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Chapter 1

Preliminaries and Basic Concepts used

in Ordered Random Variables

In this Chapter, we have introduced several models of ordered random variables and results,

which are used in the subsequent Chapters.

1.1 Order Statistics

Let X1, Xs, ..., X, be independent and identically distributed (4id) random variables (rv)
of size n from a continuous population having probability density function (pdf) f(x) and
distribution function (df) F'(z). If random variables X, Xy, ..., X,, are arranged in ascending

order of magnitude such that
Xl:n S XQ:n S e S Xn:Tu

then X,., is called the r** order statistic. X, = min(X1, Xo,...,X,,) and X,,.,, = max(X, Xo,
.., X,) are called extremes or smallest and the largest order statistics respectively.
The subject of order statistics deals with the properties and applications of these ordered

random variables and of functions involving them, (David and Nagaraja, 2003). Asymptotic



theory of extremes and related developments of order statistics are well described in an ap-
plausive work of Galambos (1987). One may also refer’s to Sarhan and Greenberg (1962),
Balakrishnan and Cohen (1991), Arnold et al. (1992) for further references. It is different
from the rank statistics in which the order of the value of observation rather than its mag-
nitude is considered. It plays an important role both in model building and in statistical
inference.

For Example: extreme values are important in oceanography (waves and tides), weather
conditions, material strength (strength of a chain depends on the weakest link) and meteorol-
ogy (extremes of temperature, pressure etc).

Another very interesting application of the order statistics is found in reliability theory.
The r*" order statistic X,., in a sample of size n represents the life-length of a (n—r+1)-
out-of-n-system. This system consists of n components of the same kind with independently
distributed life lengths. All n components start working simultaneously and the system fails,
if » or more component fails. In other words, n — r + 1 components are necessary for the
system to work. For r = 1, the system corresponds to a series system whereas for r = n, it

corresponds to a parallel system.

1.2 Distribution of Order Statistics

Let X3, X, ..., X, be a random sample of size n from a pdf f(x) and the df F(x). Then

the pdf of the r'* order statistics X,.,, 1 <7 < n is given by (David and Nagaraja, 2003)

frn(@) = Coon [F(2)] " [1 = F(2)]"" f(2), —00 < x < 00, (1.2.1)

where




In particular, the pdf of the smallest and largest order statistics are

fim(@) =n[l — F(2)]"" f(z), —00 < T < 00 (1.2.2)

fom (@) = n[F ()] f(z), —00 < & < 00 (1.2.3)
and the dfof X,., can be obtained as follows

Frn(z) = Pr(X,., <x)

= Pr(at least r of X, Xy,..., X, are less than or equal to z)

= Z Pr(exactly i of X1, Xs,..., X, are less than or equal to z)

= (?) [F ()]’ [1 — F(z)]""; —00 < & < 00 (1.2.4)
- F(x)

= Cr;n/ w1 —u)" "du (1.2.5)
0

= Ip@(r,n—r+1) (1.2.6)
1 P

where [,(a,b) = Bla) /0 u* (1 — u)*"'du is incomplete beta function and
1 g b—1
B(a,b) = —— “T(l—wu)d
(@.8) = gy [ w0 — w0

RHS of (1.2.6) is obtained by the relationship between binomial sums and incomplete beta

function. It may be expressed in negative binomial sums as (Khan, 1991).

Fonlz) = i: (Z " 1) (F(2)]" [1 = F(z)]', —o0 <1< o0 (1.2.7)

The k" moment of X,., is given by

ot = (XE,] = /00 2 fron(2)da (1.2.8)



The joint pdf of X,., and X,.,, 1 <r < s <mn, is given by

Frsn(,y) = Crn [F(2)]" 7 [F(y) — F2)]"

x[I=F@)" " f2)fly), —oco<z<y<oo

where

n! .
Cron = (r—Ds—r—1ln-—s)! =Bl s—rn—s+1)]

The joint df of X,., and X,.,, 1 <r <s<mn,is

Fr,s:n<x)y) = PT (Xr:n S x, Xs:n S y)
= Pr(at least r of X1, Xs,..., X, are at most z

and at least s of X7, Xs,..., X, are at most y)

n J
= ZZPT(GX%HY 1of Xy, Xo,...,X, are at most z

Jj=s i=r

and exactly j of X1, Xo, X3,..., X, are at most )

(1.2.9)

=> > i — Z;'(n — [F(2)]' [F(y) — F(2) " [1 = F(y)]"™ (1.2.10)

j=s i=r

We can write the joint df of X,., and X, in equation(1.2.10) equivalently as

F(z) rF(y)
Fign = Cmm/ / u v — )1 — v)" dudv
0 u

= Ip@r (r,s—r,n—s+1), —o<r<y <o

11

(1.2.11)



which is incomplete bivariate beta function. It may be noted that for x > y, the inequality

Xgsn <y implies X,., < x, so that

Frsn(2, y) = Fan(y) (1.2.12)

The product moments of j** and k' order of X,., and X,., respectively, 1 < r < s < n is

given by

it =B X =[] O e sty (1213

—oo<r<Yy<oo

In general, the joint pdf of X .n, Xiyim, ..., Xipm for 1 <4y <ig < -+ <4 < nis given by

k k Gj+1—5—
fil,ig,...,ik:n(xilzna Ligms - - - ,.Z',L'k:n) = n‘{H f(xzj>} H { [F(xij+1) - F(Iz])] 1 }7
j=1

(ij11 — i —1)!

j=0
—00 < Ty < Tjy < -+ 0 < Ty, < 00 (1.2.14)
where g = —00, T4 = +00, g =0, i1 =n+ 1.
Remarks 1.1
i. The ranking of random variables X7, X, ..., X,, is preserved under any monotonic in-

creasing transformation of the random variables.

ii. Regarding the probability integral transformation, if X,.,,, 1 < r < n, be the order
statistic from a continuous df F'(z), then the transformation U,.., = F(X,.,) produces a

random variable which is the r'* order statistic from a uniform distribution U(0, 1).

iii. Even if X, X, ..., X,, are independent random variables, order statistics are not inde-

pendent random variables.

12



iv. Let X1, Xs,..., X, be #id random variables from a continuous distribution, then the
set of order statistics {Xi.,, Xoum, ..., Xpn} is both sufficient and complete (Lehmann,
1986).

v. Let X be a continuous random variable with E [X,.,] = .

(a) If & = E(X) exits then «,., exists, but converse is not necessarily true. That is,

a;., may exist for certain (but not all) values of r, even though a does not exist.

(b) a;., for all n determine the distribution completely.

1.3 Truncated Distribution (Khan et al., 1983)

Let X be a continuous rv having pdf f(z) and df F(z) over the support (—oo, 00).

Let
Py

f(x)de =P (1.3.1)

Q1
f(x)dr=@Q and
where )1 and P, are known constants. Then doubly truncated pdf of X is given by

fx)

P—Q’ xe(@bpl)
and the corresponding df is given by
F(z) —
ED%QQ; T € (Q1, 1)

The lower and upper truncation points are )1 and P, respectively; the degrees of trun-
cation are @) (from below) 1 — P (from above). If we put @ = 0, the distribution will be
truncated to the right. Similarly for P = 1, the distribution will be truncated to the left.
Whereas for () = 0, P = 1, we get non truncated distribution. Truncated distribution are
useful in finding the conditional distributions of order statistics.

In the following, we will relate the conditional distribution of order statistics (conditioned

13



on another order statistic) to the distribution of order statistics from a population whose dis-

tribution is truncated from the original population distribution F(x).

Result 1.1 (David and Nagaraja, 2003):

Let Xy, Xs,..., X, be a random sample from an absolutely continuous population with
pdf f(z) and df F(z) and let Xy, < Xo,, < -+ < X,y < -+ < X, denote the order
statistics obtained from this sample. Then the conditional distribution of X,.,, given that
X,., =y for s > r, is the same as the distribution of the r** order statistic obtained from a

sample of size (s — 1) from a population whose distribution is truncated on the right at y.

Result 1.2 (David and Nagaraja, 2003):

Let Xy, X5, ..., X, be arandom sample from an absolutely continuous population with
pdf f(z) and df F(x), and let X, < X5, < --- < X,,., denote the order statistics obtained
from this sample. Then the conditional distribution of Xj.,, given thatX,., = x for r < s,
is the same as the distribution of the (s — r)th order statistic obtained from a sample of size
(n — r) from a population whose distribution is truncated on the left at x.

Result 1.3 (David and Nagaraja, 2003):

Let Xy, X, ..., X, be a random sample from an absolutely continuous population with
pdf f(z) and df F(x), and let Xy, < X5, < -+ < X,,., denote the order statistics obtained
from this sample. Then the conditional distribution of X, given that X,., = x and X., = 2
for 1 <r < s <k < nis the same as the distribution of the (s — r)thorder statistic obtained
from a sample of size (k —r — 1) from a population whose distribution is truncated on the left

at  and on the right at z.

14



1.4 Sequential Order Statistics (Kamps, 1995)

In reliability theory, if a system of n components of the same kind and without any
interactions with respect to life length distributions, are working then, the system failure is
modeled by an order statistics based on iid rv. However, the failures of some components can
more are less strongly influence the remaining components. This can be thought of as damage
caused by the ¥ failure system. In this model, the life distribution of remaining components
in the system may change after each failure of the components.

If we observe " failure at time x, the remaining components are now supposed to have
a possibly different life length distribution. The distribution is truncated on the left of x to
ensure realizations arranged in ascending order of magnitude.

be independentrv with (Yj(i))1<j<n_i+1

Definition: Let (Y-(i)

w [ <71 <
J )1§j§n—z‘+1,1§z‘§n F“ l<i<n

where Fy, Fy, ..., F, are strictly increasing and continuous distribution functions

with FH(1) < --- < FE7Y(1), Moreover, let X](-l) = Yj(l), 1<j5<n,

n

X0 = min {x{V,..., X}

*

and for 2 < j7<n

(@) _ -1 (@) i—1 i—1
X = F R, = X)) + BXE)]

)

X§i>:min{X;i),1§j§n—z‘+1}

then the rv X e ,X,En) are sequential order statistics.

If we have absolutely continuous distribution functions Fi, ..., F},, with densities fi, ..., fn,

15



respectively, then the joint pdf of r sequential order statistics Xil), e ,Xir) is given by

1 n ; ydr) — ) S ) = -
e toneeo = S T T | iy s =
(1.4.1)
Sequential order statistics from a Markov chain with transition probabilities
1 - F (t) n—?"-i-l
P(XM >t X0 =)= [ —= 2<r<n. 1.4.2
( * | * S) ].—FT(S> ) Sr=n ( )

1.5 Record Values (Chandler, 1952)

Record values were defined by Chandler (1952) as a model of successive extremes in a
sequence of id rv. Record values are found in daily life as well as in many statistical appli-
cations. We are often interested in observing new records and in recording them, e.g. a list
of world or Olympic records in a particular sports, the hottest day ever, the longest winning
streak in professional basketball, fastest half-century and century in one day international
cricket matches, the lowest stock market figure, etc. Records have been discussed extensively
in books by Ahsanullah (1995) and Arnold et al. (1998).

It may also be helpful as a model for successively largest insurance claims in non-life
insurance, for highest water levels or highest temperatures. Record values are also used in

reliability theory.

Definition: Suppose that (X;), i € N be a sequence of #id continuous rv with pdf f(x)

and df F(x). Denote upper record times by

u(l) =1

16



and for

u(n) = min {k > U1y 1 X > XU(TH)}

The record value sequence is then defined by X, (n = 1,2,...). Based on an iid

(n)?
sequence of rv (X;), i € N with absolutely continuous pdf f(x) and df F(zx), the joint pdf of
first r record values X Xy, , is given by Ahsanullah (1995)

uayr

r—1
x.
FXuggy X, (T1,..., %) = <H L%) f(x,), —00 < T < Ty < -+ <y < 00
i

The marginal pdf of X, is

Frupy @) = 75 [ 0B F@)] ™ (@) (151)

and the marginal df of X, is

Fx,, (¢)=1—[1— F(x) ; % (log %F(x)) (1.5.2)

the joint pdf of Xy and Xy(s), 1 <r < s < n,is given by

1
(r—1Dl(s—r—1)!

= log Fa) "B,y L 4(y), oo <<y <o,

frs(x,y) = Fz)

(1.5.3)

where F(z) =1 — F(x) and B(z,y) = [~ log F(y) + log F'(z)].

The joint pdf of Xy, Xy and Xy, 1 <r < j <s < mn, can similarly be given as

Frial®:b9) = oy - Dis il s Pl Bl P B )P
giﬁ%%f@)’ —o<r<t<y<oo. (1.5.4)

17



Hence, the conditional pdf of Xy given Xy =2 and Xy)y =y, 1 <r <j<s<nis

given by

[B(x, )P [B(t, y)* " f({)

fj|r,s(t|$7y) = Cn]}s [B(:E’y)]s—rfl F(t)’

—co<r<t<y<oo, (1.5.5)

(s—r—1)!

where () s = G—r—Dl(s—j—Dl"

1.6 k-Record Values (Dziubdziela and Kopocinski, 1976)

In some situations, record values themselves are viewed as outlier and hence second or
third largest values are of special interest. Insurance claims in some non-life insurance can be
used as an example.

Definition: Let (X;), ¢ € N be a iid rv with a pdf f(x) and df F(z) and let k be a positive

integer. The random variable u*)(n) given by

u (1) =1

u(k)(n -+ 1) = min {_] eN: Xj:jJrk,l > Xu(k)(n):u(k)(n)Jrk,l}, neN

are called k' record times and the quantities Xu®) ()l (n)+k—1, Which we denote by X @),
n € N, are termed as k' record values. Obviously, we obtain ordinary record values in the
case k = 1. Moreover, Nagaraja (1988a) points out that k-records with an underlying df F'(z)

can be viewed as ordinary record values (k = 1) base on df G(minimum distribution) with

G(z) =1— (1 - F(x))"

18



Based on a sequence (X;), ¢ € N, of iid rv possessing an absolutely continuous pdf f(x)

and df F(z). The joint pdf of k-records X, x) (1), - -, X,k is given by

r—1
r f () k-1
fu(k)(l) ,,,,, ul®) (1) («Tla ce ,x'r) =k (il ]_——Fm [1 - F(.ZUT)] f(l’r), (161)
T < Top <+ < Ty
The marginal pdf of X,u)
" = r—1 —

Fuin ) = o=y [~ o (F)]" ™ 1= F@) ™ (162

and the marginal df of X,u)

N r—1 1 1 j

F =1—-[1-F —| klog ——— 1.6.3
woe) =1 - FIF Y (k1o 5 (163

1.7 Progressive Type-II Right Censoring (Balakrishnan

and Aggrawala, 2000)

Progressive censoring is used in life testing. In this scheme units can be removed at various
stages during the experiment which may lead to saving of cost and time, (Cohen, 1963; Sen,
1986). Under this scheme of censoring from a total of n units placed on a life test, only m
are completely observed until failure. At the time of the first failure R; of the n — 1 surviving
units are randomly withdrawn (or censored) from the life testing experiment. At the time of
the next failure Ry of n—2— R; surviving units are censored and so on. Finally, at the time of
the m!® failure, all the remaining R,, = n—m — Ry — - - - — R,,,_; surviving units are censored.

