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Chapter 1

Preliminaries and Basic Concepts used

in Ordered Random Variables

In this Chapter, we have introduced several models of ordered random variables and results,

which are used in the subsequent Chapters.

1.1 Order Statistics

Let X1, X2, . . . , Xn be independent and identically distributed (iid) random variables (rv)

of size n from a continuous population having probability density function (pdf ) f(x) and

distribution function (df ) F (x). If random variables X1, X2, . . . , Xn are arranged in ascending

order of magnitude such that

X1:n ≤ X2:n ≤ · · · ≤ Xn:n,

thenXr:n is called the rth order statistic. X1:n = min(X1, X2, . . . , Xn) and Xn:n = max(X1, X2,

. . . , Xn) are called extremes or smallest and the largest order statistics respectively.

The subject of order statistics deals with the properties and applications of these ordered

random variables and of functions involving them, (David and Nagaraja, 2003). Asymptotic
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theory of extremes and related developments of order statistics are well described in an ap-

plausive work of Galambos (1987). One may also refer’s to Sarhan and Greenberg (1962),

Balakrishnan and Cohen (1991), Arnold et al. (1992) for further references. It is different

from the rank statistics in which the order of the value of observation rather than its mag-

nitude is considered. It plays an important role both in model building and in statistical

inference.

For Example: extreme values are important in oceanography (waves and tides), weather

conditions, material strength (strength of a chain depends on the weakest link) and meteorol-

ogy (extremes of temperature, pressure etc).

Another very interesting application of the order statistics is found in reliability theory.

The rth order statistic Xr:n in a sample of size n represents the life-length of a (n − r + 1)-

out-of-n-system. This system consists of n components of the same kind with independently

distributed life lengths. All n components start working simultaneously and the system fails,

if r or more component fails. In other words, n − r + 1 components are necessary for the

system to work. For r = 1, the system corresponds to a series system whereas for r = n, it

corresponds to a parallel system.

1.2 Distribution of Order Statistics

Let X1, X2, . . . , Xn be a random sample of size n from a pdf f(x) and the df F (x). Then

the pdf of the rth order statistics Xr:n, 1 ≤ r ≤ n is given by (David and Nagaraja, 2003)

fr:n(x) = Cr:n [F (x)]r−1 [1− F (x)]n−r f(x), −∞ < x <∞, (1.2.1)

where

Cr:n =
n!

(r − 1)!(n− r)!
= [B(r, n− r + 1)]−1

9



In particular, the pdf of the smallest and largest order statistics are

f1:n(x) = n [1− F (x)]n−1 f(x), −∞ < x <∞ (1.2.2)

fn:n(x) = n [F (x)]n−1 f(x), −∞ < x <∞ (1.2.3)

and the df of Xr:n can be obtained as follows

Fr:n(x) = Pr(Xr:n ≤ x)

= Pr(at least r of X1, X2, . . . , Xn are less than or equal to x)

=
n∑
i=r

Pr(exactly i of X1, X2, . . . , Xn are less than or equal to x)

=
n∑
i=r

(
n

i

)
[F (x)]i [1− F (x)]n−i ; −∞ < x <∞ (1.2.4)

= Cr:n

∫ F (x)

0

ur−1(1− u)n−rdu (1.2.5)

= IF (x)(r, n− r + 1) (1.2.6)

where Ip(a, b) =
1

B(a, b)

∫ p

0

ua−1(1− u)b−1du is incomplete beta function and

B(a, b) =
1

B(a, b)

∫ 1

0

ua−1(1− u)b−1du

RHS of (1.2.6) is obtained by the relationship between binomial sums and incomplete beta

function. It may be expressed in negative binomial sums as (Khan, 1991).

Fr:n(x) =
n−r∑
i=0

(
i+ r − 1

r − 1

)
[F (x)]r [1− F (x)]i , −∞ < x <∞ (1.2.7)

The kth moment of Xr:n is given by

α(k)
r:n = E

[
Xk
r:n

]
=

∫ ∞
−∞

xkfr:n(x)dx (1.2.8)
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The joint pdf of Xr:n and Xs:n, 1 ≤ r < s ≤ n, is given by

fr,s:n(x, y) = Cr,s:n [F (x)]r−1 [F (y)− F (x)]s−r−1

× [1− F (y)]n−s f(x)f(y), −∞ < x < y <∞ (1.2.9)

where

Cr,s:n =
n!

(r − 1)!(s− r − 1)!(n− s)!
= [B(r, s− r, n− s+ 1)]−1

The joint df of Xr:n and Xs:n, 1 ≤ r < s ≤ n, is

Fr,s:n(x, y) = Pr (Xr:n ≤ x, Xs:n ≤ y)

= Pr(at least r of X1, X2, . . . , Xn are at most x

and at least s of X1, X2, . . . , Xn are at most y)

=
n∑
j=s

j∑
i=r

Pr(exactly i of X1, X2, . . . , Xn are at most x

and exactly j of X1, X2, X3, . . . , Xn are at most y)

=
n∑
j=s

j∑
i=r

n!

i!(j − i)!(n− j)!
[F (x)]i [F (y)− F (x)]j−i [1− F (y)]n−j (1.2.10)

We can write the joint df of Xr:n and Xs:n in equation(1.2.10) equivalently as

Fr,s:n = Cr,s:n

∫ F (x)

0

∫ F (y)

u

ur−1(v − u)s−r−1(1− v)n−sdu dv

= IF (x)F (y) (r, s− r, n− s+ 1) , −∞ < x < y <∞ (1.2.11)
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which is incomplete bivariate beta function. It may be noted that for x ≥ y, the inequality

Xs:n ≤ y implies Xr:n ≤ x, so that

Fr,s:n(x, y) = Fs:n(y) (1.2.12)

The product moments of jth and kth order of Xr:n and Xs:n respectively, 1 ≤ r < s ≤ n is

given by

αj,kr,s:n = E
[
Xj
r:nX

k
s:n

]
=

∫∫
−∞<x<y<∞

xjykfr, s:n(x, y)dx dy (1.2.13)

In general, the joint pdf of Xi1:n, Xi2:n, . . . , Xik:n for 1 ≤ i1 < i2 < · · · < ik ≤ n is given by

fi1,i2,...,ik:n(xi1:n, xi2:n, . . . , xik:n) = n!

{
k∏
j=1

f(xij)

}
k∏
j=0

{
[F (xij+1

)− F (xij)]
ij+1−ij−1

(ij+1 − ij − 1)!

}
,

−∞ < xi1 < xi2 < · · · < xik <∞ (1.2.14)

where x0 = −∞, xk+1 = +∞, i0 = 0, ik+1 = n+ 1.

Remarks 1.1

i. The ranking of random variables X1, X2, . . . , Xn is preserved under any monotonic in-

creasing transformation of the random variables.

ii. Regarding the probability integral transformation, if Xr:n, 1 ≤ r ≤ n, be the order

statistic from a continuous df F (x), then the transformation Ur:n = F (Xr:n) produces a

random variable which is the rth order statistic from a uniform distribution U(0, 1).

iii. Even if X1, X2, . . . , Xn are independent random variables, order statistics are not inde-

pendent random variables.
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iv. Let X1, X2, . . . , Xn be iid random variables from a continuous distribution, then the

set of order statistics {X1:n, X2:n, . . . , Xn:n} is both sufficient and complete (Lehmann,

1986).

v. Let X be a continuous random variable with E [Xr:n] = αr:n.

(a) If α = E(X) exits then αr:n exists, but converse is not necessarily true. That is,

αr:n may exist for certain (but not all) values of r, even though α does not exist.

(b) αr:n for all n determine the distribution completely.

1.3 Truncated Distribution (Khan et al., 1983)

Let X be a continuous rv having pdf f(x) and df F (x) over the support (−∞, ∞).

Let ∫ Q1

−∞
f(x) dx = Q and

∫ P1

−∞
f(x) dx = P (1.3.1)

where Q1 and P1 are known constants. Then doubly truncated pdf of X is given by

f(x)

P −Q
; x ∈ (Q1, P1)

and the corresponding df is given by

F (x)−Q
P −Q

; x ∈ (Q1, P1)

The lower and upper truncation points are Q1 and P1 respectively; the degrees of trun-

cation are Q (from below) 1 − P (from above). If we put Q = 0, the distribution will be

truncated to the right. Similarly for P = 1, the distribution will be truncated to the left.

Whereas for Q = 0, P = 1, we get non truncated distribution. Truncated distribution are

useful in finding the conditional distributions of order statistics.

In the following, we will relate the conditional distribution of order statistics (conditioned
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on another order statistic) to the distribution of order statistics from a population whose dis-

tribution is truncated from the original population distribution F (x).

Result 1.1 (David and Nagaraja, 2003):

Let X1, X2, . . . , Xn be a random sample from an absolutely continuous population with

pdf f(x) and df F (x) and let X1:n ≤ X2:n ≤ · · · ≤ Xr:n ≤ · · · ≤ Xn:n denote the order

statistics obtained from this sample. Then the conditional distribution of Xr:n, given that

Xs:n = y for s > r, is the same as the distribution of the rth order statistic obtained from a

sample of size (s− 1) from a population whose distribution is truncated on the right at y.

Result 1.2 (David and Nagaraja, 2003):

Let X1, X2, . . . , Xn be a random sample from an absolutely continuous population with

pdf f(x) and df F (x), and let X1:n ≤ X2:n ≤ · · · ≤ Xn:n denote the order statistics obtained

from this sample. Then the conditional distribution of Xs:n, given thatXr:n = x for r < s,

is the same as the distribution of the (s− r)th order statistic obtained from a sample of size

(n− r) from a population whose distribution is truncated on the left at x.

Result 1.3 (David and Nagaraja, 2003):

Let X1, X2, . . . , Xn be a random sample from an absolutely continuous population with

pdf f(x) and df F (x), and let X1:n ≤ X2:n ≤ · · · ≤ Xn:n denote the order statistics obtained

from this sample. Then the conditional distribution of Xs:n given that Xr:n = x and Xk:n = z

for 1 ≤ r < s < k ≤ n is the same as the distribution of the (s− r)thorder statistic obtained

from a sample of size (k− r− 1) from a population whose distribution is truncated on the left

at x and on the right at z.
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1.4 Sequential Order Statistics (Kamps, 1995)

In reliability theory, if a system of n components of the same kind and without any

interactions with respect to life length distributions, are working then, the system failure is

modeled by an order statistics based on iid rv. However, the failures of some components can

more are less strongly influence the remaining components. This can be thought of as damage

caused by the ith failure system. In this model, the life distribution of remaining components

in the system may change after each failure of the components.

If we observe ith failure at time x, the remaining components are now supposed to have

a possibly different life length distribution. The distribution is truncated on the left of x to

ensure realizations arranged in ascending order of magnitude.

Definition: Let (Y
(i)
j )

1≤j≤n−i+1,1≤i≤n be independentrv with (Y
(i)
j )

1≤j≤n−i+1
v Fi, 1 ≤ i ≤ n

where F1, F2, . . . , Fn are strictly increasing and continuous distribution functions

with F−1
1 (1) 6 · · · 6 F−1

n (1), Moreover, let X
(1)
j = Y

(1)
j , 1 ≤ j ≤ n,

X(1)
∗ = min

{
X

(1)
1 , . . . , X(1)

n

}

and for 2 ≤ j ≤ n

X
(i)
j = F−1

i

[
Fi(Y

(i)
j )(1− Fi(X(i−1)

∗ )) + Fi(X
(i−1)
∗ )

]
X(i)
∗ = min

{
X

(i)
j , 1 ≤ j ≤ n− i+ 1

}

then the rv X
(1)
∗ , . . . , X

(n)
∗ are sequential order statistics.

If we have absolutely continuous distribution functions F1, . . . , Fn, with densities f1, . . . , fn,

15



respectively, then the joint pdf of r sequential order statistics X
(1)
∗ , . . . , X

(r)
∗ is given by

f
X

(1)
∗ ,...,X

(n)
∗

(x1, . . . , xr) =
n!

(n− r)!

r∏
i=1

[
1− Fi(xi)

1− Fi(xi−1)

]n−i
fi(xi)

[1− Fi(xi−1)]
, r ≤ n, x0 = −∞.

(1.4.1)

Sequential order statistics from a Markov chain with transition probabilities

P
(
X(r)
∗ > t | X(r−1)

∗ = s
)

=

(
1− Fr(t)
1− Fr(s)

)n−r+1

, 2 ≤ r ≤ n. (1.4.2)

1.5 Record Values (Chandler, 1952)

Record values were defined by Chandler (1952) as a model of successive extremes in a

sequence of iid rv. Record values are found in daily life as well as in many statistical appli-

cations. We are often interested in observing new records and in recording them, e.g. a list

of world or Olympic records in a particular sports, the hottest day ever, the longest winning

streak in professional basketball, fastest half-century and century in one day international

cricket matches, the lowest stock market figure, etc. Records have been discussed extensively

in books by Ahsanullah (1995) and Arnold et al. (1998).

It may also be helpful as a model for successively largest insurance claims in non-life

insurance, for highest water levels or highest temperatures. Record values are also used in

reliability theory.

Definition: Suppose that (Xi), i ∈ N be a sequence of iid continuous rv with pdf f(x)

and df F (x). Denote upper record times by

u(1) = 1

16



and for

u(n) = min
{
k > u(n−1) : Xk > Xu(n−1)

}
The record value sequence is then defined by Xu(n)

, (n = 1, 2, . . .). Based on an iid

sequence of rv (Xi), i ∈ N with absolutely continuous pdf f(x) and df F (x), the joint pdf of

first r record values Xu(1)
, . . . , Xu(r)

is given by Ahsanullah (1995)

fXu(1)
,...,Xu(r)

(x1, . . . , xr) =

(
r−1∏
i=1

f(xi)

1− F (xi)

)
f(xr), −∞ < x1 < x2 < · · · < xr <∞

The marginal pdf of Xu(r)
is

fXu(r)
(x) =

1

(r − 1)!

[
− log(F̄ (x))

]r−1
f(x) (1.5.1)

and the marginal df of Xu(r)
is

FXu(r)
(x) = 1− [1− F (x)]

r−1∑
j=0

1

j!

(
log

1

1− F (x)

)j
(1.5.2)

the joint pdf of XU(r) and XU(s), 1 ≤ r < s ≤ n, is given by

fr,s(x, y) =
1

(r − 1)!(s− r − 1)!
[− log F̄ (x)]r−1[B(x, y)]s−r−1 f(x)

F̄ (x)
f(y), −∞ < x < y <∞,

(1.5.3)

where F̄ (x) = 1− F (x) and B(x, y) = [− log F̄ (y) + log F̄ (x)].

The joint pdf of XU(r), XU(j) and XU(s), 1 ≤ r < j < s ≤ n, can similarly be given as

fr,j,s(x, t, y) =
1

(r − 1)!(j − r − 1)!(s− j − 1)!
[− log F̄ (x)]r−1[B(x, t)]j−r−1[B(t, y)]s−j−1

× f(x)

F̄ (x)

f(t)

F̄ (t)
f(y), −∞ < x < t < y <∞. (1.5.4)
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Hence, the conditional pdf of XU(j) given XU(r) = x and XU(s) = y, 1 ≤ r < j < s ≤ n is

given by

fj|r,s(t|x, y) = Cr,j,s
[B(x, t)]j−r−1[B(t, y)]s−j−1

[B(x, y)]s−r−1

f(t)

F̄ (t)
, −∞ < x < t < y <∞, (1.5.5)

where Cr,j,s = (s−r−1)!
(j−r−1)!(s−j−1)!

.

1.6 k-Record Values (Dziubdziela and Kopocinski, 1976)

In some situations, record values themselves are viewed as outlier and hence second or

third largest values are of special interest. Insurance claims in some non-life insurance can be

used as an example.

Definition: Let (Xi), i ∈ N be a iid rv with a pdf f(x) and df F (x) and let k be a positive

integer. The random variable u(k)(n) given by

u(k)(1) = 1

u(k)(n+ 1) = min
{
j ∈ N : Xj: j+k−1 > Xu(k)(n):u(k)(n)+k−1

}
, n ∈ N

are called kth record times and the quantities Xu(k)(n):u(k)(n)+k−1, which we denote by Xu(k)(n),

n ∈ N, are termed as kth record values. Obviously, we obtain ordinary record values in the

case k = 1. Moreover, Nagaraja (1988a) points out that k-records with an underlying df F (x)

can be viewed as ordinary record values (k = 1) base on df G(minimum distribution) with

G(x) = 1− (1− F (x))k
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Based on a sequence (Xi), i ∈ N, of iid rv possessing an absolutely continuous pdf f(x)

and df F (x). The joint pdf of k-records Xu(k)(1), . . . , Xu(k)(r) is given by

fu(k)(1),...,u(k)(r)(x1, . . . , xr) = kr

(
r−1∏
i=1

f(xi)

1− F (xi)

)
[1− F (xr)]

k−1 f(xr), (1.6.1)

x1 < x2 < · · · < xr.

The marginal pdf of Xu(k)(r)

fu(k)(r)(x) =
kr

(r − 1)!

[
− log(F̄ (x))

]r−1
[1− F (x)]k−1 f(x) (1.6.2)

and the marginal df of Xu(k)(r)

Fu(k)(r)(x) = 1− [1− F (x)]k
r−1∑
j=0

1

j!

