.8 Tables

Table 5.1
Numerical Values for Probability of Disaster o = P(X > 6) and p
for different values of ¢ and A at v = 0.05 and 5 = 0.05
p ¢=25A=005 ¢=05X=005 ¢c=25A=05 c=15A1=05 c=25A=15
0.25 0.335146 0.279042 0.253111 0.233093 0.208776
0.50 0.306994 0.247991 0.220257 0.198406 0.170982
0.75 0.287748 0.226410 0.196959 0.173166 0.142125
1.00 0.272036 0.208422 0.177056 0.150930 0.115321
1.25 0.258129 0.192081 0.158420 0.129358 0.087933
1.50 0.245237 0.176427 0.139912 0.107088 0.587346
1.75 0.232917 0.160847 0.120702 0.083123 0.028786
2.00 0.220888 0.144852 0.100061 0.056925 0.005489
2.25 0.208942 0.127973 0.077341 0.029524 0.000015
2.75 0.184632 0.089554 0.026261 0.000072 0.0
3.25 0.158660 0.042331 0.000040 0.0 0.0
4.00 0.112657 0.000001 0.0 0.0 0.0
4.25 0.094092 0.0 0.0 0.0 0.0
5.50 0.000100 0.0 0.0 0.0 0.0
Table 5.2

Values of p at different tolerance level o, when v = 0.05
B8 =0.05, ¢c=2.5 and XA = 0.05

« 0.05 0.02 0.01 0.001 0.0001 0.00001
p=ch 4.74943 5.06156 5.18660 5.39246 5.49117 5.55367
Table 5.3
The Stress-Strength reliability of an item for A = 0.05, ¢ = 2.5,
v =0.05, 8 = 0.05 and varying the values of p and u
p ©w=2 p=4 nw==6 nw=2~ w=10
3.75 0.841800 0.868613 0.855261 0.870655 0.855448
4.00 0.857448 0.885475 0.887226 0.887336 0.887343
4.25 0.874561 0.904172 0.905811 0.905902 0.905907
4.50 0.893495 0.925137 0.926699 0.926776 0.926780
4.75 0.914364 0.948474 0.949986 0.950053 0.950056
5.00 0.936185 0.972840 0.974306 0.974364 0.974367
5.25 0.954621 0.992503 0.993877 0.993927 0.993929
5.50 0.962751 0.998695 0.999883 0.999923 0.999924
5.75 0.965973 0.998971 0.999969 0.999984 0.999998
6.00 0.968750 0.999132 0.999976 0.999996 0.999999
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Numerical values of the Stress-Strength model

Table 5.4

P(Y > X) at different values of underlying parameters

Ba £y = 1.50 £ =1.25 By =0.75 £y = 0.50 81 =0.25
17.5 0.921053 0.933333 0.958904 0.972222 0.985915
20.0 0.930233 0.941176 0.963855 0.975612 0.987654
22.5 0.937500 0.947368 0.967742 0.978261 0.989011
25.0 0.943396 0.952381 0.970874 0.980392 0.990099
27.5 0.948276 0.956522 0.973451 0.982143 0.990991
30.0 0.952381 0.960000 0.975613 0.983607 0.991736
32.5 0.955882 0.962963 0.977444 0.984848 0.992366
35.0 0.958904 0.965517 0.979021 0.985915 0.992908
37.5 0.961538 0.967742 0.980392 0.986842 0.993377
40.0 0.963855 0.969697 0.981595 0.987654 0.993789
42.5 0.965909 0.971429 0.982659 0.988372 0.994152
45.0 0.967742 0.972973 0.983607 0.989011 0.994475
47.5 0.969388 0.974359 0.984456 0.989583 0.994764
50.0 0.970874 0.975615 0.985222 0.990099 0.995025
52.5 0.972222 0.976744 0.985915 0.990566 0.995261
55.0 0.973451 0.977778 0.986547 0.990991 0.995475
57.5 0.974576 0.978723 0.987124 0.991379 0.995671
60.0 0.975610 0.979592 0.987654 0.991736 0.995851
62.5 0.976563 0.980392 0.988142 0.992063 0.996016
65.0 0.977444 0.981132 0.988593 0.992366 0.996169
67.5 0.978261 0.981818 0.989011 0.992647 0.996310
70.0 0.979021 0.982456 0.989399 0.992908 0.996441
72.5 0.979730 0.983051 0.989761 0.993151 0.996564
75.0 0.980392 0.983607 0.990099 0.993377 0.996678
77.5 0.981013 0.984127 0.990415 0.993597 0.996785
80.0 0.981595 0.984615 0.990712 0.993789 0.996885

Table 5.5
Table for obtaining cost of manufacturing item
0 m Ch0 + Cop 0 1 Ch0+ Cap
2.1 4 2.1C; +4C, 2.3 4 2.3C +4Cq
2.1 6 2.1C1 + 6C; 2.3 6 2.3C1 + 6Cs
2.1 8 2.1C + 8C% 2.3 8 2.3C1 + 8Cy
2.1 10 2.1Cy 4+ 10Cy 2.3 10 2.3C1 + 10C,
2.2 4 2.2C1 +4C5 2.4 4 2.3C1 +4C5
2.2 6 2.2C1 + 6Cy 24 6 2.4C1 4 6Cy
2.2 8 2.2C1 + 8Cs 24 8 2.4C, + 8Cq
2.2 10 2.2C1 + 100, 2.4 10 2.4C1 + 10Cs
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Chapter 6

Point estimator, Confidence interval
for P(Y > X) through Transformation
method and the probability of disaster
for a Positive Exponential Family of

Distributions (PEFD)

6.1 Introduction

Reliability measure R(t) = P(X > t) which defines the failure free operation of com-
ponents/items until time ¢ and the measure R = P(X > Y) commonly the reliability of
components/items, where the random variable X and Y are the random stress and random
strength. Another measure of reliability, « = P(X > =) which represents the probability of
disaster, where the variable X represents the stress and 7 is the maximum strength of the
components/items.

In the literature of reliability lot of work has been done since last few decades and their
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references have been discussed in Chapter 5. For a brief review of literature, the most popular
article on the related study are Pugh (1963)[89], Basu (1964)[11], Chaturvedi and Surinder
(1999)[26], Kotz et al. (2003)[72], Chaturvedi and Pathak (2012)[32], Surinder and Mayank
(2014)[100], Surinder and Mukesh (2016)[101], Surinder et al. (2018)[103] . In the present
chapter, we have considered a positive exponential family of distribution, which covers various

lifetime distributions as their specific cases.

6.2 Set-up of the problem

Liang (2008)[76] proposed a positive exponential family of lifetime distributions, which
covers gamma distribution as specific case. Let the random variable X has positive exponential
family of distributions, then the pdf is given by

pxpl’_le(#)

f(z;0) = T ;x>0,0,v,p>0 (6.2.1)

where, 6 is assumed to be unknown and p,rv are known constants. On assigning different
values to v and p, this family of distributions cover following pdfs

1) For p = v = 1, we get one parameter exponential distribution.

2) For p =1, we get gamma distribution.

3) For v=1, we get Weibull distribution

(1)

(2)

(3)

(4) For v > 0, p = 1, we get Erlang distribution .

(5) For v > 1/2, p = 2, we get half-normal distribution.

(6) For v > m/2, p =2, we get Chi-distribution.

(7) For v =1, p = 2, we get Rayleigh distribution.

(8) For v = p+ 1, p = 2, we get Generalized Rayleigh distribution.

Let the random variable Y considered as strength of items/components follows Power

function distribution then the cdf and pdf are given by (6.2.2)) and (6.2.3), respectively.
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Gy; 1,7) = (g)” (6.2.2)

v

and

w v\
g(%um)=;(;> 0<y <7, u>0 (6.2.3)

6.3 MLE and UMVUE of R = P(Y > X)

The MLE and UMVUE of R = P(Y > X) for PEFD by using the transformation method
are evaluated in the following theorems.

Theorem 6.1: The MLE of R = P(Y > X) is given by

~ V].f] Vi 1 Vlﬁ
R = = Filv, 1 —w vy ————— 6.3.1
(V2§+V177) B(vi,1e)" ( ' » V2§+V177) ( )

where, g: nll Z:l:ll X = Ty and n= n% Z?; Y}pz — Ty
Proof: In order to transform the pdf (6.2.1)), let us assume x** = &, we get

f(&0) = T &A= 0 (6.3.2)
Similarly, for n = y*?
§V1_2€_(’\2)
f0:0) = * 5 M Az 12> 0 (6.3.3)
2A2

where A\ = 6; and Ay = 6,
Let ¢ and 7 are two independent random variables with gamma pdfs given at (6.3.2)) and

(6.3.3). Thus,
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n/ A2 ﬁ
P(f//\l g )\2>

n/ A2 ﬁ
P(g/A1+1> )\2+1>

B §/M A2 )
f=r (5/)\1+77/)\2 ~ Ao+ A\

Since, we know that, if £ and 1 be two independent random variables which follow gamma

&/

Taia7s, is a beta (11, 12) random

distribution with parameters (A1, 1) and (A2, v5) then z =

variable with the pdf

f(Z, 1, 1/2) = [B(Vla V2)]712V171 (1 . Z)Vg—l

or

R=1 Ao (Vl, VQ) (634)

Ao+

which is an incomplete beta function. Using the relation between an incomplete beta function

and the hypergeometric series, we rewrite (6.3.4) as

)\2 = ]_ )\2
_ Folo1— v (22 6.3.5
R (>\2+)\1) B(V17V2)2 1 <V17 Vo, <)\2+)\1>) ( )

The reliability R = P(Y > X)

141
_ 02 1 g, 02
R — (92+91> B(Vl,V2)2F1 (1/1,1 Vo1, (92+91)>

Substituting the MLEs i.e. M\ = and \y = l% in place of A\; and Ay in (6.3.5). The MLE

S |m|

of R=P(n>¢)is

~ _ V1 _
_ vin 1 e, .17
R= <V2£+1/1ﬁ> B(l/l,z/g)QFl (Vl, 1 — o5 vy; l,2£+,,1,7)

where, £ = nil S Xt =Tx and 7j = n_12 2?21 yjp2 — Ty

Hence, the theorem follows.
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Corollary 6.1

1. MLE of R = P(Y > X) for one parameter exponential distribution (p = v = 1)

R =

Tx+TY
where, Ty = L3772 Yy and Ty = - > X
2. MLE of R = P(Y > X) for gamma Distribution (p = 1)

- - vy
_ 1Y 1 Y
R _ <V2X+V1Y> B(Vl,V2)2F1 (V17 1 V27 Vl’ V2X+V1Y)
where, Ty = - 37" V/” and Tx = - > X[

3. MLE of R = P(Y > X) for Weibull Distribution (v = 1)

R =

Tx+Ty
where, Ty = n%z VP and Tx = o LS X
4. MLE of R = P(Y > X) for Erlang distribution (v > 0,p = 1)

D __ Y Vi 1 Y

R = <V2X{&—V1}7> B(Vl,V2)2F1 (Vl’ 1— Va; V1 V2X1V1Y>
where, Ty = -L 3772 Yy and Ty = - > X
5. MLE of R = P(Y > X) for half-normal distribution (v = 1/2,p = 2)

. NV _
s T
R=(rm) b (bbb
where, Ty = - 37" Y72 and Tx = - ") X7
6. MLE of R = P(Y > X) for Chi-distribution (v > m/2,p = 2)

- - m/2
T m m.m. __T
R = (Txffy> mzﬂ ( =5 2’TXITY)
where, Ty = ;L3772 V72 and Ty = - Y7 X7

7. MLE of R = P(Y > X) for Rayleigh distribution (v =1, p = 2)

R =

Tx+TY
where, Ty = ;L3772 V2 and Tx = - Y X7
8. MLE of R = P(Y > X) for Generalized Rayleigh distribution (v =p+1,p = 2)
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- T p+1 1
R = <Tx+TY> B2l (p +L-pp+l; TX+TY>

where, Ty = - 37" Y72 and Tx = - ") X7

Theorem 6.2: The UMVUE of P(Y > X) is given by

( oo

p1p2B[(ne—1)va+it1,v1+j] Z (=1
(

Blv1,(n1—1)v1]Blve,(n2—1)ve] n2—1)vo+i
=0

. vi+j
(yzi—l) Z(;io(_l)] (('m—lj)zq—l) <%) 1+] : TY - TX

where, 0 <i<1yy—1<oo and 0<j<(ng—1)yy—1<o0
- (6.3.6)

p1p2B[(n1—1)v1,v1+j] Z (=1)°
B[l/l,(nlfl)ljl]B[llg,(’ngfl)Vﬂ (ngfl)lj2+’i

=0
(o) a1 () ()5 B> I

where, 0 <i<wvy—1<o0 and 0<j<(ng—1Dwn+i<oo

=5
I

\

where, Tx = Y% X;” and Ty = 12, Y

Proof: Let ¢ and n be two independent gamma distributions with pdfs (6.3.2)) and (6.3.3). In

order to obtain P(n > &), we have to obtain the UMVUE of f(&;v,p, \) i.e. f({, v,p,\) and

f(n;v,p,A) ie. f(n; v, p, A) which is given by

“ vi—1 (ni—1)v—1 B
f(& v, p, M) = P1 {(f }{1—i} Cif 0<&<mé

Blvi, (m — D] | (ne€)™ ni§
(6.3.7)
and
Vo — (n2—1)re—1
: P2 n ! } { 7 } . .
s V2, 7)\ = N7, 1-— e ) 7 0< <n

f(77 25 P2 2) B[y% (n2 — 1)u2] {(”277) 2 9] / n 27

(6.3.8)

The Reliability is
é 77 >€ fO fg 777 V271027>\2).]E(€; Ulapla)q)dndé
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—1Dve—1
. p1p2 nié ”277 ,q1/2 1 {1_ n }(nQ Y2

" Blvi,(n1—1)v1]Blv2,(n2—1)vs] f (nemn)”2 naf
(’I’Ll 1)1/1
gt _ &
{ (n1§)"1 } {1 n1£} d?]d§

Let 1 — L =

namn

_ P1P2 nlg ”2’” _ l/2—1 (77,2—1)1/2—1
~ Blvi,(n1—1)v1]|Blve,(na—1)vs] fO w

(n1— 1)1/1 1
é-l/l 1 &
{ (n1&)" } {1 mf} dwdg

_ P1p e8] (71)2 vo—1 min(nlf,nzﬁ) &'Vlfl
= B[Vl7(“1—1)1111]32[1/2,(712—1)1/2] Zi:o —("2—1)1/2-1-1'( 2i ) . {(nlg)ul }

{1 - L}(m””l dwdé

ni

— P1p: 00 (—1)* vo—1 min(ni1&nai) g1l
= B[Vly(nl*1)1/11]B2[V2,(’)’L271)1/2] Zz’:o m( 2 ) 5 {W}

(nl—l)lll—l (ng—l)l/2+i
_ £ _ £
i) {5

Now, we consider the case when n;€ > nyi and

let 1 — ,:w

[e.e]

_ p1p2 A Vg — 1 /1 w(ng—l)l/g-i-’i
Blvy, (ny — 1)1 Blys, (ng — 1)v — (ng — 1 V2+Z { 0

_ (nl 1)1/1 1 V1
=220} (Eﬂ 1t s
§ ni§

M

Using the Binomial expansion, we get

_ p1P2 i )’ Ve = 1 / (1) (n1 — D —1
Blw, (n1 = 1)i1]Blve, (n2 — 1)ve] <= (n2 — 1 Yo + i J
v1+J
<TL 77> ' (1 _ Z)z/1+j71 z(nzfl)ungi dz
n1§

_p1p2Bl(ny — Dvp +i+ 1,01 + 4] i )¢ vy — 1 i (ny — Dy — 1
B[Ula (nl - 1)V1]B[V2, ng — 1V2 ng — 1 1/2 +1 1 i J

_\ V1+jJ
<ni7z) ;o if man < mi€
7115
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Similarly, we can take the case nyf > ni€, we get

e v e (S () ()

= 7=0

For obtaining the value of UMVUE substituting n;& = 1%, X;”* = Tx and naf) = Y Y=

Ty. Hence, the theorem follows.