Suppose n #d units are placed on a life test with the corresponding failure times X, X,

..., X,, being identically distributed with a continuous pdf f(z)and df F'(x). Suppose further

19



that the prefixed number of failures to be observed is m and that the progressive Type-II

right censoring scheme is (R, Ra, ..., R,,). Then, we shall denote the m completely observed
failure times by Xi.mm, Xoummn, - - - s Ximemen, Where Xjonm, @ = 1,2, ..., m, denotes the i failure
time in the progressive Type-II right censoring scheme (R, Rs, ..., R,,), bearing in mind

that these still depend on the particular choice of (Ry, Rs, ..., R,) used. In a particular
case, when Ry = Ry = --- = R,, = 0 7.e. no withdrawals are carried out, then this model
reduces to ordinary order statistics. Above model is described as progressively Type-II right-
censored order statistics from F'(z) arising from a sample of size n with the censoring scheme

(R1, Ra, ..., Ry). The pdf of all m progressively Type-1I right-censored order statistics is

FXtimemroXomemon (T15 0 Tn) = CH Fz)[1 = F(a)]™,
i=1
—00 < T <Xy < - <, < 00, (1.7.1)
where
C:TL<TL—R1—1)<TL—R1—R2——Rmfl—m—l—l)

1.8 Generalized Order Statistics

The concept of generalized order statistics (gos) was introduced by Kamps (1995). Gen-
eralized order statistics provide a unified approach to a variety of models of random variable
arranged in ascending order of magnitude with different interpretation and statistical appli-
cations.

Definition: Let X, Xs,..., X, be a sequence of iid rv with pdf f(z) and the df F(x). Let

n—1

n€N7n227kzlam:(mlamQam37"'7mn—l e%nil)v MT‘: ij7 1§T§n_1a
j=r
be parameters such that v, = k+n—r+ M, > 0 for all r € {1,2,3, ..., n—1}. Then

X(1, n,m, k), X(2,n, m, k),..., X(n, n, m, k) are said to be gos if their joint pdf is given

20



by

fX(l,n,'fﬁ,k:),...,X(n,n,fﬁ,k) (xl, .. ,l‘n) =k (1:[ %) <1:[ [1 — F(:cz)]m’ f(xz)) [1 — F(;cn)]k‘—l f(l'n)

(1.8.1)

on the cone F71(0+) <2y <29 < -+ <z, < F7I(1) of R™.
On choosing the parameters appropriately (Kamps, 1995). Generalized order statistics in-

cludes all the models related to ordered random variables.

Table 1.1: Variants of the Generalized Order Statistics

Yo =k Vr m,

i) | Sequential order | «, (n—r+1)a, (v — Y21 — 1)
statistics

ii) | Ordinary order 1 (n—r+1) 0
statistics

iii) | Record values 1 1 -1

iv) | Progressively R,+1|n—r+1+ i R, R,
Type-I1 right F?"
censored order
statistics

v) | Pfeifer’s record B B, (Br — Bra1 — 1)
values

The joint density of the first  gos X (1, n, m, k), X(2, n, m, k), ..., X(r, n, m, k) is given by

fX(l,n,fﬁ,k‘),...,X(T,n,ﬁz,k‘)(xla o ,IT) = CT,1 (H [F(IZ)]ml f(xl)> [F(IT)] k4+n—r+M,—1 f(l’r)
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on the cone

FroH) <z <2< <a, < FH(1)

In the derivation of marginal distributions the choice of m is restricted

Therefore, we will consider two cases:

Case I: In this case, we shall assume that m; = my = -+ = m,_; = m and write gos as
X(r,n,m,k), r > 2. Thus, in this case, the marginal density function of the r* gos based on

an absolutely continuous pdf f(z) with df F(x) is given by

Ix@nmi) () = (Tci_ll)! [F(m)}%_lgfn_l(F(x))f(x), —00 < x < 00 (1.8.3)

where F(x) =1 — F(z)
and the joint pdf of the gos X (r,n,m, k) and X (s,n,m, k), the r'* and s gos, 1 <r <s<n

is given by

fX(r,n,m,k),X(s,n,m,k) (%ZJ) = Or,s:n [F(x)}mg:n_l(F(x)) [hm(F<y)) - hm(F(l‘))]87T?1

X [F(y)rrl flz)f(y), —00 < <y <00 (1.8.4)

CS —1
DD

The joint pdf of the gos X (r,n,m,k), X(j,n,m,k) and X(s,n,m, k), 1 <r < j < s <n, can

where <y and C, 5., =

be similarly given as

FxX k) X G ) X sinm ) (2 8,Y) = Crjon [F(@)]™ g7 (F()) [ (F(£)) = o (F ()77

X [P (F(y)) = han () [F]™ [F)] ™

x fla)f()f(y),  —oo<z<t<y<oo,
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Cs - :
where Cy.jon = - Die5 00 Cr-1 = E’y,-, vi =k+ (n—1i)(m+1) and

log —— m = —1.

(1—x)’
Therefore, conditional distribution of X (j,n,m, k) given X (r,n,m,k) = x, X(s,n,m, k) =y,

1<r<j<s<n,is given by

(s—r—1!(m+1)

j—r—1(s—j—1)!
-1 s—j—1

Py = Fey™ ] [fFoy - Py
(P - (P}

x [F()]"f(t), —oo < <t<y< oo. (1.8.5)

fX(j,n,m,k)|X(r,n,m,k):x,X(s,n,m,k’):y (t | x, y) = (

X

Case II: In this case, when v; # 5, i, j =1,2,3, ..., n—1, Vi # j, the pdf of X(r,n,m,k)
is given by (Kamps and Cramer, 2001)

Fxtramm (@) = Coot Y ai(r) [F(2)] "7 f(z),  —co <z < o0 (1.8.6)
i=1
and the joint pdf of X(r,n,m,k) and X (s,n,m, k), 1 <r <s<n,is

F@)f ()
F(x)F(y)

fX(r,n,ﬁL,k),X(s,n,rT@,k) (3:7 y) = Csfl

S o (s Fy)\" ; a;(r)(F(x))"
> e (52) ] [Z ) (F(@)

i=r+1 =1

—co<x <y < o0.

(1.8.7)
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The joint pdf of the gos X(r,n,m,k), X(j,n,m, k) and X(s,n,m,k), 1 <r < j <s <mn,

may similarly be given as

S i) X G k), X (s,m,m,8) (T 8, Y) = Csa [Z a;(r)(F (56))’”] [Z a” () <§((i))) ]

i=r+1

[ ()

i=j+1

—oo<r<t<y<oo. (1.8.8)

Therefore, conditional distribution of X (j,n,m, k) given X (r,n,m,k) = x, X(s,n,m, k) =y,

for 1 <r < j<s<nisgiven by

Loy (EONT
FX G ) X (ranin k)= X (sm.ii )=y (| 25 9) = {Zﬂ :(]) (igi )j
L;l a: (5) (F(ff)_) }
<\ (7)
—o<r<t<y< oo, (1.8.9)

where
Cr—1:H7i7 ’YZ:]{?—FH—Z—FMZ
=1
J 1
az(r): H (_ )7 ’71‘7&’737 1<Z<’]"<’[’L
j=1,j7ﬁi ’YJ 1
and
, : 1 ,
a;(s) = H Wa Vi # v, r+1<i<s<n.
j=r+1,5#i Y ¢
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1.9 Lower (Dual) Generalized Order Statistics

A concept of lower (dual) generalized order statistics (dgos) which was introduced by

Pawlas and Syznal (2001b), later Burkschat et al. (2003) as follows:
n—1
Let n € N, k > 1, m € R, be the parameters such that v, =k+n—r+ M, = > m; >0
j=r
for all 1 <r < n. By the dgos from an absolutely continuous pdf f(x) with df F(x) we mean

rv X*(1,n,m, k), ..., X*(n,n,m, k) having joint density function of the form

X (U nik), o, X (0, k) (w1,...,2n) =k (1:[ ’Yr) (ﬁ[F<%]m]f(%>> [F(%)]kilf(xn)

r=1 j=1
(1.9.1)

for F1)>x > x> -+ > 2, > F1(0) on the cone.

Here, we consider two case:

Case I: In this case, we will assume that m; = my = --- = m,,_1 = m and write dgos as

X*(r,n,m, k). Thus, in this case the marginal density function of the r** dgos based on an

absolutely continuous pdf f(x) with df F(z) is given by

fx+am) (x) = i [F@)]" " g H(F()) f () (1.9.2)

and the joint pdf of the dgos X*(r,n,m,k) and X*(s,n,m, k), the r'* and s dgos, 1 <r <

s < n is given by

Fxtranmiy, x sk (@, Y) = Cr [F (@)™ g0 [F(@)] [on(F(y)) = hn(F(2))]"1
< [F)]™ " f(2)f(y),

—oo<x <Y< o0, (1.9.3)

Csfl
(r—1)!(s—r—1)!

The joint pdf of the dgos X*(r,n,m,k), X*(j,n,m, k) and X*(s,n,m, k),the rt*, j¥ and s*

where x > y and C, 4., =
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dgos 1 <r < j < s <mn, can be similarly given as

Fx+(rann ) - G ). X (s ) (2,1, 9) = Crjisan [F (@)™ gl I (@)] [ (F(2)) — B (F ()]
X [ (F(y)) = hon(F ()] [E @)™ [F()

x f(2)ft)f(y), —oco<y<t<az<oo,

R m7é _17
hm(:v) _ ml—l—l
log —, m = —1.
T

Therefore, conditional distribution of X*(j,n, m, k) given X*(r,n,m, k) = x, X x(s,n,m, k) =
y, for 1 <r < j < s < nis given by

(s—r—1Dl(m+1)
*(j,n,m *(r,n,m,k)=x,X*(s,n,m,k)= t y = 7 .
fX (.77 ) 7k)|X (1 ) 7k) 7X (7 ) JC) y( ‘I y) (] —r— 1)' S _j _ 1)'

L@} = fFOy™ T HE@OY™ = ()T
[{F(2)}™ = {F(y)}™ ]

X [F(6)]™ f(t), —o<y<t<z<oo. (1.9.4)

X

Case II: When v; # 75,4, j=1,2,3, ..., n—1,i#j
Ixtrmmpy (@) = Crq Z a;(r) [F(SC)]%_I f(x), —00 < x <00 (1.9.5)

i=1

and the joint pdf of X*(r,n,m, k) and X*(s,n,m,k), 1 <r <s<n,is

fX*(r,n,ﬁL,k),X*(s,n,m,k) (.T, y) = Cs—l

S (s Fy)\" ; a;(r x))7
> o) (1) ] [Z ) (F )

i=r+1
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—oco <y <z <o0.

(1.9.6)

The joint pdf of X*(r,n,m,k), X*(j,n,m,k) and X*(s,n,m,k), 1 <r < j < s < n, may

similarly be given as

Fx (i) X Goniinke), X (s k) (T 8, Y) = Csa

~ o)y (FO\"| L@ f(y)
’ [;1 o >(F(t)> F(x)F(t)F(y)
—o<r<t<y<oo. (1.9.7)

Therefore, conditional distribution of X*(j,n,m, k) given X*(r,n,m,k) = x, X*(s,n,m, k) =

y, for 1 <r < j < s <nisgiven by

> a0 (52)
S+ G o) | X (1, )=, X (sm )=y (T | 2, Y) = %Z; 0 EggfjH
[z o) )5
—oo <z <t<y<oo. (1.9.8)

where C,_1, a;(r), al

7(s) are defined as above.

1.10 Generalized Order Statistics and Dual Generalized

Order Statistics using Meijer’s G-Function

n—1
LetneN,n>2k>1,m=(my,me,...mu1) ER", M, =>m;,1<r<n—1,be
j=r

the parameters such that v. =k +n—r+ M, >0, for all r € {1,....,n — 1}.
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Then, U(1,n,m, k), U(2,n,m,k),...,U(n,n,m, k) are said to be uniform generalized order

statistics(gos), if their joint pdf is given by (Kamps, 1995)

n—1 n—1
JU@ k) Unmink) (U1, s Un) = K <H %‘) (H(l - Uz)m> (1 —uy, )" (1.10.1)
j=1 i=1

on the cone

O<up <<y, <1

Based on any arbitrary df F(z), gos X(r,n,m, k) can be defined by quantile transformation
X(r,n,m, k) = F~YU(r,n,m, k)), 1 <r < n, where F~! denotes the quantile function of F
defined by

FYu) =sup{z € (o, B) : F(x) <u},uec(0,1)

where a = inf{x e R: F(z) > 0} and f =sup{x € R: F(z) < 1} are the left and right end
points of X.
Let Pp stands for the probability measure on R determined by F(z), then the pdf of

X (r,n,m, k) with respect to a measure P is given by (Cramer and Kamps, 2003).

fr(@) = 61 Go(F (@) | 71, ¥ L) () (1.10.2)

where F(z) =1 — F(x), ¢,_1 = [[v and I4 denotes the indicator function and G, () is the
i=1

Meijer’s G-function

Meijer’s G-Function

GT(;C) = G::g(l’ | V1, "'7%“)

e, )
' =1,y —1

28



is the particular Meijer’s G-Function defined by

G,’:»S(s < T )) / dz 1.10.3
’ ’)/1—1,..-,’)/7“_ 2mi H] 1 1—2) ( )

and L is an appropriate chosen contour of integration (See Mathai, 1993, Chapter 3) for the

definition of G-function and its numerous properties and applications.

For any = € (o, ), y € R, denote

(1.10.4)
0, y <.

Here, F,(y) denotes the distribution function obtained from F by truncating on the left at x.