(
k log

1

1− F (x)

)j
(1.6.3)

1.7 Progressive Type-II Right Censoring (Balakrishnan

and Aggrawala, 2000)

Progressive censoring is used in life testing. In this scheme units can be removed at various

stages during the experiment which may lead to saving of cost and time, (Cohen, 1963; Sen,

1986). Under this scheme of censoring from a total of n units placed on a life test, only m

are completely observed until failure. At the time of the first failure R1 of the n− 1 surviving

units are randomly withdrawn (or censored) from the life testing experiment. At the time of

the next failure R2 of n−2−R1 surviving units are censored and so on. Finally, at the time of

the mth failure, all the remaining Rm = n−m−R1−· · ·−Rm−1 surviving units are censored.

Suppose n iid units are placed on a life test with the corresponding failure times X1, X2,

. . . , Xn being identically distributed with a continuous pdf f(x)and df F (x). Suppose further
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that the prefixed number of failures to be observed is m and that the progressive Type-II

right censoring scheme is (R1, R2, . . . , Rm). Then, we shall denote the m completely observed

failure times by X1:m:n, X2:m:n, . . . , Xm:m:n, where Xi:m:n, i = 1, 2, . . . ,m, denotes the ith failure

time in the progressive Type-II right censoring scheme (R1, R2, . . . , Rm), bearing in mind

that these still depend on the particular choice of (R1, R2, . . . , Rm) used. In a particular

case, when R1 = R2 = · · · = Rm = 0 i.e. no withdrawals are carried out, then this model

reduces to ordinary order statistics. Above model is described as progressively Type-II right-

censored order statistics from F (x) arising from a sample of size n with the censoring scheme

(R1, R2, . . . , Rm). The pdf of all m progressively Type-II right-censored order statistics is

fX1:m:n,...,Xm:m:n(x1, . . . , xm) = C

m∏
i=1

f(xi)[1− F (xi)]
Ri ,

−∞ < x1 < x2 < · · · < xn <∞, (1.7.1)

where

C = n(n−R1 − 1)...(n−R1 −R2 − · · · −Rm−1 −m+ 1).

1.8 Generalized Order Statistics

The concept of generalized order statistics (gos) was introduced by Kamps (1995). Gen-

eralized order statistics provide a unified approach to a variety of models of random variable

arranged in ascending order of magnitude with different interpretation and statistical appli-

cations.

Definition: Let X1, X2, . . . , Xn be a sequence of iid rv with pdf f(x) and the df F (x). Let

n ∈ N, n ≥ 2, k ≥ 1, m̃ = (m1, m2, m3, . . . , mn−1 ∈ <n−1), Mr =
n−1∑
j=r

mj, 1 ≤ r ≤ n − 1,

be parameters such that γr = k + n − r + Mr > 0 for all r ∈ {1, 2, 3, . . . , n− 1}. Then

X(1, n, m̃, k), X(2, n, m̃, k), . . . , X(n, n, m̃, k) are said to be gos if their joint pdf is given
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by

fX(1,n,m̃,k),...,X(n,n,m̃,k)(x1, . . . , xn) = k

(
n−1∏
j=1

γj

)(
n−1∏
i=1

[1− F (xi)]
mi f(xi)

)
[1− F (xn)]k−1 f(xn)

(1.8.1)

on the cone F−1(0+) < x1 ≤ x2 ≤ · · · ≤ xn < F−1(1) of <n.

On choosing the parameters appropriately (Kamps, 1995). Generalized order statistics in-

cludes all the models related to ordered random variables.

Table 1.1: Variants of the Generalized Order Statistics

γn = k γr mr

i) Sequential order

statistics

αn (n− r + 1)αr (γr − γr+1 − 1)

ii) Ordinary order

statistics

1 (n− r + 1) 0

iii) Record values 1 1 -1

iv) Progressively

Type-II right

censored order

statistics

Rn + 1 n− r + 1 +
n∑
j=r

Rj Rr

v) Pfeifer’s record

values

βn βr (βr − βr+1 − 1)

The joint density of the first r gos X(1, n, m̃, k), X(2, n, m̃, k), . . . , X(r, n, m̃, k) is given by

fX(1,n,m̃,k),...,X(r,n,m̃,k)(x1, . . . , xr) = Cr−1

(
r−1∏
i=1

[
F̄ (xi)

]mi f(xi)

)[
F̄ (xr)

]k+n−r+Mr−1
f(xr)

(1.8.2)
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on the cone

F−1(0+) < x1 ≤ x2 ≤ · · · ≤ xn < F−1(1)

In the derivation of marginal distributions the choice of m̃ is restricted

Therefore, we will consider two cases:

Case I: In this case, we shall assume that m1 = m2 = · · · = mn−1 = m and write gos as

X(r, n,m, k), r ≥ 2. Thus, in this case, the marginal density function of the rth gos based on

an absolutely continuous pdf f(x) with df F (x) is given by

fX(r,n,m,k)(x) =
Cr−1

(r − 1)!

[
F̄ (x)

]γr−1
gr−1
m (F (x))f(x), −∞ < x <∞ (1.8.3)

where F̄ (x) = 1− F (x)

and the joint pdf of the gos X(r, n,m, k) and X(s, n,m, k), the rth and sth gos, 1 ≤ r < s ≤ n

is given by

fX(r,n,m,k),X(s,n,m,k)(x, y) = Cr,s:n
[
F̄ (x)

]m
gr−1
m (F (x)) [hm(F (y))− hm(F (x))]s−r−1

×
[
F̄ (y)

]γs−1
f(x)f(y), −∞ < x < y <∞ (1.8.4)

where x < y and Cr,s:n = Cs−1

(r−1)!(s−r−1)!

The joint pdf of the gos X(r, n,m, k), X(j, n,m, k) and X(s, n,m, k), 1 ≤ r < j < s ≤ n, can

be similarly given as

fX(r,n,m,k),X(j,n,m,k),X(s,n,m,k)(x, t, y) = Cr,j,s:n
[
F̄ (x)

]m
gr−1
m (F (x)) [hm(F (t))− hm(F (x))]j−r−1

× [hm(F (y))− hm(F (t))]s−j−1 [F̄ (t)
]m [

F̄ (y)
]γs−1

× f(x)f(t)f(y), −∞ < x < t < y <∞,
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where Cr,j,s:n = Cs−1

(r−1)!(j−r−1)!(s−j−1)!
, Cr−1 =

r∏
i=1

γi, γi = k + (n− i)(m+ 1) and

gm(x) = hm(x)− hm(0)

=

x∫
0

(1− t)mdt, x ∈ (0, 1)

hm(x) =


−(1− x)m+1

m+ 1
, m 6= −1,

log
1

(1− x)
, m = −1.

Therefore, conditional distribution of X(j, n,m, k) given X(r, n,m, k) = x, X(s, n,m, k) = y,

1 ≤ r < j < s ≤ n, is given by

fX(j,n,m,k)|X(r,n,m,k)=x,X(s,n,m,k)=y(t | x, y) =
(s− r − 1)!(m+ 1)

(j − r − 1)!(s− j − 1)!

×

[{
F̄ (x)

}m+1 −
{
F̄ (t)

}m+1
]j−r−1[{

F̄ (t)
}m+1 −

{
F̄ (y)

}m+1
]s−j−1

[{
F̄ (x)

}m+1 −
{
F̄ (y)

}m+1
]s−r−1

× [F̄ (t)]
m
f(t), −∞ < x < t < y <∞. (1.8.5)

Case II: In this case, when γi 6= γj, i, j = 1, 2, 3, . . . , n− 1, ∀ i 6= j, the pdf of X(r, n, m̃, k)

is given by (Kamps and Cramer, 2001)

fX(r,n,m̃,k)(x) = Cr−1

r∑
i=1

ai(r)
[
F̄ (x)

]γi−1
f(x), −∞ < x <∞ (1.8.6)

and the joint pdf of X(r, n, m̃, k) and X(s, n, m̃, k), 1 ≤ r < s ≤ n, is

fX(r,n,m̃,k),X(s,n,m̃,k)(x, y) = Cs−1

[
s∑

i=r+1

a
(r)
i (s)

(
F̄ (y)

F̄ (x)

)γi][ r∑
i=1

ai(r)(F̄ (x))γi

]
f(x)f(y)

F̄ (x)F̄ (y)

−∞ < x < y <∞.

(1.8.7)
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The joint pdf of the gos X(r, n, m̃, k), X(j, n, m̃, k) and X(s, n, m̃, k), 1 ≤ r < j < s ≤ n,

may similarly be given as

fX(r,n,m̃,k),X(j,n,m̃,k),X(s,n,m̃,k)(x, t, y) = Cs−1

[
r∑
i=1

ai(r)(F̄ (x))γi

][
j∑

i=r+1

a
(r)
i (j)

(
F̄ (t)

F̄ (x)

)γi]

×

[
s∑

i=j+1

a
(j)
i (s)

(
F̄ (y)

F̄ (t)

)γi] f(x)f(t)f(y)

F̄ (x)F̄ (t)F̄ (y)
,

−∞ < x < t < y <∞. (1.8.8)

Therefore, conditional distribution of X(j, n, m̃, k) given X(r, n, m̃, k) = x, X(s, n, m̃, k) = y,

for 1 ≤ r < j < s ≤ n is given by

fX(j,n,m̃,k)|X(r,n,m̃,k)=x,X(s,n,m̃,k)=y(t | x, y) =

[
j∑

i=r+1

a
(r)
i (j)

(
F̄ (t)

F̄ (x)

)γi]
[

s∑
i=r+1

a
(r)
i (s)

(
F̄ (y)

F̄ (x)

)γi]
×

[
s∑

i=j+1

a
(j)
i (s)

(
F̄ (y)

F̄ (t)

)γi] f(t)

F̄ (t)

−∞ < x < t < y <∞, (1.8.9)

where

Cr−1 =
r∏
i=1

γi, γi = k + n− i+Mi

ai(r) =
r∏

j=1,j 6=i

1

(γj − γi)
, γi 6= γj, 1 ≤ i ≤ r ≤ n

and

ari (s) =
s∏

j=r+1,j 6=i

1

(γj − γi)
, γi 6= γj, r + 1 ≤ i ≤ s ≤ n.
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1.9 Lower (Dual) Generalized Order Statistics

A concept of lower (dual) generalized order statistics (dgos) which was introduced by

Pawlas and Syznal (2001b), later Burkschat et al. (2003) as follows:

Let n ∈ N, k ≥ 1, m ∈ <, be the parameters such that γr = k + n− r+Mr =
n−1∑
j=r

mj > 0

for all 1 ≤ r ≤ n. By the dgos from an absolutely continuous pdf f(x) with df F (x) we mean

rv X∗(1, n, m̃, k), . . . , X∗(n, n, m̃, k) having joint density function of the form

fX∗(1,n,m̃,k),...,X∗(n,n,m̃,k)(x1, . . . , xn) = k

(
n−1∏
r=1

γr

)(
n−1∏
j=1

[F (xj]
mjf(xj)

)
[F (xn)]k−1f(xn)

(1.9.1)

for F−1(1) > x1 ≥ x2 ≥ · · · ≥ xn > F−1(0) on the cone.

Here, we consider two case:

Case I: In this case, we will assume that m1 = m2 = · · · = mn−1 = m and write dgos as

X∗(r, n,m, k). Thus, in this case the marginal density function of the rth dgos based on an

absolutely continuous pdf f(x) with df F (x) is given by

fX∗(r,n,m,k)(x) =
Cr−1

(r − 1)!
[F (x)]γr−1 gr−1

m (F (x))f(x) (1.9.2)

and the joint pdf of the dgos X∗(r, n,m, k) and X∗(s, n,m, k), the rth and sth dgos, 1 ≤ r <

s ≤ n is given by

fX∗(r,n,m,k),X∗(s,n,m,k)(x, y) = Cr,s:n [F (x)]m gr−1
m [F (x)] [hm(F (y))− hm(F (x))]s−r−1

× [F (y)]γs−1 f(x)f(y),

−∞ < x < y <∞, (1.9.3)

where x > y and Cr,s:n = Cs−1

(r−1)!(s−r−1)!

The joint pdf of the dgos X∗(r, n,m, k), X∗(j, n,m, k) and X∗(s, n,m, k),the rth, jth and sth

25



dgos 1 ≤ r < j < s ≤ n, can be similarly given as

fX∗(r,n,m,k),X∗(j,n,m,k),X∗(s,n,m,k)(x, t, y) = Cr,j,s:n [F (x)]m gr−1
m [F (x)] [hm(F (t))− hm(F (x))]j−r−1

× [hm(F (y))− hm(F (t))]s−j−1 [F (t)]m [F (y)]γs−1

× f(x)f(t)f(y), −∞ < y < t < x <∞,

gm(x) = hm(x)− hm(1), x ∈ (0, 1)

hm(x) =


− xm+1

m+ 1
, m 6= −1,

log
1

x
, m = −1.

Therefore, conditional distribution of X∗(j, n,m, k) given X∗(r, n,m, k) = x, X ∗(s, n,m, k) =

y, for 1 ≤ r < j < s ≤ n is given by

fX∗(j,n,m,k)|X∗(r,n,m,k)=x,X∗(s,n,m,k)=y(t | x, y) =
(s− r − 1)!(m+ 1)

(j − r − 1)!(s− j − 1)!

×
[
{F (x)}m+1 − {F (t)}m+1]j−r−1[{F (t)}m+1 − {F (y)}m+1]s−j−1[

{F (x)}m+1 − {F (y)}m+1]s−r−1

× [F (t)]mf(t), −∞ < y < t < x <∞. (1.9.4)

Case II: When γi 6= γj, i, j = 1, 2, 3, . . . , n− 1, i 6= j

fX∗(r,n,m̃,k)(x) = Cr−1

r∑
i=1

ai(r) [F (x)]γi−1 f(x), −∞ < x <∞ (1.9.5)

and the joint pdf of X∗(r, n, m̃, k) and X∗(s, n, m̃, k), 1 ≤ r < s ≤ n, is

fX∗(r,n,m̃,k),X∗(s,n,m̃,k)(x, y) = Cs−1

[
s∑

i=r+1

a
(r)
i (s)

(
F (y)

F (x)

)γi][ r∑
i=1

ai(r)(F (x))γi

]
f(x)f(y)

F (x)F (y)
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−∞ < y < x <∞.

(1.9.6)

The joint pdf of X∗(r, n, m̃, k), X∗(j, n, m̃, k) and X∗(s, n, m̃, k), 1 ≤ r < j < s ≤ n, may

similarly be given as

fX∗(r,n,m̃,k),X∗(j,n,m̃,k),X∗(s,n,m̃,k)(x, t, y) = Cs−1

[
r∑
i=1

ai(r)(F (x))γi

][
j∑

i=r+1

a
(r)
i (j)

(
F (t)

F (x)

)γi]

×

[
s∑

i=j+1

a
(j)
i (s)

(
F (y)

F (t)

)γi] f(x)f(t)f(y)

F (x)F (t)F (y)

−∞ < x < t < y <∞. (1.9.7)

Therefore, conditional distribution of X∗(j, n, m̃, k) given X∗(r, n, m̃, k) = x, X∗(s, n, m̃, k) =

y, for 1 ≤ r < j < s ≤ n is given by

fX∗(j,n,m̃,k)|X∗(r,n,m̃,k)=x,X∗(s,n,m̃,k)=y(t | x, y) =

[
j∑

i=r+1

a
(r)
i (j)

(
F (t)

F (x)

)γi]
[

s∑
i=r+1

a
(r)
i (s)

(
F (y)

F (x)

)γi]
×

[
s∑

i=j+1

a
(j)
i (s)

(
F (y)

F (t)

)γi] f(t)

F (t)

−∞ < x < t < y <∞. (1.9.8)

where Cr−1, ai(r), ari (s) are defined as above.

1.10 Generalized Order Statistics and Dual Generalized

Order Statistics using Meijer’s G-Function

Let n ∈ N, n > 2, k ≥ 1 , m̃ = (m1,m2, ...,mn−1) ∈ <n−1, Mr =
n−1∑
j=r

mj, 1 6 r 6 n− 1, be

the parameters such that γr = k + n− r +Mr ≥ 0, for all r ∈ {1, ..., n− 1}.
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Then, U(1, n, m̃, k), U(2, n, m̃, k), . . . , U(n, n, m̃, k) are said to be uniform generalized order

statistics(gos), if their joint pdf is given by (Kamps, 1995)

fU(1,n,m̃,k),...,U(n,n,m̃,k)(u1, ..., un) = k

(
n−1∏
j=1

γj

)(
n−1∏
i=1

(1− ui)mi
)

(1− un)k−1 (1.10.1)

on the cone

0 < u1 6 · · · 6 un < 1

Based on any arbitrary df F (x), gos X(r, n, m̃, k) can be defined by quantile transformation

X(r, n, m̃, k) = F−1(U(r, n, m̃, k)), 1 6 r 6 n, where F−1 denotes the quantile function of F

defined by

F−1(u) = sup {x ∈ (α, β) : F (x) 6 u}, u ∈ (0, 1)

where α = inf {x ∈ R : F (x) > 0} and β = sup {x ∈ R : F (x) < 1} are the left and right end

points of X.