Corollary 6.2
1. The UMVUE of P(Y > X) for one parameter exponential (p = v = 1), Weibull (v = 1)

and Rayleigh (v = 1, p = 2) distributions.

p
Bl(na—+i,147] ny — 2 7o \ 1 .
Bon 1151, 22 1] ( ) <ﬁ> Ty < Tx
R= |
B[(n 11+ TL2—1+’L T ]'
B[L,(n1— 11)]13[1 7]12 1] ( ) (%) Ty > Tx
(

where, Ty = > 72 Yy and Ty = 32, X

2. The UMVUE of P(Y > X) for gamma distribution (p = 1) and Erlang distribution
(v>0,p=1)

Bl(n2—1)va+i+1,v1+4] )i vy — 1 (ng — Dy +i Ty v14j
Blvi,(n1—1)v1]B[v2,(n2—1) 1/2] (na—1 V2+Z( i >Z< 1)]< ; T§

7=0

‘Ty <Tx

B[(n1—1)v1,v147] )? vy —1 : (TLQ — 1)V2 +1 Tx J
Blvr,(n1— 111/1]19[V21 (n2—1) V1] (n2—1 V2+’L< i )Z( 1)J< j T);

7=0

=
Il

Ty > Tx
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3. The UMVUE of P(Y > X) for half-normal distribution (v > 1, p = 2)

( 00 0o
4B[(n2—1)L+i+1,14j] (—1)i (% —1)2(_1)j((n1 - 1)1 —1> (T_Y> 3+i
B[1,(n1—1)1]B[5,(n2—1) 3] (ng—1)3-+i i j Tx
i=0 j=0
. Ty <Tx
R - o0
4B[(n1—-1)2 *ﬂ] 1)2 31 B (n2 =15 +\ (1y )’
B[3,(n1-1) ]B[ (n2—1) ]Z (na—1)1 ( ; )Z( 1)]( j T;(
§j=0
Ty > TX

where, Ty = 2"2 Y7 and Tx = Y7, X7
4. The UMVUE of P(Y > X) for Chi-distribution (v > %, p = 2)

o0 (o]
e e Y () 21
Bl ,(n1—1)3]B[F,(n2—1) %] (n2—1)%+i i

i=0 =0

_1\m _ ]
((m 1j)2 1><%>2 ];TY<TX

4B[(n1— 1 momy ,1)1 ] ,
B T B e 1) ]Z ) T ( - )Z(—l)f

=0
(ne = 1)F +i\ (1 \ .
(") )(%>7TY>TX

oo
I

where, Ty = 3772, V7 and Tx = 377" X7
5. The UMVUE of P(Y > X) for Generalized Rayleigh distribution (v =p+1,p = 2)

Bl(na—1) (p+1)+i+1,(p+1)+7] ( (p+1)— 1)
Bl[(p+1),(n1—1)(p+1)] B[(p+1),(n2— 1(p+1)] (n2— 1 p+1 i
(i —1D(p+1)+i (P+1)+
2o () <%’—z> T <
R={
B{(n1 1) (p+1).(p+1) 4] ( p+1) - 1)
Bl[(p+1),(n1—1)(p+1)] B[(p+1),(n2—1) (p+1)] (n2— 1 p+1 i
(2 —=1)(p+1)+i
Z(_l)J< 2 ; > <;_)Y(> Ty > Ty
\ j=0
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where, Ty = 221 Yj2 and Ty = Z:L X7

J

6.4 Confidence Interval of R = P(Y > X)

Theorem 6.3: The confidence interval for R = P(Y > X) is

(11, 1/2)> =1-o0 (6.4.1)

Ty [vaTx)F1_gy+1 (1 Ty /vaTx ) Foy +1

P<I (M Ty /vaTx)Fi—o, (Vl? V2) <R<I (nTy /vaTx)Foy
(

T 1 ni T 1 n2
where, Ty = - > /1) X;” and Ty = - > 72, Y7

Proof: It follows from the above theorems that & and 7 be two independent random variables

with Gamma (v1, A1) and Gamma (19, \2) respectively, then

A5 _nm

A= -
A1 V2f

where, A\ = V% and Ay = l% As we know that,

271/15

1

.2
~ Gamma(n1V17 2) - X2n1V1

Similarly,
271277]

A ~ Gamma(/nQVQa 2) = Xgn21’2
1

where, x?2 is the pdf of Chi-squared distribution with o degree of freedom. Hence,

27@7?/7121/2)\2
27115/7111/1)\1 (6 4 2)

2 2ny1:
_ Xgnm—/w ~ F(2nivy, 2n91s)
X2n1l/1 /2n11/1

A_
>

where, F'(1,e2) denotes Snedecors F-distribution with €1 and 2 degree of freedom.

~ F(2nqv1, 2nonus)

> >

98



For any ¢ denoted by Fs = Fs(2n,v1,2ns15), then the relation to Fy and 1 — § quantile of

Fs(2nq14, 2no1) distribution is
F5(2n1V1, 27L2V2) = [F1,5(2n11/1, 27121/2)]_1

Let o1 and o9 be non-negative numbers such that o; + 09 = o. Then
PAF_,y <A< AF,)=1—0 (6.4.3)

Since, R = Iﬁ(ul, V) and Iz(a,b) is an increasing function of z for any a, b. So, Iﬁ(ul, Vs)
+ +

as the function of A . Hence, (6.4.3]) becomes

P(I 5E g, (V1,02) < R < sp, (01, VQ)) =1—-0 (6.4.4)

5\F1_02+1 AFgq+1

After substituting A\ = %g: and then using A\; = 01, Ay = 0 we get R = 1 », (11,1n) =

A1+

I o, (v1,12) and the confidence interval for R is
01105

P([ (ylﬁ/u2g)F1702 (Vl, VQ) < R < [ (Vlﬁ/VQE)FUI (Vl, I/2>> = 1 — 0

(1171/v2€) F1 gy +1 (v171/v2€) Foy +1

where, Tx = % S X =€ and Ty = % S Y =1

Hence the theorem follows.

Corollary 6.3

1. Confidence interval for one parameter exponential distribution (p =v = 1)

P<]>\F1_02 <R<I>\Fgl>:1_0-

AF|_go+1 AFoq+1

and R =1 02 (1,1)

61+6o

el

where \ =
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2. Confidence interval for gamma Distribution (p = 1)

P(I Ay, (V1,12) < R < s,y (01 yg)) =1-o0
AF]_gyt+1

5\F01 +1

=<

where A=% and R=1 o, (v1,15)

01402

3. Confidence interval for Weibull Distribution (v = 1)

I\F1_02+1 AFoq+1

P<[ AF| gy (171) <R<I AFo, (1,1)) =1—-0

=i

where A\ =% and R=1 4, (1,1)

01+02

4. Confidence interval for Erlang Distribution (v > 0,p = 1)

XFJI +1

P(I XF1702 (Vl,VQ) <R<I XFoq (V17V2)) =1—0c
AF| _gqt1

where A = 27 and R=1 o,

N3 e (7/1, Vz)

5. Confidence interval for half-normal Distribution (v > 1/2,p = 2)

11 11
Pl S 2 )<R<Is5 o)l =1-
(xﬁfl;’il (2’2> <o (2’2)> 0

XFUl +1

WhereX:%andR:[ 9y

6. Confidence interval for Chi-distribution (v > m/2, p = 2)

m
P(1an., (5
AF| _got+1 2

NE

><R<I;\Fo—1 ( ;

XFJI +1

S
NE

)):1—0
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Where/_\:—}%andR:I 9y

(%)
9
71105 272

7. Confidence interval for Rayleigh distribution (v =1,p = 2)

P(I sy, (L) <R<I sp, (1, 1)) =1-0

XF|_gq+1 AFoq+1

where \ = —}% and R=1 o, (1,1)

61+6o

8. Confidence interval for Generalized Rayleigh distribution (v =p+1,p = 2)

P<] S‘Fl—ch (p+].,p+1)<R<I S‘F‘Tl (p+17p+1)> :1—0'

AF|_go+1 AFoq+1

Where/_\:—}% and R=1 o, (p+1,p+1).

61+6o

6.5 Probability of Disaster P(Y > )

Theorem 6.4: If the stress and finite strength are denoted by the random variables X and Y
which follows PEFD and Power function distribution, that are shown in (6.2.1)) and (6.2.3)),

respectively. Then, probability of disaster « is given by

a=— u’ e du (6.5.1)

P
where, k = -
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Proof: We know that
a=PY >~)
%) pxpufle_Tgcp
= —d
/w T'vov v

N
Fye”/y T (& Xz

Let % =u
1 o0
o= o ﬁ u e tdu
[
=T(v, k)

. . . . P
which is the upper incomplete gamma function, where, k = %-.

6.6 Numerical Analysis

From Section 6.5, the probability of disaster P(Y > =) can be measured. The numerical
values are obtained for different values of v which is presented in Table 6.1. It can be easily
interpreted from Table 6.1 that the probability of disaster decreases with an increase in the
value of k. In order to overcome the problem of disaster (i.e. to attain the smallest value of
a = P(X > 7), the values of k = %, where p and 0 is the parameter of PEF-distribution and
v is the scale parameter of the power function distribution, should be considered in such a

manner that the value of a tends to zero.
Alternatively, we may also obtain the numerical values of k for fixed values v from equa-

tion (6.5.1]). These values are used to obtain the optimum cost for manufacturing of item at

desired tolerance level.
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6.7 Stress-Strength Reliability

Theorem 6.5: The stress-strength model ‘R’, where X follows PEFD and Y follows power

function distribution is

1 [k 1 k ( 1)
- v—1_-—u o g-i'-y_ —u
R = /. e du Fykl‘/a/o u e “du (6.7.1)

Proof: From (6.2.1) and (6.2.3)), we have

pxf’ e pofy
R:/—/—(—) dy| dx
o Twor |Jo v \7

v =172 1
:/ pr_ e’ —{y“—x“}] dx
0

rvev [y
7 Pxpy_le%p 1 ST
- \/; FV@V _W {,}/ - }:| €z

¥ pxpl/—le_sz ol pxpu—i—u—le_sz
_ / el g / pr ey
0 r'vo 0 N2t

Taking %+ = u and solving the above integrals we finally get (6.7.1)) and hence, the theorem

follows.

6.8 The Stress-Strength Reliability R when both X and

Y follows PEFD

Theorem 6.6: Let X,Y ~ PEFD, where X and Y represents the stress and the strength of

the items/components. The reliability ‘R’ is

R P1 /OO prvi—1 (—aP1 /01 )e(—=2/02) NN d (6.8.1)
0Ty :(::Om ‘ ! ' B
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Proof: Random variable X follows the PEF-distribution with pdf

plxplyl_le(_zpl /01)
f(z,©) = T (6.8.2)

Random variable Y follows the PEF-distribution with pdf

p2yp2y2_le(_yp2 /02)
Fl/z@?

[y, ©) = (6.8.3)

The Reliability ‘R’ is

00 p1x91V1—16(—$”1/91) 00 p2y027/2—1e(—yp2/92)d J
R=
/{ Tufy H/ Tws03 4 ’

R B [e’¢] plxplljl—le(—xpl/el) [e%e] tl/g—le_tdt
N L' 07 «,2 [
0 1Y1 o 2

Hence, the theorem follows, after solving this upper incomplete gamma function.

P2
Let 3’0—2 =t

6.9 Discussion

When an item/device is manufactured and if the strength of an item follows Power
function distribution, it is expected that the maximum feasible values of v may have an upper
limit say 7 . For example, the maximum accelerating speed of a turbine must not be increased
its permissible capacity. At a fixed tolerance level a, suppose 7, is the desired value of . In
case Y, < 7o, Wwe may obtain the required value of u say pi,, by using Table 6.3, so that the item
is manufactured with the strength distribution having parameters (p,v,) and consequently,
the desired strength reliability can be achieved. However, if v, > 7y, we will have to either

adjust a or look for an alternate item.
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6.10 Study of the cost with an example

Let us assume that the maximum feasible value of k£ is 12. When a < 0.01 the value of
m must be greater or equal to 5.1 i.e. m > 5.1. As the value of m cannot exceed 12 | then
one needs to fix the item / device in a way such that 5.1 < k < 12 ie. 2.7 <~y < 4.1 and
thus, the corresponding values of u leads to a maximum of P(Y > X). The cost factor of
adjusting the parameters may be taken into consideration here as the cost of varying v and p
may be different. Theoretically, the costs may be an increasing or decreasing function of v and
i depending upon the nature of the parameters. Usually, Cost (Y) is an increasing function
Y, if Y is the mean strength. In our study, E(Y) = py/(n + 1), which implies that the mean
strength increases by increasing either of the two parameters. Hence, we may assume the two
costs to be an increasing function of the respective parameters. Assuming the costs to be
directly proportional to the required values of the parameters, the problem may be further
evaluated as follows:

Let E; and Es be the costs of adjusting one unit of v and pu, respectively.
Minimize E = yE; 4+ uFEs subject to 2.7 <~y < 4.1 and P(Y > X) > 0.99.
Analytically, the problem may be simplified as follows:
On using Table 6.3 for k = 5.1, 6.2, 7.6, 9.3 and 11.4 i.e. v = 2.76, 3.04, 3.37, 3.73 and 4.1,
respectively and obtain those values of p for which P(Y > X)) > 0.99, the cost function for
each pair of (v, i) is evaluated. Table 6.4 depicts that the minimum cost lies at 3.37E; +20E5

depending upon the numerical values of F; and FEj.
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6.11 Tables

Table 6.1 Numerical Values for the Probability of disaster
a = P(X > 0) and k for different values of v
k v = 0.001 v =20.01 v=20.5 v=1.05 v=15 v=2
2.3 0.000016 0.000331 0.031972 0.109131 0.203542 0.330854
2.8 0.0 0.000172 0.017961 0.066687 0.132778 0.231078
34 0.0 0.000081 0.009116 0.036880 0.078555 0.146842
4.1 0.0 0.000034 0.004189 0.018454 0.042054 0.084521
5.1 0.0 0.000012 0.001404 0.006851 0.016940 0.037190
6.2 0.0 0.0 0.000429 0.002300 0.006131 0.014612
7.6 0.0 0.0 0.000087 0.000572 0.000165 0.004304
9.3 0.0 0.0 0.000016 0.000105 0.000331 0.000942
11.4 0.0 0.0 0.0 0.000013 0.000044 0.000138
13.9 0.0 0.0 0.0 0.0 0.0 0.000014
Table 6.2 Values of m at different tolerance level « for v = 2
@ 0.05 0.02 0.01 0.001 .0001 0.00001
k 2.996020 3.912310 4.605460 6.908040 9.210630 11.513200
Table 6.3 The Strength reliability of an item for v = 2, p = 2, and
varying values of k and p and varying values of k and p
k pw=2 nw=>5 pn=10 pn=15 ©w=20 ©w =30
3.4 0.464769 0.666495 0.761480 0.794106 0.809972 0.825255
4.1 0.536852 0.749440 0.840064 0.868720 0.882015 0.894349
5.1 0.616331 0.831032 0.910101 0.932106 0.941591 0.949892
6.2 0.680103 0.887158 0.951925 0.967406 0.973505 0.978478
7.6 0.737474 0.928900 0.977654 0.987122 0.990404 0.992822
9.3 0.785057 0.956229 0.990580 0.995696 0.997186 0.998139
11.4 0.824575 0.973529 0.996360 0.998797 0.999357 0.999650
13.9 0.856116 0.983855 0.998620 0.999695 0.999878 0.999951
17.0 0.882353 0.990239 0.999493 0.999930 0.999981 0.999995
Table 6.4 Table for Optimum cost
of manufactured items
Y Iz YE 4 pEsy Y 2 vEL + pEs
3.37 20 3.37TE; 4+ 20F, 3.70 30 3.7E; 4+ 30E;
3.37 30 3.37E, 4+ 30E; 4.10 10 4.1F1 + 10F;
3.70 10 3.7E1 + 10E, 4.10 15 4.1F1 + 15F5
3.70 15 3.7E1 + 15E, 4.10 20 4.1F; 4+ 20E5
3.70 20 3.7E1 + 20E, 4.10 30 4.1F; + 30FE,
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Chapter 7

Bayesian estimation for the scale
parameter of a family of lifetime

distributions under different priors

7.1 Introduction

In the present chapter, we consider a family of lifetime distributions proposed by Chaturvedi

and Rani (1997)[23] which is defined as

a0716<—$c/9b)

fatTq

CT

f(z;0,a,b,¢c) = ;x>0 (7.1.1)

where 6%¢ is the scale parameter and a,b,c are the shape parameters. The model given
at covers various lifetime distributions as specific cases, for example, one-parameter
exponential distribution, gamma distribution, generalized gamma distribution, Erlang distri-
bution, Weibull distribution, half-normal distribution, Rayleigh distribution, Chi-distribution
and Maxwells failure distribution may obtain through assigning the different values of a, b and

C.
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In the Bayesian decision theory, loss function plays a very significant role in obtaining
a good estimator. The performance of a Bayes estimator mainly depends upon the assumed
prior distribution and loss function. In the decision theory, most widely used symmetric
unbounded loss function is called the Squared Error Loss Function (SELF) proposed by Leg-
endre (1805)[75]. This loss function is suggested for the situations when overestimation and
underestimation are given equal importance. Another more general type of loss function is
the Quadratic Loss Function (QLF) [see Taguchi (1986)[106]]. In those situations where over-
estimation is more serious than underestimation it is suggested to consider the asymmetric
loss function in place of SELF [see Ferguson (1967)[51], Varian (1975)[112], Berger (1980)[14],
Zellner (1986)[118]]. Norstrom (1996)[85] introduced an asymmetric loss function called Pre-
cautionary Loss Function (PLF). This loss function is very simple to use and a good alternative

for other asymmetric loss functions.