The joint Pr density of X (r,n,m, k) and X(s,n,m, k), 1 <r < s < n, is given by

frs(@,y) = a1 Gon (Fe(y) | Yog1, oo 7s) GT(F(:C])J(Z)“ ""%)I(aﬁ) (z <), (1.10.5)

and the joint Pg density ofX (r,n,m, k), X(j,n,m, k) and X(s,n,m, k), I1<r<j<s<n

may similarly be given as

1 1 _ _
fr] S(:Eatay) cS—le(m) mGs—j (Ft(y) ‘ Yi+1 "'775)Gj—r(Fl(t) ‘ Yr+1s "'77]')
X Go(F(@) | Y5y V) Loy (T < t < ) (1.10.6)

Hence, the conditional Pr density function of X (j,n,m, k) given X (r,n,m, k) =z

and X (s,n,m,k) =y, 1 <r < j<s<nisgiven by

_1 Gs—j (Ft(y) | Yi+1, 7778)G]—T(Fx(t) | Yr+1, -"77j)
E(t) G (Fx(y) | Y1, H-a'Vs)

firs(t | 2, y) = Iay(t)  (1.10.7)
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Similarly for Dual generalized order statistics

The conditional Pr density function of X*(j,n,m, k) given X*(r,n,m, k) =z

and X*(s,n,m, k) =y, 1 <r < j <s<nisgiven by

st<% | Y1y V)GJ(% | Y1, ...,w) ,

(o) Gy (% | Vrt1, ---7%>

fj\r,s(t ’ z, y) = (y,x) (t)

Some Auxilliary Results

Various results which are used in subsequent Chapters are reproduced here:
(i) Gi(z [ 1) = a7

(i) (v = )G(@ [ 71500 %) = Groa(@ | 7150 Yr1) — Gra(@ | Y25 00 7)
(ili) z*Gr(z | 71,0 y) =Gz |+ sy + @) ,a € R

o 1 ,r=1
(iv) limg1 - Gr( | Y1y ooy V) =
0 ,r>2
and
4
0 ,if’}/lzr >1
. r 1 .
hmx—>0+Gr<x | 15 "'777‘) = H ,1f71:r =1 <1
=1 (v — )
00 Jif Y1 = Yo = 1 o1 Y1, < 1

where 71, = min (y1,...,7,) and [ = max (1 < j <7r:vy; =71,)

d 1
(V) -Gl | 71,003) = 0 = DGl [ 150070) = Goa( | 91, 301)]
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L d 1
(Vl) %GT(‘T | 71, "‘777”) - (’71 - 1)GT(17 | T, "'7’77’) - GT—1<J’7 | 72, 777‘)]

~l
Proof: For the property (i), see Mathai (1993, p. 130), for property (ii), see Cramer and
Kamps (2003), and for the property (iii), see Mathai (1993, p. 69). Property (iv) can easily be
deduced from Lemma 2.2 of Cramer et al. (2004 b), whereas (v) and (vi) can be established

from (1.10.3).

1.11 Characterizations through Linear Regression

Characterization results are those which shed light on modeling sequences of certain dis-
tributional assumptions and those which have potential for development of hypothesis testing
for model assumptions. Continuous distributions have been characterized through condi-
tional expectations of order statistics, record values, gos and dgos have been considered by
many in the literature. Ferguson (1967) introduced the characterization of distributions based
on the linearity of regression of adjacent order statistics E(X,i1.,| X = ) and its dual
E(X,| X i1 = ), where X,., is the r** order statistics. Shanbhag (1970) characterized
exponential and geometric distributions in terms of conditional expectations for single order
gap. Khan and Khan (1987) characterized Burr type XII distribution through linear regression
for single order gap. Khan and Abu-Salih (1989) characterized a general class of distributions

through conditional expectation of function of order statistics:
Eh( X i1:20)|Xpm = 2] = a™h(z) + b
and

E[h(X)| Xoy1:0 = 7] = aTh(x) + 1]
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Wesolowski and Ahsanullah (1997) characterized the distributions by the regression of non-

adjacent order statistics through the relation
E (XT+2:n|Xr:n = l‘) =ar+0b

Characterization of distributions via linearity of regression of order statistics when gap
is higher is considered by Khan and Ali (1987), Franco and Ruiz (1997), Dembinska and
Wesolowski (1998) and Lopez-Blaquez and Moreno-Rebollo (1997). Whereas, Khan and
Abouammoh (2000) extended the result of Khan and Abu-Salih (1989) and characterized
the generalized form of distributions through higher order gap. Khan and Athar (2004) also
characterized some continuous distributions through linearity of regression when conditioning
is done on a pair of order statistics. Using the result of Rao and Shanbhag (1994) dealing with
an extended version of the integrated Cauchy functional equation Dembinska and Wesolowski
(1998) and Athar et al. (2003) characterized the distributions by means of the regression

equation
E (Xr+i:n|Xr:n = ZE) =axr+0b

For record values Nagaraja (1977) characterized continuous distributions by using the

relation
E(Xugin|Xvey =) =az +b
Nagaraja (1988b) also characterized distributions by considering the equation

E (XU(r)lXU(r+1) = :C) =axr+b
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Franco and Ruiz (1996, 1997) obtained the distribution function from the conditional expec-

tations

E [ Xum-1)) | Xvm) = 2]

where ‘A’ is a real, continuous and strictly monotonic function. Ahsanullah and Wesolowski
(1998) extended the result of Nagaraja (1977) and characterized the distributions for double
order gap. Lopez-Blaquez and Moreno-Rebollo (1997), Dembiriska and Wesolowski (2000) and
Athar et al. (2003) extended the result of Nagaraja(1988b) and characterized the continuous
distributions conditioned on non-adjacent records. Characterization of continuous distribu-
tions conditioned on a pair of adjacent records was investigated by Bairamov et al. (2005).
They characterized the exponential distribution and continuous distributions by taking the
monotone transformations.

Further, Yanev et al. (2008), Yanev and Ahsanullah (2009) and Khan and Khan (2009)
characterized the continuous distributions conditioned on a pair of non-adjacent records. Re-
cently Noor and Athar (2014) characterized the continuous distributions by taking the condi-

tional expectation

9 (z) = E{¥(Xu(s) — V(Xuw) Y1 Xue) = 7]

Concept of gos was given by Kamps (1995). Since, many ordered variables like order
statistics, record values and k -record values are special cases of gos, therefore, characterization
through gos is of special interest. Keseling (1999) characterized the continuous distributions

by taking the conditional expectations.

Eh(X(r+1,n,m, k)| X(r,n,m, k) = z]
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where h(.) is a real strictly monotonic function. They also characterized the continuous dis-

tributions by taking the conditional expectations

E[X (r,n, i, k)X (r +2,n, 1, k) = 2]

Bieniek and Syznal(2003) investigated the characterization of the continuous distributions by

considering the conditional expectations

E[X(T+l,n,ﬁ1,/{:)|X(r,n,m,kz) :ZL']7Z > 2.

Samuel (2008) characterized the conditional expectation through the relation

Eh(X(r+1,n,m,k))|X(r,n,m, k) =1z =a*h(z)+ b*

Khan and Alzaid (2004) characterized a general class of distribution F(z) = [az + b]° through
linear regression of generalized order statistics using Rao and Shanbhag’s (1994) result. They

characterized the distributions by means of relation.

E[X(s,n,m, k)| X (r,n,m,k) =x] =a*x + b

Khan et al. (2006), Beg and Ahsanullah (2006) have characterized the distribution functions

through the relation

E [g {X(S7n7mv k)} |X(’I”, n,m, k) - $] = gs\r(l‘)

and its dual

EE{X(r,n,m,k)} | X (s,n,m, k) = z] = gy)s(2)
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Further, Ahsanullah and Beg (2008) characterized the continuous distribution functions con-

ditioned on a pair of adjacent gos through the relation

ElE{X(r+1,nmk)}|X(r,n,mk) =2, X(r+2,n,m,k) =2 = gri1pr,r2()

Bieniek (2007) characterized continuous distributions based on conditional expectations, through

the relation

Elg(X(r+1,n,m,k))|X(r,n,m, k) = z] = h(z)

using Meijer’s G-Function.

Characterization of continuous distributions conditioned on nonadjacent gos was consid-
ered by Cramer et al. (2004a), Raqab and Abu-Lawi (2004). In these literature, the authors
are mainly concerned in finding the distribution function when the regression lines are linear.
Bieniek (2009), Khan and Khan (2011) have characterized the continuous distribution func-
tions conditioned on non-adjacent gos using Meijer’s G-Function. Later on Khan et al. (2012)
extended the result of Bieniek (2009), Khan and Khan (2011) and characterized the contin-
uous distributions conditioned on a pair of non-adjacent gos, i.e. by taking the conditional

expectation

ER{X(j,n,m, )} X (r,n,m, k) =z, X(s,n,m, k) =y], 1<r<j<s<n,

here h(x) is considered as monotonic and differentiable function of z. Recently, Noor et al.

(2014) characterized the continuous distributions by taking the conditional expectation

Grsp = E{v(X(s,n,m,k)) — (X (r,n,m, k) }* | X(r,n,m, k) = x]
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Using the concept of gos, Burkschat et al. (2003) introduced the concept of the dual
generalized order statistics (dgos) that enables a common approach to descendingly ordered
random variables like reversed ordered order statistics, lower record values etc. The various
developments on dgos and related topic have been studied by Ahsanullah (2004), Mbah and
Ahsanullah (2007), Khan et al. (2009), Khan et al. (2010 a,b), Faizan and Khan (2011),
Tavangar (2011) among the others. Khan et al. (2009) have characterized continuous distri-
butions through conditional expectation of dgos, conditioned on a pair of non-adjacent dgos.
Recently, Khan and Khan (2012) have characterized continuous distribution functions condi-

tioned on non-adjacent dgos using Meijer’s G-Function.

1.12 Moments and Recurrance Relations

Order statistics and their moments have received attention from the beginning of this
century. Since, Galton (1902) and Pearson (1902) studied the distribution of the difference
of the successive order statistics. The moments of order statistics, assumed considerable
importance in the statistics literature and have been numerically tabulated extensively for
several distributions. For example one can refer to David and Nagaraja (2003), Sarhan and
Greenberg (1962), Arnold and Balakrishnan (1989), Arnold et al. (1992) for details. There are

mainly three reasons due to which recurrence relations and identities have attained importance:
i. Reduces the amount of direct computation and hence reduces the time and labour.

ii. They express the higher order moments in terms of lower order moments and hence

make the evaluation of higher order moments easy.

iii. Provide some simple checks to test the accuracy of computation of moments of order

statistics.
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Shah (1966, 1970), Tarter (1966) have obtained moments of order statistics from logistic
distribution. Malik (1967) has obtained recurrence relations for the moments of order statis-
tics from power function distribution. Lieblien (1955), Balakrishnan and Joshi (1981) have
obtained recurrence relations for moments of order statistics from Weibull distribution.

Saleh et al. (1975), Joshi (1978, 1979) have given recurrence relations for the moments
of order statistics from exponential and truncated exponential distributions. Balakrishnan
and Joshi (1983, 1984) obtained recurrence relations for single and product moments of order
statistics from symmetrically truncated logistic distribution and doubly truncated exponential
distributions.

Khan et al. (1983) developed general results for finding the £ moment of order statistics
without considering any particular distribution. Further, these results were utilized to obtain
recurrence relations for doubly truncated and non-truncated distributions, thus unifying all
the known results on recurrence relations for moments of order statistics.

Khan et al. (1984) obtained the inverse moments of order statistics for Weibull distribu-

tion whereas Ali and Khan (1996) obtained the ratio and inverse moments of order statistics
from Weibull and exponential distribution. Unifying earlier results Khan and Athar (2000)
established the relations for ratio and product moments of order statistics from doubly trun-
cated Weibull distribution.
Khan and Khan (1987) obtained recurrence relations for single and product moments of order
statistics for doubly truncated Burr distribution (Burr type XII) and utilized the relations to
characterize the distribution. Athar et al. (2011) has obtained moments of order statistics
from extended type-I generalized logistic distribution.

Kamps (1995) investigated recurrence relations for moments of generalized order statis-
tics based on non-identically distributed random variables, which contains order statistics and
record values as special cases.

Cramer and Kamps (2000) derived relations for expectations of functions of generalized

order statistics within a class of distributions including a variety of identities for single and
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product moments of ordinary order statistics and record values as particular cases.

Pawlas and Szynal (2001a) derived recurrence relations for single and product moments of
generalized order statistics from Pareto, generalized Pareto and Burr distributions. Khan et
al. (2007) obtained recurrence relations for single and product moments of generalized order
statistics from doubly truncated Weibull distribution.

Athar and Islam (2004) established some recurrence relations between expectation of
function of single and joint generalized order statistics from a general class of distribution.
Further, Athar et al. (2009) generalized the result of Athar and Islam (2004) and established
the relations for the expectation of function of gos for truncated distributions. Athar et al.
(2007) obtained the ratio and inverse moments of generalized order statistics from Weibull
distribution. Further, Kumar and Khan (2013) have obtained relations for generalized order

statistics from doubly truncated generalized Exponential distribution and its characterization.

1.13 Some Continuous Distributions

I. Pareto Distribution

A rv X is said to have the Pareto distribution if its pdf and df are of the form given

below:

f(x) = pAPa=PHD, A<z <o0; A\Mp>0

F(z)=1-Naz"P, A<z <oo; Ap>0

Many socio-economic and naturally occurring quantities are distributed according to

Pareto law. For example, distribution of city population sizes, personal income etc.
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II. Power Function Distribution

A rv X is said to have a power function distribution if its pdf and df are of the form

given below:

f(z) = pA\~PaP™t, 0<z<XA Ap>0

F(z) = A7PaP, 0<z<X ANp>0

The power function distribution is used to approximate representation of the lower tail of
the distribution of random variable having fixed lower bound. It may be noted that if X has

a power function distribution, then Y = % has a Pareto distribution.

II1. Beta Distribution

Beta distribution of the First Kind

A rv X is said to have the beta distribution of first kind if its pdf is of the form

1

_ 1 —2), 0<z<1; pg>0
B(p,q) S

()

Beta distribution arises as the distribution of an ordered variable from a rectangular
distribution. Suppose X,., is an ordered sample from U(0, 1), then X,., is distributed as
B(r,n —r + 1). The standard rectangular distribution R(0,1) is the special case of beta
distribution of first kind obtained by putting the exponents p and ¢ equal to 1. If ¢ = 1, the

distribution reduces to power function distribution.
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Beta distribution of the Second Kind

The continuous rv X which is distributed according to probability law:

1 Pt 0 0
f = <z < o0; >
(x) B( ,q) (1 )p q7 — x Y qu

is known as a beta variate of the second kind with parameters p and ¢. Beta distribution
of second kind reduces to beta distribution of first kind if we replace 1 + = by i The beta
distribution is one of the most frequently employed distributions to fit theoretical distributions.
Beta distribution may be applied directly to the analysis of Markov processes with uncertain

transition probabilities.