Let PF stands for the probability measure on R determined by F (x), then the pdf of

X(r, n, m̃, k) with respect to a measure PF is given by (Cramer and Kamps, 2003).

fr(x) = cr−1Gr(F̄ (x) | γ1, ..., γr)I(α,β)(x) (1.10.2)

where F̄ (x) = 1− F (x), cr−1 =
r∏
i=1

γi and IA denotes the indicator function and Gr(x) is the

Meijer’s G-function

Meijer’s G-Function

Gr(x) = Gr,0
r,r(x | γ1, ..., γr)

= Gr,0
r,r

(
x

∣∣∣∣( γ1, ..., γr
γ1 − 1, ..., γr − 1

))
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is the particular Meijer’s G-Function defined by

Gr,0
r,r

(
s

∣∣∣∣( γ1, ..., γr
γ1 − 1, ..., γr − 1

))
=

1

2πi

∫
L

sz∏r
j=1(γj − 1− z)

dz (1.10.3)

and L is an appropriate chosen contour of integration (See Mathai, 1993, Chapter 3) for the

definition of G-function and its numerous properties and applications.

For any x ∈ (α, β), y ∈ R, denote

Fx(y) =


F (y)−F (x)

1−F (x)
, y ≥ x,

0, y < x.

(1.10.4)

Here, Fx(y) denotes the distribution function obtained from F by truncating on the left at x.

The joint PF density of X(r, n, m̃, k) and X(s, n, m̃, k), 1 6 r < s 6 n, is given by

fr,s(x, y) = cs−1Gs−r
(
F̄x(y) | γr+1, ..., γs

)Gr(F̄ (x) | γ1, ..., γr)

F̄ (x)
I(α,β)(x < y), (1.10.5)

and the joint PF density ofX(r, n, m̃, k), X(j, n, m̃, k) and X(s, n, m̃, k), 1 6 r < j < s 6 n

may similarly be given as

fr,j,s(x, t, y) = cs−1
1

F̄ (x)

1

F̄ (t)
Gs−j

(
F̄t(y) | γj+1, ..., γs

)
Gj−r

(
F̄x(t) | γr+1, ..., γj

)
×Gr(F̄ (x) | γ1, ..., γr)I(α,β)(x < t < y) (1.10.6)

Hence, the conditional PF density function of X(j, n, m̃, k) given X(r, n, m̃, k) = x

and X(s, n, m̃, k) = y, 1 6 r < j < s 6 n is given by

fj|r,s(t | x, y) =
1

F̄ (t)

Gs−j
(
F̄t(y) | γj+1, ..., γs

)
Gj−r

(
F̄x(t) | γr+1, ..., γj

)
Gs−r

(
F̄x(y) | γr+1, ..., γs

) I(x,y)(t) (1.10.7)
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Similarly for Dual generalized order statistics

The conditional PF density function of X∗(j, n, m̃, k) given X∗(r, n, m̃, k) = x

and X∗(s, n, m̃, k) = y, 1 6 r < j < s 6 n is given by

fj|r,s(t | x, y) =
1

F (t)

Gs−j

(
F (y)

F (t)
| γj+1, ..., γs

)
Gj−r

(
F (t)

F (x)
| γr+1, ..., γj

)
Gs−r

(
F (y)

F (x)
| γr+1, ..., γs

) I(y,x)(t) (1.10.8)

Some Auxilliary Results

Various results which are used in subsequent Chapters are reproduced here:

(i) G1(x | γ1) = xγ1−1

(ii) (γr − γ1)Gr(x | γ1, ..., γr) = Gr−1(x | γ1, ..., γr−1)−Gr−1(x | γ2, ..., γr)

(iii) xαGr(x | γ1, ..., γr) = Gr(x | γ1 + α, ..., γr + α) , a ∈ R

(iv) limx→1−Gr(x | γ1, ..., γr) =


1 , r = 1

0 , r ≥ 2

and

limx→0+Gr(x | γ1, ..., γr) =



0 , ifγ1:r > 1

r∏
j=1

1

(γj − γi)
, ifγ1:r = 1 < γ2:r

∞ , ifγ1:r = γ2:r = 1 or γ1:r < 1

where γ1:r = min (γ1, ..., γr) and l = max (1 ≤ j ≤ r : γj = γ1:r)

(v)
d

dx
Gr(x | γ1, ..., γr) =

1

x
[(γr − 1)Gr(x | γ1, ..., γr)−Gr−1(x | γ1, ..., γr−1)]
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(vi)
d

dx
Gr(x | γ1, ..., γr) =

1

x
[(γ1 − 1)Gr(x | γ1, ..., γr)−Gr−1(x | γ2, ..., γr)]

Proof : For the property (i), see Mathai (1993, p. 130), for property (ii), see Cramer and

Kamps (2003), and for the property (iii), see Mathai (1993, p. 69). Property (iv) can easily be

deduced from Lemma 2.2 of Cramer et al. (2004 b), whereas (v) and (vi) can be established

from (1.10.3).

1.11 Characterizations through Linear Regression

Characterization results are those which shed light on modeling sequences of certain dis-

tributional assumptions and those which have potential for development of hypothesis testing

for model assumptions. Continuous distributions have been characterized through condi-

tional expectations of order statistics, record values, gos and dgos have been considered by

many in the literature. Ferguson (1967) introduced the characterization of distributions based

on the linearity of regression of adjacent order statistics E(Xr+1:n|Xr:n = x) and its dual

E(Xr:n|Xr+1:n = x), where Xr:n is the rth order statistics. Shanbhag (1970) characterized

exponential and geometric distributions in terms of conditional expectations for single order

gap. Khan and Khan (1987) characterized Burr type XII distribution through linear regression

for single order gap. Khan and Abu-Salih (1989) characterized a general class of distributions

through conditional expectation of function of order statistics:

E [h(Xr+1:n)|Xr:n = x] = a∗h(x) + b∗

and

E [h(Xr:n)|Xr+1:n = x] = a∗1h(x) + b∗1
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Wesolowski and Ahsanullah (1997) characterized the distributions by the regression of non-

adjacent order statistics through the relation

E (Xr+2:n|Xr:n = x) = ax+ b

Characterization of distributions via linearity of regression of order statistics when gap

is higher is considered by Khan and Ali (1987), Franco and Ruiz (1997), Dembińska and

Wesolowski (1998) and Lopez-Bláquez and Moreno-Rebollo (1997). Whereas, Khan and

Abouammoh (2000) extended the result of Khan and Abu-Salih (1989) and characterized

the generalized form of distributions through higher order gap. Khan and Athar (2004) also

characterized some continuous distributions through linearity of regression when conditioning

is done on a pair of order statistics. Using the result of Rao and Shanbhag (1994) dealing with

an extended version of the integrated Cauchy functional equation Dembińska and Wesolowski

(1998) and Athar et al. (2003) characterized the distributions by means of the regression

equation

E (Xr+i:n|Xr:n = x) = ax+ b

For record values Nagaraja (1977) characterized continuous distributions by using the

relation

E
(
XU(r+1)|XU(r) = x

)
= ax+ b

Nagaraja (1988b) also characterized distributions by considering the equation

E
(
XU(r)|XU(r+1) = x

)
= ax+ b
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Franco and Ruiz (1996, 1997) obtained the distribution function from the conditional expec-

tations

E
[
h(XU(n−1))|XU(n) = x

]
where ′h′ is a real, continuous and strictly monotonic function. Ahsanullah and Wesolowski

(1998) extended the result of Nagaraja (1977) and characterized the distributions for double

order gap. Lopez-Bláquez and Moreno-Rebollo (1997), Dembińska and Wesolowski (2000) and

Athar et al. (2003) extended the result of Nagaraja(1988b) and characterized the continuous

distributions conditioned on non-adjacent records. Characterization of continuous distribu-

tions conditioned on a pair of adjacent records was investigated by Bairamov et al. (2005).

They characterized the exponential distribution and continuous distributions by taking the

monotone transformations.

Further, Yanev et al. (2008), Yanev and Ahsanullah (2009) and Khan and Khan (2009)

characterized the continuous distributions conditioned on a pair of non-adjacent records. Re-

cently Noor and Athar (2014) characterized the continuous distributions by taking the condi-

tional expectation

gpr,s(x) = E[{Ψ(XU(s))−Ψ(XU(r))}p|XU(r) = x]

Concept of gos was given by Kamps (1995). Since, many ordered variables like order

statistics, record values and k -record values are special cases of gos, therefore, characterization

through gos is of special interest. Keseling (1999) characterized the continuous distributions

by taking the conditional expectations.

E[h(X(r + 1, n, m̃, k))|X(r, n, m̃, k) = x]
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where h(.) is a real strictly monotonic function. They also characterized the continuous dis-

tributions by taking the conditional expectations

E[X(r, n, m̃, k)|X(r + 2, n, m̃, k) = x]

Bieniek and Syznal(2003) investigated the characterization of the continuous distributions by

considering the conditional expectations

E[X(r + l, n, m̃, k)|X(r, n, m̃, k) = x], l ≥ 2.

Samuel (2008) characterized the conditional expectation through the relation

E [h (X(r + 1, n,m, k)) |X(r, n,m, k) = x] = a∗h(x) + b∗

Khan and Alzaid (2004) characterized a general class of distribution F̄ (x) = [ax+ b]c through

linear regression of generalized order statistics using Rao and Shanbhag’s (1994) result. They

characterized the distributions by means of relation.

E [X(s, n,m, k)|X(r, n,m, k) = x] = a∗x+ b∗

Khan et al. (2006), Beg and Ahsanullah (2006) have characterized the distribution functions

through the relation

E [ξ {X(s, n,m, k)} |X(r, n,m, k) = x] = gs|r(x)

and its dual

E [ξ {X(r, n,m, k)} |X(s, n,m, k) = x] = gr|s(x)
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Further, Ahsanullah and Beg (2008) characterized the continuous distribution functions con-

ditioned on a pair of adjacent gos through the relation

E [ξ {X(r + 1, n,m, k)} |X(r, n,m, k) = x, X(r + 2, n,m, k) = x] = gr+1|r, r+2(x)

Bieniek (2007) characterized continuous distributions based on conditional expectations, through

the relation

E [g (X(r + 1, n,m, k)) |X(r, n,m, k) = x] = h(x)

using Meijer’s G-Function.

Characterization of continuous distributions conditioned on nonadjacent gos was consid-

ered by Cramer et al. (2004a), Raqab and Abu-Lawi (2004). In these literature, the authors

are mainly concerned in finding the distribution function when the regression lines are linear.

Bieniek (2009), Khan and Khan (2011) have characterized the continuous distribution func-

tions conditioned on non-adjacent gos using Meijer’s G-Function. Later on Khan et al. (2012)

extended the result of Bieniek (2009), Khan and Khan (2011) and characterized the contin-

uous distributions conditioned on a pair of non-adjacent gos, i.e. by taking the conditional

expectation

E[h{X(j, n, m̃, k)}|X(r, n, m̃, k) = x,X(s, n, m̃, k) = y], 1 ≤ r < j < s ≤ n,

here h(x) is considered as monotonic and differentiable function of x. Recently, Noor et al.

(2014) characterized the continuous distributions by taking the conditional expectation

gr,s,p = E[{ψ(X(s, n, m̃, k))− ψ(X(r, n, m̃, k))}p | X(r, n, m̃, k) = x]
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Using the concept of gos, Burkschat et al. (2003) introduced the concept of the dual

generalized order statistics (dgos) that enables a common approach to descendingly ordered

random variables like reversed ordered order statistics, lower record values etc. The various

developments on dgos and related topic have been studied by Ahsanullah (2004), Mbah and

Ahsanullah (2007), Khan et al. (2009), Khan et al. (2010 a,b), Faizan and Khan (2011),

Tavangar (2011) among the others. Khan et al. (2009) have characterized continuous distri-

butions through conditional expectation of dgos, conditioned on a pair of non-adjacent dgos.

Recently, Khan and Khan (2012) have characterized continuous distribution functions condi-

tioned on non-adjacent dgos using Meijer’s G-Function.

1.12 Moments and Recurrance Relations

Order statistics and their moments have received attention from the beginning of this

century. Since, Galton (1902) and Pearson (1902) studied the distribution of the difference

of the successive order statistics. The moments of order statistics, assumed considerable

importance in the statistics literature and have been numerically tabulated extensively for

several distributions. For example one can refer to David and Nagaraja (2003), Sarhan and

Greenberg (1962), Arnold and Balakrishnan (1989), Arnold et al. (1992) for details. There are

mainly three reasons due to which recurrence relations and identities have attained importance:

i. Reduces the amount of direct computation and hence reduces the time and labour.

ii. They express the higher order moments in terms of lower order moments and hence

make the evaluation of higher order moments easy.

iii. Provide some simple checks to test the accuracy of computation of moments of order

statistics.
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Shah (1966, 1970), Tarter (1966) have obtained moments of order statistics from logistic

distribution. Malik (1967) has obtained recurrence relations for the moments of order statis-

tics from power function distribution. Lieblien (1955), Balakrishnan and Joshi (1981) have

obtained recurrence relations for moments of order statistics from Weibull distribution.

Saleh et al. (1975), Joshi (1978, 1979) have given recurrence relations for the moments

of order statistics from exponential and truncated exponential distributions. Balakrishnan

and Joshi (1983, 1984) obtained recurrence relations for single and product moments of order

statistics from symmetrically truncated logistic distribution and doubly truncated exponential

distributions.

Khan et al. (1983) developed general results for finding the kth moment of order statistics

without considering any particular distribution. Further, these results were utilized to obtain

recurrence relations for doubly truncated and non-truncated distributions, thus unifying all

the known results on recurrence relations for moments of order statistics.

Khan et al. (1984) obtained the inverse moments of order statistics for Weibull distribu-

tion whereas Ali and Khan (1996) obtained the ratio and inverse moments of order statistics

from Weibull and exponential distribution. Unifying earlier results Khan and Athar (2000)

established the relations for ratio and product moments of order statistics from doubly trun-

cated Weibull distribution.

Khan and Khan (1987) obtained recurrence relations for single and product moments of order

statistics for doubly truncated Burr distribution (Burr type XII) and utilized the relations to

characterize the distribution. Athar et al. (2011) has obtained moments of order statistics

from extended type-I generalized logistic distribution.

Kamps (1995) investigated recurrence relations for moments of generalized order statis-

tics based on non-identically distributed random variables, which contains order statistics and

record values as special cases.

Cramer and Kamps (2000) derived relations for expectations of functions of generalized

order statistics within a class of distributions including a variety of identities for single and
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product moments of ordinary order statistics and record values as particular cases.

Pawlas and Szynal (2001a) derived recurrence relations for single and product moments of

generalized order statistics from Pareto, generalized Pareto and Burr distributions. Khan et

al. (2007) obtained recurrence relations for single and product moments of generalized order

statistics from doubly truncated Weibull distribution.

Athar and Islam (2004) established some recurrence relations between expectation of

function of single and joint generalized order statistics from a general class of distribution.

Further, Athar et al. (2009) generalized the result of Athar and Islam (2004) and established

the relations for the expectation of function of gos for truncated distributions. Athar et al.

(2007) obtained the ratio and inverse moments of generalized order statistics from Weibull

distribution. Further, Kumar and Khan (2013) have obtained relations for generalized order

statistics from doubly truncated generalized Exponential distribution and its characterization.

1.13 Some Continuous Distributions

I. Pareto Distribution

A rv X is said to have the Pareto distribution if its pdf and df are of the form given

below:

f(x) = pλpx−(p+1), λ ≤ x <∞; λ, p > 0

F (x) = 1− λpx−p, λ ≤ x <∞; λ, p > 0

Many socio-economic and naturally occurring quantities are distributed according to

Pareto law. For example, distribution of city population sizes, personal income etc.
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II. Power Function Distribution

A rv X is said to have a power function distribution if its pdf and df are of the form

given below:

f(x) = pλ−pxp−1, 0 ≤ x < λ; λ, p > 0

F (x) = λ−pxp, 0 ≤ x < λ; λ, p > 0

The power function distribution is used to approximate representation of the lower tail of

the distribution of random variable having fixed lower bound. It may be noted that if X has

a power function distribution, then Y = 1
X

has a Pareto distribution.

III. Beta Distribution

Beta distribution of the First Kind

A rv X is said to have the beta distribution of first kind if its pdf is of the form

f(x) =
1

B(p, q)
xp−1(1− x)q−1, 0 ≤ x < 1; p, q > 0

Beta distribution arises as the distribution of an ordered variable from a rectangular

distribution. Suppose Xr:n is an ordered sample from U(0, 1), then Xr:n is distributed as

B(r, n − r + 1). The standard rectangular distribution R(0, 1) is the special case of beta

distribution of first kind obtained by putting the exponents p and q equal to 1. If q = 1, the

distribution reduces to power function distribution.
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Beta distribution of the Second Kind

The continuous rv X which is distributed according to probability law:

f(x) =
1

B(p, q)

xp−1

(1 + x)p+q
, 0 ≤ x <∞; p, q > 0

is known as a beta variate of the second kind with parameters p and q. Beta distribution

of second kind reduces to beta distribution of first kind if we replace 1 + x by 1
y
. The beta

distribution is one of the most frequently employed distributions to fit theoretical distributions.

Beta distribution may be applied directly to the analysis of Markov processes with uncertain

transition probabilities.

IV. Weibull Distribution

A rv X is said to have a Weibull distribution if its pdf is given by:

f(x) = θpxp−1e−θx
p

, 0 ≤ x <∞; θ > 0, p > 0

and the df is given by

F (x) = 1− e−θxp , 0 ≤ x <∞; θ > 0, p > 0

Weibull distribution is widely used in reliability and quality control. The distribution

is also useful in cases where the conditions of strict randomness of exponential distribution

are not satisfied. It is sometimes used as a tolerance distribution in the analysis of quantal

response data.

If we put p = 1 in Weibull distribution, we get the pdf of Exponential distribution.

If we put p = 2, it gives pdf of Rayleigh distribution.