The Squared Error Loss Function(SELF) is defined as

L(ea HSE'LF) = (9 - HSELF)z

The Quadratic Loss Function(QLF) is defined as

2
L(6, 0rr) = (92 )
The Precautionary Loss Function(PLF) is defined as
L0, 0pr) = M

The objective of this chapter is to find the Bayes estimators and the Posterior risks for the
scale parameter of the family of lifetime distributions under different loss functions and priors.
Further, on utilizing theses Bayes estimators and posterior risks, for all the specific cases are
obtained for the purpose of their comparisons. The chapter is organized as: in Section 7.2, we
obtain the posterior distributions in case of uniform and inverted gamma priors. Using these
posterior distributions, the Bayes estimates are evaluated under the different loss functions

i.,e. SELF, QLF and PLF in Section 7.3. In Section 7.4, the posterior risk is deduced with
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the help of the Bayes estimators under different loss functions as mentioned in Section 7.3 for
both the priors. In Section 7.5, a simulation study is done based on the deduced results and is
demonstrated through Tables and Graphs in Section 7.7. Section 7.6, contains the conclusion

and a brief summary of the results.

7.2 Posterior distributions under the assumption of dif-
ferent priors

Posterior distributions for scale parameter of the family of lifetime distributions given at
(7.1.1) are obtained, assuming the non-informative and informative priors.
Theorem 7.1: Posterior distribution for the scale parameter #%¢ using the uniform prior,

which is defined as P(f) = k (where k is constant) is given by

R O S

P(f|z) = F(na — l) (7.2.1)
b
where = = (21, 29, ..., x,).
Proof: The likelihood function of the family of lifetime distribution is
(-2 2% e ge—
L(0|z) = “Gragray— [ L=y a9
L(0|r) gnabe(= S wit/0") (7.2.2)
Posterior distribution is obtained as
( )L(9|x)
P(0 7.2.3
P(f|z) = —bretem i

b
fooo g—nabe™ > /6 4o

Thus, we get
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bg—mabe~ X 5/0" (5 ge)nah
F(na—%)

P(f|z) =

Hence, the theorem follows.

Theorem 7.2: Posterior distribution of scale parameter 6%¢ using Inverted Gamma prior

v —(v —7/0° . .
which is defined as g(6) = &= Al pif/z)f A , is given by

b (7_ + fo)na+% 9—(nab+v+1)e—(7+2xf)/9b

P(ble) = I (na+ %)

(7.2.4)

where x = (1,9, ..., Tp).

Proof: Posterior distribution of scale parameter using Inverted Gamma prior is

) L(6]z)
P(O)x) = (LOLOm)
(0]2) Jo~ 9(0)L(0]x)
g (nab+v+1) ~(T+ X 2§) /6"
J22 g (nabtut1) = (THE 29/ 4

P(0]z) =

Thus, we get

b(r+3ag)" b= (nabtv ) ~(r+ T ) /0"
r (n(z—i— % )

P(f|z) =

Hence, the theorem follows.

7.3 Bayesian estimation under three different Loss Func-
tions

Theorem 7.3: Bayes estimator for the scale parameter under SELF using Uniform Prior is

given
(ST (e} )
}SELF - F(na—%)

{6/ (7.3.1)

where, x = (21, 29, ..., )
Proof: The Bayes estimate under SELF can be obtained by using the expression given as

follows
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{o° E (6"°)x) (7.3.2)

}SELF

E (6"|a) = / " 0 p(0])do (7.3.3)

0

Substituting the value of P(|z) from (7.2.1)) in (7.3.3)), we get

o0 beb/ce—nabe—(z xf)/Qb (Z xc)nai%

b/c :f i
E (") = | T T) d

{Qb/c

! _ (Z@9Yr(na-3-1)
SELF ~— r(m_%)

Hence, the theorem follows.

Theorem 7.4: Bayes estimator for the scale parameter under SELF using the Inverted

Gamma prior is given as

(@)Y (na+ ¥ - )
}SELF - I (na + %)

{6"/° (7.3.4)

where, © = (21, 29, ..., 2p)

Proof: Bayes estimator for the scale parameter under SELF can be evaluated through the

expression by substituting the value of P(f|z) from (7.2.4) in (7.3.3]), we get

{0/} | vt )t B g (nabtot ) o~ (4 20) /6" g
SELF |,

F(na—&—%)

_ (rHxe) T (not )
}SELF - F(nat )

{eb/c

Hence, the theorem follows.

Theorem 7.5: Bayes estimator of the scale parameter under QLF using Uniform prior is

given as

(Cae)r (

L)
Jorr = G- 49

{6/ (7.3.5)

111



where, x = (21, Z9, ..., T,)

Proof: The Bayes estimate of the scale parameter under QLF is given by

E (9—b/c>
b/c
{07} gur = Trgmm70 e (7.3.6)
E(07%) = / 0~Y°P(6|x)db (7.3.7)
0
E(607) = / 6=2/cP(f|z)df (7.3.8)
0
Substituting the value of P(|z) from (7.2.1)) in (7.3.7) and (7.3.8), we get
cy—1/ep _ 1,1
B (o7 — =10 (”f ke, (7.3.9)
r (na — 5)
cy=2/ep _ 142
B (6~ = =) (na =5 +5) (7.3.10)

r (na— %)

Substituting the values from ((7.3.9) and (7.3.10) in (7.3.6)), we get

}  (Z@o)Ver(na—1+1)
QLF — F(naf +%)

{gb/c

Hence, the theorem follows.

Theorem 7.6: Bayes estimator of the scale parameter under QLF using Inverted Gamma

prior is given as
(), - FEE T v )
@ = Tt ?

where, x = (21, 29, ..., )
Proof: To obtain the Bayes estimate of the scale parameter under QLF the expression in

(7.3.6) is used and we have

(r+ 229 VT (na+ ¥+ 1)

E (9—”/0) - r (na + %)

(7.3.12)
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(T + 229 T (na+ ¥ + 2)
I (na + %)

E(072°) = (7.3.13)

Substituting the values from ((7.3.12)) and ([7.3.13)) in ([7.3.6)), we get

(430 2:9) /T (na+ 2+1)
T(na+2+2)

{eb/c

} QLF

Hence, the theorem follows.

Theorem 7.7: Bayes estimator for the scale parameter under PLF using Uniform prior

is given by
2

12 1/2 Le
o A o

where, x = (21, 29, ..., )

Proof: Bayes estimator under PLF using Uniform prior is computed as

(00 = {E (6?]z)}” (7.3.15)

}PLF

E(0*/°|z) = / 6%/ P(6|z)df (7.3.16)
0

Substituting the value of P(0|x) from (7.2.1]) in (7.3.16)), we get

2

T

Substituting the value from ((7.3.17)) in (7.3.15)), we get
1/2
b/c _ F(na—&—l—%) e\l/e

Hence, the theorem follows.

Theorem 7.8: Bayes estimator under PLF using Inverted Gamma prior is given by

/2
I'(na+%—2) ' 1/c
b/c _ b c c
{ovey = { Tt ) } (r+ Y a) (7.3.18)
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where, x = (21, Z9, ..., T,)

Proof: Bayes estimator under PLF using Inverted Gamma prior is computed from (|7.3.15]),

we have

B (6%/°|z) = {F (:EZQE;)E) } (7_ 4 szc> 2/c

Substituting the value from (7.3.19)) in (7.3.15]), we get

b/c F(na+%_%) i e\l/e
{9 }PLF - T(na+%) (T + 2 i)

Hence, the theorem follows.

7.4 Posterior risks under different loss functions

(7.3.19)

Considering both the priors for the scale parameter of the family of lifetime distributions

and after obtaining the Bayes estimators under different loss functions, the posterior risks are

obtained under the assumptions of SELF, QLF and PLF.

7.4.1 Posterior risk of Bayes estimator under different loss functions using Uniform

prior are:

I. Under SELF, the expression for the posterior risk of the Bayes estimator is

P {6 gppi] = B (0]2) = {E (6")2)}

}SELF

Substituting the values from (7.3.1) and (7.3.17)) in (7.4.1), we get

P )= {1 (- 2) - L i= ) ety

F(na— %)

II. Under QLF, the expression for the posterior risk of the Bayes estimator is

B E (07| ?
P[] -1 - Gt
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On utilizing the values from (7.3.19) and (7.3.10)) in (7.4.3), we get

P [{eb/c}QLF} =1- {F (ngr_(rric;l:(%n:—%) + %) } (744

II1. Under PLF, the expression for the posterior risk of the Bayes estimator is

P [{eb/c}PLF} =2 {{eb/c}PLF - B (eb/cll')} (7.4.5)

Substituting the values from ((7.3.1)) and (7.3.14]) in (7.4.5), we get

2

_1_ 2 12 1/c na— g — ¢ 2\ Ve
P{0"} ) =2 {thmf%f)} (E:%ﬁ/"rgpm_aq)<§:%>/

where, z = (z1, 29, ..., T,)
7.4.2 Posterior risk of Bayes estimator under different loss functions using In-

verted Gamma prior are:

I. Under SELF, utilising the results from ((7.3.4) and (7.3.19)) in (7.4.1)), we get

P [{eb/c}SELF} = {F (na + % — 2) _ (F (na 5 %)) } (7 + Zmicf/c (7.4.7)

c F(na—l—%) F(na—l—%)

II. Under QLF, utilising the results from (7.3.12)) and ((7.3.13)) in (7.4.3)), we get

p [{eb/c}QLF:| — 1 {F ( (F (na 5t %))2 } (7.4.8)

na+ )T (na+§+2)

III. Under PLF, utilising the results from (7.3.4)) and (7.3.18)) in (7.4.5)), we get

v_2y) Y2 1/c na+¥_—1 1/c
PP ] =2 {F‘F”an;i%f)} (e 3a) - (e )

(7.4.9)
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7.5 Simulation Study

To generate the random numbers for the model , we fail to use the method of
inverse transformation since the cdf is not in a closed form, therefore another method called
the accept-reject method is used. In this method, we only need to know the functional form
of the probability density function f(x), which is known as the target density. For this target
density f(z), a simpler density g(z) for simulation called the instrumental density or candidate
density is developed. Two constraints are imposed on the candidate density g(x), firstly, f(z)
and g(z) have compatible support(i.e. g(x) > 0, when f(x) > 0); secondly, there must exist a
constant M with f(x)/g(z) > M,Vx, called the normalising constant. R software is used for
the purpose of computational work and simulation is done through MCMC techniques. The
behaviour of the instrumental density and the target density is shown in Figure 7.1.

We have generated 5000 random numbers from the model (7.1.1)), further, random

Instrumental Density VS Target density

wawww s pEateensity

—instru e nta l dens ity

Figure 7.1: Plots of Instrumental density and Target density

numbers for all the specific distributions are obtained for different values of parameter 6 and
a,b and c. The Bayes Estimates and Posterior Risks are obtained through simulation process

and are presented in Tables 7.1-7.10 and Figures 7.2-7.10.
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7.6 Conclusion

In case of uniform prior, the distributions considered in the family of lifetime distributions
i.e. one-parameter exponential distribution, gamma, generalised gamma, Erlang, Weibull,
Rayleigh, Chi and Maxwell distribution, here an increase in the values of 6 brings about an
increase in the posterior risk for SELF and PLF. In case of inverted gamma prior, for § = 0.5
and 6 = 1, the value of the posterior risk increases and decreases afterwards i.e. for # =1 to
6 = 2 for SELF and PLF.

In half-normal distribution, for the uniform prior, the values of posterior risk increases for
6 = 0.5 to § = 1.5 and it decreases afterwards i.e. § = 1.5 to § = 2 for SELF and PLF. In
case of inverted gamma prior, for # = 0.5 to 8 = 2, the posterior risk decreases for SELF and

PLF.
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7.7 Tables and Graphs

Table 7.1: Bayes estimator (Posterior risk)
for one-parameter exponential distribution (a=b=c=1)
Uniform Prior
f n SELF QLF PLF
10 0.616334 (0.059599) 0.493067 (0.100000) 0.658889 (0.085109)
20 0.549284 (0.018589) 0.494355 (0.050000) 0.565208 (0.031849)
0.5 35 0.525709 (0.008877) 0.495668 (0.028571) 0.533859 (0.016302)
40 0.519791 (0.007485) 0.493802 (0.025000) 0.526769 (0.013955)
50 0.515860 (0.005773) 0.495226 (0.020000) 0.521319 (0.010918)
10 1.263462 (0.251220) 1.010770 (0.100000) 1.350698 (0.174471)
20 1.126900 (0.078401) 1.014210 (0.050000) 1.159570 (0.065341)
1.0 35 1.075154 (0.037189) 1.013716 (0.028571) 1.091824 (0.033340)
40 1.069618 (0.031685) 1.016137 (0.025000) 1.083976 (0.028716)
50 1.056978 (0.024239) 1.014699 (0.020000) 1.068163 (0.022370)
10 1.909606 (0.571681) 1.527685 (0.100000) 2.041455 (0.263697)
20 1.698386 (0.178077) 1.528547 (0.050000) 1.747624 (0.098478)
1.5 35 1.618531 (0.084189) 1.526043 (0.028571) 1.643626 (0.050189)
40 1.604996 (0.071344) 1.524746 (0.025000) 1.626541 (0.043089)
50 1.590025 (0.054837) 1.526424 (0.020000) 1.606851 (0.033652)
10 2.508897 (0.985467) 2.007117 (0.100000) 2.682123 (0.346453)
20 2.235502 (0.308219) 2.011951 (0.050000) 2.300312 (0.129621)
2.0 35 2.130332 (0.145832) 2.008599 (0.028571) 2.163362 (0.066061)
40  2.114622 (0.123849) 2.008891 (0.025000) 2.143007 (0.056771)
50  2.093400 (0.095750) 2.009664 (0.020000) 2.115553 (0.044306)
Inverted Gamma Prior
f n SELF QLF PLF
10 0.559675 (0.039803) 0.462339 (0.086957) 0.591681 (0.064014)
20 0.522054 (0.015394) 0.473491 (0.046512) 0.535978 (0.027847)
0.5 35 0.506421 (0.007860) 0.478672 (0.027397) 0.513924 (0.015006)
40  0.502808 (0.006719) 0.478576 (0.024096) 0.509296 (0.012976)
50 0.499151 (0.005233) 0.479767 (0.019417) 0.504271 (0.010239)
10 1.092519 (0.153092) 0.902515 (0.086957) 1.154998 (0.124959)
20 1.038407 (0.060973) 0.941811 (0.046512) 1.066103 (0.055391)
1.0 35 1.014651 (0.031582) 0.959053 (0.027397) 1.029684 (0.030065)
40  1.014259 (0.027364) 0.965379 (0.024096) 1.027347 (0.026175)
50 1.004832 (0.021217) 0.965809 (0.019417) 1.015138 (0.020617)
10 0.756853 (0.073398) 0.625226 (0.086956) 0.800136 (0.086566)
20 0.708624 (0.028428) 0.642706 (0.046512) 0.727524 (0.037799)
1.5 35 0.692715 (0.014717) 0.654758 (0.027397) 0.702978 (0.020526)
40  0.690960 (0.012708) 0.657661 (0.024096) 0.699876 (0.017832)
50 0.686315 (0.009905) 0.659662 (0.019417) 0.693354 (0.014079)
10 0.577460 (0.042439) 0.477033 (0.086956) 0.610484 (0.066047)
20 0.537899 (0.016341) 0.487862 (0.046512) 0.552246 (0.028693)
2.0 35 0.518565 (0.008245) 0.490150 (0.027397) 0.526248 (0.015366)
40  0.517110 (0.007109) 0.492189 (0.024096) 0.523783 (0.013345)
50 0.513094 (0.005533) 0.493168 (0.019417) 0.513095 (0.010525)
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Table 7.2: Bayes estimator (Posterior risk)

for gamma distribution (b=c=1)