IV. Weibull Distribution

A rv X is said to have a Weibull distribution if its pdf is given by:
f(z) = OpxP—te 0" 0<xr<o0; 08>0 p>0
and the df is given by
F(z)=1—¢%", 0<zr<o0; 6>0,p>0

Weibull distribution is widely used in reliability and quality control. The distribution
is also useful in cases where the conditions of strict randomness of exponential distribution
are not satisfied. It is sometimes used as a tolerance distribution in the analysis of quantal
response data.

If we put p = 1 in Weibull distribution, we get the pdf of Exponential distribution.

If we put p = 2, it gives pdfof Rayleigh distribution.
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If X has a Weibull distribution, then the pdf of Y = —plog (%) is

fly)=e Ve’

which is a form of an Extreme Value Distribution.

V. Exponential Distribution

A rv X is said to have an exponential distribution if its pdf is given by
f(z) = e, 0<z<oo; >0
and the pdf is given by
Flr)=1—e¢%, 0<z<o0; >0

The exponential distribution plays an important role in describing a large class of phe-
nomena particularly in the area of reliability theory. The exponential distribution has many
other applications. In fact, whenever a continuous random variable X assuming non-negative

values satisfies the assumption,
PX>s+tX >s)=P(X >t) V s,t>0.

then X will have an exponential distribution. This is particularly a very appropriate failure

law when present does not depend on the past, for example, in studying the life of a bulb etc.
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VI1. Burr Distribution

Let X be a continuous rv, then different forms of df of X are listed below by Johnson

and Kotz (1994):

c— 1 1/c —k
F(z) = 1+< > , 0<z<c
T
F =[1 —tanz] —k _E< <E
(z) = [1+ce 1, 5 ST
Fz) = [14+ce ™™ —co<z<oo
F(:E):2_k(1+tanhx)k, —00< T <00
2
F(z) = (—tan1 em), —00 < T <00
7r
F(z)=1 2 <wz<
r)=1- —00 < x <00
(14 ex)k—1] 42’
Fz)=(1+e") —co<z<oo

1 k
F(x)z(x——sin?mn) , 0<z<1
2m

Flo)=1— (142" 0<2<o0

where k and ¢ are positive parameters. Special attention is given to type XII, whose pdf is

given as:
f(.’E) = kcxc_l(l + .IC)_(k—H), 0<xr<oo; k,c>0

This distribution is frequently used for the purpose of graduation and in reliability theory.

At ¢ = 1, it is called Lomax distribution whereas at £k = 1 it is known as Log-logistic

42



distribution.

VII. Extreme Value Distribution

A rv X is said to have Extreme value distribution of type I if its pdf is given by
f(z) = e"exp[—€®], —o0o<x <00
and the df is given by
F(z) =1—exp[—€°], —oco<z<o
and a rv X is said to have Extreme value distribution of type II if its pdf is given by
f(z) = pPa= e (8)" 0 <z < oo

and the df is given by

8|

F(m):ef( )p, 0<z<oo

The Extreme value distribution is applied very much in natural phenomenon such as rain

fall, floods, wind gusts, and air pollution.

VIII. Lindley Distribution

A rv X is said to have Lindley distribution if its pdf is given by

2

1+06

f(z,0) = (1+2)e r>0, >0 (1.13.1)
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and the df is given by

Ox
Fz)=1- |1 —0» 0 1.13.2
(x) |:—{—1+9:|6 , x>0, >0 (1.13.2)

Lindley (1958) proposed Lindley distribution in the context of Bayesian statistics, as a
counter example of fudicial statistics. Lindley distribution belongs to an exponential family
and it can be written as a mixture of an exponential and a gamma distribution with shape
parameter two. Lindley Distribution is widely used in Reliability Analysis and real life time

data.

IX. New Weibull-Pareto Distribution

A rv X is said to have a New Weibull Pareto distribution (NWPD) by Nasiru and

Luguterah (2015). if its pdf is given by

T\ B
o)
f(x):%(%) e \0)  0<z<oo; >0 6>0,0>0 (1.13.3)
with corresponding df
AN
-5 —
Flz)=1—¢ <9), 0O<x<oo; 8>0,8>0,0>0 (1.13.4)

New Weibull-Pareto distribution is used in real life data.
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1.14 Content of the Thesis

Chapter 1 is an introductory in nature and deals with the basic concepts and results
needed in the subsequent chapters.

In Chapter 2 of the thesis, we have characterized a families of continuous probability
distributions by considering conditional expectation of difference of p™, (p > 1) power of two
records values conditioned on a pair of non-adjacent records and and the following two results
are obtained:

(i) For ¥ : R — R is a monotonic and differentiable function and p € N

9s(x,y) = E{¥(Xu () — V(Xuw) Y| Xve = 2, Xue) =y

_ pLs=DI'(p+j—1)

1<li<j<s<n, l=nrr+1
if and only if
Flz)=1—e 0¥@H <z <p,

where g2 (z,y) is a finite and differentiable function of x and I'(.) is a gamma function.

(ii) For ¥ : R — R is a monotonic and differentiable function and p € N.

m(@y) = E{¥(Xva) — YV (Xup) P Xve) = 2, X = ]

pLU=r)T(p+1—J)

1<r<j<i<n,l=s—1,s
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if and only if

Fly)=1—e W o <y<p

provided that &2 (z,y) is a finite and differentiable function of y and there exists a ¢ € (a, 3)

such that

—1
q:inf[:r:a:ZF_l(e )]
e

Examples of various distributions are given by properly choosing parameters ¥(z), a and b.

In Chapter 3 of the thesis, we have obtained results based on conditional expectation of
single dual generalized order statistics conditioned on a pair of non-adjacent dual generalized
order statistics using Meijer’s G-Function. Thus, extending the result of Khan and Khan
(2012) conditioned on a non-adjacent dgos and the following two results are obtained:

(i) For ¢(t) be a monotonic and differentiable function of t.

gils(@,y) = E[W(X"(j,n,m, k)) | X*(I,n,m, k) =z, X*(s,n,m, k) = y]

l<r+l<j<s<n, l=rr+1

exist, then

0 F(y) 0
@) %G(W | ”““"”’%> gt

(7”‘4‘1 - 1)F -
(I’) G (F<y) | > [gj|7’+1,5<x7 y) - gj\r,s($; y)]
s—r F(I) Yr+1s -5 Vs

and

Fly
Gs—r( ) | Y1 —%+1+1,---7%—%+1+1) 3
= exp —/ D1<tay>dt)
(y) | Yr41 — Y41 T LY — Ve 1) < z
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where ¢() is a finite and differentiable function of x, and

0
%gﬂr,s(I? y)

(951115 (2, Y) = Gjirs (2, )]

Dl(xay) =

(ii) For ¢(t) be a monotonic and differentiable function of t.

Eitra(x,y) = E[(X7(G,n,m, k) [ X5 (r,n,m, k) = @, X (1,n,m, k) =y,

1<r<j<s—1<n, l=s—1,s

exist, then
F(y 0
(’y _1)f(y) GS T(Ig’)ﬁL‘ | 71"-{-1"“7’}/8) _ |: a_ygﬂr,s(xuy) ]
° F ) Yy §j|r,s<x7 y) - gj\r,s—l(‘ra y)
G (F(I) ’ r+1, "'773)

Fy) 0 ’
Gs | == | Vo1 — s+ 1,7 — 7+ 1) =al’(s) exp Do(x,t)dt|,
F(x) y

Yi>Ys, t=7r4+1,..,5—1

and for 7,11 = -+ = 74,

Ltlog{Fy)}y _, [ 1 ! Dole
1+10g{F(93)}_1 p[ (S—T—l)/y Dil ’t>dt]

where

p € («, B) such that —log F(p) =1
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and

0
a_y£j|r,s (-Ta y)

DQ(xv y) = [fjh",s(x’ y) — fj‘r,s—l(xa y)]

Further, from these results lower records values are obtained and the results obtained by Khan
et al. (2009), Khan et al. (2010a) and Khan and Khan (2012) are discussed.

In Chapter 4 of the thesis, we have obtained characterization of conditional expectation
of difference of p*, (p > 1) power of two generalized order statistics conditioned on a pair
of non-adjacent generalized order statistics using Meijer’s G-Function. Further, some of its
important deductions are discussed and some examples are obtained based on the deductions.

In Chapter 5 of the thesis, we have obtained explicit expressions for single and product
Ox
146
Further, means and covariance of order statistics from Lindley distributions are obtained.

moment of order statistics from Lindley distribution F'(z) = 1— [1 + }eex, x>0,0>0.
In Chapter 6 of the thesis, we have obtained recurrence relations for single and product

moments of generalized order statistics from New Weibull Pareto distribution F(z) = 1 —
x

8
“(5)

e \0 , O0<z<oo; 8>0,0>0, #>0. Further, the distribution is characterized by a

recurrence relation of single moments. Also, some deductions and particular cases are given.

In the end, a comprehensive bibliography is given.
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Chapter 2

On Characterization of Continuous
Probability Distributions Conditioned

on a Pair of Record Values

2.1 Introduction

Characterization of distributions through conditional expectation of record values was
first considered by Nagaraja (1988b). They obtained the characterization result based on the
linear regression of adjacent record values by considering the regression equation g,41,(2) =
EXv@+1|Xv@) = ¢ = ax + b. Later, Franco and Ruiz (1996, 1997), Lopez-Blaquez and
Rebollo (1997), Ahsanullah and Wesolowski (1998), Dembinska and Wesolowski (2000) and
Athar et al. (2003) extended the result of Nagaraja (1988b) and characterized the continuous
distributions conditioned on non-adjacent records. Further, Bairamov et al. (2005), Yanev
et al. (2008), Yanev and Ahsanullah (2009) and Khan and Khan (2009) characterized the
continuous distributions conditioned on a pair of non-adjacent records. Recently, Noor and
Athar (2014) characterized the continuous distributions by taking the conditional expectation

#(r) = E{¥(Xyw) — ¥(Xum) | Xvey = z]. In this Chapter, we have extended the
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result of Noor and Athar (2014) and investigated the conditional expectation gr (v,y) =

E{V(Xuy) =Y (Xvum) | Xve) = 2, Xus) = y), conditioned on a pair of non-adjacent records.

2.2 Characterization of Probability Distributions

Let Xy () be the upper record from a continuous population with pdf f(z) and the df
F(z) over the support (o, ). Hence, the conditional pdf of Xy ;) given Xy ¢y = @ and Xy () =

y, 1 <r<j<s<nisgiven by

[B(x, )P [B(t, y)* " f(t)

Fitrs(tlz,y) = Crjs [B(z, y)]s ! F(t)

—o<zr<t<y<oo, (2.21)

(s—r—1)!

where C,. s = Gor—Die—j—1i"

Theorem 2.1: Let Xy;),7 = 1,2,...,n be the ith record from a continuous population
with pdf f(z) and df F(x) over the support (a, ). Let ¥ : R — R is a monotonic and

differentiable function and p € N. Thenfor 1 <l <j<s<n,l=rr+1

91s(x,y) = E{Y(Xue)) — Y(Xue) Y[ Xve) = 2, Xus) = Y]

B pF(s—l)F(p—i—j —1)

(2.2.2)

if and only if

Fz)=1—eY@H o <2 <p, (2.2.3)

where g2 (z,y) is a finite and differentiable function of x and I'(.) is a gamma function.

Proof: Here, first we shall prove the necessary condition, equation (2.2.3) implies (2.2.2),
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then we have

9 (z,y) = E{¥V(Xuy) — V( Xvw) Y| Xve = 2, Xue) = Y (2.2.4)

Therefore, in view of equation (2.2.1),

P (x — Cr,j,s ! — x)|P B((K,t) 7 _ B(x’t) o
oho(e,y) = gy [ [0 W<”[mﬁw} P B@wﬂ
dF(t)
“F)
’ (@) = e
Ir s\ T3 Y [_ log F(y) +10g F(SL’)]

X ’ —W(x)]P [—log F(t) + log F(z)] 17"

/x (W(t) — U (z)] L_ log F'(y) + log F(@J

> {1 _ [—log I?(t) + log Fj(m)] 15—i-1 dF—@)
[—log F'(y) + log F'(z)] | F(t)

o Cr]s Y o )P \Il(t)—\I’(aj) 7o
- ) i O v TRl
() - w(@)]
<[] o

B (P I'(s—r) PG —r+pl(s—J)
= [¥(y) — ¥(x)] TG—rT(s—j) T(G—r+pts—j)
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D(s—r)T'(p+j—r)
L(j—r)T(p+s—r)

& s(z,y) = [V(y) — ¥ ()

To prove the sufficient condition, on using the equation (2.2.2) which implies (2.2.3),

we have

gralw ) B,y = G / W)~ WP IBG 0P By Y

Differentiating both the sides w.r.t. x, we get

St e B ) = o) = = DB
Y y p—1 jor—1 s—j—1 dF(t)
= Coso [ [0 @lwte) — w0l ] )
y DBl o2 g oyt 1) 4E )
- Cue [ 100~ 9@ G = = 1B 0P H ] T
S B o [ [V @00 — WP B
< Bl G = aho)(s = = DB ) ij‘;))
! _ —r— j—r—2 ((L’) J
Crgo [ [000) = WP = = DB OF 2 By 10 T
This implies that
Sl pV(@)gh () + gt (n,y) (2.2.5)

F(z)B(z,y) (s —r = Dlgrs(z,y) — g115(2,9)]

Now consider,

, 0
V] p—1 D
pY (2)gh, (2, y) + 8xgr,s(:w)
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=¥ (@){(y) W) I

Gj—rlp+s—r—1
Pls —nlp+j—r

¥ (@)Wy) — V)P

and

gf,s(xv y) - gvz")—&-l,s ($a y)

- (W) - T
Lis—r—1DI'(p+j—r—1)
F'G—r—DI'(p+s—r—1)

D(s—r)T(p+j—r) Tls—r—Dl(ptj—r—1)

= [¥(y) - w@)l 'G—rTp+s—r) T'G—r—DI'(p+s—r—1)

C(s—r—DI'(p+j—r—1)
L(j—r)lp+s—r)

= p(s —)[W(y) — V()
Therefore, in view of equation (2.2.5), we have

f)  pls— )Y (@)[U(y) — W) Ky

n o o . I'(s—r—1)I'(p+j—r—1)
F(I’)B(Z‘, y) (S r ].)p(S j)[\P(y) \Il(x)]p I'(j—r)T'(p+s—r)
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Integrating both the sides w.r.t. z, over (o, ), we get
v f@) / TV (x)
— 27 dr = ———dx
/oz F(x)B(z,y) o [Y(y) — ¥(2)]

log B(z,y) — log B(a,y) = —log[¥(y) — ¥(t)]|5

or,

-l

or,

This implies that

—log F(x) = a[¥(z) — ¥(a)] = a¥(z) + b,

where b = —aW(a). This proves the theorem.