40



If X has a Weibull distribution, then the pdf of Y = −p log
(
X
α

)
is

f(y) = e−ye−e
−y

which is a form of an Extreme Value Distribution.

V. Exponential Distribution

A rv X is said to have an exponential distribution if its pdf is given by

f(x) = θe−θx, 0 ≤ x <∞; θ > 0

and the pdf is given by

F (x) = 1− e−θx, 0 ≤ x <∞; θ > 0

The exponential distribution plays an important role in describing a large class of phe-

nomena particularly in the area of reliability theory. The exponential distribution has many

other applications. In fact, whenever a continuous random variable X assuming non-negative

values satisfies the assumption,

P (X > s+ t|X > s) = P (X > t) ∀ s, t > 0.

then X will have an exponential distribution. This is particularly a very appropriate failure

law when present does not depend on the past, for example, in studying the life of a bulb etc.
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VI. Burr Distribution

Let X be a continuous rv, then different forms of df of X are listed below by Johnson

and Kotz (1994):

F (x) = x; 0 < x < 1

F (x) = (1 + e−x)−k, −∞ < x <∞

F (x) = (1 + x−c)−k), 0 ≤ x <∞

F (x) =

[
1 +

(
c− x
x

)1/c
]−k

, 0 ≤ x ≤ c

F (x) =
[
1 + ce− tanx

]−k
, − π

2
≤ x ≤ π

2

F (x) =
[
1 + ce−k sinhx

]−k
, −∞ < x <∞

F (x) = 2−k (1 + tanh x)k , −∞ < x <∞

F (x) =

(
2

π
tan−1 ex

)
, −∞ < x <∞

F (x) = 1− 2

c[(1 + ex)k − 1] + 2
, −∞ < x <∞

F (x) = (1 + e−x
2

)k, −∞ ≤ x <∞

F (x) =

(
x− 1

2π
sin 2πx

)k
, 0 ≤ x < 1

F (x) = 1− (1 + xc)−k, 0 ≤ x <∞

where k and c are positive parameters. Special attention is given to type XII, whose pdf is

given as:

f(x) = kcxc−1(1 + xc)−(k+1), 0 ≤ x <∞; k, c > 0

This distribution is frequently used for the purpose of graduation and in reliability theory.

At c = 1, it is called Lomax distribution whereas at k = 1 it is known as Log-logistic
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distribution.

VII. Extreme Value Distribution

A rv X is said to have Extreme value distribution of type I if its pdf is given by

f(x) = ex exp[−ex], −∞ < x <∞

and the df is given by

F (x) = 1− exp[−ex], −∞ < x <∞

and a rv X is said to have Extreme value distribution of type II if its pdf is given by

f(x) = pθpx−(p+1)e−( θx)
p

, 0 < x <∞

and the df is given by

F (x) = e−( θx)
p

, 0 < x <∞

The Extreme value distribution is applied very much in natural phenomenon such as rain

fall, floods, wind gusts, and air pollution.

VIII. Lindley Distribution

A rv X is said to have Lindley distribution if its pdf is given by

f(x, θ) =
θ2

1 + θ
(1 + x)e−θx, x > 0, θ > 0 (1.13.1)
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and the df is given by

F (x) = 1−
[
1 +

θx

1 + θ

]
e−θx, x > 0, θ > 0 (1.13.2)

Lindley (1958) proposed Lindley distribution in the context of Bayesian statistics, as a

counter example of fudicial statistics. Lindley distribution belongs to an exponential family

and it can be written as a mixture of an exponential and a gamma distribution with shape

parameter two. Lindley Distribution is widely used in Reliability Analysis and real life time

data.

IX. New Weibull-Pareto Distribution

A rv X is said to have a New Weibull Pareto distribution (NWPD) by Nasiru and

Luguterah (2015). if its pdf is given by

f(x) =
βδ

θ

(x
θ

)β−1

e
−δ
(x
θ

)β
, 0 < x <∞; β > 0, δ > 0, θ > 0 (1.13.3)

with corresponding df

F (x) = 1− e
−δ
(x
θ

)β
, 0 < x <∞; β > 0, δ > 0, θ > 0 (1.13.4)

New Weibull-Pareto distribution is used in real life data.
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1.14 Content of the Thesis

Chapter 1 is an introductory in nature and deals with the basic concepts and results

needed in the subsequent chapters.

In Chapter 2 of the thesis, we have characterized a families of continuous probability

distributions by considering conditional expectation of difference of pth, (p ≥ 1) power of two

records values conditioned on a pair of non-adjacent records and and the following two results

are obtained:

(i) For Ψ : R→ R is a monotonic and differentiable function and p ∈ N

gpl,s(x, y) = E[{Ψ(XU(j))−Ψ(XU(l))}p|XU(l) = x,XU(s) = y]

= [Ψ(y)−Ψ(x)]p
Γ(s− l)Γ(p+ j − l)
Γ(j − l)Γ(p+ s− l)

1 ≤ l < j < s ≤ n, l = r, r + 1

if and only if

F (x) = 1− e−[aΨ(x)+b], α ≤ x ≤ β,

where gpr,s(x, y) is a finite and differentiable function of x and Γ(.) is a gamma function.

(ii) For Ψ : R→ R is a monotonic and differentiable function and p ∈ N.

ξpr,l(x, y) = E[{Ψ(XU(l))−Ψ(XU(j))}p|XU(r) = x,XU(l) = y]

= [Ψ(y)−Ψ(x)]p
Γ(l − r)Γ(p+ l − j)
Γ(l − j)Γ(p+ l − r)

1 ≤ r < j < l ≤ n, l = s− 1, s
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if and only if

F (y) = 1− e−[aΨ(y)+b], α ≤ y ≤ β,

provided that ξpr,s(x, y) is a finite and differentiable function of y and there exists a q ∈ (α, β)

such that

q = inf

[
x : x ≥ F−1

(
e− 1

e

)]

Examples of various distributions are given by properly choosing parameters Ψ(x), a and b.

In Chapter 3 of the thesis, we have obtained results based on conditional expectation of

single dual generalized order statistics conditioned on a pair of non-adjacent dual generalized

order statistics using Meijer’s G-Function. Thus, extending the result of Khan and Khan

(2012) conditioned on a non-adjacent dgos and the following two results are obtained:

(i) For ψ(t) be a monotonic and differentiable function of t.

gj|l,s(x, y) = E[ψ(X∗(j, n, m̃, k)) | X∗(l, n, m̃, k) = x,X∗(s, n, m̃, k) = y]

1 < r + 1 < j < s ≤ n, l = r, r + 1

exist, then

(γr+1 − 1)
f(x)

F (x)
−

∂

∂x
Gs−r

(
F (y)

F (x)
| γr+1, ..., γs

)
Gs−r

(
F (y)

F (x)
| γr+1, ..., γs

) =

∂

∂x
gj|r,s(x, y)[

gj|r+1,s(x, y)− gj|r,s(x, y)
]

and

Gs−r

(
F (y)

F (x)
| γr+1 − γr+1 + 1, ..., γs − γr+1 + 1

)
Gs−r(F (y) | γr+1 − γr+1 + 1, ..., γs − γr+1 + 1)

= exp

(
−
∫ β

x

D1(t, y)dt

)
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where g() is a finite and differentiable function of x, and

D1(x, y) =

∂

∂x
gj|r,s(x, y)[

gj|r+1,s(x, y)− gj|r,s(x, y)
]

(ii) For ψ(t) be a monotonic and differentiable function of t.

ξj|r,l(x, y) = E[ψ(X∗(j, n, m̃, k)) | X∗(r, n, m̃, k) = x,X∗(l, n, m̃, k) = y],

1 ≤ r < j < s− 1 < n, l = s− 1, s

exist, then

(γs − 1)
f(y)

F (y)
−

∂

∂y
Gs−r

(
F (y)

F (x)
| γr+1, ..., γs

)
Gs−r

(
F (y)

F (x)
| γr+1, ..., γs

) =

∂

∂y
ξj|r,s(x, y)[

ξj|r,s(x, y)− ξj|r,s−1(x, y)
]

Gs−r

(
F (y)

F (x)
| γr+1 − γs + 1, ..., γs − γs + 1

)
= a(r)

s (s) exp

[∫ β

y

D2(x, t)dt

]
,

γi > γs, i = r + 1, ..., s− 1

and for γr+1 = · · · = γs,

1 + log{F (y)}
1 + log{F (x)}

= 1− exp

[
− 1

(s− r − 1)

∫ q

y

D2(x, t)dt

]

where

p ∈ (α, β) such that − logF (p) = 1
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and

D2(x, y) =

∂

∂y
ξj|r,s(x, y)[

ξj|r,s(x, y)− ξj|r,s−1(x, y)
]

Further, from these results lower records values are obtained and the results obtained by Khan

et al. (2009), Khan et al. (2010a) and Khan and Khan (2012) are discussed.

In Chapter 4 of the thesis, we have obtained characterization of conditional expectation

of difference of pth, (p ≥ 1) power of two generalized order statistics conditioned on a pair

of non-adjacent generalized order statistics using Meijer’s G-Function. Further, some of its

important deductions are discussed and some examples are obtained based on the deductions.

In Chapter 5 of the thesis, we have obtained explicit expressions for single and product

moment of order statistics from Lindley distribution F (x) = 1−
[
1 +

θx

1 + θ

]
e−θx, x > 0, θ > 0.

Further, means and covariance of order statistics from Lindley distributions are obtained.

In Chapter 6 of the thesis, we have obtained recurrence relations for single and product

moments of generalized order statistics from New Weibull Pareto distribution F (x) = 1 −

e
−δ
(x
θ

)β
, 0 < x < ∞; β > 0, δ > 0, θ > 0. Further, the distribution is characterized by a

recurrence relation of single moments. Also, some deductions and particular cases are given.

In the end, a comprehensive bibliography is given.
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Chapter 2

On Characterization of Continuous

Probability Distributions Conditioned

on a Pair of Record Values

2.1 Introduction

Characterization of distributions through conditional expectation of record values was

first considered by Nagaraja (1988b). They obtained the characterization result based on the

linear regression of adjacent record values by considering the regression equation gr+1|r(x) =

E[XU(r+1)|XU(r) = x] = ax + b. Later, Franco and Ruiz (1996, 1997), Lopez-Bláquez and

Rebollo (1997), Ahsanullah and Wesolowski (1998), Dembińska and Wesolowski (2000) and

Athar et al. (2003) extended the result of Nagaraja (1988b) and characterized the continuous

distributions conditioned on non-adjacent records. Further, Bairamov et al. (2005), Yanev

et al. (2008), Yanev and Ahsanullah (2009) and Khan and Khan (2009) characterized the

continuous distributions conditioned on a pair of non-adjacent records. Recently, Noor and

Athar (2014) characterized the continuous distributions by taking the conditional expectation

gpr,s(x) = E[{Ψ(XU(s)) − Ψ(XU(r))}p|XU(r) = x]. In this Chapter, we have extended the
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result of Noor and Athar (2014) and investigated the conditional expectation gpr,s(x, y) =

E[{Ψ(XU(j))−Ψ(XU(r))}p|XU(r) = x,XU(s) = y], conditioned on a pair of non-adjacent records.

2.2 Characterization of Probability Distributions

Let XU(r) be the upper record from a continuous population with pdf f(x) and the df

F (x) over the support (α, β). Hence, the conditional pdf of XU(j) given XU(r) = x and XU(s) =

y, 1 ≤ r < j < s ≤ n is given by

fj|r,s(t|x, y) = Cr,j,s
[B(x, t)]j−r−1[B(t, y)]s−j−1

[B(x, y)]s−r−1

f(t)

F̄ (t)
, −∞ < x < t < y <∞, (2.2.1)

where Cr,j,s = (s−r−1)!
(j−r−1)!(s−j−1)!

.

Theorem 2.1: Let XU(i), i = 1, 2, . . . , n be the ith record from a continuous population

with pdf f(x) and df F (x) over the support (α, β). Let Ψ : R → R is a monotonic and

differentiable function and p ∈ N. Then for 1 ≤ l < j < s ≤ n, l = r, r + 1

gpl,s(x, y) = E[{Ψ(XU(j))−Ψ(XU(l))}p|XU(l) = x,XU(s) = y]

= [Ψ(y)−Ψ(x)]p
Γ(s− l)Γ(p+ j − l)
Γ(j − l)Γ(p+ s− l)

(2.2.2)

if and only if

F (x) = 1− e−[aΨ(x)+b], α ≤ x ≤ β, (2.2.3)

where gpr,s(x, y) is a finite and differentiable function of x and Γ(.) is a gamma function.

Proof: Here, first we shall prove the necessary condition, equation (2.2.3) implies (2.2.2),
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then we have

gpr,s(x, y) = E[{Ψ(XU(j))−Ψ(XU(l))}p|XU(l) = x,XU(s) = y] (2.2.4)

Therefore, in view of equation (2.2.1),

gpr,s(x, y)[B(x, y)]s−r−1 = Cr,j,s

∫ y

x

[Ψ(t)−Ψ(x)]p[B(x, t)]j−r−1[B(t, y)]s−j−1dF (t)

F̄ (t)

gpr,s(x, y) =
Cr,j,s

[B(x, y)]

∫ y

x

[Ψ(t)−Ψ(x)]p
[
B(x, t)

B(x, y)

]j−r−1 [
1− B(x, t)

B(x, y)

]s−j−1

× dF (t)

F̄ (t)

gpr,s(x, y) =
Cr,j,s

[− log F̄ (y) + log F̄ (x)]

×
∫ y

x

[Ψ(t)−Ψ(x)]p
[

[− log F̄ (t) + log F̄ (x)]

[− log F̄ (y) + log F̄ (x)]

]j−r−1

×
[
1− [− log F̄ (t) + log F̄ (x)]

[− log F̄ (y) + log F̄ (x)]

]s−j−1
dF (t)

F̄ (t)

=
Cr,j,s

[Ψ(y)−Ψ(x)]

∫ y

x

[Ψ(t)−Ψ(x)]p
[

Ψ(t)−Ψ(x)

Ψ(y)−Ψ(x)

]j−r−1

×
[
1− Ψ(t)−Ψ(x)

Ψ(y)−Ψ(x)

]s−j−1

dΨ(t)

Set u = Ψ(t)−Ψ(x)
Ψ(y)−Ψ(x)

, we get

gpr,s(x, y) = Cr,j,s[Ψ(y)−Ψ(x)]p
∫ 1

0

uj−r+p−1(1− u)s−j−1du

= [Ψ(y)−Ψ(x)]p
Γ(s− r)

Γ(j − r)Γ(s− j)
× Γ(j − r + p)Γ(s− j)

Γ(j − r + p+ s− j)
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gpr,s(x, y) = [Ψ(y)−Ψ(x)]p
Γ(s− r)Γ(p+ j − r)
Γ(j − r)Γ(p+ s− r)

To prove the sufficient condition, on using the equation (2.2.2) which implies (2.2.3),

we have

gpr,s(x, y)[B(x, y)]s−r−1 = Cr,j,s

∫ y

x

[Ψ(t)−Ψ(x)]p[B(x, t)]j−r−1[B(t, y)]s−j−1dF (t)

F̄ (t)

Differentiating both the sides w.r.t. x, we get

∂

∂x
gpr,s(x, y)[B(x, y)]s−r−1 − gpr,s(x, y)(s− r − 1)[B(x, y)]s−r−2 f(x)

F̄ (x)

= Cr,j,s

∫ y

x

[
−pΨ′(x)[Ψ(t)−Ψ(x)]p−1[B(x, t)]j−r−1[B(t, y)]s−j−1

]dF (t)

F̄ (t)

− Cr,j,s
∫ y

x

[
[Ψ(t)−Ψ(x)]p(j − r − 1)[B(x, t)]j−r−2[B(t, y)]s−j−1 f(x)

F̄ (x)

]
dF (t)

F̄ (t)

∂

∂x
gpr,s(x, y)[B(x, y)]s−r−1 + Cr,j,s

∫ y

x

[
pΨ

′
(x)[Ψ(t)−Ψ(x)]p−1[B(x, t)]j−r−1

× [B(t, y)]s−j−1
]dF (t)

F̄ (t)
= gpr,s(x, y)(s− r − 1)[B(x, y)]s−r−2 f(x)

F̄ (x)

− Cr,j,s
∫ y

x

[
[Ψ(t)−Ψ(x)]p(j − r − 1)[B(x, t)]j−r−2 [B(t, y)]s−j−1 f(x)

F̄ (x)

]
dF (t)

F̄ (t)

This implies that

f(x)

F̄ (x)B(x, y)
=

pΨ
′
(x)gp−1

r,s (x, y) + ∂
∂x
gpr,s(x, y)

(s− r − 1)[gpr,s(x, y)− gpr+1,s(x, y)]
(2.2.5)

Now consider,

pΨ
′
(x)gp−1

r,s (x, y) +
∂

∂x
gpr,s(x, y)
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= pΨ
′
(x)[Ψ(y)−Ψ(x)]p−1 Γ(s− r)Γ(p+ j − r − 1)

Γ(j − r)Γ(p+ s− r − 1)

− pΨ′(x)[Ψ(y)−Ψ(x)]p−1 Γ(s− r)Γ(p+ j − r)
Γ(j − r)Γ(p+ s− r)

= pΨ
′
(x)[Ψ(y)−Ψ(x)]p−1

[
Γ(s− r)Γ(p+ j − r − 1)

Γ(j − r)Γ(p+ s− r − 1)
− Γ(s− r)Γ(p+ j − r)

Γ(j − r)Γ(p+ s− r)

]

= p(s− j)Ψ′(x)[Ψ(y)−Ψ(x)]p−1 Γ(s− r)Γ(p+ j − r − 1)

Γ(j − r)Γ(p+ s− r)

and

gpr,s(x, y)− gpr+1,s(x, y)

= [Ψ(y)−Ψ(x)]p
Γ(s− r)Γ(p+ j − r)
Γ(j − r)Γ(p+ s− r)

− [Ψ(y)−Ψ(x)]p
Γ(s− r − 1)Γ(p+ j − r − 1)

Γ(j − r − 1)Γ(p+ s− r − 1)

= [Ψ(y)−Ψ(x)]p
[

Γ(s− r)Γ(p+ j − r)
Γ(j − r)Γ(p+ s− r)

− Γ(s− r − 1)Γ(p+ j − r − 1)

Γ(j − r − 1)Γ(p+ s− r − 1)

]

= p(s− j)[Ψ(y)−Ψ(x)]p
Γ(s− r − 1)Γ(p+ j − r − 1)

Γ(j − r)Γ(p+ s− r)

Therefore, in view of equation (2.2.5), we have

f(x)

F̄ (x)B(x, y)
=

p(s− j)Ψ′(x)[Ψ(y)−Ψ(x)]p−1 Γ(s−r)Γ(p+j−r−1)
Γ(j−r)Γ(p+s−r)

(s− r − 1)p(s− j)[Ψ(y)−Ψ(x)]p Γ(s−r−1)Γ(p+j−r−1)
Γ(j−r)Γ(p+s−r)

f(x)

F̄ (x)B(x, y)
=

Ψ
′
(x)

[Ψ(y)−Ψ(x)]
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Integrating both the sides w.r.t. x, over (α, x), we get

∫ x

α

f(x)

F̄ (x)B(x, y)
dx =

∫ x

α

Ψ
′
(x)

[Ψ(y)−Ψ(x)]
dx

logB(x, y)− logB(α, y) = − log[Ψ(y)−Ψ(t)]|xα

or,

log

[
1− log F̄ (x)

log F̄ (y)

]
= log

[
Ψ(y)−Ψ(α)

Ψ(y)−Ψ(x)

]

or,

− log F̄ (x)

log F̄ (y)
=

[
Ψ(x)−Ψ(α)

Ψ(y)−Ψ(x)

]

This implies that

− log F̄ (x) = a[Ψ(x)−Ψ(α)] = aΨ(x) + b,

where b = −aΨ(α). This proves the theorem.