Uniform Prior

0 n SELF QLF PLF
10 0.619987 (0.060192) 0.495989 (0.100000) 0.662794 (0.085614)
20 0.550574 (0.018701) 0.495516 (0.050000) 0.566535 (0.031924)
0.5 35 0.523382 (0.008798) 0.493474 (0.028571) 0.531497 (0.016229)
40  0.520069 (0.007488) 0.494066 (0.025000) 0.527051 (0.013962)
50 0.516158 (0.005778) 0.495512 (0.020000) 0.521620 (0.010924)
10 1.258947 (0.248857) 1.007157 (0.100000) 1.345871 (0.173848)
20 1.123378 (0.077946) 1.011040 (0.050000) 1.155946 (0.065136)
1.0 35 1.074761 (0.037124) 1.013346 (0.028571) 1.091425 (0.033327)
40 1.063472 (0.031331) 1.010298 (0.025000) 1.077747 (0.028551)
50 1.055541 (0.024181) 1.013319 (0.020000) 1.066711 (0.022341)
10 1.899472 (0.566154) 1.519578 (0.100000) 2.030621 (0.262298)
20 1.699482 (0.178351) 1.529534 (0.050000) 1.748752 (0.098541)
1.5 35 1.612568 (0.083570) 1.520421 (0.028571) 1.637571 (0.050005)
40  1.599385 (0.070872) 1.519416 (0.025000) 1.620854 (0.042938)
50 1.589286 (0.054817) 1.525714 (0.020000) 1.606104 (0.033636)
10 2.528018 (0.989834) 2.022415 (0.100000) 2.702565 (0.349094)
20 2.233305 (0.307941) 2.009974 (0.050000) 2.298051 (0.129494)
2.0 35 2.128148 (0.145475) 2.006539 (0.028571) 2.161144 (0.065993)
40 2.113259 (0.123618) 2.007596 (0.025000) 2.141626 (0.056734)
50  2.092234 (0.095005) 2.008544 (0.020000) 2.114374 (0.044281)
Inverted Gamma Prior
0 n SELF QLF PLF
10 0.565307 (0.040675) 0.466993 (0.086956) 0.597636 (0.064658)
20 0.523231 (0.015455) 0.474558 (0.046512) 0.537186 (0.027910)
0.5 35 0.507180 (0.007883) 0.479389 (0.027397) 0.514694 (0.015028)
40  0.503008 (0.006724) 0.478767 (0.024097) 0.509499 (0.012981)
50 0.499413 (0.005245) 0.480018 (0.019418) 0.019417 (0.010244)
10 1.097167 (0.154226) 0.906355 (0.086956) 1.159912 (0.125490)
20 1.039202 (0.061116) 0.942531 (0.046512) 1.066919 (0.055433)
1.0 35 1.019085 (0.031831) 0.963245 (0.027397) 1.034184 (0.030196)
40 1.013597 (0.027325) 0.964748 (0.024096) 1.026676 (0.026158)
50 0.971392 (0.021464) 0.971392 (0.019417) 1.021006 (0.020731)
10 0.760731 (0.074034) 0.628430 (0.086956) 0.804236 (0.087009)
20 0.713280 (0.028788) 0.646928 (0.046511) 0.732304 (0.038048)
1.5 35 0.692619 (0.014710) 0.654667 (0.027397) 0.702881 (0.020523)
40  0.690799 (0.012692) 0.657507 (0.024096) 0.699713 (0.017828)
50 0.685946 (0.009895) 0.659307 (0.019417) 0.692982 (0.014071)
10 0.577604 (0.042347) 0.477151 (0.086957) 0.610636 (0.066064)
20 0.536252 (0.016244) 0.486368 (0.046512) 0.550555 (0.028605)
2.0 35 0.519546 (0.008277) 0.491078 (0.027397) 0.527244 (0.015394)
40  0.516446 (0.007095) 0.491557 (0.024097) 0.523110 (0.013328)
50 0.511550 (0.005497) 0.491684 (0.019417) 0.516797 (0.010493)
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Table 7.3: Bayes estimator (Posterior risk)
for generalised gamma distribution (b=c=1)

Uniform Prior

0 n SELF QLF PLF
10 0.618316 (0.060048) 0.494652 (0.100000) 0.661007 (0.085383)
20 0.550183 (0.018653) 0.495164 (0.050000) 0.566133 (0.031901)
0.5 35 0.524468 (0.008829) 0.494498 (0.028571) 0.532599 (0.016263)
40  0.520957 (0.007515) 0.494909 (0.025000) 0.527949 (0.013986)
50 0.515889 (0.005772) 0.495254 (0.020000) 0.521349 (0.010919)
10 1.264785 (0.251754) 1.011828 (0.100000) 1.352112 (0.174654)
20 1.122264 (0.077861) 1.010038 (0.050000) 1.154801 (0.065073)
1.0 35 1.071760 (0.036958) 1.010516 (0.028571) 1.088377 (0.033234)
40 1.067494 (0.031574) 1.014120 (0.025000) 1.081824 (0.028658)
50 1.054250 (0.024118) 1.012080 (0.020000) 1.065407 (0.022313)
10 1.904788 (0.569712) 1.52383 (0.100000) 2.036304 (0.263032)
20 1.691720 (0.176556) 1.522548 (0.050000) 1.740766 (0.098091)
1.5 35 1.618215 (0.084095) 1.525745 (0.028571) 1.643305 (0.050181)
40  1.601838(0.071091) 1.521746 (0.025000) 1.623340 (0.043004)
50 1.587035 (0.054649) 1.523554 (0.020000) 1.603830 (0.033589)
10 2.518618 (0.995297) 2.014894 (0.100000) 2.692516 (0.347796)
20 2.237152 (0.309052) 2.013437 (0.050000) 2.302011 (0.129717)
2.0 35 2.129976 (0.145719) 2.008263 (0.028571) 2.163001 (0.066049)
40  2.121500 (0.124607) 2.015425 (0.025000) 2.149977 (0.056956)
50 2.091698 (0.094919) 2.008030 (0.020000) 2.113833 (0.044269)
Inverted Gamma Prior
0 n SELF QLF PLF
10 0.561705 (0.040110) 0.464017 (0.086957) 0.593828 (0.064246)
20 0.523895 (0.015495) 0.475161 (0.046512) 0.537868 (0.027946)
0.5 35 0.504856 (0.007816) 0.477193 (0.027397) 0.512336 (0.014959)
40  0.502558 (0.006711) 0.478338 (0.024096) 0.509043 (0.012969)
50  0.499059 (0.005231) 0.479675 (0.019417) 0.504175 (0.010237)
10 1.095272 (0.153718) 0.904789 (0.086956) 1.157908 (0.125273)
20 1.043062 (0.061566) 0.946033 (0.046511) 1.070881 (0.055639)
1.0 35 1.020020 (0.031897) 0.964129 (0.027397) 1.035133 (0.030224)
40 1.013221 (0.027299) 0.964391 (0.024096) 1.026296 (0.026148)
50 1.007588 (0.021339) 0.968458 (0.019417) 1.017922 (0.020669)
10 0.756921 (0.073290) 0.625282 (0.086956) 0.800207 (0.086574)
20 0.714881 (0.028918) 0.648380 (0.046511) 0.733947 (0.038134)
1.5 35 0.693802 (0.014768) 0.655786 (0.027397) 0.704082 (0.020558)
40  0.689429 (0.012648) 0.656199 (0.024096) 0.698321 (0.017792)
50 0.686690 (0.009913) 0.660022 (0.019417) 0.693733 (0.014086)
10 0.576835 (0.042367) 0.476516 (0.086956) 0.609824 (0.065976)
20 0.536937 (0.016294) 0.486989 (0.046512) 0.551258 (0.028641)
2.0 35 0.521229 (0.008327) 0.492669 (0.027397) 0.528952 (0.015444)
40 0.517312 (0.007114) 0.492381 (0.024096) 0.523986 (0.013351)
50 0.513402 (0.005538) 0.493464 (0.019417) 0.518667 (0.010532)
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Table 7.4: Bayes estimator (Posterior risk)
for erlang distribution (a > 0,b=c=1)

Uniform Prior

0 n SELF QLF PLF
10 0.618993 (0.060134) 0.495195 (0.100000) 0.661732 (0.085477)
20 0.548955 (0.018594) 0.494059 (0.050000) 0.564868 (0.031830)
0.5 35 0.524356 (0.008834) 0.494393 (0.028571) 0.532486 (0.016260)
40  0.520586 (0.007494) 0.494557 (0.025000) 0.527574 (0.013976)
50 0.515081 (0.005756) 0.494483 (0.020000) 0.520537 (0.010901)
10 1.265817 (0.251529) 1.012654 (0.100000) 1.353215 (0.174797)
20 1.123568 (0.077909) 1.011211 (0.050000) 1.156142 (0.065148)
1.0 35 1.074347 (0.037087) 1.012955 (0.028571) 1.091004 (0.033315)
40 1.065961 (0.031465) 1.012663 (0.025000) 1.080270 (0.028618)
50 1.057226 (0.024266) 1.014937 (0.020000) 1.068414 (0.022376)
10 1.913619 (0.573794) 1.530895 (0.100000) 2.045745 (0.264252)
20 1.697824 (0.177912) 1.528042 (0.050000) 1.747046 (0.098445)
1.5 35 1.618863 (0.084234) 1.526357 (0.028571) 1.643963 (0.050200)
40  1.602879 (0.071170) 1.522735 (0.025000) 1.624395 (0.043032)
50 1.592441 (0.055025) 1.528743 (0.020000) 1.609292 (0.033703)
10 2.507497 (0.985658) 2.005998 (0.100000) 2.680627 (0.346260)
20 2.243270 (0.310479) 2.018943 (0.050000) 2.308306 (0.130072)
2.0 35 2.132715 (0.146059) 2.010846 (0.028571) 2.165783 (0.066135)
40 2.116199 (0.123993) 2.010389 (0.025000) 2.144605 (0.056813)
50 2.096589 (0.095379) 2.012725 (0.020000) 2.118775 (0.044373)
Inverted Gamma Prior
0 n SELF QLF PLF
10 0.561165 (0.040065) 0.463571 (0.086956) 0.593257 (0.064184)
20 0.523645 (0.015506) 0.474934 (0.046512) 0.537611 (0.027932)
0.5 35 0.505983 (0.007844) 0.478258 (0.027397) 0.513479 (0.014993)
40 0.503124 (0.006729) 0.478877 (0.024096) 0.509616 (0.012985)
50 0.498664 (0.005222) 0.479298 (0.019417) 0.503778 (0.010229)
10 1.089719 (0.152235) 0.900203 (0.086957) 1.152038 (0.124638)
20 1.039060 (0.061074) 0.942403 (0.046512) 1.066774 (0.055426)
1.0 35 1.014910 (0.031581) 0.959298 (0.027397) 1.029946 (0.030073)
40 1.013759 (0.027345) 0.964901 (0.024096) 1.026840 (0.026162)
50 1.008705 (0.021385) 0.969532 (0.019417) 1.019051 (0.020692)
10 0.754716 (0.072926) 0.623461 (0.086956) 0.797877 (0.086322)
20 0.713766 (0.028839) 0.647369 (0.046512) 0.732803 (0.038074)
1.5 35 0.692037 (0.014687) 0.654117 (0.027397) 0.702290 (0.020506)
40 0.689773 (0.012655) 0.656531 (0.024096) 0.698673 (0.017801)
50 0.686413 (0.009906) 0.659756 (0.019417) 0.693453 (0.014081)
10 0.577418 (0.042485) 0.476997 (0.086956) 0.610439 (0.066043)
20 0.536998 (0.016281) 0.487045 (0.046512) 0.551320 (0.028645)
2.0 35 0.522087 (0.008351) 0.493479 (0.027397) 0.529822 (0.015470)
40 0.518337 (0.007143) 0.493357 (0.024096) 0.525026 (0.013377)
50 0.513238 (0.005536) 0.493306 (0.019417) 0.518502 (0.010528)
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Table 7.5: Bayes estimator (Posterior risk)

for Weibull distribution (a=1, b=c)

Uniform Prior

0 n SELF QLF PLF
10 0.626289 (0.061418) 0.501031 (0.100000) 0.669531 (0.085947)
20 0.559029 (0.019286) 0.503126 (0.050000) 0.575236 (0.031852)
0.5 35 0.533863 (0.009165) 0.503357 (0.028571) 0.542141 (0.016257)
40 0.531427 (0.007821) 0.504855 (0.025000) 0.538560 (0.013976)
50  0.524947 (0.005979) 0.503949 (0.020000) 0.530502 (0.010909)
10 1.270088 (0.253769) 1.016070 (0.100000) 1.357781 (0.175386)
20 1.129065 (0.078688) 1.016159 (0.050000) 1.161798 (0.065466)
1.0 35 1.071738 (0.036919) 1.010496 (0.028571) 1.088355 (0.033234)
40 1.064445 (0.031392) 1.011223 (0.025000) 1.078733 (0.028577)
50 1.054733 (0.024143) 1.012544 (0.020000) 1.065895 (0.022323)
10 1.900357 (0.565738) 1.520285 (0.100000) 2.031567 (0.262420)
20 1.698752 (0.178223) 1.528877 (0.050000) 1.748001 (0.098498)
1.5 35 1.613077 (0.083599) 1.520901 (0.028571) 1.638087 (0.050021)
40 1.611101 (0.071899) 1.530546 (0.025000) 1.632727 (0.043253)
50 1.585802 (0.054568) 1.522369 (0.020000) 1.602583 (0.033563)
10 2.511191 (0.988524) 2.008953 (0.100000) 2.684576 (0.346770)
20 2.227257 (0.306221) 2.004531 (0.050000) 2.291828 (0.129143)
2.0 35 2.135355 (0.146505) 2.013335 (0.028571) 2.168463 (0.066216)
40 2.113051 (0.123653) 2.007398 (0.025000) 2.141415 (0.056728)
50 2.091700 (0.094916) 2.008032 (0.020000) 2.113835 (0.044270)
Inverted Gamma Prior
0 n SELF QLF PLF
10 0.577418 (0.042485) 0.476997 (0.086956) 0.610439 (0.066043)
20 0.536997 (0.016281) 0.487045 (0.046512) 0.551320 (0.028645)
0.5 35 0.522087 (0.008351) 0.493479 (0.027397) 0.529822 (0.015470)
40 0.518337 (0.007143) 0.493357 (0.024096) 0.525026 (0.013377)
50 0.513238 (0.005536) 0.493306 (0.019417) 0.518502 (0.010528)
10 0.577418 (0.042485) 0.476997 (0.086957) 0.610439 (0.066043)
20 0.536998 (0.016281) 0.487045 (0.046512) 0.551320 (0.028645)
1.0 35 0.522087 (0.008351) 0.493479 (0.027397) 0.529822 (0.015470)
40 0.518337 (0.007143) 0.493357 (0.024096) 0.525026 (0.013377)
50 0.513238 (0.005536) 0.493306 (0.019417) 0.518502 (0.010528)
10 0.755752 (0.073145) 0.624317 (0.086956) 0.798972 (0.086440)
20 0.715454 (0.028941) 0.648901 (0.046512) 0.734537 (0.038164)
1.5 35 0.693336 (0.014743) 0.655346 (0.027397) 0.703608 (0.020544)
40  0.690731 (0.012689) 0.657442 (0.024096) 0.024096 (0.017826)
50 0.687263 (0.009932) 0.660574 (0.019417) 0.694313 (0.014098)
10 0.579361 (0.042703) 0.478603 (0.086956) 0.612494 (0.066265)
20 0.537892 (0.016351) 0.487852 (0.046512) 0.552238 (0.028693)
2.0 35 0.521209 (0.008327) 0.492650 (0.027397) 0.528932 (0.015444)
40 0.517716 (0.007125) 0.492765 (0.024096) 0.524396 (0.013361)
50 0.513656 (0.005545) 0.493709 (0.019417) 0.518925 (0.010537)