Theorem 2.2: Let Xy;),i =1,2,...,n be the i'" record from a continuous population with

pdf f(x)and df F(x) over the support (a, 3). Let ¥ : R — R is a monotonic and differentiable

function and p € N. Then for 1 <r<j<i<n,l=s—1,s

&z y) = E{V(Xve) — Y(Xv) I Xue) = 2, Xve) = Y]

IF'l—r)p+1-7)

= [W(y) — ¥(2)]

o4

Frd—ji)Hp+1i—r)



if and only if

Fly)=1- e lYWF o <y < B, (2.2.7)

provided that &2 (z,y) is a finite and differentiable function of y and there exists a ¢ € (a, 3)

such that

q = inf {x:xZF‘l (6_1)] (2.2.8)

(&

Proof: Here, first we shall prove that the necessary condition, equation (2.2.7) implies (2.2.6),

then we have

P, y) = E{Y(Xue) — Y(Xvy) [ Xve) = 2, Xug) = Y]

Therefore, in view of equation (2.2.1),

P2, y)[Bla,y)] = Cry,s /y[‘l’(y) —UO)P[Bz, ) [B(t,y)]

)= o [ — wop [BE0] ] B
Paloy) = it | W) — 0 () [B(W)} {1 B(M)]
dF(t)
“F@)
Cr,j,s

Pox,y) =

[—log F(y) + log F(z)] |
[—log F(y) + log F ()] T_T_l

XLW@‘“WLA%ﬂwH%ﬂm
F

y [1 _ [=log F(y) +10gF(t)]r_j_1d_(t)
[—log F'(y) + log F'(x)] F(t)
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1 .
&, (2,y) = Crys[¥(y) — U(x)]? / PHI(] = )Ty

Ps—r)  Tlots—p)rG-r)
LG—rl(s—j) Tp+s—j+j—r)
(s =r)I'(p+s—3j)
L(s=j)l(p+s—r)

= [W(y) — W(2))

& (z,y) = [¥(y) — ¥(2)]

To prove the sufficient condition, on using equation (2.2.6) which implies (2.2.7), we have

.o p)Bl ) = Coe [ (V) — VOB OF B, y)]*f‘—l%t))

Differentiating both the sides w.r.t. y, we get

o b s—r—1 p s—r—2 (y)
S B+ s == DB ) H
= Crjs / [p@'(y)[\lf(y) - \I'(t>]”*1[B(:v,t)]f'*“[B(t,y)]sfjfl] ?Lé?
# Cuse [ 100 = WP (s = = V1B oy B0
- a%ffs( YI[B(z, )]  + Cr s /x ' [p\l'/(y)[‘lf(y) — ()P Bz, )"
X [B(t, y)]s—j—l} dpF_(%) _ 571*],5(% y)<s —r— 1)[B($, y)]s—r—z%
= Cue [ [ 1000 = WP = - 1Bt Oy A0
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This implies that

fly) PV WE (@y) — 5. (2 y)
F(y)B(z,y) (s—r—1)[&(x,y) — &, 1(z,y)]

(2.2.9)

Now consider,

, 8
¥ (y)el, (x,y) — a—yﬁﬁs(fc, y)

Dis—=r)T(p+s—j—1)
I'(s—j)(p+s—r—1)

-V ()0t — W) P )

= ¥ (y)[¥(y) — V()

Is=rl'(p+s—j—-1) TI(s—rl(p+s—j)
Fs—j)lp+s—r—1) DI(s—j7)Il'(p+s—r)

L(s—r)l(p+s—j5—1)
L(s=)Ip+s—r1)

=p(j =)V (H)[Y(y) — V()P

and

&l y) =&z, y)

~ [0~ V)P
I'(s—r—DI'(p+s—j—1)
I'(s—j—DI'(p+s—r—1)

— [U(y) — V()

Lis—=r)lp+s—j) Tls—r-—Dlp+s—j—1)
Fis—j)lp+s—r) T'(s—j—DI'(p+s—r—1)

I'(s—r—1DI'(p+s—j—1)
L(s—j)l(p+s—r)

=p( =)V (y) - ¥(x)]
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Therefore, in view of equation (2.2.9), we have

) Pl @)[v() - W) e
F(y)B(z,y) (s—r—1p(j—r)¥(y) — \I,(m)]pr(sr_(::;ggiz:i)_l)

fly)  Y(y)

F(y)B(z,y) [Y(y) — ¥(z)]

Integrating both the sides w.r.t. y, over (y,q), we get

T fly) [T Ty
/y F(y)B(xz,y) = /y [ (y) — W(x)]

or,

1+ log F(y)

- osly) ]
1 +log F(x)

q __[¥(t)
—1— e[— Iy way-vm

L+log Fy)  ¥(q) — ¥(y)
L+log F(z)  ¥(g) — ¥(z)

Thus, we have

1+1log Fy) = ai[¥(q) — ¥(y)] = a¥(y) + b,

where a = —a; and b = a1 V(q). This proves the theorem.
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2.3 Examples

Table 2.1 shows that for particular choices of a,b and W(x) the following distributions can be

characterized using Theorem 2.1 and Theorem 2.2.

Table 2.1: Examples based on F(z) = 1 — e~le¥@)+]

Distribution F(z) a b U(z)
Power function a PP 1| ploga | —log(a? — zP)
Pareto 1 —aPx™P p | —ploga log x
Beta of I kind 1—(1—a)? P 0 —log(1 — )
Exponential 1—e 0 0 x
Rayleigh 1—e 0 0 0 x?
Weibull 1—e %" 0 0 P
Extreme value II 1— e 1 0 ¥

Burr Type XII 1—(1402P)"™ |m 0 log(1 4+ 0zP)
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2.4 Conclusion

A probability distribution can be characterized in many ways and the method under
study here is one of them. We have used here the conditional expectation of record statistics
conditioned on a pair of non-adjacent records to characterize the probability distribution. That
is, we have characterized the probability distribution if the regression equation truncated from
both sides is given, i.e. the data are truncated from left side at z and truncated from right
side at y. In real practice, several times we get the data of which observations are missing
either in beginning or in the end. In such type of data we can use the result of this Chapter,
i.e. when the data are in form of records and when the data are missing at both.

Keeping this in view, we have characterized probability distributions through conditional

expectation conditioned on a pair of non-adjacent records.

60



Chapter 3

Characterization of Continuous
Distributions Conditioned on a pair of

Non-Adjacent Dual Generalized Order

Statistics using Meijer’s G-Function

3.1 Introduction

In this Chapter, a generalized family of continuous distributions has been characterized
through conditional expectation of dual generalized order statistics (dgos) conditioned on a
pair of non-adjacent dgos using Meijer’s G-Function. Various developments on dual gener-
alized order statistics and related topic have been studied by Ahsanullah (2004), Mbah and
Ahsanulah (2007), Khan et al. (2009), Khan et al. (2010 a,b), Faizan and Khan (2011), Ta-
vangar (2011) amongst others. Khan et al. (2009) have characterized continuous distributions
through conditional expectation of dgos, conditioned on a pair of non-adjacent dgos. Recently,
Khan and Khan (2012) have characterized continuous distribution functions conditioned on

non-adjacent dgos using Meijers G-Function. In this Chapter, we have extended the result
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of Khan and Khan (2012) when the regression is based on two non-adjacent dgos. Also the

result is deduced for known results on dgos.

3.2 Characterization of Probability Distributions

Let X*(i,n,m,k), i = 1,2,...,n be the dgos from a continuous population with pdf
f(z) and df F(zx) over the support («, /). Hence, the conditional Pr density function of

X*(j,n,m, k) given X*(r,n,m, k) =x and X*(s,n,m, k) =y, 1 <r <j<s<nisgiven by

a,., (% | Vi1, 7> Gj_r<% | Y1, ...,%') ,

F®) Gor (% | Yrt1, "'775)

firs(t ] z,y) = wa)(t), (3.2.1)

where C,_; = (H fyi>
i=1

Theorem 3.1: Let X*(i,n,m,k), i = 1,...,n be the i’" dgos from a continuous popula-
tion with pdf f(z) and the df F(x) over the support (o, ), and ¥(t) be a monotonic and

differentiable function of ¢. If for two consecutive values r and (r+1), 1 <r+1<j < s <n,

gj|l7s(177y) = E[@Z)(X*(j,n,fn, k)) | X*(l,n,ﬁ’b, k) = x,X*(s,n,er,k) = y]?

l=rr+1, (3.2.2)

exist, then

P F(y) 0
flz) %GH(W | 7’"“"““) _ agdir(®Y)

(%“-i-l - 1)
F(:L‘) G, (% | Yoty oees ’75) [gj|r+1,s($7 y) - gj\r,s(xv y)]

(3.2.3)
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and

F(y
Gs—y (% | Y1 = Yrg1 + 1Y — Yrg1 + 1) 8
= exp —/ Di(t,y dt), (3.2.4)
Cor(FW) [t = ¥ Lo =i 71) ( | Dilby)

where ¢() is a finite and differentiable function of x, and

0
%gﬂr,s(x? y)

Dl(l" y) - [gj|7°+1,s(x7 y) - gj|r75(x’ y>]

(3.2.5)

Proof: We have

9j|r,s(557y)Gs—r (% | V1, "'778) = /j %Gs—j (% | Vi+1 --~775)

<o (FO |
Gior (i sy )10 (326)

Differentiating both the sides w.r.t. = and using the property (vi) from Auxilliary Results

(Chapter 1), we have

%gﬂr,s(f, y)Gs—r (% | Y1y eees ’Ys) - gj\r,s(x, y)(%H — 1)Gs—r (% | Vrdly ooy ’YS)
f(z) F(y) fla)
X Fa) + Gjirs (2, ) Gsr 1 (m | Yot oo ’ys) Fl) —Gjirs (@) (Y1 — 1)

Gsr(F<x) ’7r+17'-'775> F(IE) +gj|r+1,s( 7y)Gsrl(F(x) ”Yr+27---773> F(ﬂ?)

After rearranging the terms, we get

f(z) F(y) )
F($)G (F(:E) | Yrt2, ...,%) _ %gﬂr,s(ay)

(y) [gj|r+1,s (I7 y) - gj\’r,s<x7 y)]
6oy 1)

63



f(x) F(y) 9 Fy)
W(VT—H - 1)Gs—r <m | Vr+1, ~~a'75) - %Gs—r (m | Yr+1, '~773>
0

F(y)
GS*T <F(.CC) ‘ Y41y e 75)
G Gj\r,s (z,9)

G2, Y) = Girs(7,)]

Implies that

F(y) 0
f .’E Gs ’I‘(F 1’ |7T+17"‘773) B %gﬂr,s(a"?y}

(’yr+1 - 1)
z)

and hence the theorem follows.

Corollary 3.1

Using residue theorem, it can be proved that
F(y) Zs A [FW)]
Gs—r (— | Y1y ooy 78) = a; (S) TN
F(:L‘) " 1=r+1 F(J?)

. s 1 .
Whereaz()(s): Il —— 7%#% r+l1<i<s<n
j= r+1j;«éz(7 72)

Therefore, in this case, equation (3.2.4) reduces to

[Fu)gzjyf)(x, Y) _ exp (— / "D y)dt) ,

where

B = Y e[ ma]

i=r+1
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as obtained by Khan et al. (2009).

Also since for my = -+ =my,_1 =m # —1,
. 1 —1)*" —r—1
al(' )(S) - s = s(frfl) (S ' ; )
H ('Yj_")’i) (m+1) (S—T—l)! S—1
J=r1i#j
Thus, for my = -+ =my,_1 = m # —1, equation (3.2.4) reduces to

1— {F(x)}m
L= {F(y)ym*+

L )/le(t,y)dt], m £ —1

:““®P§:tT

and

log{F(«)} [ 1 ’ -
og{F(y)} | p[@:tﬂADﬁwﬂa =1

as obtained by Khan et al. (2009)

Remark 3.1

(3.2.9)

(3.2.10)

At vy =014.e. s=k+n+ M, by convention X*(s,n,m, k) =y = «, and hence F(a) = 0.