Theorem 2.2: Let XU(i), i = 1, 2, . . . , n be the ith record from a continuous population with

pdf f(x) and df F (x) over the support (α, β). Let Ψ : R→ R is a monotonic and differentiable

function and p ∈ N. Then for 1 ≤ r < j < l ≤ n, l = s− 1, s

ξpr,l(x, y) = E[{Ψ(XU(l))−Ψ(XU(j))}p|XU(r) = x,XU(l) = y]

= [Ψ(y)−Ψ(x)]p
Γ(l − r)Γ(p+ l − j)
Γ(l − j)Γ(p+ l − r)

(2.2.6)

54



if and only if

F (y) = 1− e−[aΨ(y)+b], α ≤ y ≤ β, (2.2.7)

provided that ξpr,s(x, y) is a finite and differentiable function of y and there exists a q ∈ (α, β)

such that

q = inf

[
x : x ≥ F−1

(
e− 1

e

)]
(2.2.8)

Proof: Here, first we shall prove that the necessary condition, equation (2.2.7) implies (2.2.6),

then we have

ξpr,s(x, y) = E[{Ψ(XU(l))−Ψ(XU(j))}p|XU(r) = x,XU(l) = y]

Therefore, in view of equation (2.2.1),

ξpr,s(x, y)[B(x, y)]s−r−1 = Cr,j,s

∫ y

x

[Ψ(y)−Ψ(t)]p[B(x, t)]j−r−1[B(t, y)]s−j−1dF (t)

F̄ (t)

ξpr,s(x, y) =
Cr,j,s

[B(x, y)]

∫ y

x

[Ψ(y)−Ψ(t)]p
[
B(t, y)

B(x, y)

]s−j−1 [
1− B(t, y)

B(x, y)

]j−r−1

× dF (t)

F̄ (t)

ξpr,s(x, y) =
Cr,j,s

[− log F̄ (y) + log F̄ (x)]

×
∫ y

x

[Ψ(y)−Ψ(t)]p
[

[− log F̄ (y) + log F̄ (t)]

[− log F̄ (y) + log F̄ (x)]

]j−r−1

×
[
1− [− log F̄ (y) + log F̄ (t)]

[− log F̄ (y) + log F̄ (x)]

]s−j−1
dF (t)

F̄ (t)
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=
Cr,j,s

[Ψ(y)−Ψ(x)]

∫ y

x

[Ψ(y)−Ψ(t)]p
[

Ψ(y)−Ψ(t)

Ψ(y)−Ψ(x)

]j−r−1

×
[
1− Ψ(y)−Ψ(t)

Ψ(y)−Ψ(x)

]s−j−1

dΨ(t)

Set v = Ψ(y)−Ψ(t)
Ψ(y)−Ψ(x)

, we get

ξpr,s(x, y) = Cr,j,s[Ψ(y)−Ψ(x)]p
∫ 1

0

vp+s−j−1(1− v)j−r−1dv

= [Ψ(y)−Ψ(x)]p
Γ(s− r)

Γ(j − r)Γ(s− j)
× Γ(p+ s− j)Γ(j − r)

Γ(p+ s− j + j − r)

ξpr,s(x, y) = [Ψ(y)−Ψ(x)]p
Γ(s− r)Γ(p+ s− j)
Γ(s− j)Γ(p+ s− r)

To prove the sufficient condition, on using equation (2.2.6) which implies (2.2.7), we have

ξpr,s(x, y)[B(x, y)]s−r−1 = Cr,j,s

∫ y

x

[Ψ(y)−Ψ(t)]p[B(x, t)]j−r−1[B(t, y)]s−j−1dF (t)

F̄ (t)

Differentiating both the sides w.r.t. y, we get

∂

∂y
ξpr,s(x, y)[B(x, y)]s−r−1 + ξpr,s(x, y)(s− r − 1)[B(x, y)]s−r−2 f(y)

F̄ (y)

= Cr,j,s

∫ y

x

[
pΨ

′
(y)[Ψ(y)−Ψ(t)]p−1[B(x, t)]j−r−1[B(t, y)]s−j−1

]dF (t)

F̄ (t)

+ Cr,j,s

∫ y

x

[
[Ψ(y)−Ψ(t)]p(s− j − 1)[B(x, t)]j−r−1[B(t, y)]s−j−2 f(y)

F̄ (y)

]
dF (t)

F̄ (t)

− ∂

∂y
ξpr,s(x, y)[B(x, y)]s−r−1 + Cr,j,s

∫ y

x

[
pΨ

′
(y)[Ψ(y)−Ψ(t)]p−1[B(x, t)]j−r−1

× [B(t, y)]s−j−1
]dF (t)

F̄ (t)
= ξpr,s(x, y)(s− r − 1)[B(x, y)]s−r−2 f(y)

F̄ (y)

− Cr,j,s
∫ y

x

[
[Ψ(y)−Ψ(t)]p(s− j − 1)[B(x, t)]j−r−1[B(t, y)]s−j−2 f(y)

F̄ (y)

]
dF (t)

F̄ (t)
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This implies that

f(y)

F̄ (y)B(x, y)
=

pΨ
′
(y)ξp−1

r,s (x, y)− ∂
∂y
ξpr,s(x, y)

(s− r − 1)[ξpr,s(x, y)− ξpr,s−1(x, y)]
(2.2.9)

Now consider,

pΨ
′
(y)ξp−1

r,s (x, y)− ∂

∂y
ξpr,s(x, y)

= pΨ
′
(y)[Ψ(y)−Ψ(x)]p−1 Γ(s− r)Γ(p+ s− j − 1)

Γ(s− j)Γ(p+ s− r − 1)

− pΨ′(y)[Ψ(y)−Ψ(x)]p−1 Γ(s− r)Γ(p+ s− j)
Γ(s− j)Γ(p+ s− r)

= pΨ
′
(y)[Ψ(y)−Ψ(x)]p−1

[
Γ(s− r)Γ(p+ s− j − 1)

Γ(s− j)Γ(p+ s− r − 1)
− Γ(s− r)Γ(p+ s− j)

Γ(s− j)Γ(p+ s− r)

]

= p(j − r)Ψ′(y)[Ψ(y)−Ψ(x)]p−1 Γ(s− r)Γ(p+ s− j − 1)

Γ(s− j)Γ(p+ s− r)

and

ξpr,s(x, y)− ξpr,s−1(x, y)

= [Ψ(y)−Ψ(x)]p
Γ(s− r)Γ(p+ s− j)
Γ(s− j)Γ(p+ s− r)

− [Ψ(y)−Ψ(x)]p
Γ(s− r − 1)Γ(p+ s− j − 1)

Γ(s− j − 1)Γ(p+ s− r − 1)

= [Ψ(y)−Ψ(x)]p
[

Γ(s− r)Γ(p+ s− j)
Γ(s− j)Γ(p+ s− r)

− Γ(s− r − 1)Γ(p+ s− j − 1)

Γ(s− j − 1)Γ(p+ s− r − 1)

]

= p(j − r)[Ψ(y)−Ψ(x)]p
Γ(s− r − 1)Γ(p+ s− j − 1)

Γ(s− j)Γ(p+ s− r)
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Therefore, in view of equation (2.2.9), we have

f(y)

F̄ (y)B(x, y)
=

p(j − r)Ψ′(y)[Ψ(y)−Ψ(x)]p−1 Γ(s−r)Γ(p+s−j−1)
Γ(s−j)Γ(p+s−r)

(s− r − 1)p(j − r)[Ψ(y)−Ψ(x)]p Γ(s−r−1)Γ(p+s−j−1)
Γ(s−j)Γ(p+s−r)

f(y)

F̄ (y)B(x, y)
=

Ψ
′
(y)

[Ψ(y)−Ψ(x)]

Integrating both the sides w.r.t. y, over (y, q), we get

∫ q

y

f(y)

F̄ (y)B(x, y)
dy =

∫ q

y

Ψ
′
(y)

[Ψ(y)−Ψ(x)]

or,

1 + log F̄ (y)

1 + log F̄ (x)
= 1− e[−

∫ q
y

[Ψ(t)
Ψ(t)−Ψ(x)

dt]

1 + log F̄ (y)

1 + log F̄ (x)
=

Ψ(q)−Ψ(y)

Ψ(q)−Ψ(x)

Thus, we have

1 + log F̄ (y) = a1[Ψ(q)−Ψ(y)] = aΨ(y) + b,

where a = −a1 and b = a1Ψ(q). This proves the theorem.
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2.3 Examples

Table 2.1 shows that for particular choices of a, b and Ψ(x) the following distributions can be

characterized using Theorem 2.1 and Theorem 2.2.

Table 2.1: Examples based on F (x) = 1− e−[aΨ(x)+b]

Distribution F (x) a b Ψ(x)
Power function a−pxp 1 p log a − log(ap − xp)
Pareto 1− apx−p p −p log a log x
Beta of I kind 1− (1− x)p p 0 − log(1− x)
Exponential 1− e−θx θ 0 x

Rayleigh 1− e−θx2
θ 0 x2

Weibull 1− e−θxp θ 0 xp

Extreme value II 1− eeθx 1 0 eθx

Burr Type XII 1− (1 + θxp)−m m 0 log(1 + θxp)
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2.4 Conclusion

A probability distribution can be characterized in many ways and the method under

study here is one of them. We have used here the conditional expectation of record statistics

conditioned on a pair of non-adjacent records to characterize the probability distribution. That

is, we have characterized the probability distribution if the regression equation truncated from

both sides is given, i.e. the data are truncated from left side at x and truncated from right

side at y. In real practice, several times we get the data of which observations are missing

either in beginning or in the end. In such type of data we can use the result of this Chapter,

i.e. when the data are in form of records and when the data are missing at both.

Keeping this in view, we have characterized probability distributions through conditional

expectation conditioned on a pair of non-adjacent records.
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Chapter 3

Characterization of Continuous

Distributions Conditioned on a pair of

Non-Adjacent Dual Generalized Order

Statistics using Meijer’s G-Function

3.1 Introduction

In this Chapter, a generalized family of continuous distributions has been characterized

through conditional expectation of dual generalized order statistics (dgos) conditioned on a

pair of non-adjacent dgos using Meijer’s G-Function. Various developments on dual gener-

alized order statistics and related topic have been studied by Ahsanullah (2004), Mbah and

Ahsanulah (2007), Khan et al. (2009), Khan et al. (2010 a,b), Faizan and Khan (2011), Ta-

vangar (2011) amongst others. Khan et al. (2009) have characterized continuous distributions

through conditional expectation of dgos, conditioned on a pair of non-adjacent dgos. Recently,

Khan and Khan (2012) have characterized continuous distribution functions conditioned on

non-adjacent dgos using Meijers G-Function. In this Chapter, we have extended the result
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of Khan and Khan (2012) when the regression is based on two non-adjacent dgos. Also the

result is deduced for known results on dgos.

3.2 Characterization of Probability Distributions

Let X∗(i, n, m̃, k), i = 1, 2, ..., n be the dgos from a continuous population with pdf

f(x) and df F (x) over the support (α, β). Hence, the conditional PF density function of

X∗(j, n, m̃, k) given X∗(r, n, m̃, k) = x and X∗(s, n, m̃, k) = y, 1 6 r < j < s 6 n is given by

fj|r,s(t | x, y) =
1

F (t)

Gs−j

(
F (y)

F (t)
| γj+1, ..., γs

)
Gj−r

(
F (t)

F (x)
| γr+1, ..., γj

)
Gs−r

(
F (y)

F (x)
| γr+1, ..., γs

) I(y,x)(t), (3.2.1)

where Cr−1 =

(
r∏
i=1

γi

)

Theorem 3.1: Let X∗(i, n, m̃, k), i = 1, ..., n be the ith dgos from a continuous popula-

tion with pdf f(x) and the df F (x) over the support (α, β), and ψ(t) be a monotonic and

differentiable function of t. If for two consecutive values r and (r+1), 1 < r + 1 < j < s ≤ n,

gj|l,s(x, y) = E[ψ(X∗(j, n, m̃, k)) | X∗(l, n, m̃, k) = x,X∗(s, n, m̃, k) = y],

l = r, r + 1, (3.2.2)

exist, then

(γr+1 − 1)
f(x)

F (x)
−

∂

∂x
Gs−r

(
F (y)

F (x)
| γr+1, ..., γs

)
Gs−r

(
F (y)

F (x)
| γr+1, ..., γs

) =

∂

∂x
gj|r,s(x, y)[

gj|r+1,s(x, y)− gj|r,s(x, y)
] (3.2.3)
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and

Gs−r

(
F (y)

F (x)
| γr+1 − γr+1 + 1, ..., γs − γr+1 + 1

)
Gs−r(F (y) | γr+1 − γr+1 + 1, ..., γs − γr+1 + 1)

= exp

(
−
∫ β

x

D1(t, y)dt

)
, (3.2.4)

where g() is a finite and differentiable function of x, and

D1(x, y) =

∂

∂x
gj|r,s(x, y)[

gj|r+1,s(x, y)− gj|r,s(x, y)
] (3.2.5)

Proof : We have

gj|r,s(x, y)Gs−r

(
F (y)

F (x)
| γr+1, ..., γs

)
=

∫ x

y

ψ(t)

F (t)
Gs−j

(
F (y)

F (t)
| γj+1, ..., γs

)
×Gj−r

(
F (t)

F (x)
| γr+1, ..., γj

)
f(t)dt (3.2.6)

Differentiating both the sides w.r.t. x and using the property (vi) from Auxilliary Results

(Chapter 1), we have

∂

∂x
gj|r,s(x, y)Gs−r

(
F (y)

F (x)
| γr+1, ..., γs

)
− gj|r,s(x, y)(γr+1 − 1)Gs−r

(
F (y)

F (x)
| γr+1, ..., γs

)
× f(x)

F (x)
+ gj|r,s(x, y)Gs−r−1

(
F (y)

F (x)
| γr+2, ..., γs

)
f(x)

F (x)
= −gj|r,s(x, y)(γr+1 − 1)

×Gs−r

(
F (y)

F (x)
| γr+1, ..., γs

)
f(x)

F (x)
+ gj|r+1,s(x, y)Gs−r−1

(
F (y)

F (x)
| γr+2, ..., γs

)
f(x)

F (x)

After rearranging the terms, we get

f(x)

F (x)
Gs−r−1

(
F (y)

F (x)
| γr+2, ..., γs

)
Gs−r

(
F (y)

F (x)
| γr+1, ..., γs

) =

∂

∂x
gj|r,s(x, y)[

gj|r+1,s(x, y)− gj|r,s(x, y)
]
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⇒

f(x)

F (x)
(γr+1 − 1)Gs−r

(
F (y)

F (x)
| γr+1, ..., γs

)
− ∂

∂x
Gs−r

(
F (y)

F (x)
| γr+1, ..., γs

)
Gs−r

(
F (y)

F (x)
| γr+1, ..., γs

)

=

∂

∂x
gj|r,s(x, y)[

gj|r+1,s(x, y)− gj|r,s(x, y)
]

Implies that

(γr+1 − 1)
f(x)

F (x)
−

∂

∂x
Gs−r

(
F (y)

F (x)
| γr+1, ..., γs

)
Gs−r

(
F (y)

F (x)
| γr+1, ..., γs

) =

∂

∂x
gj|r,s(x, y)[

gj|r+1,s(x, y)− gj|r,s(x, y)
] ,

and hence the theorem follows.