122




Table 7.6: Bayes estimator (Posterior risk)
for half normal distribution (a=0.5, b=c=2)

Uniform Prior

0 n SELF QLF PLF
10 1.073432 (0.094389) 0.954162 (0.053934) 1.112330 (0.089864)
20 1.022171 (0.032949) 0.968373 (0.025961) 1.037305 (0.048385)
0.5 35 1.002159 (0.016344) 0.972684 (0.014596) 1.010018 (0.032816)
40 1.000531 (0.014014) 0.974876 (0.012737) 1.007313 (0.030240)
50 0.994868 (0.010834) 0.974564 (0.010152) 1.000173 (0.026329)
10 2.200836 (0.397029) 1.956299 (0.053934) 2.280587 (0.377996)
20 2.114273 (0.141233) 2.002996 (0.025961) 2.145577 (0.207394)
1.0 35 2.064155 (0.069378) 2.003444 (0.014596) 2.080341 (0.139298)
40  2.065371 (0.059807) 2.012413 (0.012737) 2.079372 (0.129055)
50 2.050667 (0.046079) 2.008817 (0.010151) 2.061603 (0.111985)
10 3.323679 (0.903468) 2.954381 (0.053933) 3.444118 (0.860157)
20 3.162555 (0.315722) 2.996104 (0.025961) 3.209379 (0.463623)
1.5 35 3.116065 (0.158107) 3.024416 (0.014596) 3.140501 (0.317450)
40  3.093174 (0.133948) 3.013862 (0.012738) 3.114142 (0.289040)
50 3.078275 (0.103819) 3.015453 (0.010151) 3.094691 (0.252309)
10 4.385883 (0.073584) 3.898563 (0.053933) 4.544813 (0.062984)
20 4.164003 (0.030513) 3.944845 (0.025961) 4.225655 (0.027987)
2.0 35 4.096360 (0.015996) 3.975878 (0.014596) 4.128482 (0.015217)
40 4.075651 (0.013768) 3.971147 (0.012738) 4.103279 (0.013190)
50 4.064293 (0.010836) 3.981348 (0.010151) 4.085967 (0.010456)
Inverted Gamma Prior
0 n SELF QLF PLF
10 1.024350 (0.069039) 0.926793 (0.046435) 1.054855 (0.061009)
20 0.992198 (0.028350) 0.943798 (0.024086) 1.005690 (0.026985)
0.5 35 0.976269 (0.014783) 0.948769 (0.013984) 0.983581 (0.014624)
40  0.976240 (0.012798) 0.952135 (0.012269) 0.982599 (0.012718)
50 0.974807 (0.010063) 0.955503 (0.009851) 0.979844 (0.010075)
10 1.998831 (0.266664) 1.808466 (0.046435) 2.058355 (0.119049)
20 1.981259 (0.113307) 1.884612 (0.024086) 2.008201 (0.053885)
1.0 35 1.969730 (0.060194) 1.914245 (0.013984) 1.984482 (0.029505)
40 1.971454 (0.052176) 1.922776 (0.012268) 1.984296 (0.025683)
50 1.973194 (0.041236) 1.934121 (0.009852) 1.983390 (0.020393)
10 1.384587 (0.127602) 1.252722 (0.046435) 1.425820 (0.082465)
20 1.361242 (0.053567) 1.294840 (0.024085) 1.379753 (0.037022)
1.5 35 1.346935 (0.028175) 1.308994 (0.013984) 1.357023 (0.020175)
40  1.351357 (0.024556) 1.317990 (0.012268) 1.360160 (0.017605)
50 1.351143 (0.019352) 1.324388 (0.009851) 1.358125 (0.013964)
10 1.051952 (0.072826) 0.951765 (0.046435) 1.083279 (0.062654)
20 1.018381 (0.029846) 0.968704 (0.024085) 1.032230 (0.027697)
2.0 35 1.004142 (0.015635) 0.975856 (0.013984) 1.011663 (0.015041)
40 1.007066 (0.013621) 0.982200 (0.012269) 1.013626 (0.013119)
50 1.003789 (0.010673) 0.983912 (0.009852) 1.008977 (0.010374)
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Table 7.7: Bayes estimator (Posterior risk)
for Rayleigh distribution (a=1, b=1, ¢=2)

Uniform Prior

0 n SELF QLF PLF
10 0.721679 (0.018394) 0.681586 (0.027381) 0.733036 (0.026217)
20 0.707218 (0.007393) 0.688607 (0.013070) 0.712146 (0.015739)
0.5 35 0.699225 (0.003841) 0.688942 (0.007325) 0.701878 (0.011055)
40  0.700078 (0.003332) 0.691102 (0.006389) 0.702384 (0.010288)
50 0.697341 (0.002598) 0.690225 (0.005088) 0.699159 (0.009014)
10 1.494524 (0.078921) 1.411495 (0 027381) 1.518044 (O 112481)
20 1.463518 (0.031692) 1.425004 (0.013070) 1.473715 (0.067462)
1.0 35 1.446449 (0.016462) 1.425177 (0.007325) 1.451938 (0.047373)
40 1.441123 (0.014120) 1.422647 (0.006389) 1.445871 (0.043594)
50 1.443232 (0.011143) 1.428505 (0.005088) 1.446996 (0.038651)
10 2.238633 (0.176700) 2.114265 (0.027381) 2.273863 (0.251842)
20 2.191208 (0.071031) 2.133544 (0.013070) 2.206476 (0.151202)
1.5 35 2.169087 (0.036993) 2.137189 (0.007325) 2.177318 (0.106455)
40  2.168755 (0.031968) 2.140951 (0.006389) 2.175901 (0.098697)
50 2.164156 (0.025040) 2.142073 (0.005088) 2.169799 (0.086854)
10 2.972134 (0.311048) 2.807015 (0.027382) 3.018908 (0.443323)
20 2.886929 (0.122903) 2.810957 (0.013070) 2.907044 (0.261622)
2.0 35 2.858461 (0.064157) 2.816425 (0.007325) 2.869309 (0.184622)
40  2.848495 (0.055123) 2.811976 (0.006389) 2.857880 (0.170181)
50 2.846554 (0.043292) 2.817507 (0.005089) 2.853976 (0.150165)
Inverted Gamma Prior
0 n SELF QLF PLF
10 0.696578 (0.014050) 0.663408 (0.023519) 0.705800 (0.018443)
20 0.684935 (0.006358) 0.668229 (0.012119) 0.689339 (0.008808)
0.5 35 0.682998 (0.003496) 0.673378 (0.007017) 0.685474 (0.004958)
40  0.683962 (0.003052) 0.675518 (0.006153) 0.686131 (0.004335)
50 0.684149 (0.002422) 0.677375 (0.004938) 0.685878 (0.003459)
10 1.361886 (0.054515) 1.297035 (0.023519) 1.379916 (0.036059)
20 1.374044 (0.025662) 1.340531 (0.012119) 1.382879 (0.017670)
1.0 35 1.380158 (0.014286) 1.360719 (0.007017) 1.385167 (0.010018)
40 1.382307 (0.012472) 1.365242 (0.006153) 1.386689 (0.008762)
50 1.384185 (0.009912) 1.370480 (0.004938) 1.387685 (0.006999)
10 0.940943 (0.025952) 0.896136 (0.023519) 0.953405 (0.024913)
20 0.941939 (0.012086) 0.918965 (0.012119) 0.947991 (0.012113)
1.5 35 0.942955 (0.006680) 0.929674 (0.007017) 0.946378 (0.006845)
40  0.947493 (0.005866) 0.935796 (0.006153) 0.950496 (0.006006)
50 0.946113 (0.004636) 0.936745 (0.004938) 0.948505 (0.004784)
10 0.715841 (0.014894) 0.681753 (0.023519) 0.725317 (0.018953)
20 0.706655 (0.006775) 0.689419 (0.012119) 0.711198 (0.009087)
2.0 35 0.706401 (0.003745) 0.696452 (0.007017) 0.708965 (0.005127)
40 0.706102 (0.003252) 0.697384 (0.006153) 0.708339 (0.004475)
50 0.703006 (0.002558) 0.696045 (0.004938) 0.704783 (0.003554)
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Table 7.8: Bayes estimator (Posterior risk)
for chi-distribution (a=0.5, b=1, c=2)

Uniform Prior

0 n SELF QLF PLF
10 1.150475 (0.127288) 1.006665 (0.060437) 1.199199 (0.112520)
20 1.049248 (0.036951) 0.990956 (0.027382) 1.065760 (0.052666)
0.5 35 1.015573 (0.017334) 0.984798 (0.015035) 1.023795 (0.034261)
40 1.017079 (0.014875) 0.990313 (0.013070) 1.024165 (0.031664)
50 1.006147 (0.011321) 0.985185 (0.010361) 1.011629 (0.027221)
10 2.375528 (0.543602) 2.078587 (0.060437) 2.476136 (0.480536)
20 2.167816 (0.157839) 2.047382 (0.027382) 2.201932 (0.224961)
1.0 35 2.106973 (0.074612) 2.043126 (0.015035) 2.124031 (0.147466)
40  2.094754 (0.063211) 2.039629 (0.013070) 2.109349 (0.134558)
50 2.075192 (0.048202) 2.031959 (0.010361) 2.086501 (0.115899)
10 3.587984 (1.237248) 3.139486 (0.060436) 3.739942 (1.093707)
20 3.261786 (0.357243) 3.080576 (0.027381) 3.313118 (0.509163)
1.5 35 3.150174 (0.166696) 3.054714 (0.015035) 3.175677 (0.329465)
40 3.134777 (0.141433) 3.052283 (0.013070) 3.156619 (0.301067)
50 3.118812 (0.108882) 3.053836 (0.010361) 3.135806 (0.261800)
10 4.725959 (2.143402) 4.135214 (0.060437) 4.926113 (1.894733)
20 4.294922 (0.618901) 4.056315 (0.027381) 4.362513 (0.882092)
2.0 35 4.157921 (0.290307) 4.031923 (0.015035) 4.191582 (0.573773)
40 4.133677 (0.245742) 4.024896 (0.013071) 4.162479 (0.523107)
50 4.096936 (0.187645) 4.011583 (0.010362) 4.119261 (0.451180)
Inverted Gamma Prior
0 n SELF QLF PLF
10 0.995774 (0.061534) 0.905249 (0.044377) 1.023765 (0.055981)
20 0.978673 (0.026840) 0.932069 (0.023519) 0.991629 (0.025913)
0.5 35 0.970899 (0.014405) 0.943930 (0.013791) 0.978063 (0.014328)
40 0.970313 (0.012485) 0.946647 (0.012119) 0.976553 (0.012478)
50 0.968854 (0.009841) 0.949857 (0.009755) 0.973810 (0.009911)
10 1.943938 (0.237183) 1.767216 (0.044377) 1.998580 (0.109285)
20  1.957754 (0.107572) 1.864527 (0.023515) 1.983672 (0.051836)
1.0 35 1.956865 (0.058506) 1.902508 (0.013791) 1.971305 (0.028879)
40 1.957759 (0.050825) 1.910009 (0.012119) 1.970348 (0.025177)
50 1.962409 (0.040354) 1.923931 (0.009755) 1.972447 (0.020074)
10 1.345106 (0.113378) 1.222824 (0.044377) 1.382916 (0.075619)
20 1.335297 (0.050126) 1.271711 (0.023519) 1.352975 (0.035355)
1.5 35 1.342544 (0.027571) 1.305251 (0.013791) 1.352450 (0.019813)
40 1.343104 (O 023942) 1.310345 (0 012119) 1.351740 (0 017272)
50 1.338646 (0.018791) 1.312398 (0.009755) 1.345493 (0.013693)
10 1.029682 (0.065831) 0.936074 (0.044377) 1.058625 (0.057887)
20 1.006171 (0.028363) 0.958258 (0.023519) 1.019491 (0.026640)
2.0 35 1.000004 (0.015283) 0.972226 (0.013791) 1.007383 (0.014758)
40  0.999284 (0.013245) 0.974911 (0.012119) 1.005710 (0.012851)
50 0.996819 (0.010416) 0.977274 (0.009755) 1.001918 (0.010196)
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Table 7.9: Bayes estimator (Posterior risk)
for Maxwells Failure distribution (a=1.5, b=1, c=2)