Therefore,

and

= ex ! ﬁ g;lr(t)
F(x) = exp <7r+1 /z [gjir41(t) — ng(tﬂ) !
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as given by Khan et al. (2010a), Khan and Khan (2012). The result for lower record is given
by

N 95, (1)
F(z) = exp ( /x [gi1r1 () — gjlr(t>]> “

Theorem 3.2: Let X*(i,n,m, k), i = 1,...,n be the i"* dgos from a continuous popula-
tion with pdf f(x) and the df F(x) over the support (o, ), and ¥ (t) be a monotonic and

differentiable function of ¢. If for two consecutive values (s —1) and s, 1 <r<j<s—1<mn,

£j|7’,l(x7y) = E[w<X*(janama k)) ’ X*(T, nama k) = an*(lanamvk) = y]7

l=s—-1,s (3.2.12)
exist, then
6 (FW) ) O
(-1 I®) % T\ F@) e _ 9y Y (3.2.13)
F(y) Gsfr (?Li% ‘ 77'+1, ceey 73) [£j|r,s (m7 y> B §j|7‘,s—l(x7 y)}

F(y) _ ) ’
Gsr| == | Ys1 =7+ 17— v+ 1) =a’(s) exp Do(x,t)dt|,
F(@ Y

VY >vs, t=r+1,.,5—1 (3.2.14)

and for v, =+ = 7,

L+log{Fly)t | [ 1 "
[+ log{F(o)} p[ —(S—r—l)/y Do( ,t)dtl (3.2.15)

where
p € (o, B) such that —log F(p) =1 (3.2.16)
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and

0
a_yé:ﬂr,s(x? y)
[£j|r,s(x7 y) - fj\r,s—l(xa 3/)]

Dy(z,y) = (3.2.17)

Proof: We have

£j|r,s(x7y)Gs—r (% | Yrt1s ---ﬁs) = /yx ;Z),Eg Gs—j (?((?Z)) | Yi+1 .'-,%)

<Goor (i [y ) SO (32.18)

Differentiating both the sides w.r.t. y and using the property (v) from Auxilliary Results

(Chapter 1), we have

e (2 () . E(y) f)
ayé-jl’r’,s( Jy)G ( (I‘) | 77’-‘—17' 778) +£j|7’5( y)( 1)G (F(aj) ’ ’}/T+1,...7’Ys> (y)
F(y) f(y)
- §j|7”75(x7 y)GS r—1 (F((L’) | Vr41s - 78—1) F(y) = 5]'\7“78(1-7 y)(’ys - 1)
" F(y) o) o F(y) ()
Gs—r (F(JT) | Vr41y ey ’YS) F(y) §j|r,sfl( 7y)Gs—7‘—1 (F({L’) | Vr41y ey %—1) (y)

After rearranging the terms, we get

F(y) - gj r,S(x> y) - gj 7‘,8*1(% y)
Gsr (Wx) | 77‘—&-17-'-775) [ | | ]
Thus,
9 Fly) e (0
(7 B 1) f(y) B asz T(F(LE) | Tr+1, ...,’73) _ ayfy\r,s( 73/) (3‘2‘19)
s F(y) G (M | ) &5 (2, ) = Ejprs—1(2,9)]
s—r F(ZL’) Vr415 -5 Vs
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F(y)
G- TN T s 1,"'7 s s 1
(F(x | Yrp1 — 75 + Vs — Vs + >

)
(% | Yot — Vs + 1, oy Ys — s + 1)

~ exp <— / DQ(:c,t)dt) (3.2.20)
Gs_r y
It can be seen that when v; > v,, i =7r+1,...,8 — 1,
Gsr(@ | Y1 — s+ 1,y ys—9s+1) = agr)(s) as x — 0,

and therefore

F r ,
Gsfr (M ‘ Vr+1 — Vs + 17 e Ys T Vs + 1) = Clg )(8) exp [_ fs D2($5t>dt]7 v Vi > Vsy L=

F(x)
r+1,..,s—1
also, for v,.1 = -+ = 7, see Cramer (2002, p.35)
F(y) _ 1 s—r—1
Gsr<F(x) | Yt ~--;’Vs> = m[— log F'(y) + log F'(x)]
Yr+1—1
. [FW) -
F(z)
Thus, in the case of lower record statistic,
1 +log{F(y)} 1 /y
=1- - Do(x, t)dt 2.21
1+ log{F(z)} U= ), 2, £)dt | (32.21)

where p is defined in equation (3.2.16)
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Corollary 3.2

It may be noted that at v; #v; but m; =--- =m,_1 =m > —1

JREON

s—r—1

Therefore, equation (3.2.9), it reduces to

{?Eiirﬂ =1—exp {—@_r;_l) /ay Dz(w,t)dt}, m > —1, (3.2.22)

as obtained by Khan et al. (2010a).

Remark 3.2

With the convention X*(0,n,m, k) =z = 3, at r = 0, Theorem 3.2 reduces to

Gs(F(y) [m—s+ 1,y — s+ 1) = Zai(s)[F(Z/)]%_%

= a,(s) exp {— /a yD(t)dt}, i Y > (3.2.23)

and form; =---=m,,_; =m > —1
1 1 Y
Fy)"™ =1 —exp |:_S——1/ D(t)dt} (3.2.24)
whereas for 7,11 = -+ = 74
1 y
—log F'(y) = exp [—5—1/ D(t)dt] (3.2.25)
o p
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where p is as defined in equation (3.2.16), and

D(y) = 1) = Dy(a,y)

€15 (1) — &jo—1(y)]

as obtained by Khan et al. (2010a), Khan and Khan (2012).

Corollary 3.3

Under the assumptions given in Corollary 3.1 and Corollary 3.2,

1

el m+ 1
F(x):{—ell—&—eb—l] , m>—1

and

1

I
et —1 m+1
€Il+612—]_:| ) m > —1

P - |
where I} = ff Ai(t,y)dt, Iy = [Y As(z,t)dt and

Dl(xvy)
(s —r—1)

D2<x7y)

Al(l'vy) = m

A2($7y) =

Similar, result for lower records can be obtained.
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3.3 Conclusion

We can characterized the probability distributions by using different methods. In this
Chapter, we have obtained conditional expectation of single dual generalized order statis-
tics conditioned on a pair of non-adjacent dual generalized order statistics using Meijer’s

G-Function. Further, we can use these results for lower record values too.
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Chapter 4

Characterization of Continuous
Distributions Conditioned on a pair of
Non-Adjacent Generalized Order

Statistics using Meijer’s G-Function

4.1 Introduction

Kamps (1995) was the first who introduced the concept of the gos. Since, then several
characterizing result have been appeared in literature using conditional expectation. Keseling
(1999), Bienik and Szynal (2003), Cramer et al. (2004a), Khan and Alzaid (2004), Raqab and
Abu-Lawi (2004), Ahsanullah and Ragab (2004) and Khan et al. (2006) have characterized
the distributions based on conditional expectation conditioned on adjacent and non-adjacent
gos. Ahsanullah and Beg (2008) and Ahsanullah et al. (2009) have characterized continu-
ous distributions through conditional expectation of gos conditioned on pair of adjacent and
non-adjacent gos. Further, Bieniek (2009), Khan and Khan (2011) have characterized the

continuous distribution functions conditioned on non-adjacent gos using Meijer’s G-Function.
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Later, Khan et al. (2012) extended the result of Bieniek (2009), Khan and Khan (2011) and
characterized the continuous distributions conditioned on a pair of non-adjacent gos. Re-
cently Noor et al. (2014) characterized the continuous distributions by taking the conditional

expectation
grsp = E{O(X(s,n,m, k) = (X (r,n,m, k)Y | X(r,n,m, k) = a]

In this Chapter, motivated by the work of Noor et al. (2014), we have investigated
the characterization of the continuous distribution functions by considering the conditional

expectation

gf,s(x,y) = E[{l/}(X(j?naﬁ% k)) - ¢(X(T=n=m7k))}p | X(T7n7m7 k) = IIJ,X(S,R,T?L, k) = y]

and

rs(@y) = E[{v(X(s,n,m, k) — V(X (j,n,m, k) | X(r,n,m, k) =z, X(s,n,m, k) =y],
(4.1.2)

where 1 < r < j < s <mn, p>1, using Meijer’'s G-Function. Further, we have assumed
that ¢ : R — R is strictly increasing function. Where g2 (z,y) and & (v, y) are finite and
differentiable function of  and y respectively and we have derived the characterization result

based on ¢ (z,y) and &2 (7, y) respectively and deduced some examples based on the results

4.2 Characterization of Probability Distributions

Let X (i,n,m, k), i =1,2,...,n be the gos from a continuous population with the pdf f(x)
and df F(x) over the support («, 3).

Hence the conditional Pg density function of X (j,n,m, k) given X (r,n,m, k) = x and
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X(s,n,m, k) =y, 1 <r<j<s<nisgiven by

GS*J' (E(y) ‘ Yi+1s _778)GJ*T(FI<t) ‘ Vr+1, "'77j)
Gor (Fo(y) | Yrs1s -0 75)

et 2.) = 75 Tap®)  (42)

Theorem 4.1: Let X (i,n,m, k), i = 1,...,n be the i" gos from a continuous population with
pdf f(x) and the df F(x) over the support(a, #). Let ¢ : R — R is strictly increasing function
and E|[Y(X (s,n,m, k) — (X (l,n,m, k)]|P < oo, for = r, r+1. If for two consecutive values

rand (r+1),1<r+1<j<s<n,

gﬁs(%?/) = E{(X(J,n,m, k) — (X (1, n,m, k)Y | X(1n,m, k) =2, X(s,n,m, k) =y],

l=rr+1,
(4.2.2)
exist, then
8 - 0
_ p—1 —_
(s — 1)L 5" (F N oeet %) w0 o) + 5 k) (4.2.3)
F(‘x) G ( | Vr41s -ens 75) [97?78(33’ y) gr+1,s<x7 y)}
and
G (F, i1 — Y1+ 1, s — Ve + 1 e
(Fo(®) [ 1 = Y Yo~ Y1 +1) exp (_/ Dl(t,y)dt> (4.2.4)
Gsfr(F<y) |’)/r+1_7r+1+17---7’}/s_’)/r+1+1) «
where gF is a finite and differentiable function of z and
/ p—1 a D
P (@)gr s (@, y) + 597 (2,y)
Di(z,y) = v (4.2.5)

[gff,s(x, y) - ngrl,s (‘Tu y):|
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Proof: We have

gf,s($ay)Gs—r(Fz(y) | Vr+1s -..,’ys) = /y [w@)

s=i (Fe¥) | 10 7s)

X Gj—r(Fx(t) | Yr+1, a’yj)f(t)dt

Differentiating both the sides w.r.t. = and using the property (vi) from Auxilliary Results
(Chapter 1), we have

_ _ T
amgf,s(x7y)Gs—r(Fw(y) | Y41, ---,75) +g,7?,s(x,y)(%+1 - 1)Gs—r(Fw(y) | Yrs1, -"75) (

' F(x
@) G (Bol) | Yoz o) L)

—

~—

o) P ()92 (2, ) Gamr (Fo(y) | Vst oo Vs)
+ gvz"),s(xvy)(%Jrl - 1>Gsfr (Fx<y> | Yr+1, ..,”ys) f(:L‘)

’ F(x) N gf+17s(x,y)Gs,T,1 (Fm(y) | Y2, --7%)
f(z)
“ F)

After rearranging the terms, we get

f(z) -
By Cort (Fe0) [ ) pyi (gt ) + a8 (r.9)
Gor(Fa(y) | Yop1s-07s)

[gg,s(l', y) - gf—&-l,s (.’L‘, y):|

F(x) (a1 = DG (Fz(y) | Y1, ..,'ys) — 3

8$GS_T (Fx(y) | Vr+1s - 75)
Gs—r (Fav(y) | Vr41y - 78)

0
/ p—1 4P
_ pY'(x)gh st (2, y) + ag[:gr,s(ﬂc,y)

[ggs(.l’, y) - gf+1,s (I7 y)}
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Implying that

0 ; 0
_ / p,l Y
flz) aggGS_rEFx(w [ Yes1s0%s)  PU(2)gE (@ y) + a7 (2, 9)

(%"Jrl - 1) n -
F(ZE) Gsfr (Fm(y) ‘ Vrd1y e 78) [gf,s(l', y) - gf—i—l,s(x? y)]
and hence the theorem follows.

Corollary 4.1

Using the theorem of residue’s under the condition that v; #~;, V 4, =r+1,..

For ¢ # j, it can be proved that Cramer et al. (2004b, p. 36)

Gar (Fel) | Yo1s o0 7s) = ( > a§“<s>F;<y>”‘1),

i=r+1

) s 1 .
Whereag)(s): [I ———.,7#wr+1<i<s<n.
j=r+1,j#i (%‘ - %’)

Therefore, in this case, equation (4.2.4) reduces to

[F@]"™"Biey) (_ / ' Dl<t,y>dt),

Bi(a,y)

where

Bi(z,y) =Y a(s)[Fu(y)]™

i=r+1

Also since, for m; = -+ =m,_1 =m # —1,

1 —1)%" —r—1

() = — S ) 350
H ('Yj_%) (m—|—1) (S—T—l)! S —1

j=rl i
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Thus, for my =+ =my,_1 =m # —1, equation (4.2.4) reduces to

L {F(x)ym
T {F(y)ym

—1—exp {_(371—1) /a Dilt, y)dt], m4 -1  (428)

and when 7,41 = 9,42 = -+ = 7, i.e. in case of record statistics see Cramer (p. 35)(2002)

Gor(Fa(y) | i1, 0 7s) = [ log F(y) +log F(z)] TR (429)

(s—r—1)
equation (4.2.4) reduces to
log{F 1 v
M =1—exp {——/ Dl(t,y)dt}, m=—1. (4.2.10)
log{F'(y)} (s—r—1)Jq
Theorem 4.2: Let X (i,n,m, k),i =1,2,...,n bethe i gos from a continuous population

with pdf f(x) and the df F(x) over the support (a, ). Suppose ¢ : R — R is strictly
increasing function and E|[¢(X(I,n,m, k)) — (X (j,n,m, k)]|P < oo, for | = s —1, s. If for

two consecutive values s —land s, 1 <r+1<j<s—1<n,

&, y) = EJu(X(L,n,m, k) = (X (G, n,m, k)Y [ X (ron,m, k) = @, X(1n,m, k) = yl,

l=s—1,s
(4.2.11)
then
9q (Fa(y) | s) 9 (,y) — p¥'(y)ELs (z, )
(fy _1> ,]f(y) - ay sfr_ T r+1ly -y [s _ ay s\ T8 ’ (4212)
TR G (Fe®) ] e vs) [€Fs(,y) = &1 (2,9)]

The following two cases will arrise:
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Case (i): when min(Y,41, Vrio, - Ys—1) > s, then

_ 8
GS*T (F$<y) ‘ Vr+1 — Vs + 17 ey Ys T Vs + 1) = agr)<s> exp |:_/ DQ(xat)dt:| (4213)
Y

Case (ii): when min(y,41, Vri2, -, Vs—1) < s, then the characterizing result is

_ q
Goor (Fo(y) | Yra1 = Ys+ 1,075 — s+ 1) = exp {—/ Dg(x,t)dt}, (4.2.14)
)

where ¢ is defined as

q=inf{z € (o, B) : Gs_, (Fx(z) | Yoo1 = s+ 1,0y — Vs + 1) > 1} (4.2.15)

and

0
gy y) — P )€ )

Do) = T = ] (4.2.16)

Proof: We have

ﬁs(x’y)Gs—r(Fx(y) | Vet ---,’Ys) = /y wcﬂ—j (Ft(y) | Vit '--,%)

XGj—r(Fx<t) | Yt -o-ﬁj)f(t)dt

On Differentiating both the sides w.r.t. y and using the property (v) of Auxilliary Results
(Chapter 1), we get

9 P, 9) G (Fu(y) | rgas o 7s) — E5(2,9) (s = DGap (Fe () | g1, 57s) /)

+ Sf,s(xv Y)Gs—r1 (Fx(y) | Y1y e '75—1) {7’((32)) = p@b/(y)ff;l(% Y)Gor (Fx(y) | Vrg1s s ’Ys)

— & () (s = DGy (Fo(y) st s 7e) LY

F(y) + r,s—l(ma y)GS*T*1 (Fx(y) ’ Trls s 7871)



After rearranging the terms, we get

%Gs_r—i@(y) | Yt Vo) ) a% Polz,y) — pd' (v)EEs (. y)
Gs—r (Fx(y) | Yr41y -5 '75) [&Z?,s(x, y) - gf,s—l(xa y)]
N %(75 - 1)Gs—r(Fz(y) | Y1, ”'/75) - %GS—T(Fw(y) | Yr41s ""73)

Gor(Fe(y) | Yot1s -0 7s)
0
&8 (z,y) — p¥' (€2, (=, y)

[57]’)75('%73/) - f,s—l(xay)]

Implying that

_ 0
Gs—r x(y) | Vr41s e ’Ys) 8_1/ r,s(xa y) - p¢/<y)€£;1(x7 y)

(
o (BoW) | Yests o s)  [Eei(@,y) — Eula,y)]

[t can be seen that when min(v, 11, Va2, ..oy Vs—1) > Vs,

Gor(@ | Vi1 —Fs+ 17— s+ 1) = agT)(s) as © — 0.