Corollary 3.1

Using residue theorem, it can be proved that

Gs−r

(
F (y)

F (x)
| γr+1, ..., γs

)
=

(
s∑

i=r+1

a
(r)
i (s)

[
F (y)

F (x)

]γi−1
)

(3.2.7)

where a
(r)
i (s) =

s∏
j=r+1,j 6=i

1

(γj − γi)
, γj 6= γi, r + 1 ≤ i ≤ s ≤ n.

Therefore, in this case, equation (3.2.4) reduces to

[F (x)]γr+1Bs
r(x, y)

Bs
r(α, y)

= exp

(
−
∫ β

x

D1(t, y)dt

)
, (3.2.8)

where

Bs
r(x, y) =

s∑
i=r+1

a
(r)
i (s)

[
F (y)

F (x)

]γi
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as obtained by Khan et al. (2009).

Also since for m1 = · · · = mn−1 = m 6= −1,

a
(r)
i (s) =

1
s∏

j=r+1,i 6=j
(γj − γi)

=
(−1)s−i

(m+ 1)s−r−1(s− r − 1)!

(
s− r − 1

s− i

)

Thus, for m1 = · · · = mn−1 = m 6= −1, equation (3.2.4) reduces to

1− {F (x)}m+1

1− {F (y)}m+1
= 1− exp

[
− 1

(s− r − 1)

∫ β

x

D1(t, y)dt

]
, m 6= −1 (3.2.9)

and

log{F (x)}
log{F (y)}

= 1− exp

[
− 1

(s− r − 1)

∫ β

x

D1(t, y)dt

]
, m = −1 (3.2.10)

as obtained by Khan et al. (2009)

Remark 3.1

At γs = 0 i.e. s = k+n+M , by convention X∗(s, n, m̃, k) = y = α, and hence F (α) = 0.

Therefore,

gj|r(x) = E[ψ(X∗(j, n, m̃, k)) | X∗(r, n, m̃, k) = x],

and

F (x) = exp

(
1

γr+1

∫ β

x

g′j|r(t)[
gj|r+1(t)− gj|r(t)

]) dt (3.2.11)
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as given by Khan et al. (2010a), Khan and Khan (2012). The result for lower record is given

by

F (x) = exp

(
−
∫ β

x

g′j|r(t)[
gj|r+1(t)− gj|r(t)

]) dt
Theorem 3.2: Let X∗(i, n, m̃, k), i = 1, ..., n be the ith dgos from a continuous popula-

tion with pdf f(x) and the df F (x) over the support (α, β), and ψ(t) be a monotonic and

differentiable function of t. If for two consecutive values (s−1) and s, 1 ≤ r < j < s− 1 < n,

ξj|r,l(x, y) = E[ψ(X∗(j, n, m̃, k)) | X∗(r, n, m̃, k) = x,X∗(l, n, m̃, k) = y],

l = s− 1, s (3.2.12)

exist, then

(γs − 1)
f(y)

F (y)
−

∂

∂y
Gs−r

(
F (y)

F (x)
| γr+1, ..., γs

)
Gs−r

(
F (y)

F (x)
| γr+1, ..., γs

) =

∂

∂y
ξj|r,s(x, y)[

ξj|r,s(x, y)− ξj|r,s−1(x, y)
] (3.2.13)

Gs−r

(
F (y)

F (x)
| γr+1 − γs + 1, ..., γs − γs + 1

)
= a(r)

s (s) exp

[∫ β

y

D2(x, t)dt

]
,

∀γi > γs, i = r + 1, ..., s− 1 (3.2.14)

and for γr+1 = · · · = γs,

1 + log{F (y)}
1 + log{F (x)}

= 1− exp

[
− 1

(s− r − 1)

∫ q

y

D2(x, t)dt

]
(3.2.15)

where

p ∈ (α, β) such that − logF (p) = 1 (3.2.16)
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and

D2(x, y) =

∂

∂y
ξj|r,s(x, y)[

ξj|r,s(x, y)− ξj|r,s−1(x, y)
] (3.2.17)

Proof : We have

ξj|r,s(x, y)Gs−r

(
F (y)

F (x)
| γr+1, ..., γs

)
=

∫ x

y

ψ(t)

F (t)
Gs−j

(
F (y)

F (t)
| γj+1, ..., γs

)
×Gj−r

(
F (t)

F (x)
| γr+1, ..., γj

)
f(t)dt (3.2.18)

Differentiating both the sides w.r.t. y and using the property (v) from Auxilliary Results

(Chapter 1), we have

∂

∂y
ξj|r,s(x, y)Gs−r

(
F (y)

F (x)
| γr+1, ..., γs

)
+ ξj|r,s(x, y)(γs − 1)Gs−r

(
F (y)

F (x)
| γr+1, ..., γs

)
f(y)

F (y)

− ξj|r,s(x, y)Gs−r−1

(
F (y)

F (x)
| γr+1, ..., γs−1

)
f(y)

F (y)
= ξj|r,s(x, y)(γs − 1)

×Gs−r

(
F (y)

F (x)
| γr+1, ..., γs

)
f(y)

F (y)
− ξj|r,s−1(x, y)Gs−r−1

(
F (y)

F (x)
| γr+1, ..., γs−1

)
f(y)

F (y)

After rearranging the terms, we get

f(y)

F (y)
Gs−r−1

(
F (y)

F (x)
| γr+1, ..., γs−1

)
Gs−r

(
F (y)

F (x)
| γr+1, ..., γs

) =

∂

∂y
ξj|r,s(x, y)[

ξj|r,s(x, y)− ξj|r,s−1(x, y)
]

Thus,

(γs − 1)
f(y)

F (y)
−

∂

∂y
Gs−r

(
F (y)

F (x)
| γr+1, ..., γs

)
Gs−r

(
F (y)

F (x)
| γr+1, ..., γs

) =

∂

∂y
ξj|r,s(x, y)[

ξj|r,s(x, y)− ξj|r,s−1(x, y)
] (3.2.19)
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Gs−r

(
F (y)

F (x)
| γr+1 − γs + 1, ..., γs − γs + 1

)
Gs−r

(
F (α)

F (x)
| γr+1 − γs + 1, ..., γs − γs + 1

) = exp

(
−
∫ α

y

D2(x, t)dt

)
(3.2.20)

It can be seen that when γi > γs, i = r + 1, ..., s− 1,

Gs−r(x | γr+1 − γs + 1, ..., γs − γs + 1)→ a
(r)
s (s) as x→ 0,

and therefore

Gs−r

(
F (y)

F (x)
| γr+1 − γs + 1, ..., γs − γs + 1

)
= a

(r)
s (s) exp

[
−
∫ y
α
D2(x, t)dt

]
, ∀ γi > γs, i =

r + 1, ..., s− 1

also, for γr+1 = · · · = γs, see Cramer (2002, p.35 )

Gs−r

(
F (y)

F (x)
| γr+1, ..., γs

)
=

1

(s− r − 1)!
[− logF (y) + logF (x)]s−r−1

×
[
F (y)

F (x)

]γr+1−1

.

Thus, in the case of lower record statistic,

1 + log{F (y)}
1 + log{F (x)}

= 1− exp

[
− 1

(s− r − 1)

∫ y

p

D2(x, t)dt

]
, (3.2.21)

where p is defined in equation (3.2.16)

68



Corollary 3.2

It may be noted that at γi 6= γj but m1 = · · · = mn−1 = m > −1

Gs−r

(
F (y)

F (x)
| γr+1 − γs + 1, ..., γs − γs + 1

)
a

(r)
s (s)

=
s∑

i=r+1

a
(r)
i (s)

(
F (y)

F (x)

)γi−γs

=

[
1−

(
F (y)

F (x)

)m+1
]s−r−1

.

Therefore, equation (3.2.9), it reduces to

[
F (y)

F (x)

]m+1

= 1− exp

[
− 1

(s− r − 1)

∫ y

α

D2(x, t)dt

]
, m > −1, (3.2.22)

as obtained by Khan et al. (2010a).

Remark 3.2

With the convention X∗(0, n, m̃, k) = x = β, at r = 0, Theorem 3.2 reduces to

Gs(F (y) | γ1 − γs + 1, ..., γs − γs + 1) =
s∑
i=1

ai(s)[F (y)]γi−γs

= as(s) exp

[
−
∫ y

α

D(t)dt

]
, if γ1:s−1 > γs (3.2.23)

and for m1 = · · · = mn−1 = m > −1

F (y)m+1 = 1− exp

[
− 1

s− 1

∫ y

α

D(t)dt

]
(3.2.24)

whereas for γr+1 = · · · = γs

− logF (y) = exp

[
− 1

s− 1

∫ y

p

D(t)dt

]
(3.2.25)
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where p is as defined in equation (3.2.16), and

D(y) =
ξ′j|s(y)[

ξj|s(y)− ξj|s−1(y)
] = D2(α, y) (3.2.26)

as obtained by Khan et al. (2010a), Khan and Khan (2012).

Corollary 3.3

Under the assumptions given in Corollary 3.1 and Corollary 3.2,

F (x) =

[
eI1

eI1 + eI2 − 1

] 1

m+ 1
, m > −1 (3.2.27)

and

F (y) =

[
eI1 − 1

eI1 + eI2 − 1

] 1

m+ 1
, m > −1 (3.2.28)

where I1 =
∫ β
x
A1(t, y)dt, I2 =

∫ y
α
A2(x, t)dt and

A1(x, y) =
D1(x, y)

(s− r − 1)
, A2(x, y) =

D2(x, y)

(s− r − 1)
.

Similar, result for lower records can be obtained.
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3.3 Conclusion

We can characterized the probability distributions by using different methods. In this

Chapter, we have obtained conditional expectation of single dual generalized order statis-

tics conditioned on a pair of non-adjacent dual generalized order statistics using Meijer’s

G-Function. Further, we can use these results for lower record values too.
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Chapter 4

Characterization of Continuous

Distributions Conditioned on a pair of

Non-Adjacent Generalized Order

Statistics using Meijer’s G-Function

4.1 Introduction

Kamps (1995) was the first who introduced the concept of the gos. Since, then several

characterizing result have been appeared in literature using conditional expectation. Keseling

(1999), Bienik and Szynal (2003), Cramer et al. (2004a), Khan and Alzaid (2004), Raqab and

Abu-Lawi (2004), Ahsanullah and Raqab (2004) and Khan et al. (2006) have characterized

the distributions based on conditional expectation conditioned on adjacent and non-adjacent

gos. Ahsanullah and Beg (2008) and Ahsanullah et al. (2009) have characterized continu-

ous distributions through conditional expectation of gos conditioned on pair of adjacent and

non-adjacent gos. Further, Bieniek (2009), Khan and Khan (2011) have characterized the

continuous distribution functions conditioned on non-adjacent gos using Meijer’s G-Function.
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Later, Khan et al. (2012) extended the result of Bieniek (2009), Khan and Khan (2011) and

characterized the continuous distributions conditioned on a pair of non-adjacent gos. Re-

cently Noor et al. (2014) characterized the continuous distributions by taking the conditional

expectation

gr,s,p = E[{ψ(X(s, n, m̃, k))− ψ(X(r, n, m̃, k))}p | X(r, n, m̃, k) = x]

In this Chapter, motivated by the work of Noor et al. (2014), we have investigated

the characterization of the continuous distribution functions by considering the conditional

expectation

gpr,s(x, y) = E[{ψ(X(j, n, m̃, k))− ψ(X(r, n, m̃, k))}p | X(r, n, m̃, k) = x,X(s, n, m̃, k) = y]

(4.1.1)

and

ξpr,s(x, y) = E[{ψ(X(s, n, m̃, k))− ψ(X(j, n, m̃, k))}p | X(r, n, m̃, k) = x,X(s, n, m̃, k) = y],

(4.1.2)

where 1 ≤ r < j < s ≤ n, p ≥ 1, using Meijer’s G-Function. Further, we have assumed

that ψ : R → R is strictly increasing function. Where gpr,s(x, y) and ξpr,s(x, y) are finite and

differentiable function of x and y respectively and we have derived the characterization result

based on gpr,s(x, y) and ξpr,s(x, y) respectively and deduced some examples based on the results

4.2 Characterization of Probability Distributions

Let X(i, n, m̃, k), i = 1, 2, ..., n be the gos from a continuous population with the pdf f(x)

and df F (x) over the support (α, β).

Hence the conditional PF density function of X(j, n, m̃, k) given X(r, n, m̃, k) = x and
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X(s, n, m̃, k) = y, 1 6 r < j < s 6 n is given by

fj|r,s(t | x, y) =
1

F̄ (t)

Gs−j
(
F̄t(y) | γj+1, ..., γs

)
Gj−r

(
F̄x(t) | γr+1, ..., γj

)
Gs−r

(
F̄x(y) | γr+1, ..., γs

) I(x,y)(t) (4.2.1)

Theorem 4.1: Let X(i, n, m̃, k), i = 1, ..., n be the ith gos from a continuous population with

pdf f(x) and the df F (x) over the support(α, β). Let ψ : R→ R is strictly increasing function

and E|[ψ(X(s, n, m̃, k))−ψ(X(l, n, m̃, k)]|p <∞, for l = r, r+1. If for two consecutive values

r and (r + 1), 1 < r + 1 < j < s ≤ n,

gpl,s(x, y) = E[{ψ(X(j, n, m̃, k))− ψ(X(l, n, m̃, k))}p | X(l, n, m̃, k) = x,X(s, n, m̃, k) = y],

l = r, r + 1,

(4.2.2)

exist, then

(γr+1 − 1)
f(x)

F̄ (x)
−

∂

∂x
Gs−r

(
F̄x(y) | γr+1, ..., γs

)
Gs−r

(
F̄x(y) | γr+1, ..., γs

) =
pψ′(x)gp−1

r,s (x, y) +
∂

∂x
gpr,s(x, y)[

gpr,s(x, y)− gpr+1,s(x, y)
] (4.2.3)

and

Gs−r
(
F̄x(y) | γr+1 − γr+1 + 1, ..., γs − γr+1 + 1

)
Gs−r

(
F̄ (y) | γr+1 − γr+1 + 1, ..., γs − γr+1 + 1

) = exp

(
−
∫ x

α

D1(t, y)dt

)
(4.2.4)

where gpr,s is a finite and differentiable function of x and

D1(x, y) =
pψ′(x)gp−1

r,s (x, y) +
∂

∂x
gpr,s(x, y)[

gpr,s(x, y)− gpr+1,s(x, y)
] (4.2.5)
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Proof : We have

gpr,s(x, y)Gs−r
(
F̄x(y) | γr+1, ..., γs

)
=

∫ y

x

[ψ(t)− ψ(x)]p

F̄ (t)
Gs−j

(
F̄t(y) | γj+1, ..., γs

)
×Gj−r

(
F̄x(t) | γr+1, ..., γj

)
f(t)dt

Differentiating both the sides w.r.t. x and using the property (vi) from Auxilliary Results

(Chapter 1), we have

∂

∂x
gpr,s(x, y)Gs−r

(
F̄x(y) | γr+1, ..., γs

)
+ gpr,s(x, y)(γr+1 − 1)Gs−r

(
F̄x(y) | γr+1, ..., γs

) f(x)

F̄ (x)

− gpr,s(x, y)Gs−r−1

(
F̄x(y) | γr+2, ..., γs

) f(x)

F̄ (x)
= −pψ′(x)gp−1

r,s (x, y)Gs−r
(
F̄x(y) | γr+1, ..., γs

)
+ gpr,s(x, y)(γr+1 − 1)Gs−r

(
F̄x(y) | γr+1, ..., γs

) f(x)

F̄ (x)
− gpr+1,s(x, y)Gs−r−1

(
F̄x(y) | γr+2, ..., γs

)
× f(x)

F̄ (x)

After rearranging the terms, we get

f(x)

F̄ (x)
Gs−r−1

(
F̄x(y) | γr+2, ..., γs

)
Gs−r

(
F̄x(y) | γr+1, ..., γs

) =
pψ′(x)gp−1

r,s (x, y) +
∂

∂x
gpr,s(x, y)[

gpr,s(x, y)− gpr+1,s(x, y)
]

⇒

f(x)

F̄ (x)
(γr+1 − 1)Gs−r

(
F̄x(y) | γr+1, ..., γs

)
− ∂

∂x
Gs−r

(
F̄x(y) | γr+1, ..., γs

)
Gs−r

(
F̄x(y) | γr+1, ..., γs

)
=
pψ′(x)gp−1

r,s (x, y) +
∂

∂x
gpr,s(x, y)[

gpr,s(x, y)− gpr+1,s(x, y)
]
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Implying that

(γr+1 − 1)
f(x)

F̄ (x)
−

∂

∂x
Gs−r

(
F̄x(y) | γr+1, ..., γs

)
Gs−r

(
F̄x(y) | γr+1, ..., γs

) =
pψ′(x)gp−1

r,s (x, y) +
∂

∂x
gpr,s(x, y)[

gpr,s(x, y)− gpr+1,s(x, y)
] ,

and hence the theorem follows.