Uniform Prior

0 n SELF QLF PLF
10 0.571435 (0.007049) 0.551026 (0.017693) 0.576954 (0.012769)
20 0.568476 (0.003070) 0.558675 (0.008583) 0.571020 (0.008141)
0.5 35 0.567385 (0.001649) 0.561876 (0.004842) 0.568791 (0.005868)
40 0.567322 (0.001430) 0.562510 (0.004228) 0.568546 (0.005454)
50 0.566442 (0.001126) 0.562515 (0.003372) 0.567413 (0.004816)
10 1.175675 (0.029861) 1.133687 (0.017695) 1.187031 (0.054092)
20 1.171068 (0.013015) 1.150878 (0.008583) 1.176308 (0.034514)
1.0 35 1.173134 (0.007071) 1.161744 (0.004842) 1.176041 (0.025156)
40 1.169028 (0.006083) 1.159121 (0.004228) 1.171551 (0.023187)
50 1.172273 (0.004830) 1.164352 (0.003373) 1.174282 (0.020652)
10 1.769124 (0.067526) 1.705941 (0.017694) 1.786212 (0.122319)
20 1.761770 (0.029504) 1.731395 (0.008583) 1.769653 (0.078237)
1.5 35 1.751380 (0.015737) 1.734376 (0.004842) 1.755720 (0.055986)
40 1.758235 (0.013762) 1.743335 (0.004228) 1.762028 (0.052463)
50 1.756130 (0.010830) 1.744265 (0.003372) 1.759140 (0.046306)
10 2.343734 (0.118174) 2.260029 (0.017694) 2.366373 (0.214066)
20 2.316804 (0.050913) 2.276860 (0.008583) 2.327170 (0.135006)
2.0 35 2.311144 (0.027385) 2.288705 (0.004843) 2.316871 (0.097420)
40  2.313503 (0.023771) 2.293897 (0.004228) 2.318494 (0.090610)
50 2.306405 (0.018671) 2.290821 (0.003372) 2.310357 (0.079830)
Inverted Gamma Prior
0 n SELF QLF PLF
10 0.564553 (0.006031) 0.546341 (0.015990) 0.569440 (0.009773)
20 0.561251 (0.002815) 0.552050 (0.008162) 0.563634 (0.004766)
0.5 35 0.557401 (0.001542) 0.552142 (0.004705) 0.558742 (0.002682)
40  0.555047 (0.001332) 0.550460 (0.004123) 0.556214 (0.002334)
50 0.556666 (0.001064) 0.552980 (0.003305) 0.557601 (0.001869)
10 1.102664 (0.023307) 1.067095 (0.015996) 1.112209 (0.019089)
20 1.120704 (0.011269) 1.102332 (0.008165) 1.125463 (0.009517)
1.0 35 1.126075 (0.006304) 1.115452 (0.004706) 1.128786 (0.005420)
40  1.128644 (0.005512) 1.119317 (0.004123) 1.131018 (0.004747)
50 1.128929 (0.004377) 1.121453 (0.003306) 1.130825 (0.003791)
10 0.765775 (0.011220) 0.741073 (0.015997) 0.772404 (0.013257)
20 0.768474 (0.005302) 0.755876 (0.008162) 0.771737 (0.006521)
1.5 35 0.768564 (0.002938) 0.761314 (0.004705) 0.770414 (0.003699)
40 0.770561 (0.002572) 0.764193 (0.004123) 0.772182 (0.003241)
50 0.772728 (0.002053) 0.767610 (0.003305) 0.774025 (0.002595)
10 0.582261 (0.006416) 0.563478 (0.015997) 0.587301 (0.010080)
20 0.576829 (0.002979) 0.567373 (0.008163) 0.579279 (0.004899)
2.0 35 0.575355 (0.001645) 0.569927 (0.004706) 0.576740 (0.002769)
40  0.574294 (0.001426) 0.569548 (0.004124) 0.575502 (0.002415)
50 0.574748 (0.001134) 0.570942 (0.003306) 0.575714 (0.001930)
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Table 7.10(a): Minimum and maximum values of the posterior risk

for different loss function in case of Uniform prior

0=05 0=10 =15 0 =20

Distribution min max  min max  min max  min  max

One-parameter exponential distribution SELF QLF QLF SELF QLF SELF QLF SELF

Gamma distribution SELF QLF QLF SELF QLF SELF QLF SELF

Generalised gamma distribution SELF QLF QLF SELF QLF SELF QLF SELF

Erlang distribution SELF QLF QLF SELF QLF SELF QLF SELF

Weibull distribution SELF QLF QLF SELF QLF SELF QLF SELF

Half normal Distribution SELF QLF QLF SELF QLF SELF QLF SELF

Rayleigh distribution SELF QLF QLF PLF QLF PLF QLF PLF

Chidistribution QLF SELF QLF SELF QLF SELF QLF SELF

Maxwell Failure distribution SELF QLF QLF PLF QLF PLF QLF PLF

Table 7.10(b): Minimum and maximum values of the posterior risk
for different loss function in case of inverted gamma prior
0=0.5 0=10 =15 =20

Distribution min max min max min max min max
One-parameter exponential distribution SELF QLF QLF SELF SELF QLF SELF QLF
Gamma distribution SELF QLF QLF SELF SELF PLF SELF QLF
Generalized gamma distribution SELF QLF QLF SELF SELF QLF SELF QLF
Erlang distribution SELF QLF QLF SELF SELF QLF SELF QLF
Weibull distribution SELF QLF SELF QLF SELF QLF SELF QLF
Half normal distribution QLF SELF QLF SELF QLF SELF QLF SELF
Rayleigh distribution SELF QLF QLF SELF QLF SELF SELF QLF
Chidistribution QLF SELF QLF SELF QLF SELF QLF SELF
Maxwells Failure distribution SELF QLF QLF SELF SELF QLF SELF QLF
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Chapter 8

Bayesian Estimation Methods for
two parameter Generalised Rayleigh
Distribution under different Loss

functions and Type II censoring

8.1 Introduction

In this chapter, we have considered the two parameter Generalized Rayleigh distribution
proposed by Surles and Padgett (2001)[105]. The cumulative density function (cdf), probabil-
ity density function (pdf) and the reliability function of this distribution are given by ({8.1.1)),

(8.1.2) and (8.1.3), respectively.

F(z;a,7) = (1 - e—m2)a; x>0, (8.1.1)
9 9\ a—1

flz;a,7) = 2arze™™ (1 —e " > ; x>0 (8.1.2)

R(t)=1— (1 _ eﬂ2>a; r>0. (8.1.3)
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where o > 0 is the shape parameter and 7 > 0 is the scale parameter. Here, we have consid-
ered uniform prior, quasi prior and natural conjugate prior under the different loss functions
like Squared Error Loss Function (SELF), Quadratic Loss Function (QLF) and Generalised
Entropy Loss Function (GELF) to obtain the posterior distribution. A comparative study has
been performed in order to study the impact of the different priors under different the loss
functions where the major role is played by the Bayes estimators of the positive and negative

powers of the parameter involved in the model.

8.2 Set-up of the Problem

Let a random variable X follows generalized two parameter Rayleigh distribution whose
pdf is given in (8.1.2). In the whole chapter, we assume that « is unknown but 7 is known.
Suppose n items are put on test and the test is terminated after r ordered items are noticed.
Let 0 > X1y > X(9)... > Xy, 0 > r > n, be the lifetimes of the first r ordered observations.

Here (n — r) items survived until X,). The likelihood function is given by

L(a| z) = a"exp(—as,) (8.2.1)

Sp = — [; log {1 — eimW} + (n —r)log {1 — em(”}] (8.2.2)

The prior 7(«) and posterior density h(a | s,) in each case i.e. for the uniform, quasi and

natural conjugate prior, respectively, are given as follows

mu(a) =m (8.2.3)
hy(als,) = F(j:—:_l)a’"exp{—asr} (8.2.4)
ma(a) = - (3.25)
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8T7d+1

ho(a| s,) = mar_dexp{—asr} (8.2.6)
o(a) = F—a”’lexp(—da); a,d,v >0 (8.2.7)
v
r+v
he(a ] s,) = %a””lexp{—cz(& + )} (8.2.8)
Let us make the transformation U = —log {1 — 6’722}. After the transformation, we see that

U follows exponential distribution with pdf

au

flu; ) = ae™ u>0

According to the additive property of the exponential distribution, the pdf of .S, is

T

h(s,,a) = ﬁs:_lexp(—ozsr); s >0 (8.2.9)

The risk is defined as

~

Rp(fp) = Es, 4 {L(éB,e)}

and the posterior risk is given by
RpB(0p) = Eys, {L(éB, 9)}

where 0p is the Bayes estimate of the parameter 6.

8.3 Bayes estimators & and a7 of o and o?

The Bayes estimator is defined as the posterior mean. In each case the Bayes Estimators

dap, Gop and &gy of SELF, QLF and GELF, respectively, are defined as
dop = E(d” | x) (8.3.1)
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QB ~ Bla 1) (8.3.2)

—1/a

a&p = [Bass, ((@)7)] (8.3.3)

8.3.1 The Bayes estimators under Uniform prior

The Bayes estimators under uniform prior for different loss functions are discussed in the
following theorems.

Theorem 8.1: For a positive integer p, 47;¢p and &% under SELF are:

A I(r+1+p) _
O[Z()]SB = Wsrp (834)

o [(r+1-p)
Py = ————’gP 8.3.5
Qysp F(r—l—l) Sy ( )

Proof: af45; and d;ep are obtained from (8.3.1) and hence, the theorem follows by using

[824) in (83.1).

Theorem 8.2: a7y and ayq g under QLF, are given by:

. (r+1-p) _
Py = ————5 P 8.3.6
aUQB F(’l“—l—l _2p)5r ( )

L C(r+1+p)
= ———— 5P 8.3.7
OéUQB F(?"+ 1 "‘2]7) Sy ( )
Proof: a7,,p is obtained from (8.3.2) and hence, the theorem follows on using (8.2.4)) in
’3.3).

Theorem 8.3: of 5 and o %5 under GELF are:

. L'(r+1—ap) “le
p = — = p 8.3.8
aUGB { F(T+ 1) } S ( )

and

s (8.3.9)

T

. ['(r+ 1+ ap) ~1/a
(0% = _—_—
veb ['(r+1)
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Proof: &%, is obtained from (8.3.3) and hence, the theorem follows by utilizing (8.2.4) in
(8.3.3).

8.3.2 The Bayes estimators under Natural Conjugate prior (NCP)

The Bayes estimators for different loss functions under natural conjugate prior are ob-
tained in the following theorems.

Theorem 8.4: 47.op and dg.p under SELF are given by

p L(r+v+p)

ACsB = T 4 1) (sp +p)" (8.3.10)

A L'(r+v—p)
CSB L(r+v)

(s, + p)? (8.3.11)
Proof: 47,y is obtained from (8.3.1) and hence, the theorem follows on using (8.2.8) in
(831).

Theorem 8.5: ag) and aggp under QLF are:

o T(r+v-—p)

= . P 3.12
QcoB F(r—i—y—Qp)(S + 1) (8.3.12)

o L(r+v+p)
P = (5, 4 )P 8.3.13
27076):; T(r+ v+ 2p) (80 + p) ( )

Proof: &(p is evaluated from (8.3.2) and hence, the theorem follows on using (8.2.8) in

’3:2).

Theorem 8.6: af.,; and a .z under GELF are given by:

»  JT(r+v—ap) —1/a .
Coagp = {W} (Sr + ,U,) (8314)

and
5 { L(r+v+ap)

—1/a
Qogp = T(r+ ) } (s + 1) (8.3.15)
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Proof: a%AGB is evaluated from (8.3.3) and hence, the theorem follows on using (8.2.8]) in
®33).

8.3.3 The Bayes estimators under Quasi prior

The Bayes estimators under quasi prior for SELF, QLF and GELF are discussed in the
following theorems.
Theorem 8.7: dy)gp and gz under SELF are:

R I(r—d+1+p) _
P P 3.1
AQsB T(r—d+1) Sy (8.3.16)

. I'(r—d+1-p)
Do = p 3.1
aQSB F(T—d+1) Sy (83 7)

Proof: dg)gy is obtained from (§8.3.1)) and hence, the theorem follows on using (8.2.6) in (8.3.1]).

Theorem 8.8: g,z and aggp under QLE are given by:

. I'r—d+1-p) _
P = p 3.1
YQeB Tr—d+1 _2p)5r (8.3.18)

- I(r—d+1+p)
A— P 8.3.19
QBT —dr 142" ( )

Proof: af),p is obtained from (8.3.2) and hence, the theorem follows on using (8.2.6) in
(83.2).

Theorem 8.9: ag;p and agz under GELF are:

. T(r—d+1—ap)) V" _
agGB:{ To—dt 1) } s, P (8.3.20)
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and

- I'(r—d+1+ap) ~/a
Py = b 8.3.21
“qcn { T(r—d+1) } o (8.321)

Proof: ong p is evaluated from ({8.3.3) and hence, the theorem follows on using (8.2.6]) in in
833).

8.4 Risk for different priors under various loss functions

The risk under SELF, QLF and PLF are

Rs(&%p) = Es,ja [(ap - é‘gB>2] (8.4.1)

(1 - éff)Q] (8.4.2)

) Ao\ (&P
Re(d%) = Fs o K (pr) —a (%) - 1] (8.4.3)

Theorem 8.10: The Risk Rg(&F,¢5), Ro(&? and Rg(ar for SELF, QLF and GELF
USB Q\%ugB UGB

under uniform prior, respectively, are as follows:

+1

r(r+1+p)}21“(r—2p) - {F(HHP)} L(r —p) (8.4.4)

Rs(afsp) = o™ [{ L(r+1) L'(r) L(r+1) I'(r)

R — 1+{ C(r+1-p) }2 L(r—2p) { T(r+1-—p) }F(T—p) (8.45)

L(r+1—2p) I'(r) [(r+1-—2p) L(r)
ie = d —lo _Tr+1) a [ 2 e Flogzdz —
Reliton) = { o} oo\ a gy T onste =1 840

Proof: Under SELF, the risk is obtained by using (8.3.4)) in (8.4.1)) and on solving, we get

Relfsp) = { M Bt 4o 20 {EEES P B ) (s

137



Now, the value of Eg, (s, %) and Ej, 4(s,?) are evaluated as

Es,ja(s,7) = % (8.4.8)
and
Es,ja(s,7) = aprr(zr) P) (8.4.9)

Substituting (8.4.8)) and (8.4.9) in (8.4.7)), we get equation (8.4.4).

The risk in case of QLF is obtained by using (8.3.6]) in (8.4.2), then we have

Substituting the values from (8.4.8) and (8.4.9)), we obtain the risk for QLF under Uniform

prior in ([8.4.5)).

The risk for GELF is obtained by using (8.3.8)) in (8.4.3), we get

R I(r+1) _ L(r+1)
p _ E @w ] - 7 Eg 1.1l -1
RG<aUGB) {1’\(7, + 1— ap)} Srla {OéST} og {F(T + 1 — ap) +ap ST|O¢{ Og(O[ST)}
(8.4.10)
Now, the value of Eg |, {as,} " and Eg, |, {log(as,)} are
- L(r — ap)
E R A 411
Sr|a {0537’} F(T’) (8 )
and
1 o0
Eg o {log(as,)} = —/ logzz" ‘e *dz 8.4.12
o llogtas)) = s (8.4.12)

Using (8.4.11)) and (8.4.12)) in (8.4.10)), get the required result given in (8.4.6)).

Hence, the theorem follows.
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Theorem 8.11: Risk Rg(Gggp), Ro(atgp) and Ra(dggy) for SELF, QLE and GELF, re-

spectively, under natural conjugate prior are as follows:

X T(r+v+p) ) a® [* e = 1dz L(r+v+p) —|—p a® [ e
Ro(AP _ 2r_9 -
s(tcsp) { } Tr /0 +a Tr /0

I'(r+v) (z 4+ ap)?r T T(r+v) (z +ap)p
(8.4.13)
X T(r+v—p) > 1 /°° e 2" ldz I(r+v-— 1 /°° e 7?2 dz
R P =1 R . — —2 =
e e R = i el M e
(8.4.14)
. L(r+v) 1 [® e 2tz L(r+v)
R P - —~ 7 N ___ _ -~
G(aCGB) {F(r+u—ap)} FT/O (Z+au)2p 09{F(¢+u—ap) (8415)

p * r—1_—z
+—/ log(z + ap)z" e “dz — 1
T Jy o)

Proof: To obtain the risk in case of SELF under NCP, we use the following expression in

(8.4.1) and by using ({8.3.10]), we get

. L(r+v+p) 2 _ L(r+v+p) _
Re(&” _ Eg .(s, 2p 2P _9qP Eg 1o(s, P
S(aCSB) { F(T + 1/) } S| (S +:u) T «Q F(T + V) S| (S +ﬂ)

(8.4.16)
Now, the value of Es, 4(s, + ) % and Eg, | (s, + p) P are given as
a?r [ ez
Es,a(s, = — 8.4.17
sl - = [ (8417
and
aP [P e ldz
Eg (s, P = — -_— 8.4.18
Srl (8 —|-,U) FT/ (Z+CL’,U)p ( )

Substituting (8.4.17)) and (8.4.18]) in (8.4.16)), we obtain the risk for SELF.
In case of QLF, the risk under NCP is evaluated by using (8.3.12)) in (8.4.2)), we get

I(r+v—p)
I'(r+v—2p)

L(r+v—p)
I'(r+v—2p)

Rq(btop) = 1+{ }2 Es jo {a(s, + p)} -2 { } Es,jo {a(sr + 1)} "

(8.4.19)
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Now, we know that

1 [® ez ldz
Eg o(s, e R —— 8.4.20
Sr| (S + /’L) FT/O (Z + au)Qp ( )
and
1 [®e 7?2 dz
Eg (s, P = — _— 8.4.21
Srl (8 —|—,LL) 1—\7,/0 (Z+Oé,LL)p ( )

Further, using (8.4.20) and (8.4.21)) in (8.4.19)), we get the required result given in (8.4.14)).
The risk for GELF under NCP is formulated by using (8.3.14]) in (8.4.3)), we get

L(r+v)

Ra(aeap) = {F(T p— } Eujs, {a(s, + 1)}~ — log {F L(r +v)

(r+v—ap) } (8.4.22)
+ apEs, o {log(a(s, + p))} — 1

Now, the values of Eg, o {a(s, + 1)}~ and Eg, o [log{ca(s, + p)}] are

ey QTP [P ey
Bs o fals, + )} = & / = (8.4.23)
and
1 o0
Es. o [log{a(s, + 1)} = W/o log(z + au)z"te *dz (8.4.24)

On substituting (8.4.23)) and (8.4.24)) in (8.4.22)), we have (8.4.15]).