Therefore,

Gsfr (Fx(y> ’ Vr+1 — Vs + 17 Vs T s + 1) = ag)(s) exp [_ fyﬂ D2<£Ij',t)dt] :

Further, when min(v, 11, Vri2, -y Vs—1) < Vs
In this case, Gs_ (¢ | Vpp1 — Vs + 1,..,7s —¥s + 1) = 00 as © — 0 (see Lemma 2.2: Cramer
et. al.(2004b).

Thus, in this case, the characterization result is G,_, (Fx(y) | Vo1 = s+ 1,0y ys — Vs + 1) =
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exp [— fyq Dy(x, t)dt}, where ¢ is defined in equation (4.2.15).

Corollary 4.2

It may be noted that at v; # v; but my =--- =m,_y =m > -1

GS_T(F};(y) R A A 1) _ Z a(-r)(s)(F (y)) "

agr) (S) i=r+1

Therefore, it reduces to

_ 1 B
F,(y)™t=1- ———————— | Dy(x,t)dt —1. 4.2.17
F.) esp |~y | Deto ] > (42.17)
Also for 7,11 = -+ =74, i.e. in case of records and using equations (4.2.10), (4.2.14) reduces
to
1+log F 1 a
{1+ log _(y)} =1—exp {——/ Dg(m,t)dt} (4.2.18)
{1+log F(x)} (s—r—1)J,

where ¢ is as defined as ¢ = inf {z €(a,8): z>F! (ﬂ)}

e

Corollary 4.3

Under the assumptions given in Corollary 4.1 and Corollary 4.2,

1

= { el }m—i—l
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and

1
. e?—1 Tm+1
Fly) = |———— > —1 4.2.20
W= |a e, (4.2.20)
Di(z,y) Dy(z,y)
[z B o 1 ) __2\d)
where Iy = [ Ay (t, y)dt, I = fy Ag(z,t)dt and Ay (z,y) = —(s o) Ay(z,y) = G-r—1)
Similarly, for records, we have
Flz) = eh 1 —_1 42.21
(a:)—exp —m, m = — ( )
and
_ 611
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4.3 Examples

In this Section, continuous distribution is characterized under the condition stated in
Corollary 4.1 and Corollary 4.2 respectively. Based on g7 (7,y) and 2 (z,y), these result
can be utilized to get the answer that from which distribution the sample is being obtained.
Also any intermediate gos can be predicted if we have information about X (r,n,m, k) and
X(s,n,m, k), r < s for a family of distribution.

(i) Formy=..=m,_1=m> -1

P(s=rl(p+j—r)

grs(z.y) =[W(y) — w@c)]pm s P—— (4.3.1)
If and only if
1—{F(x)}"" = ay(z) +b, m>—1 (4.3.2)
where F'(z) is so chosen that ay(8) +b= 1. And for record values
F(z)=1—¢ @+ pm— 1 (4.3.3)

Provided that there exist a ¢ € (a, 5) such that ay(q) +b = 1.

Proof: For m; = -+ =m, 1 =m # —1, the value of ¢ (r,y) is given by

Fole.y) = Gy O O R o) A PR LA Co My O |
0 = Coanton ) [ e e |~ [ p<y>m+1]]
[F x)m—i-l . F(t)m+1] 1
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where
[(s—r)
INVEERINCE)

Crjs =

Now, To prove the necessary part i.e. equation (4.3.2) implies (4.3.1), we have

o o — [P0 —w@PT ) — @) ) — @) ]
() C%ﬁé[ww—wx]b fww—¢@ﬂ] hww—wuﬂ
X ' (t)dt
) — ()
S““‘[ww—¢mﬂ

Therefore,

1

gg“),s(xa y) = Cr’j’s[¢<y) — 1/1(x)]p/ uPJrjfrfl(l . u)g_j_ldu

Dis—r)  T(s=j)p+j-7)
O == ) To+j—r+s—))
(s = T(p+j = 1)
TG = Nl(p+s—1)

= [¥(y) =P

P (x,y) = [Wy) —v(@)

Now, To prove the sufficiency part i.e. equation (4.3.1) implies (4.3.2), we have

P, ) [Bla,y)] 7 = Crju(m + 1) /y[\ll(t) (@) P[Bla, ) B )

x [F(t)]" f(t)dt

On Differentiating both the sides w.r.t. z, and rearranging we get

(m+ D f(@)[F@)" (@) (e, y) + 2ok (x,y)

A STy T - ) [ - )]
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Now consider,

IFp+j—r—1
I'p+s—r—1

Y
L D(s—r
(j—r

)
)

and

Irs(Ty) = g1 (. y)

_ _ :Ep(S—NF@+J—T)

- [\I](y) \II( )] (] —T‘)F(p—i—S—T)
Fs—r—DI'(p+j5—r—1)
FG—r—1DI'(p+s—r—1)

= [Y(y) = U(x))”

Ps=rI'(p+j—r) TIs—r-DI'(p+j-—r—1)

Js=r=1DI'p+j—r—1)
PG =r)lp+s—r)

p(s — )V (2)[¥(y) — ()P~ -t tir)

F'G—rlflp+s—r) TG—-—r—I'(p+s—r—1)

Ai(z,y) = T(s—r— ) (ptj—r—1
( y) (3 -—Tr—= 1>p(3 - ])[\Ij(y) - \Ij(m)]p (F(j_T;FEZIi_T) )
V()
D) = = w )
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Now, we get from equation (4.2.8)

L= {F@)™ _apl@)+b (13.4

L—{F(y)y+'  ay(y) +b’

The solution of equation (4.3.4) is

1= {F(z)}™" = Klay(z) + b],

where K is constant of integration. Thus, as © — 8, ap(x) + b — 1, and the value of K is
one and hence the sufficient part. Similarly we can prove the result for records.

(ii) Form; =---=my_1 =m > —1,

[(s —7)T(p+s—j)

D — _ p 435
If and only if
L= {F(y)}™" = ad(y) + b, m>—1 (4.3.6)
here, F(y) is so chosen that ay)(a) +b = 1.
And for records
Fly)=1—e @0 = 1 (4.3.7)
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Provided that there exists a ¢ € (a, ) such that ai(q) +b=1 .

Proof: For m; = -+ =m, 1 =m # —1, the value of ¢ (z,y) is given by
Vb)) F)™ = "
pw’ :Crvjvsm 1 — m+1 — m+1 1_ = m+1 — m+1
(e:) = Gl 1) Fa =R | (F@)" - F(y) *J]
[F(x)m+1 B F(t)mﬂ] J—r=1 i )

v (o) = [ o B =v@OP [ [y) —¢()] I (y) —o(0)] ]
(o) = [ G = I |

x ' (t)dt

[ (y) — ()] erefore
Setv-{:zzj——zr——]’Th fore,

! .
ff,s(xu y) = OT,j,s[¢(y) — ¢(x)]p/o Up+$—j—1(1 . U)J_T_ldv

I'(s—r) T@G-rlp+s—j)
LG—rl(s—4)Tp+s—j+j—r)
L(s—r)I'(p+s—7)
L(s—j)T(p+s—r)

= [¥(y) = d(@)]

& (2, y) = [(y) — P(x)]F

Now to prove the sufficient part i.e. equation(4.3.5) implies (4.3.6), we have

5113,5(1‘7 y)[B(ZL’, y)]s—r—l = Cr,j7s(m + 1) /y[\ll(t) — \I/(l')]p[B(:L’, t)]j_r_l[B(t, y)]s—j—l

x [E(0)]" f(t)dt

On Differentiating both the sides w.r.t. y, and rearranging we get

fly) PV WE (@y) - 5&.(2.y)

Ax(@,y) = F(y)B(z,y) (s —r—1D[&s(z,y) — & (2, 9)]

(4.3.8)
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Now consider,

, 0
p¥ (y)el, (z,y) — a—yfﬁs(%y)

Fs—rI'(p+s—75—1)
F(s—5)I'(p+s—r—1)
L(s =r)T(p+s—Jj)
P(s =)l +s—7)
[Tl —r)Pp+s—j—1)

PV (y) [T (y) — T(x)]!

—p¥ ([T (y) — (a)

PV () [T (y) — V(z)]~

L(s—7r)I'(p+s—7)

Dl —j)0pts—r—1)
p(j — T)\I//(y)[\ll(y) — \I;(x)]p—lr(s —r)(p+s—j1)

C(s—j)T(p+s—r)

and

L(s—j)T(p+s—r)

ffs(x y) — frs 1(z,9)
R T e
(s —r—1D0(p+s—j—1)
~ )~ YOV 5 e s = =1
p[Ls=rlpts—3j) Ts—r=1Dl(p+s—j-1)
= [U(y) — ¥(z)] T(s—j)C(p+s—r) B Fs—j—DI'(p+s—r—1)

I'(s—r—1I'p+s—j—1)

:p(j—T)[\If(y) _‘Il<x)]p F(S—j)F(p+S—T)

Therefore, in view of equation (4.3.8), we have

p(G =)W () (y) — V(@) Eer

)L (p+s—j—1)

As(z,y) = ST (p+s—r) ‘
O T G ) ()|
U (y)
429 = G~ w()

Now, in view of equation (4.2.17), we get

Fly)}m _

tF _
{F(a)ymt
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The solution of equation (4.3.9) is

{F(y)}™* = Klap(y) + ],

where K is constant of integration. Thus, as y — «, a(y) + b — 1, and the value of K is

one and hence the sufficient part. Similarly we can prove the result for records.
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4.4 Conclusion

In real problem, a statistician is often interested in guessing the distribution from which
the true data is obtained. Characterization problem is theoretical approach to obtain the
distribution function if certain condition is fulfilled. A probability distribution can be charac-
terized in many ways and the method under study here is one of them. We have used here the
conditional expectation of generalized order statistics conditioned on a pair of non-adjacent
generalized order statistics, 7.e. We have used the regression equation which is truncated at
both sides, left side at point x and right side at point y. In many real problems, we find the
data which is truncated from both ends. In those cases, we can use the result obtained in this
Chapter to get the answer that from which population the sample is drawn. Keeping this in
view, we have characterized the probability distributions through the difference of p*, (p > 1)
power of two generalized order statistics (gos) conditioned on a pair of two non-adjacent gos
using Meijer’s G-Function. Further, this result can be utilized in case of ordinary order statis-
tics, record values, sequential order statistics, order statistics with non integral sample size,

Pfeifer record values and progressive type II right censored order statistics.
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Chapter 5

On Exact Moments of Order Statistics

from Lindley Distribution

5.1 Introduction

A random variable X is said to follow Lindley distribution if its (pdf) is of the form

92
0) = 1 o 0 1.1
fl2,0) = 51 +z)e™, z>0,60>0 (5.1.1)
and the corresponding (df) is
Pla)=1— |14 2% [ete 2>0,0>0 (5.1.2)
T) = T30 ) : 1.

The basic concept of order statistics is given in Chapter 1 and the moments of order statis-
tics for some specific distributions are investigated by several authors such as Malik (1966)

derived the expression for moments of order statistics from Pareto distribution. Malik (1967)
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obtained the explicit expression for moments of order statistics of power function distribution.
Further, Khan and Khan (1987) obtained the moments of order statistics from Burr distribu-
tion. Recently Athar et al. (2011) has obtained moments of order statistics from extended
type-I generalized logistic distribution. In this Chapter, we have obtained the explicit expres-
sions for the moments of order statistics from Lindley distribution. Further, the mean and

covariance of the order statistics from Lindley distribution has been computed.

5.2 Moment of Order Statistics from Lindley Distribu-
tion

In this Section, explicit expression for single and product moment of order statistics are
obtained from Lindley distribution.

Theorem 5.1: The single moment of order statistic from Lindley distribution is given by

R 5> ) R

7=0 k=0
IF'p+k+1) I'(p+k+2)

X
{0(n—r+7+ 1) {0 —r 4§+ 1)

] , peN (5.2.1)

Proof: In view of equations (1.2.1), (5.1.1) and (5.1.2), we have

Cron / 2 [F@) " 1 = F(o)"™" f(z)da

=C / 1— 1_{_9_1. —0x ! 1+ Ox —0x " 62 (1_|_ ) —9:cd
=G [ 27 1+0)° 110)° 1rg
0

Expanding the terms inside the brackets Binomially, we get

9 r—1 . ' o0 n—r+j '
e (s e
Jj=0 0
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r—1 n—r+j i [e'e]
r—1 , n—r+j §2+k
= U —1)/ _ p+k
ch( j )( 1) < " >(1+0)1+k/x (1+x)
0

r—1 n—r+j .
—C.. T — I\N/n—r—+j (_1)j g2+k
- J k (1+0)t+*

7=0 k=0
oo oo
% xp+k+1716791‘(n77‘+j+1)dx + /ajp+k+21691(nr+y+1) dr
0 0

r—1 n—r+j . 9tk
P _ r—1\/n—r+y v 0
Ay Cr:n Z ( j ) ( L ) ( 1) —<1 n 9)1+k

x[ Fpt+k+1) T(p+k+2) ]
{Q(n—r+j+1)}p+k+1 {e(n_r+j+1)}p+k+2

Hence the theorem follows.