Corollary 4.1

Using the theorem of residue’s under the condition that γi 6= γj, ∀ i, j = r + 1, . . ., s

For i 6= j, it can be proved that Cramer et al. (2004b, p. 36)

Gs−r
(
F̄x(y) | γr+1, ..., γs

)
=

(
s∑

i=r+1

a
(r)
i (s)F̄x(y)

γi−1

)
, (4.2.6)

where a
(r)
i (s) =

s∏
j=r+1,j 6=i

1

(γj − γi)
, γj 6= γi, r + 1 ≤ i ≤ s ≤ n.

Therefore, in this case, equation (4.2.4) reduces to

[
F̄ (x)

]γr+1Bs
r(x, y)

Bs
r(α, y)

= exp

(
−
∫ x

α

D1(t, y)dt

)
, (4.2.7)

where

Bs
r(x, y) =

s∑
i=r+1

a
(r)
i (s)

[
F̄x(y)

]γi
Also since, for m1 = · · · = mn−1 = m 6= −1,

a
(r)
i (s) =

1
s∏

j=r+1,j 6=i
(γj − γi)

=
(−1)s−i

(m+ 1)s−r−1(s− r − 1)!

(
s− r − 1

s− i

)
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Thus, for m1 = · · · = mn−1 = m 6= −1, equation (4.2.4) reduces to

1− {F̄ (x)}m+1

1− {F̄ (y)}m+1
= 1− exp

[
− 1

(s− r − 1)

∫ x

α

D1(t, y)dt

]
, m 6= −1 (4.2.8)

and when γr+1 = γr+2 = · · · = γs i.e. in case of record statistics see Cramer (p. 35)(2002)

Gs−r
(
F̄x(y) | γr+1, ..., γs

)
=

1

(s− r − 1)!

[
− log F̄ (y) + log F̄ (x)

]s−r−1[
F̄x(y)

]γr+1−1
(4.2.9)

equation (4.2.4) reduces to

log{F̄ (x)}
log{F̄ (y)}

= 1− exp

[
− 1

(s− r − 1)

∫ x

α

D1(t, y)dt

]
, m = −1. (4.2.10)

Theorem 4.2: Let X(i, n, m̃, k), i = 1, 2, . . . , n be the ith gos from a continuous population

with pdf f(x) and the df F (x) over the support (α, β). Suppose ψ : R → R is strictly

increasing function and E|[ψ(X(l, n, m̃, k)) − ψ(X(j, n, m̃, k)]|p < ∞, for l = s − 1, s. If for

two consecutive values s− 1 and s, 1 ≤ r + 1 < j < s− 1 < n,

ξpr,l(x, y) = E[{ψ(X(l, n, m̃, k))− ψ(X(j, n, m̃, k))}p | X(r, n, m̃, k) = x,X(l, n, m̃, k) = y],

l = s− 1, s

(4.2.11)

then

(γs − 1)
f(y)

F̄ (y)
−

∂

∂y
Gs−r

(
F̄x(y) | γr+1, ..., γs

)
Gs−r

(
F̄x(y) | γr+1, ..., γs

) =

∂

∂y
ξpr,s(x, y)− pψ′(y)ξp−1

r,s (x, y)[
ξpr,s(x, y)− ξpr,s−1(x, y)

] (4.2.12)

The following two cases will arrise:

77



Case (i): when min(γr+1, γr+2, ..., γs−1) > γs, then

Gs−r
(
F̄x(y) | γr+1 − γs + 1, ..., γs − γs + 1

)
= a(r)

s (s) exp

[
−
∫ β

y

D2(x, t)dt

]
(4.2.13)

Case (ii): when min(γr+1, γr+2, ..., γs−1) ≤ γs, then the characterizing result is

Gs−r
(
F̄x(y) | γr+1 − γs + 1, ..., γs − γs + 1

)
= exp

[
−
∫ q

y

D2(x, t)dt

]
, (4.2.14)

where q is defined as

q = inf{z ∈ (α, β) : Gs−r
(
F̄x(z) | γr+1 − γs + 1, ..., γs − γs + 1

)
≥ 1} (4.2.15)

and

D2(x, y) =

∂

∂y
ξpr,s(x, y)− pψ′(y)ξp−1

r,s (x, y)[
ξpr,s(x, y)− ξpr,s−1(x, y)

] (4.2.16)

Proof : We have

ξpr,s(x, y)Gs−r
(
F̄x(y) | γr+1, ..., γs

)
=

∫ y

x

[ψ(y)− ψ(t)]p

F̄ (t)
Gs−j

(
F̄t(y) | γj+1, ..., γs

)
×Gj−r

(
F̄x(t) | γr+1, ..., γj

)
f(t)dt

On Differentiating both the sides w.r.t. y and using the property (v) of Auxilliary Results

(Chapter 1), we get

∂

∂y
ξpr,s(x, y)Gs−r

(
F̄x(y) | γr+1, ..., γs

)
− ξpr,s(x, y)(γs − 1)Gs−r

(
F̄x(y) | γr+1, ..., γs

) f(y)

F̄ (y)

+ ξpr,s(x, y)Gs−r−1

(
F̄x(y) | γr+1, ..., γs−1

) f(y)

F̄ (y)
= pψ′(y)ξp−1

r,s (x, y)Gs−r
(
F̄x(y) | γr+1, ..., γs

)
− ξpr,s(x, y)(γs − 1)Gs−r

(
F̄x(y) | γr+1, ..., γs

) f(y)

F̄ (y)
+ ξpr,s−1(x, y)Gs−r−1

(
F̄x(y) | γr+1, ..., γs−1

)
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× f(y)

F̄ (y)

After rearranging the terms, we get

f(y)

F̄ (y)
Gs−r−1

(
F̄x(y) | γr+1, ..., γs−1

)
Gs−r

(
F̄x(y) | γr+1, ..., γs

) =

∂

∂y
ξpr,s(x, y)− pψ′(y)ξp−1

r,s (x, y)[
ξpr,s(x, y)− ξpr,s−1(x, y)

]

⇒

f(y)

F̄ (y)
(γs − 1)Gs−r

(
F̄x(y) | γr+1, ..., γs

)
− ∂

∂y
Gs−r

(
F̄x(y) | γr+1, ..., γs

)
Gs−r

(
F̄x(y) | γr+1, ..., γs

)
=

∂

∂y
ξpr,s(x, y)− pψ′(y)ξp−1

r,s (x, y)[
ξpr,s(x, y)− ξpr,s−1(x, y)

]
Implying that

(γs − 1)
f(y)

F̄ (y)
−

∂

∂y
Gs−r

(
F̄x(y) | γr+1, ..., γs

)
Gs−r

(
F̄x(y) | γr+1, ..., γs

) =

∂

∂y
ξpr,s(x, y)− pψ′(y)ξp−1

r,s (x, y)[
ξpr,s−1(x, y)− ξpr,s(x, y)

]

It can be seen that when min(γr+1, γr+2, ..., γs−1) > γs,

Gs−r(x | γr+1 − γs + 1, ..., γs − γs + 1)→ a
(r)
s (s) as x→ 0.

Therefore,

Gs−r
(
F̄x(y) | γr+1 − γs + 1, ..., γs − γs + 1

)
= a

(r)
s (s) exp

[
−
∫ β
y
D2(x, t)dt

]
.

Further, when min(γr+1, γr+2, ..., γs−1) ≤ γs

In this case, Gs−r(x | γr+1 − γs + 1, ..., γs − γs + 1)→∞ as x→ 0 (see Lemma 2.2: Cramer

et. al.(2004b).

Thus, in this case, the characterization result is Gs−r
(
F̄x(y) | γr+1 − γs + 1, ..., γs − γs + 1

)
=
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exp
[
−
∫ q
y
D2(x, t)dt

]
, where q is defined in equation (4.2.15).

Corollary 4.2

It may be noted that at γi 6= γj but m1 = · · · = mn−1 = m > −1

Gs−r
(
F̄x(y) | γr+1 − γs + 1, ..., γs − γs + 1

)
a

(r)
s (s)

=
s∑

i=r+1

a
(r)
i (s)(F̄x(y))γi−γs

=
[
1− (F̄x(y))m+1

]s−r−1

Therefore, it reduces to

[F̄x(y)]m+1 = 1− exp

[
− 1

(s− r − 1)

∫ β

y

D2(x, t)dt

]
, m > −1. (4.2.17)

Also for γr+1 = · · · = γs, i.e. in case of records and using equations (4.2.10), (4.2.14) reduces

to

{1 + log F̄ (y)}
{1 + log F̄ (x)}

= 1− exp

[
− 1

(s− r − 1)

∫ q

y

D2(x, t)dt

]
(4.2.18)

where q is as defined as q = inf
{
z ∈ (α, β) : z ≥ F−1

(
e−1
e

)}
.

Corollary 4.3

Under the assumptions given in Corollary 4.1 and Corollary 4.2,

F̄ (x) =

[
eI1

eI1 + eI2 − 1

] 1

m+ 1
, m > −1 (4.2.19)
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and

F̄ (y) =

[
eI2 − 1

eI1 + eI2 − 1

] 1

m+ 1
, m > −1 (4.2.20)

where I1 =
∫ x
α
A1(t, y)dt, I2 =

∫ β
y
A2(x, t)dt andA1(x, y) =

D1(x, y)

(s− r − 1)
, A2(x, y) =

D2(x, y)

(s− r − 1)

Similarly, for records, we have

F̄ (x) = exp

[
− eI1 − 1

eI1 + eI2 − 1

]
, m = −1 (4.2.21)

and

F̄ (y) = exp

[
− eI1

eI1 + eI2 − 1

]
, m = −1. (4.2.22)
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4.3 Examples

In this Section, continuous distribution is characterized under the condition stated in

Corollary 4.1 and Corollary 4.2 respectively. Based on gpr,s(x, y) and ψpr,s(x, y), these result

can be utilized to get the answer that from which distribution the sample is being obtained.

Also any intermediate gos can be predicted if we have information about X(r, n, m̃, k) and

X(s, n, m̃, k), r < s for a family of distribution.

(i) For m1 = ... = mn−1 = m ≥ −1

gpr,s(x, y) = [ψ(y)− ψ(x)]p
Γ(s− r)Γ(p+ j − r)
Γ(j − r)Γ(p+ s− r)

(4.3.1)

If and only if

1− {F̄ (x)}m+1 = aψ(x) + b, m > −1 (4.3.2)

where F (x) is so chosen that aψ(β) + b = 1. And for record values

F (x) = 1− e−[aψ(x)+b], m = −1 (4.3.3)

Provided that there exist a q ∈ (α, β) such that aψ(q) + b = 1.

Proof : For m1 = · · · = mn−1 = m 6= −1, the value of gpr,s(x, y) is given by

gpr,s(x, y) = Cr,j,s(m+ 1)

∫ y

x

[ψ(t)− ψ(x)]p

[F̄ (x)
m+1 − F̄ (y)

m+1
]

[
1− [F̄ (x)

m+1 − F̄ (t)
m+1

]

[F̄ (x)
m+1 − F̄ (y)

m+1
]

]s−j−1

×

[
[F̄ (x)

m+1 − F̄ (t)
m+1

]

[F̄ (x)
m+1 − F̄ (y)

m+1
]

]j−r−1

[F̄ (t)]
m
f(t)dt,
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where

Cr,j,s =
Γ(s− r)

Γ(j − r)Γ(s− j)

Now, To prove the necessary part i.e. equation (4.3.2) implies (4.3.1), we have

gpr,s(x, y) = Cr,j,s

∫ y

x

[ψ(t)− ψ(x)]p

[ψ(y)− ψ(x)]

[
1− [ψ(t)− ψ(x)]

[ψ(y)− ψ(x)]

]s−j−1[
[ψ(t)− ψ(x)]

[ψ(y)− ψ(x)]

]j−r−1

× ψ′(t)dt

Set u =

[
[ψ(t)− ψ(x)]

[ψ(y)− ψ(x)]

]

Therefore,

gpr,s(x, y) = Cr,j,s[ψ(y)− ψ(x)]p
∫ 1

0

up+j−r−1(1− u)s−j−1du

= [ψ(y)− ψ(x)]p
Γ(s− r)

Γ(j − r)Γ(s− j)
Γ(s− j)Γ(p+ j − r)
Γ(p+ j − r + s− j)

gpr,s(x, y) = [ψ(y)− ψ(x)]p
Γ(s− r)Γ(p+ j − r)
Γ(j − r)Γ(p+ s− r)

Now, To prove the sufficiency part i.e. equation (4.3.1) implies (4.3.2), we have

gpr,s(x, y)[B(x, y)]s−r−1 = Cr,j,s(m+ 1)

∫ y

x

[Ψ(t)−Ψ(x)]p[B(x, t)]j−r−1[B(t, y)]s−j−1

× [F̄ (t)]
m
f(t)dt

On Differentiating both the sides w.r.t. x, and rearranging we get

A1(x, y) =
(m+ 1)f(x)[F̄ (x)]

m

B(x, y)
=

pψ′(x)gp−1
r,s (x, y) + ∂

∂x
gpr,s(x, y)

(s− r − 1)
[
gpr,s(x, y)− gpr+1,s(x, y)

] ,
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Now consider,

pΨ
′
(x)gp−1

r,s (x, y) +
∂

∂x
gpr,s(x, y)

= pΨ
′
(x)[Ψ(y)−Ψ(x)]p−1 Γ(s− r)Γ(p+ j − r − 1)

Γ(j − r)Γ(p+ s− r − 1)

− pΨ′(x)[Ψ(y)−Ψ(x)]p−1 Γ(s− r)Γ(p+ j − r)
Γ(j − r)Γ(p+ s− r)

= pΨ
′
(x)[Ψ(y)−Ψ(x)]p−1

[
Γ(s− r)Γ(p+ j − r − 1)

Γ(j − r)Γ(p+ s− r − 1)
− Γ(s− r)Γ(p+ j − r)

Γ(j − r)Γ(p+ s− r)

]

= p(s− j)Ψ′(x)[Ψ(y)−Ψ(x)]p−1 Γ(s− r)Γ(p+ j − r − 1)

Γ(j − r)Γ(p+ s− r)

and

gpr,s(x, y)− gpr+1,s(x, y)

= [Ψ(y)−Ψ(x)]p
Γ(s− r)Γ(p+ j − r)
Γ(j − r)Γ(p+ s− r)

− [Ψ(y)−Ψ(x)]p
Γ(s− r − 1)Γ(p+ j − r − 1)

Γ(j − r − 1)Γ(p+ s− r − 1)

= [Ψ(y)−Ψ(x)]p
[

Γ(s− r)Γ(p+ j − r)
Γ(j − r)Γ(p+ s− r)

− Γ(s− r − 1)Γ(p+ j − r − 1)

Γ(j − r − 1)Γ(p+ s− r − 1)

]

= p(s− j)[Ψ(y)−Ψ(x)]p
Γ(s− r − 1)Γ(p+ j − r − 1)

Γ(j − r)Γ(p+ s− r)

Therefore, we have

A1(x, y) =
p(s− j)Ψ′(x)[Ψ(y)−Ψ(x)]p−1 Γ(s−r)Γ(p+j−r−1)

Γ(j−r)Γ(p+s−r)

(s− r − 1)p(s− j)[Ψ(y)−Ψ(x)]p Γ(s−r−1)Γ(p+j−r−1)
Γ(j−r)Γ(p+s−r)

A1(x, y) =
Ψ
′
(x)

[Ψ(y)−Ψ(x)]
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Now, we get from equation (4.2.8)

1− {F̄ (x)}m+1

1− {F̄ (y)}m+1
=
aψ(x) + b

aψ(y) + b
, m > −1 (4.3.4)

The solution of equation (4.3.4) is

1− {F̄ (x)}m+1 = K[aψ(x) + b],

where K is constant of integration. Thus, as x → β, aψ(x) + b → 1, and the value of K is

one and hence the sufficient part. Similarly we can prove the result for records.

(ii) For m1 = · · · = mn−1 = m ≥ −1,

ξpr,s(x, y) = [ψ(y)− ψ(x)]p
Γ(s− r)Γ(p+ s− j)
Γ(s− j)Γ(p+ s− r)

(4.3.5)

If and only if

1− {F̄ (y)}m+1 = aψ(y) + b, m > −1 (4.3.6)

here, F (y) is so chosen that aψ(α) + b = 1.

And for records

F (y) = 1− e−[aψ(y)+b], m = −1 (4.3.7)

85



Provided that there exists a q ∈ (α, β) such that aψ(q) + b = 1 .