Hence, the theorem follows.
Theorem 8.12: The Risk Rs(dggp), Ro(dhgs) and Ra(apqp) for SELF, QLF and GELF,

respectively, under quasi prior are as follows:

0 v o | JTr=d+14p\*T(r=2p) _fT(r—d+1+p)\ I(r—p)
Rs(0asp) = o [{ P(r—d+1) } r(r) { Pr—d+1) } 0
(8.4.25)
p B Cir—d+1-p) 2F(r—2p) Fir—d+1-=p) \ I'(r—p)
RQ(“QQB)_1+{F(r—d+1—2p)} L'(r) _Q{F(r—d—l—l—Zp)} L(r) (8.4.26)

A r F(T_d+1) ap = r—1_—z
Ra(&hap) = {(r — ap)} — log {F(r T ap)} + 7/0 2 le Flogzdz — 1 (8.4.27)
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Proof: For SELF, the risk under quasi prior is obtained by using (8.3.16)) in (8.4.1)), we have

B I'(r—d+1+p) _
2p 2p D D
Boelor ) e Qa{ Mr—d+1) }EST‘”(ST)

(8.4.28)

Substituting (8.4.8)) and (8.4.9) in (8.4.28)), we get the required result as given in equation

(18.4.25]).
Risk for QLF under quasi prior is evaluated by using (8.3.18) in (8.4.2), we have

p B (r—d+1-p) 2 —op I'(r—d+1-p) .
RQ(QQQB) =1+ {F(r—d+1—2p)} ESHOZ {0487"} _2{ F(T—d+1) }E5r|a {QST}

From ({8.4.8) and (8.4.9)), the Risk in this case is obtained in (8.4.26])).

Risk for GELF is evaluated by using (8.3.18)) in (8.4.3]) we get

o I'(r—d+1) —ap Llr—d+1)
Re(6Gan) = {F(r —d+1—ap) } Foa {asek ™= log {F(r —d+1-ap) } (8.4.29)

+apEg,a{log(as,)} —1

Using (8.4.11)) and (8.4.12)) in (8.5.21)), we get the required result given in ({8.4.27)).

Hence, the theorem follows.

Note: The expressions for R(a?) are obtained by replacing p by —p in all the given cases.

8.5 Posterior risk for different loss functions under var-
ious priors

The posterior risk Rps(dp), Rr(dnp) and Rpg(agg) for SELF, QLF and GELF, respec-

tively, are as follows:

Rps(ahy) = Eays, {0} = [Bays, {07}] (8.5.1)

{Eaps, (a)}
Eos, (a=?P)

Rpo(abyy) =1 — (8.5.2)
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Rpa(6P,) = E Gep )" _, (%as —1 8.5.3
ra(dgp) = Bas, | =, a (8.5.3)

oP
Theorem 8.13: Posterior risk Rps(afrs5), Rrq(dfgp) and Rpa(dfqp) for SELF, QLF and

GELF, respectively, under uniform prior are:

Rps(6f5) = F(i_—:l) D(r+2p+1) - {F(;?;zrz)l)} (8.5.4)
o {T(r+1-p)}

Rpq(aggp) =1 - T+ DT(r+ 1—2p) (8.5.5)

Rpa(afep) = app(r + 1) — log {%} (8.5.6)

Proof: The posterior risk for SELF under uniform prior is obtained from (8.5.1)). Now, the

values of E,s, (o) and Eqys, (o) are

['(r+1+2p)

Bujs, (0) = - () (85.7)
and

Since, here we are considering the uniform prior so we substitute the expected values from

(8.5.7) and (8.5.8)) in (8.5.1f) with respect to uniform prior and on solving we get (8.5.4).
For QLF, the posterior risk is obtained by using the values given in (8.5.9) and (8.5.10) in

85.2).
ot (07) = S Ea T (5 8.59)
and
Eus, (a7%) = ”}%pr) (5,)% (5.5.10)
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The required result is obtained in (8.5.5)).

For GELF, the posterior risk is evaluated by using (8.3.8)) in (8.5.3)), we have

o B T'(r+1) g, C(r+1) " oolas )1
Rrc(on) = { poit o B s —tog { [ P b flog(asn)}-1
(8.5.11)
Now,
Euis, alsn)) ™ = S (s (85.12)
and
o, Uog(a)} = {5 [0+ 1)~ log(s) (8.5.13)

Further, substituting (8.5.12)) and (8.5.13) in (8.5.11)), we get (8.5.6).

Hence, the theorem follows.

Theorem 8.14: Posterior risk for different loss function under natural conjugate prior are as

follows:
_ 2
op (5 + )7 |, {T(r+v+p)}
_ 2p) — .0.14
RPS(O‘/CSB) F(’I“ + I/) (’I" +v+ p) F(’l" + l/) (8 i )
) I(r4+v—p}
P -1 { 0.1
RPQ(aCQB) F(T + V)F(T +u— 2p) (8 3 5)
R L(r+v)
RPG(O[%GB) = apw(r + V) — lOg {m} (8516)
Proof: Refering to the expression of posterior risk for SELF from (8.5.1)).
I'(r+v+p) -
B Py R ) p 5.1
alSy (Oé ) F(?” + V) (sr + ,U/) (8 5 7)
and
I'(r+v+2p) 2
E, )= (s, P 8.5.18
‘Sr (O{ ) F(r + I/) (S + M) ( )

Substituting (8.5.17)) and (8.5.18)) in , we get (8.5.14)).
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For QLF, the posterior risk is obtained by using (8.5.19) and (8.5.20)) in (8.5.2).

Eqs, (a7?) = w (5, + p)? (8.5.19)
Eqs, (a7%) = W (50 + 1) (8.5.20)

on subtituting the values and further solving it we get the required result in (8.5.15)).

The posterior risk for GELF under NCP is obtained by using (8.3.14)) in ({8.5.3)), we have

p B L(r+v) g, [(r+v)
Rrc(6tos) = { iy g (e + 0™ —ton{ 2 55.21)
+ apEqys, {log(a(s, + 1))} — 1
We know that,
Ens, {a(s, +p)} % = F%?;:_V)a P) (sr 4 p)™ (8.5.22)
and
Eqys.{log(a)} = % [V(r+v) —log(s, + )] (8.5.23)

Substituting (8.5.22)) and (8.5.23) in (8.5.21)), we get the required posterior risk of GELF in
(85.16).

Hence, the theorem follows.

Theorem 8.15: Posterior risk for different loss function under Quasi prior are as follows:

Rps(a)gp) = mif—dpﬂ) T(r—d+1+2p) — {N;(_r‘i*d fl)p)} (8.5.24)
AP _ {F(T_d+1_p)}2
Rroldigen) =1~ T(r—d+1)T(r—d+1-2p) (8:5.25)
o B (r—d+1)
Rpa(apgp) = apy(r + 1) — log {F(r —dT1—ap) } (8.5.26)
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Proof: We consider the expression of posterior risk for SELF from (8.5.1)) in case of quasi

prior, we have
I'(r—d+1+p)

Bus (a7) = Tt (g (8527
and
Eqs, (o) = F<71;(_rd_tll++1)2 D) (5,)7% (8.5.28)

Substituting the values from (8.5.27)) and (8.5.28]), we get the required result in (8.5.25]).
For OLF, the posterior risk is obtained by using (8.5.2). Now, we have
I'(r—d+1-p)

Eqs, (@77) = —arn o (8.5.29)

and
I'(r—d+1-2p)
I'(r—d+1)

Eys, (a™%) = (s7)%F (8.5.30)

On substituting the values from (8.5.29) and (8.5.30) in (8.5.2), we get the result as given

in (8.5.25)). The Posterior risk for GELF under quasi prior is obtained by using (8.3.20) in
(18.5.3]), we get

AP o F(T—d‘|‘1> —ap F(T_d+1)
Rpc(dgep) = {F(r —d+1—ap) } Fots. {ame} ™ = og {F(T —d+1-ap) } (8.5.31)

+ apEys, {log(as,)} — 1

Now we have,
I'(r—d+1—ap)
I'(r—d+1)

Eys {als)} ™" = (s:)™ (8.5.32)

and
I(r—d+1)
(s,)7aP

Substituting (8.5.32)) and (8.5.33]) in (8.5.31]), we have the result in (8.5.26]).

Hence, the theorem follows.

Eqs,{log(a)} = [Y(r —d+1) —log(s)] (8.5.33)

Note: The expressions for Rp(&~?) are obtained by replacing p by —p in all the given cases.
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8.6 Bayes estimator of F(x) for different loss functions
under various priors

Theorem 8.16: Bayes estimator of F'(z) for different loss functions under Uniform Prior

r+1
log {1 — 6*7‘”2}

Fysprr(zio,mpn) = |1+ . (8.6.1)
) log {1 — e‘”’2} o

Fyqrr(wya, 7, 1) = |1+ S (8.6.2)
) log {1 — e”xz} '

Fyaprr(z; 0,7, 1) = |1+ - (8.6.3)

Proof: Here we obtain Bayes estimator of (8.1.1)) at a specified point x with the help of Bayes

estimator of o for uniform prior.

F(x; Q, T, 1) = {1 — 6_”32}

= exp [alog {1 — e”‘"QH

Flz;o,7, 1) = i [lOQ {1 _ 67”:2}} a' (8.6.4)

2!
i=0

Utilizing Lemma 1, of Chaturvedi and Tomar (2002)[28], we get

roa {1 -}

il Aysp

FUSELF(JI;OC,T, p) = Z

1=0
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Substituting the value of &}, 5 in above equation, we get

g {1 =" rp 1109,
il Tr+1)

S {rete) tog {1 - 1]’

i! I'(r+1) Sy

FUSELF@;CY,T, M) =

M8 1M

iy [l {1

B — il (r)! 5y

Thus, we obtain the result in case of SELF in (8.6.1)). Similarly, on solving for QLF and GELF

by putting the values of 47,5 and df;qp in (8.6.4), we get (8.6.2) and (8.6.3), respectively.

Hence, the theorem follows.

Theorem 8.17: Bayes estimator of the cdf for different loss functions under NCP Prior

r+i+v—1
log {1 — e’T‘BQ}

Fosprr(za,mp) = |1+ ot ) (8.6.5)
r—itv
) log {1 — e*”“"Q}
Feqrr(z;o, 1) = |1+ Gt ) (8.6.6)
r+v
) log {1 — e*”2}
Fogprr(zyo,op) = |1+ ot 1) (8.6.7)

Proof: Here, we obtain Bayes estimator of at a specified point x with the help of

Bayes estimator of af for NCP

. o0 [log {1 — e*T‘EQH A
Fosprr(r;a,7,p1) = Z i aosp

1=0
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Substituting the value of &L gp in above equation, we get

[109{1_6 mZHiF(HvH)

Tty Ot

[o.¢]
FCSELF !E Qa, T, M E
=0

_il (r+v+1i) log 1_€m}
B — il ['(r+v) (Sr + )

L(r+v+1)! log 1 - 7796}
e | rw

[
Mg

i\
o

On solving this expression, we get the Bayes estimator in case of SELF given in (8.6.5)).
Similarly, solving for QLF and GELF by putting the values of &g and dggp in (8.6.4), we
get (8.6.6) and (8.6.7)), respectively. Hence, the theorem follows.

Theorem 8.18: Bayes estimator of the cdf for different loss functions under quasi prior

r+i—d
log {1 — e‘”Q}

Fosprr(zia,op) = |1+ . (8.6.8)
5 r—i—d
) log {1 —e " }
Foqrr(z;o, 1) = |1+ S (8.6.9)
5 r—d
) log {1 —e 7" }
Focprr(r;a, 7, 1) = |1+ : (8.6.10)

Proof: Here, we obtain Bayes estimator of (8.1.1) at a specified point  with the help of

Bayes estimator of o for quasi prior

FQSELF(x§a777 M) =
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Substituting the value of &L gp in above equation, we get

3 og{1-H rps1-avy

FQSELF@;CY,T,M = il F(r—l—l—d) Sy

=0

l{ T—d+1+Z)} 109{1—e—m2}i

'l T(r—d+1) Sy

Mg

=0

—d+z) log{l—e*”ﬂ} i

ZT
il (r—d)! Sy

On solving this expression, we get the Bayes estimator in case of SELF given in (8.6.§]).

Similarly, solving for QLF and GELF by putting the values of o?icQ 5 and &g in (8.6.4) we

get (8.6.9) and (8.6.10)), respectively.
Hence, the theorem follows.
8.7 Bayes estimator of f(x) for different loss functions

under various priors

Theorem 8.19: Bayes estimator of the pdf for different loss functions under uniform prior

41
—7z2
orawe ™ (r4+i+1) log {1 —¢€ }

i ; = 1 8.7.1
fUSELF(xv Q, T, M) s, {1 — 6_7_332} + s, ( )
— r—i
A 2rre T (r—i+1) log {1 —€ }
; = 1 8.7.2
fUQLF((Ev o, T, M) s, {1 _ 6_7z2} + s, ( )
—rz2 "
- orwe ™ (r 4 1) log {1 - € }
: = 1 8.7.3
fUGELF(xJ Oé, T? /’l’) ST {1 _ G_TxQ} + 8»,« ( )
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Proof: Here, we obtain Bayes estimator of the pdf (8.1.2) at a specified point x with the help

of Bayes estimator of o” and using the Bayes estimate of F'(z;a, 7, 1) defined in (8.1.1)) is

~ d -
f(xa CY)T?N) = %F (Z’;CV,T,,U) |
, d | o))
f(m;ozm,u):% ; i‘ &
o i—1
B ® 1 [log{l—e T }] 2rze T
p (1 —1)! {1 — e}

1—1
R o [lOg {1 — 677’12 }] 27_1,677:):2 .
: > : Gttt (8.7.4)

where,
Gt — D(r+1+i+ 1>87(i+1)
['(r+1) "

which is obtained by putting p =i+ 1 in (8.3.4), (8.3.6]) and (8.3.8)) for different loss functions

in Section 8.3 and on solving (8.7.4]) in all three cases, we get Bayes estimator for the pdf
under SELF, QLF and GELF, respectively. Hence, the theorem follows.

Theorem 8.20: Bayes estimator of the pdf for different loss functions under NCP

o tog {1 - =v="} ritu-l

foser(ia = T EH G L 6.7.5)
, l ) a2 r—itpu—1

foauraia ) = SRV ”9{(8;1) } (5.7.6)
, ; {1_ —n:?} r+p—1

Joarprr(w;a, 7, 1) = (sf?i)‘r{xl(i ::22} 14 ! :M) (8.7.7)
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Proof: Here, we obtain Bayes estimator of (8.1.2) at a specified point = with the help of

Bayes estimator of a? and using the Bayes estimate of F'(z;a, T, 1) defined in (8.1.1)) is

p d

f(x;aa’BM) :%F(Z’;O(,T,,u> |

N A

f(l’;(]!,’r,[,b):% Zz; Z' v

9 i—1
x g [lOg {]. —e T }] dVrre”TT ]
- — (1 —1)! {1 — e}
i—1

; S [log {1 - }] 2rwe ™" i+1
flzya,mpn) = ; i - e_m2}oz (8.7.8)

where,
A+ Fr+14+i+1+v)
L(r+v)

which is obtained by substituting p =4+ 1 in (8.3.10)), (8.3.12)) and (8.3.14) for different loss

functions in Section 8.3 and on solving (8.7.4) in all three cases, we get Bayes estimator for
the pdf under SELF, QLF and GELF, respectively.
Hence, the theorem follows.