Theorem 5.2: The product moment of order statistic from Lindley distribution is given by

afsqn:CrmrzzsilanHsiz ' (S—Z—l) (7‘;1) (k—i—s—;—i—l) <n—;+i>

=0 j=0
« (—1ye O Pg+j+1) % [O(n — s +i+1)]"
(14 )2+t [O(n —s+i+ 1)]q+J — m!
+q§1 (g+j+1) T(l+p+m+1)
— n—s+z+1)]1 ™ ml [e(k_r+n+1)]l+p+m+1
F(l +p+m+2)
) 1§T<S§n7 ) GN 522
0k —r+n+ 1)]l+”+m+2>] P-4 (5.2.2)
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Proof: In view of equation (1.2.9), we have

ot =G, !/éwwmrﬂﬂw—ﬂﬂ*”ﬂ—ﬂﬂ“#@ﬂwmm

ﬁ
Cn
3
7N
w
|
<
|
—_
v
o\g
8
=
ﬁ
'1j|
ﬁ
3
—
=
S~—
=
S
S~—
QU
S

where
1a) = | [ [F@]"™ iy
L [C P Rt
T+ )Y 1+6 Y
Therefore,

62 o0 ey n—s+i )
- a1 g —Gy(n—s-ﬂ-‘rl)d
@) =759 /y( +1+9) ‘ Y

xT

0 0 n—s+i .
+/yq+1 (1 + 1_59) efey(nfs+z+1)dy

T

Proceeding similarly as in Theorem 5.1 and after some simple algebraic computations, it can

be shown that

92
I(z) = L +1
o0 0 n—s+i 4
Il — /yq <1 + %) eny(nfererl)dy
n—s—+1i . i 9
_ n—s+1 0 ! /yQ+j6—9y(n—s+i+1)dy
pr j 1+6

T
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Let us substitute Qy(n — s +i+ 1) = u,

n—s+1i . i . oo
I n—s+i 0 \’ I'g+j+1) 1 ETSp—
1 ) - ) - U e “du
~ j 1+6) [0(n—s+i+ D)7 T(g+j+1)
j=0 Oz (n—s+i+1)

where I'[a, 2] = [ u* e “du is incomplete gamma function, On using the relationship between
incomplete gamma function and poisson distribution from [Saleh and Rohatgi (2000) p.218,

15], we get

I —i (n_ﬁi)( 0 )j D(g+j+1) 2 et [p(n — 5 4+ 1)]"
b [6(

=0 J 1+6 n—s+i+ 1)1 L~ m
Similarly,
. n—s+i n—s4+i 0 J F(q +j + 2) —0z(n—s+i+1)
2= ) j 1460) On—s+it1) 77
=0
T B — s+ i+ 1)
X Z m!
m=0
o) - n—s-+i (n st z) §2+i L(g+j+1) e 0r(n—s+i+l)
par j (1+6)"7 [0(n — s +i+ 1))
X §[9x(n—s+i+1)]m+ (g+5+1) qgl[efﬁ(n—aﬂ‘ﬂ‘l)]m
2 mi Bn—s+i+1)] &, m!




<3

. O -1 s—r—1k+s—r—i—1 9l+2 ( 1)l+k s—r—1 r—1
o i, = Upgn (1 +0)+1\ )
r,8:m »S . (1 + Q)H—l t k

k=0 =0 =0
y (k 4+ s — rlr —1— 1) /xl+p6—9x(k+s—r—i) + /xl+p+16—0x(k+s—r—i) I(x)dx
0 0

ol — e Hsiil it ( 1)¢+k s—r—1\(r—1\(/n—s+1
rsim T TS . ' (1 + 9)2+j+l 7 k ]

0
" (k +s— ;ﬂ —i— 1) [/ AP —Oulkts—r=i) | /xl-i—p—&-le—ﬁzv(k—l—s—r—i)

0 0
PAH+I D ppuosrirn [S= frn—s+i+ D"
[O(n — s +i+ 1)) mz::O m!
(4+7+1) ‘”’il ba(n—s+it D"
[f(n—s+i+1)] ~= m!

Implying that

T

afyg'nzc’r‘s:n 18T1nzs+ik+STiI S_T_l r—1 k+5_r_2—1 n_5+l
h 7 k=0 1 l 1 k l j

i=0  j=0 =0
(1) AL T(g+j+1) % [B(n—s+i+1)"
(1 + 6)2+j+l [9(” — s+ i + 1)]‘14‘] — m'
q+j+1 . o
n Z (q +'] + 1)1_m /xl+p+me—9x(k—r+n+l)dx
—[0(n—s+i+1)] " m! J
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o0

_|_/xl+p+m+le—0x(k—r+n+1)dx

o LS T s — I\ (r =1\ (kts—r—i—1\(n—s+i
Oér,,s:n = Cr,s:n . k l .
k=0 i=0 j=0  1=0 j

)i—i-k gA+i+ lg+7+1) . ij Bn—s—+i+1)]"
(L4 0)>H [9(n — s + i + 1) m!

m=0

q+ji+1 (g+j+1) T(l+p+m+1)

+ mz [0(n—8+i+1)]1*mm! ([9(k—T+n+1)]l+p+m+1

=0

D(l+p+m+2) )}

[0(k — r + n + 1)]"Prm+2

Hence the theorem follows.

96



5.3 Numerical Computations of Mean and Covariance

of Order Statistics from Lindley Distribution

In this Section, we have obtained mean and covariance of order statistics from Lindley
distribution for n=1:1:5 and a fix value of the parameter # by using MATLAB. Here, it can

be seen that as the sample size increases, for fixed values of r, mean keep on decreasing.

Table 5.1: Mean of Order Statistics from Lindley Distribution for fixed 6 = 2

n=1 n=2 n=3 n—=4 n=>5

r=1 0.6667 0.3472 0.2359 0.179 0.1443

r=2 0.9861 0.5698 0.4069 0.3178
r=3 1.1943 0.7327 0.5405
r=4 1.3481 0.8609
r=>5 1.4699
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Table 5.2: Covariance of Order Statistics from Lindley Distribution for fixed 0 = 2

r S n=1 n =2 n=23 n=4 n=>5

1 1 0.38881 0.108652 0.051151 0.029759 0.019478
1 2 0.102126 0.225484 0.028665 0.018841
1 3 0.13884 0.027447 0.018206
1 4 0.02619 0.017672
1 5 0.016793
2 2 0.465107 0.149328 0.076032 0.046703
2 3 0.141588 0.073164 0.045129
2 4 0.069658 0.043606
2 5) 0.041766
3 3 0.492948 0.169451 0.09046
3 4 0.161747 0.087284
3 5 0.083619
4 4 0.506226 0.180951
4 5 0.173463
5 5 0.513394
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5.4 Conclusion

The explicit expression obtained in Theorems 5.1 and Theorem 5.2. enables us to com-
pute the means and covariance of order statistics from Lindley distribution. Further, these
means and covariance of order statistics (given in the Table 5.1 and Table 5.2) can be utilized
to obtain the Best Linear Unbiased Estimator (BLUE) of location and scale parameters of

Lindley distribution(see Kaminsky and Nelson (1975)).
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Chapter 6

Recurrence Relation for Single and
Product Moments of Generalized
Order Statistics from New

Weibull-Pareto Distribution and its

Characterization

6.1 Introduction

A random variable X is said to have a New Weibull Pareto distribution (NWPD) if its

(pdf) is of the form

8
)
) e \0)  0<z<oo; $>0,6>0,0>0 (6.1.1)
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with corresponding (df)

T\ P
5| —
Flz)=1-c¢ <9> O<z<oo; 3>0,8>0,60>0 (6.1.2)

Therefore, in view of equations (6.1.1) and (6.1.2)

00 f ()

F(z) 55

(6.1.3)

where F(z) =1— F(z), 0 <z < o0, 3>0, >0, and § > 0.

Recurrence relations for moments of generalized order statistics has obtained by several
authors like Pawlas and Szynal (2001a), Khan et al. (2007) and Kumar and Khan (2013). In
this Chapter, we have obtained recurrence relations for single and product moments of gener-
alized order statistics from NWPD. Further, the distribution is characterized by a recurrence
relation for single moments. Also some deductions and particular cases are given. The concept

of generalized order statistics is as introduced in Chapter 1.

6.2 Recurrence Relation for Single and Product Mo-
ments of Generalized Order Statistics for New Weibull-
Pareto Distribution

Theorem 6.1: Let X be a non-negative continuous random variable and follows NWPD.
Suppose that for any j > 0and 1 <r <n, E|[¢(X(r,n,m,k))]| is finite, then
j0°

E[X7(r,n,m, k)] — E[X7(r—1,n,m, k)] = 55%E [D(X(r,n,m,k))], (6.2.1)
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where ¢(z) = 277°

Proof:In view of equation (1.8.3), we have from (Athar and Islam, 2004)

Crfl

B[, 1] = b [ [P@ i (P fa)a

vr—1

Integrating by parts taking [F (1:)] f(x) as the part of the integrated, we get

E[X7(r,n,m, k)| = (70‘7_0—7"1;% /000 2 F(x)]" gnt [F(2)] da

Y Cr_2 > e Yr—1—=1 9 m 2\
*W/ o [F@)]" " g [F (@) f(o)d

which implies that

E [Xj(r,n,m,k)] - F [Xj(r —1,n,m, kz)} = (rjf’—rl)}% /000 i1 [F(a:)]%

X G [F(2)] dz

Now, we have from equation (6.1.3)

0°C,_ o e
o, o e

X g ' [F(2)] f(x)dx

E[X(r,n,m, k)] — E[X?(r —1,n,m, k)] =

Thus, we get,

j60°
VB0

E [Xj(r,n,m,k)] - F [Xj(r —1,n,m, k)} = Elp(X(r,n,m,k))]

and hence the theorem follows.
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Remark 6.1

Putting m = 0 and k& = 1 in equation (6.2.1), we have obtain a recurrence relation for

single moments of order statistics of the NWPD as

E(x],]-E[X] 0 __p [6(Xrn)]

ol = s

Remark 6.2

Putting m = —1 and k > 1 in equation (6.2.1), we have obtain a recurrence relation for
single moments of k" upper record values from NWPD as
_J°

E[X'(r,n,—1,k)] — E[X/(r —1,n,—1,k)] = mE [p(X (r,n, —1,k))]

Theorem 6.2: Let X be a non-negative continuous random variable and follow NWPD.
Suppose E |[¥ {X (r,n,m, k)X (s,n,m,k)}]| is finite for any 7,7 > 0 and 1 <r < s < n, then

the recurrence relation for product moment is

E [Xi(r,n,m, k;)Xj(s,n,m, k:)} —F [Xi(r,n,m, k)Xj(s —1,n,m, k)}

I B L (X s, )X (5, K] (6.2.2)
B0, T

where W(x,y) = xiy/ =P,

Proof: In view of equation (1.8.4), we have (Athar and Islam, 2004)

Csfl
(r—1l(s—r—1

E [Xi(r,n,m, k)X (s,n,m, k:)} = I /000 z [F’(:z:)}mf(x)g;;l [F(x)] I(z)dx



On solving the integral I(x) and substituting the resulting expression in equation (6.2.3), we

get

E[X'(r,n,m k)X](s n,m, k)]

xym <F<y>> [ ”2[<>}“1<>dydx
Sy

<y [ (F(y)) = o [F ()] [F(y)] ™ dyda

E[X'(r,n,m, k)X’ (s,n,m,k)] [Xl(r n,m, k)X (s —1,n,m, k)]

= %/ [+ e v

<y " i (F(y) = b [F ()] [F(y)] ™ dyda

E[X'(r,n,m, k)X’ (s,n,m, k)] [X(?"nmk:)X](s—lnmkﬂ

B v
z))

_ RS
X U (F(0) — o [P ()} [F )] B(f (o)

this implies that

E [Xi(r,n,m, k)X (s,n,m, k)} - F [Xi(r,n,m, E)X7(s —1,n,m, k)}

L E W {X(r,n,m, k)X (s,n,m, k)}]
B0 o o
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Remark 6.3

Putting m = 0 and k£ = 1 in equation (6.2.2), we obtain a recurrence relations for product

moments of order statistics of the NWPD as

. yale]
E[Xi XI] - E[X,X] O BW(XymXun)

ol = B =

Remark 6.4

Putting m = —1 and k& > 1 in equation (6.2.2), we get the recurrence relations for product

moments of upper k* record values from NWPD in the form

E [Xi(r,n, —1,k)X?(s,n, —1,/{;)} - F [Xi(r,n, —1,k)X?(s —1,n, —1,/@)}

_ I prex 1,k)X 1,k
= SR [ AX(rn —L KX (s,m, L, k) }]

6.3 Characterization

Theorem 6.3: For m > —1, the necessary and sufficient condition for a random variable X

to be distributed with pdf given in (Theorem 6.1) is that

j6°
V30

E[¢p(X(r,n,m,k))] = E [X?(r,n,m, k)] — E [X(r — 1,n,m, k)] (6.3.1)

if and only if
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Proof: A necessary part follows immediately from equation (6.3.1). On the other hand if the

recurrence relation from equation (6.3.1) satisfied, then we have

Ao [ o) [P i (PG e
:%/ o [F@)]" g F@) f(@)d
- <rci‘i>! (T;« : /OOO o [F@)]""" g [F(2)] f(w)de
Coot ™ 5t =2 1p(a] () [90lE @] = DIF@I™]
- o [ P g P ) | 2 P
Let
_ [F@ran F@)]
we) = r
then
(o) = [P g 1) o) |2l - EZDEOE g
Thus
7«]‘_9 1CT5(157T/ o(x P ()] fz)de = (Tci_ll)!/oooxjv/(x)dx (6.3.3)

Now integrating RHS of equation (6.3.3) by parts and using the value of v(z), we get

je Cr 1 r—
Ty / ola ! [F(@) f(a)da
g [ T P e (639
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which reduces to

JCr—1 T Vroor—1 jfl_eﬁd)(a’,)f(x) =
2 ey e pel o - e 63

Applying a generalization of the Miintz-Szdsz Theorem from Hwang and Lin (1984) to equation
(6.3.5), which states that on a space L(a,b) of all summable functions defined on the interval

(a,b), a sequence of functions f,(x) is complete on (a, b) if for any g € L(a, b) the equalities

b
/ fulz)g(z)dz =0, n=12,...

Imply that g(z) = 0 almost everywhere on (a, b), then we get

which implies that

Hence the theorem follows.
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6.4 Conclusion

The result obtained in present Chapter can be used to compute the moments of ordered

random variables if the parent population follows New Weibull-Pareto distribution.
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