Theorem 8.21: Bayes estimator of the pdf for different loss functions under Quasi Prior

2 r+i—d
27’xe*mz(r +i+1—4d) log {1 —¢€ }

A ' - 1 879
fQSELF(Iu Oé, T? /’l’) S,r, {1 _ 6-7’]32} + ST ( )
r—i—d
—T$2
, orze ™ (r—i+1—d log{l—e }
faqur(wia, ) = =—— {1(_ — Vi - (8.7.10)
r—d
—T.T2
; 2rze ™ (r+1—d log{l € }
fagprr(z;a,mp) = — a _< ) ) |1y - (8.7.11)
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Proof: Here, we obtain Bayes estimator of (8.1.2) at a specified point = with the help of

Bayes estimator of a? and using the Bayes estimate of F'(z;a, T, 1) defined in (8.1.1)) is

o d -
f(xa CY)T?M) =—F (37;0(,7',,&)

dx ‘
A @ | Joofi-}]
f(CC,O!,T,M)—E ; Z' v
i—1
B x g [lOg {]. — 6_7—:02 }] dVrre”TT o
B p (1 —1)! {1 — e}
i—1
; S [log {1 - }] 2rwe ™" i+1
; = v 8.7.12

where,
4+ Fir+14i+1 _d)s*(i“)
I'(r+1—4d) "

which is evaluated by putting p = ¢+ 1 in (8.3.16), (8.3.18) and (8.3.20)) for different loss

functions in Section 8.3 and on solving ({8.7.4)) in all three cases, we get Bayes estimator for
the pdf under SELF, QLF and GELF, respectively.

Hence, the theorem follows.

8.8 Bayes estimator of R(t) for different loss functions

under various priors

8.8.1 Bayes estimator of R(t) for different loss functions under uni-

form prior

Let R(t) and F(t) be the Bayes estimator of R(t) and F(t), respectively. The relation

between both is given as

R(t)=1— F(t) (8.8.1)



In order to obtain R(t) for SELF, QLF and GELF, we substitute the value of F(t) for the
three loss functions from ({8.6.1)), (8.6.2) and ({8.6.3)), respectively.

41
log {1 — 6*7952}

Ryspre(t)=1— |1+ - (8.8.2)
o r—1i
N L log {1 —e }
RUQLF(t) =1 1+ S (883)
) L log {1 —e” }
Rygerr(t) = I+ . (8.8.4)

8.8.2 Bayes estimator of R(t) for different loss functions under
NCP

From (8.8.1)), we obtain R(t) for SELF, QLF and GELF, we substitute the value of F(t)
for the three loss functions from (8.6.5), (8.6.6) and (8.6.7)), respectively.

9 r+itrv—1
. log {1 —e " }
Rsprr(t)=1— |1+ Gr 1 1) (8.8.5)
r—itv
. log {1 — e*”Z}
Rour(t)=1— |1+ G (8.8.6)
2 r+v
. log {1 —e " }
RGELF(t) =1— 11+ (S n [L) (887)

153



8.8.3 Bayes estimator of R(t) for different loss functions under
quasi prior

From (8.8.1)), we obtain R(t) for SELF, QLF and GELF, we substitute the value of F(t)
for the three loss functions from (8.6.8)), (8.6.9)) and ({8.6.10)), respectively.

r+i—d
log {1 — e*””Q}

ESELF(t) =1—|(1+ 5 (888)
r—i—d
. L log {1 —e }
Rowr(t) =1— |1+ . (8.8.9)
r—d
. logql—e "
RGELF(t) =1—- |1+ { 5 } (8810)

8.9 Bayes estimator of R = P(Y > X) for different loss

functions under various prior

8.9.1 Bayes estimator of R for different loss functions under uni-

form prior

The expression for the Bayes estimator of R = P(Y > X) is as follows:

R:/ f@;CY177'1,/~61)JE(?J;04277'2,M2)dy
y=0 J =0

~

R:/ —f‘i(y; O‘laﬁaﬂl)f(% 042,7'27M2)dy (8~9'1)
)

=0
In case of uniform prior, by using the Bayes estimator of R(¢) and pdf for SELF, QLF and

GELF and on evaluating, we get the results for ]A%USEL F, J%UQ r and RUGEL r, respectively in
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the following expressions

r+1 s+1
£ , < 9(s + 2)7_2y6—7'2y2 , log {1 — e_ﬁy2} ) log {1 . e‘mﬂ} ;
USELF = _/yO t. {1 — e} + 5 + T y
(8.9.2)
r—1 s—1
- — e v’ l 1—e v
. © 9smye Toy? log{l e } og{
R =1- 1 1 d
UQLF /y:() to {1 — v} + 5 + L Y
8.9.3)
R =1 /°° 2(s + 1)ryye ™" 1+ fog {1 B eimﬁ} 1+ fog {1 B e,myz} d
UGELF = o t{l— =m0} 5 . Y

8.9.2 Bayes estimator of R = P(Y > X) for different loss functions

under NCP

Using (8.9.1)), in case of NCP prior, by using the Bayes estimator of R(¢) and pdf for
SELF, QLF and GELF and further evaluating we get, the results for }A%CSELF, ]%CQLF and

RCG gLF, respectively in the following expression

log {1 _ e_lez} r+u

- ® (s + 14 1) Toye ™Y
Resprr = 1—/ ( 2)724 1+
v

=0 (ts + ,u2) {1 - e_TQyQ} (Sr + PJ1>
2 s+v2 (895)
log {1 —e ™Y }
1 d
T ) Y
2 r+v1—1
P /°° 2s +vo =~ Vrgye™" || 10 1=y
corr yeo (ts + p2) {1 — e} (5 + 1)
(8.9.6)

log {1 . 677.23/2} s—da—2

(ts + M2>

x (14 dy
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r+uv1
é 1 /Oo 2<S + VQ)Tde_TQyQ 1 log {1 B e_le2}

ca =1- +
o (Es + p2) {1 — o727} (50 + 1)

lOg {1 _ 6_72y2} s+ro—1

(ts + ,u2>

(8.9.7)

x |1+

dy

8.9.3 Bayes estimator of the R = P(Y > X) for different loss func-

tions under quasi prior

Using (8.9.1)), in case of quasi prior, by using the Bayes estimator of R(t) and pdf for
SELF, QLF and GELF and further evaluating we get the results for RQSELF, RQQLF and

}?QG gL, respectively in the following expression

A % (s + 2 — dy)oye ™Y’
Rgserr :1—/ ( 2)72 1+

y=0 ls {1 - e_szQ} Sr
tldy (8.9.8)
log {1 — 6_7292}
X |1+ dy
ls
r—1—d;
R 1 * (s — dy — 1) oye ™Y’ 1 log {1 B 6—7'1y2}
QQLF —1 — /;0 ts {1 _ 6_7-2?!2} _|_ s,
s—lds (8.9.9)
log {1 — e‘mﬁ}
X (14 dy
ls
r—dq
R [T 2 dy)rye ™ | L9 1=y
QGELF = 1 — /y:() . {1 — e—mﬂ} + 5
smdyl (8.9.10)
log {1 — e‘TQyQ}
X |1+ 7 dy
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8.10 Simulation Study

In this section, we are interested in comparing the performance of the estimators with the
help of the simulation process. The steps used in the simulation process are as follows:
STEP I: For n = 10, =5 and 7=0.5, we generate random numbers presented in Data Set |
and get s,= 3.517841. Using, v = 0.5 as the value of the posterior parameter. The prior and

posterior densities under NCP are plotted in the Figure 8.1.

Data Set 1
2.097107 1.706324 3.112203 2.434314 2.500450
2.237584 1.751606 2.767507 2.429740 1.952407

STEP II: Now, we generate another set of random numbers i.e. Data Set II with sample size

n=>50, using these values the Bayes estimates are obtained for R(¢) in the Table 8.2.

Data Set II
2.891029 1.978671 2.485286 1.960415 1.568828
1.864591 2.683489 1.708386 1.428110 2.799518
1.201171 2.241747 1.567015 1.775008 2.005853
1.690921 2.393680 1.710244 2.016199 2.428479
2.229687 1.325276 1.986825 3.672582 2.286996
2.982632 2.030895 1.896112 1.744301 1.520201
2.239931 2.611822 1.853334 2.367566 1.723117
2.573123 1.417590 1.211948 1.917024 1.848686
2.104132 3.346246 2.427658 1.772620 1.992676
1.229574 2.960595 2.421354 1.838500 1.269435

STEP III: For the different values of r i.e. r=>5, 10, 20, 35, 50, we obtain the values of f(x)
and the value of f(z) is obtained for n=50. The graphs presenting f(z) are displayed in the
following Figure 8.2. Each row displays the pdf for different loss functions in case of uniform,
NCP and quasi, respectively.

STEP IV: For the different values of r i.e. r=>5, 10, 20, 35, 50, we obtain the values of F(m)
and the value of F(z) at n=50. The graphs of F(x) are also displayed in the following Figure
8.3, respectively. Each row displays the cdf for different loss functions in case of uniform, NCP

and quasi, respectively.
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STEP V: For Rggrr, Rorr and Rgrrr, we generate two samples of sizes r=30 and s=35
given on Data Set III and IV, respectively. In case of uniform prior 1 =5, s =4, 71 =1 =1
; for NCP py =5, uo =4, 1 =17 =111 =5 and v, = 3; in case of quasi prior pu; = 5, s = 4,
71 =7 =1,d; =1 and dy = 2, respectively. The values of s, = 16.88855 and ¢, = 18.96123

which are obtained from (8.2.2) are used in all the above cases for getting the value of R.

Data Set III
2.625276 1.950587 2.467171 2.455341 1.252427
1.822391 1.102986 2.382754 1.607448 1.754747
1.343295 1.439131 1.488832 2.220681 1.828188
1.373219 2.237508 1.750748 1.509423 2.170858
1.776714 3.082229 2.771269 1.569442 1.666161
2.748354 2.430942 2.088908 2.481159 1.550883

Data Set IV
2.178046 2.671675 1.857314 2.570315 1.971740
2.048440 1.562137 0.657608 1.848366 2.104324
1.991163 2.948588 2.073798 1.021837 1.358501
1.953237 2.104454 1.731697 1.761853 1.863773
2.189392 1.698630 3.121350 2.199901 2.298727
1.868388 1.265720 2.290040 1.442819 2.174263
2.194839 2.146829 2.069397 3.436780 2.212066

8.11 Conclusion

1. The complete sample case can be easily done by substituting » =n and s = m.

2. From Table 8.1, we can conclude that among NCP gives the minimum values of the

posterior risk and risk. Among the loss functions, GELF provides the appropriate values.

3. Figure 8.1, shows that the posterior distribution has its significant peak and covers more

than 50 percent of the prior distribution.

4. Table 8.2, concludes that as the value of ¢ increases, the values of R(t) and R(t) i.e

}?SELF(t), RQLF(t) and }A%GELF(t) decreases. The Bayes estimator of RQLF(t) are less
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than the corresponding estimates of SELF and GELF V values of t. R(t) has maximum

values in all cases.

5. Figure 8.2, shows that the values f(z;«, 7, 1) and f (x; o, 7, ) for different loss functions
under different priors. The figures indicate that in each of the cases as the value of
7 increases, the curve f (x; o, 7, ) shifts towards f(z;a, 7, ) and in some cases even

overlaps it.

6. Similarly, Figure 8.3, shows that the values F'(z;a, 7, 1) and F(a:;a,T, ) for different
loss functions under differenr priors. The figures indicate that in each of the cases as
the value of r increases, the curve F(m, a, T, 1) shifts towards F'(z;a, 7, 1) and in some

cases even overlaps it.

7. Table 8.3 indicates the values of P for different cases and we observe a slight change in

the simulated values.

8.12 Tables and Graphs

Table 8.1:Bayes estimator, Posterior risk and Risk for G2PRD

Prior Loss function Bayes estimate Posterior risk Risk
Positive Negative Positive Negative Positive Negative
SELF 3.12692  0.35178  0.88887  0.01375  0.23611  0.10000
Uniform QLF 2.55838  0.29315  0.10000  0.08333  0.12500  0.09722
GELF 2.84265  0.31980  0.04985  0.04545  0.06027  0.05523
SELF 1.87841  0.56785  0.22053 1.67112  0.11493  0.04889
NCP QLF 1.64361  0.50105  0.06667  0.05882  0.05952  0.06574
GELF 1.76101  0.53236  0.03328 0.03125  0.22048  0.33588
SELF 2.78581  0.39975  0.79191  0.02048  0.15611  0.14772
Quasi QLF 2.21729  0.32573  0.11363  0.09259  0.11167  0.09122
GELF 2.50153  0.35896  0.05661  0.05102  0.05477  0.05103
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Table 8.2:Values of R(t) for different loss functions

Uniform Prior

6 R(t) Rsprr(t) Rqrr(t) Reprr(t)
0.5 0.9597214 0.9179981 0.8707856 0.8970639
0.7 0.8987078 0.8214576 0.7557761 0.7911835
0.9 0.8078184 0.7027665 0.6294062 0.6681071
1.1 0.6941722 0.5758821 0.5043009 0.5414851
0.3 0.5691581 0.4526476 0.3892622 0.4218229
0.5 0.4450026 0.3415881 0.2896081 0.3160917
0.7 0.3318769 0.2476315 0.2076852 0.2279166
1.9 0.2362704 0.1725051 0.2076853 0.1581374
2.1 0.1607302 0.1154908 0.2076854 0.1055675
2.3 0.1045944 0.0743111 0.2076855 0.0677901
2.5 0.0651761 0.0459522 0.2076856 0.0418635

NCP

t R(t) Rsprr(t) Rqrr(t) Reerr(t)
0.5 0.9597214 0.9695867 0.9626496 0.9695867
0.7 0.8987078 0.9105883 0.8969431 0.9105883
0.9 0.8078184 0.8180323 0.7988482 0.8180323
1.1 0.6941722 0.7007376 0.6787282 0.7007376
1.3 0.5691581 0.5719647 0.5500572 0.5719647
1.5 0.4450026 0.4450511 0.4254908 0.4450511
1.7 0.3318769 0.3304385 0.3144516 0.3304385
1.9 0.2362704 0.2343671 0.2222448 0.2343671
2.1 0.1607302 0.1589692 0.1503604 0.1589692
2.3 0.1045944 0.1032261 0.0974601 0.1032261
2.5 0.0651761 0.0642271 0.0605658 0.0642271

Quasi Prior

t R(t) Rsprr(t) Rorr(t) Roprr(t)
0.5 0.9597214 0.7444119 0.5972578 0.6791634
0.7 0.8987078 0.6092861 0.4655514 0.5430355
0.9 0.8078184 0.4840605 0.3567213 0.4238986
1.1 0.6941722 0.3736572 0.2679489 0.3228627
1.3 0.5691581 0.2801591 0.1967988 0.2396204
1.5 0.4450026 0.2038431 0.1409882 0.1730125
1.7 0.3318769 0.1437541 0.0982925 0.1213173
1.9 0.2362704 0.0981283 0.0665383 0.0824692
2.1 0.1607302 0.0647482 0.0436452 0.0542555
2.3 0.1045944 0.0412437 0.0276883 0.0344898
2.5 0.0651761 0.0253326 0.0169605 0.0211555
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Table 8.3: Values R for different loss functions

Prior Uniform NCP Quasi
Psgrr 0.4851455 0.4850759 0.4960493
Porr 0.4823958 0.4909935 0.4908575
Peerr 0.4838125 0.4915684 0.4971129

a6
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Figure 8.1 Plot of Prior and Posterior densities
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Figure 8.2 Plots showcasing f(z) and f (x) for different loss functions under various prior.
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