Proof : For m1 = · · · = mn−1 = m 6= −1, the value of ψpr,s(x, y) is given by

ξpr,s(x, y) = Cr,j,s(m+ 1)

∫ y

x

[ψ(y)− ψ(t)]p

[F̄ (x)
m+1 − F̄ (y)

m+1
]

[
1− [F̄ (x)

m+1 − F̄ (t)
m+1

]

[F̄ (x)
m+1 − F̄ (y)

m+1
]

]s−j−1

×

[
[F̄ (x)

m+1 − F̄ (t)
m+1

]

[F̄ (x)
m+1 − F̄ (y)

m+1
]

]j−r−1

[F̄ (t)]
m
f(t)dt

Now to prove the necessary part i.e. equation (4.3.6) implies (4.3.5), we have

ξpr,s(x, y) =

∫ y

x

Cr,j,s
[ψ(y)− ψ(t)]p

[ψ(y)− ψ(x)]

[
1− [ψ(y)− ψ(t)]

[ψ(y)− ψ(x)]

]j−r−1[
[ψ(y)− ψ(t)]

[ψ(y)− ψ(x)]

]s−j−1

× ψ′(t)dt

Set v =

[
[ψ(y)− ψ(t)]

[ψ(y)− ψ(x)]

]
Therefore,

ξpr,s(x, y) = Cr,j,s[ψ(y)− ψ(x)]p
∫ 1

0

vp+s−j−1(1− v)j−r−1dv

= [ψ(y)− ψ(x)]p
Γ(s− r)

Γ(j − r)Γ(s− j)
Γ(j − r)Γ(p+ s− j)
Γ(p+ s− j + j − r)

ξpr,s(x, y) = [ψ(y)− ψ(x)]p
Γ(s− r)Γ(p+ s− j)
Γ(s− j)Γ(p+ s− r)

Now to prove the sufficient part i.e. equation(4.3.5) implies (4.3.6), we have

ξpr,s(x, y)[B(x, y)]s−r−1 = Cr,j,s(m+ 1)

∫ y

x

[Ψ(t)−Ψ(x)]p[B(x, t)]j−r−1[B(t, y)]s−j−1

× [F̄ (t)]
m
f(t)dt

On Differentiating both the sides w.r.t. y, and rearranging we get

A2(x, y) =
f(y)

F̄ (y)B(x, y)
=

pΨ
′
(y)ξp−1

r,s (x, y)− ∂
∂y
ξpr,s(x, y)

(s− r − 1)[ξpr,s(x, y)− ξpr,s−1(x, y)]
(4.3.8)
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Now consider,

pΨ
′
(y)ξp−1

r,s (x, y)− ∂

∂y
ξpr,s(x, y)

= pΨ
′
(y)[Ψ(y)−Ψ(x)]p−1 Γ(s− r)Γ(p+ s− j − 1)

Γ(s− j)Γ(p+ s− r − 1)

− pΨ′(y)[Ψ(y)−Ψ(x)]p−1 Γ(s− r)Γ(p+ s− j)
Γ(s− j)Γ(p+ s− r)

= pΨ
′
(y)[Ψ(y)−Ψ(x)]p−1

[
Γ(s− r)Γ(p+ s− j − 1)

Γ(s− j)Γ(p+ s− r − 1)
− Γ(s− r)Γ(p+ s− j)

Γ(s− j)Γ(p+ s− r)

]
= p(j − r)Ψ′(y)[Ψ(y)−Ψ(x)]p−1 Γ(s− r)Γ(p+ s− j1)

Γ(s− j)Γ(p+ s− r)

and

ξpr,s(x, y)− ξpr,s−1(x, y)

= [Ψ(y)−Ψ(x)]p
Γ(s− r)Γ(p+ s− j)
Γ(s− j)Γ(p+ s− r)

− [Ψ(y)−Ψ(x)]p
Γ(s− r − 1)Γ(p+ s− j − 1)

Γ(s− j − 1)Γ(p+ s− r − 1)

= [Ψ(y)−Ψ(x)]p
[

Γ(s− r)Γ(p+ s− j)
Γ(s− j)Γ(p+ s− r)

− Γ(s− r − 1)Γ(p+ s− j − 1)

Γ(s− j − 1)Γ(p+ s− r − 1)

]
= p(j − r)[Ψ(y)−Ψ(x)]p

Γ(s− r − 1)Γ(p+ s− j − 1)

Γ(s− j)Γ(p+ s− r)

Therefore, in view of equation (4.3.8), we have

A2(x, y) =
p(j − r)Ψ′(y)[Ψ(y)−Ψ(x)]p−1 Γ(s−r)Γ(p+s−j−1)

Γ(s−j)Γ(p+s−r)

(s− r − 1)p(j − r)[Ψ(y)−Ψ(x)]p Γ(s−r−1)Γ(p+s−j−1)
Γ(s−j)Γ(p+s−r)

A2(x, y) =
Ψ
′
(y)

[Ψ(y)−Ψ(x)]

Now, in view of equation (4.2.17), we get

{F̄ (y)}m+1

{F̄ (x)}m+1
=
aψ(y) + b

aψ(x) + b
, m > −1 (4.3.9)
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The solution of equation (4.3.9) is

{F̄ (y)}m+1 = K[aψ(y) + b],

where K is constant of integration. Thus, as y → α, aψ(y) + b → 1, and the value of K is

one and hence the sufficient part. Similarly we can prove the result for records.
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4.4 Conclusion

In real problem, a statistician is often interested in guessing the distribution from which

the true data is obtained. Characterization problem is theoretical approach to obtain the

distribution function if certain condition is fulfilled. A probability distribution can be charac-

terized in many ways and the method under study here is one of them. We have used here the

conditional expectation of generalized order statistics conditioned on a pair of non-adjacent

generalized order statistics, i.e. We have used the regression equation which is truncated at

both sides, left side at point x and right side at point y. In many real problems, we find the

data which is truncated from both ends. In those cases, we can use the result obtained in this

Chapter to get the answer that from which population the sample is drawn. Keeping this in

view, we have characterized the probability distributions through the difference of pth, (p ≥ 1)

power of two generalized order statistics (gos) conditioned on a pair of two non-adjacent gos

using Meijer’s G-Function. Further, this result can be utilized in case of ordinary order statis-

tics, record values, sequential order statistics, order statistics with non integral sample size,

Pfeifer record values and progressive type II right censored order statistics.
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Chapter 5

On Exact Moments of Order Statistics

from Lindley Distribution

5.1 Introduction

A random variable X is said to follow Lindley distribution if its (pdf ) is of the form

f(x, θ) =
θ2

1 + θ
(1 + x)e−θx, x > 0, θ > 0 (5.1.1)

and the corresponding (df ) is

F (x) = 1−
[
1 +

θx

1 + θ

]
e−θx, x > 0, θ > 0 (5.1.2)

The basic concept of order statistics is given in Chapter 1 and the moments of order statis-

tics for some specific distributions are investigated by several authors such as Malik (1966)

derived the expression for moments of order statistics from Pareto distribution. Malik (1967)
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obtained the explicit expression for moments of order statistics of power function distribution.

Further, Khan and Khan (1987) obtained the moments of order statistics from Burr distribu-

tion. Recently Athar et al. (2011) has obtained moments of order statistics from extended

type-I generalized logistic distribution. In this Chapter, we have obtained the explicit expres-

sions for the moments of order statistics from Lindley distribution. Further, the mean and

covariance of the order statistics from Lindley distribution has been computed.

5.2 Moment of Order Statistics from Lindley Distribu-

tion

In this Section, explicit expression for single and product moment of order statistics are

obtained from Lindley distribution.

Theorem 5.1: The single moment of order statistic from Lindley distribution is given by

αpr:n = Cr:n

r−1∑
j=0

n−r+j∑
k=0

(
r − 1

j

)(
n− r + j

k

)
(−1)j

θ2+k

(1 + θ)1+k

×

[
Γ(p+ k + 1)

{θ(n− r + j + 1)}p+k+1
+

Γ(p+ k + 2)

{θ(n− r + j + 1)}p+k+2

]
, p ∈ N (5.2.1)

Proof : In view of equations (1.2.1), (5.1.1) and (5.1.2), we have

αpr:n = Cr:n

∞∫
0

xp [F (x)]r−1 [1− F (x)]n−r f(x)dx

= Cr:n

∞∫
0

xp
[
1−

(
1 +

θx

1 + θ

)
e−θx

]r−1 [(
1 +

θx

1 + θ

)
e−θx

]n−r
θ2

1 + θ
(1 + x)e−θxdx

Expanding the terms inside the brackets Binomially, we get

= Cr:n
θ2

1 + θ

r−1∑
j=0

(
r − 1

j

)
(−1)j

∞∫
0

xp
[(

1 +
θx

1 + θ

)]n−r+j
e−θx(n−r+j+1)(1 + x)dx
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= Cr:n

r−1∑
j=0

(
r − 1

j

)
(−1)j

n−r+j∑
k=0

(
n− r + j

k

)
θ2+k

(1 + θ)1+k

∞∫
0

xp+k(1 + x)

× e−θx(n−r+j+1)dx

= Cr:n

r−1∑
j=0

n−r+j∑
k=0

(
r − 1

j

)(
n− r + j

k

)
(−1)j

θ2+k

(1 + θ)1+k

×

 ∞∫
0

xp+k+1−1e−θx(n−r+j+1)dx+

∞∫
0

xp+k+2−1e−θx(n−r+j+1)

 dx

αpr:n = Cr:n

r−1∑
j=0

n−r+j∑
k=0

(
r − 1

j

)(
n− r + j

k

)
(−1)j

θ2+k

(1 + θ)1+k

×

[
Γ(p+ k + 1)

{θ(n− r + j + 1)}p+k+1
+

Γ(p+ k + 2)

{θ(n− r + j + 1)}p+k+2

]

Hence the theorem follows.

Theorem 5.2: The product moment of order statistic from Lindley distribution is given by

αp,qr,s:n = Cr,s:n

r−1∑
k=0

s−r−1∑
i=0

n−s+i∑
j=0

k+s−r−i−1∑
l=0

(
s− r − 1

i

)(
r − 1

k

)(
k + s− r − i− 1

l

)(
n− s+ i

j

)

× (−1)i+k
θ4+j+l

(1 + θ)2+j+l

Γ(q + j + 1)

[θ(n− s+ i+ 1)]q+j

[
q+j∑
m=0

[θ(n− s+ i+ 1)]m

m!

+

q+j+1∑
m=0

(q + j + 1)

[θ(n− s+ i+ 1)]1−mm!

(
Γ(l + p+m+ 1)

[θ(k − r + n+ 1)]l+p+m+1

+
Γ(l + p+m+ 2)

[θ(k − r + n+ 1)]l+p+m+2

)]
, 1 ≤ r < s ≤ n, p, q ∈ N (5.2.2)
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Proof : In view of equation (1.2.9), we have

αp,qr,s:n = Cr,s:n

∞∫
0

∞∫
x

xpyq[F (x)]r−1 [F (y)− F (x)]s−r−1 [1− F (y)]n−sf(x)f(y)dxdy,

= Cr,s:n

s−r−1∑
i=0

(
s− r − 1

i

)
(−1)i

∞∫
0

xp[F (x)]r−1 [F̄ (x)
]s−r−1−i

f(x)I(x)dx

where

I(x) =

 ∞∫
x

yq
[
F̄ (y)

]n−s+i
f(y)dy


=

θ2

(1 + θ)

∞∫
x

yq
[(

1 +
θy

1 + θ

)
e−θy

]n−s+i
e−θy(1 + y)dy

Therefore,

I(x) =
θ2

(1 + θ)

 ∞∫
x

yq
(

1 +
θy

1 + θ

)n−s+i
e−θy(n−s+i+1)dy

+

∞∫
x

yq+1

(
1 +

θy

1 + θ

)n−s+i
e−θy(n−s+i+1)dy


Proceeding similarly as in Theorem 5.1 and after some simple algebraic computations, it can

be shown that

I(x) =
θ2

(1 + θ)
(I1 + I2)

I1 =

∞∫
x

yq
(

1 +
θy

1 + θ

)n−s+i
e−θy(n−s+i+1)dy

=
n−s+i∑
j=0

(
n− s+ i

j

)(
θ

1 + θ

)j ∞∫
x

yq+je−θy(n−s+i+1)dy
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Let us substitute θy(n− s+ i+ 1) = u,

I1 =
n−s+i∑
j=0

(
n− s+ i

j

)(
θ

1 + θ

)j
Γ(q + j + 1)

[θ(n− s+ i+ 1)]q+j+1

1

Γ(q + j + 1)

∞∫
θx(n−s+i+1)

uq+j+1−1e−udu

where Γ[a, x] =
∞∫
x

ua−1e−udu is incomplete gamma function, On using the relationship between

incomplete gamma function and poisson distribution from [Saleh and Rohatgi (2000) p.218,

15], we get

I1 =
n−s+i∑
j=0

(
n− s+ i

j

)(
θ

1 + θ

)j
Γ(q + j + 1)

[θ(n− s+ i+ 1)]q+j+1

q+j∑
m=0

e−θx(n−s+i+1) [θx(n− s+ i+ 1)]m

m!

Similarly,

I2 =
n−s+i∑
j=0

(
n− s+ i

j

)(
θ

1 + θ

)j
Γ(q + j + 2)

[θ(n− s+ i+ 1)]q+j+2 e
−θx(n−s+i+1)

×
q+j+1∑
m=0

[θx(n− s+ i+ 1)]m

m!

I(x) =
n−s+i∑
j=0

(
n− s+ i

j

)
θ2+j

(1 + θ)1+j

Γ(q + j + 1)

[θ(n− s+ i+ 1)]q+j+1 e
−θx(n−s+i+1)

×

[
q+j∑
m=0

[θx(n− s+ i+ 1)]m

m!
+

(q + j + 1)

[θ(n− s+ i+ 1)]

q+j+1∑
m=0

[θx(n− s+ i+ 1)]m

m!

]

Thus,

αp,qr,s:n = Cr,s:n

s−r−1∑
i=0

(
s− r − 1

i

)
(−1)i

∞∫
0

xp [F (x)]r−1 [F̄ (x)
]s−r−i−1

f(x)I(x)dx

= Cr,s:n

s−r−1∑
i=0

(
s− r − 1

i

)
(−1)i

θ2

1 + θ

∞∫
0

xp
[
1−

(
1 +

θx

1 + θ

)
e−θx

]r−1
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×
[(

1 +
θx

1 + θ

)
e−θx

]s−r−i−1

(1 + x)e−θxI(x)dx

= Cr,s:n

s−r−1∑
i=0

(
s− r − 1

i

) r−1∑
k=0

(
r − 1

k

)
(−1)i+k

θ2

1 + θ

∞∫
0

xp(1 + x)e−θx

×
[(

1 +
θx

1 + θ

)
e−θx

]k+s−r−i−1

I(x)dx

αp,qr,s:n = Cr,s:n

r−1∑
k=0

s−r−1∑
i=0

k+s−r−i−1∑
l=0

θl+2

(1 + θ)l+1
(−1)i+k

(
s− r − 1

i

)(
r − 1

k

)

×
(
k + s− r − i− 1

l

) ∞∫
0

xl+pe−θx(k+s−r−i) +

∞∫
0

xl+p+1e−θx(k+s−r−i)

I(x)dx

αp,qr,s:n = Cr,s:n

r−1∑
k=0

s−r−1∑
i=0

n−s+i∑
j=0

k+s−r−i−1∑
l=0

θ4+j+l

(1 + θ)2+j+l
(−1)i+k

(
s− r − 1

i

)(
r − 1

k

)(
n− s+ i

j

)

×
(
k + s− r − i− 1

l

) ∞∫
0

xl+pe−θx(k+s−r−i) +

∞∫
0

xl+p+1e−θx(k+s−r−i)


× Γ(q + j + 1)

[θ(n− s+ i+ 1)]q+j+1 e
−θx(n−s+i+1)

[
q+j∑
m=0

[θx(n− s+ i+ 1)]m

m!

+
(q + j + 1)

[θ(n− s+ i+ 1)]

q+j+1∑
m=0

[θx(n− s+ i+ 1)]m

m!

]
dx

Implying that

αp,qr,s:n = Cr,s:n

r−1∑
k=0

s−r−1∑
i=0

n−s+i∑
j=0

k+s−r−i−1∑
l=0

(
s− r − 1

i

)(
r − 1

k

)(
k + s− r − i− 1

l

)(
n− s+ i

j

)

× (−1)i+k
θ4+j+l

(1 + θ)2+j+l

Γ(q + j + 1)

[θ(n− s+ i+ 1)]q+j

[
q+j∑
m=0

[θ(n− s+ i+ 1)]m

m!

+

q+j+1∑
m=0

(q + j + 1)

[θ(n− s+ i+ 1)]1−mm!

 ∞∫
0

xl+p+me−θx(k−r+n+1)dx
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+

∞∫
0

xl+p+m+1e−θx(k−r+n+1)dx



αp,qr,s:n = Cr,s:n

r−1∑
k=0

s−r−1∑
i=0

n−s+i∑
j=0

k+s−r−i−1∑
l=0

(
s− r − 1

i

)(
r − 1

k

)(
k + s− r − i− 1

l

)(
n− s+ i

j

)

× (−1)i+k
θ4+j+l

(1 + θ)2+j+l

Γ(q + j + 1)

[θ(n− s+ i+ 1)]q+j

[
q+j∑
m=0

[θ(n− s+ i+ 1)]m

m!

+

q+j+1∑
m=0

(q + j + 1)

[θ(n− s+ i+ 1)]1−mm!

(
Γ(l + p+m+ 1)

[θ(k − r + n+ 1)]l+p+m+1

+
Γ(l + p+m+ 2)

[θ(k − r + n+ 1)]l+p+m+2

)]

Hence the theorem follows.
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5.3 Numerical Computations of Mean and Covariance

of Order Statistics from Lindley Distribution

In this Section, we have obtained mean and covariance of order statistics from Lindley

distribution for n=1:1:5 and a fix value of the parameter θ by using MATLAB. Here, it can

be seen that as the sample size increases, for fixed values of r, mean keep on decreasing.

Table 5.1: Mean of Order Statistics from Lindley Distribution for fixed θ = 2

n = 1 n = 2 n = 3 n = 4 n = 5

r = 1 0.6667 0.3472 0.2359 0.179 0.1443

r = 2 0.9861 0.5698 0.4069 0.3178

r = 3 1.1943 0.7327 0.5405

r = 4 1.3481 0.8609

r = 5 1.4699
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Table 5.2: Covariance of Order Statistics from Lindley Distribution for fixed θ = 2

r s n = 1 n = 2 n = 3 n = 4 n = 5

1 1 0.38881 0.108652 0.051151 0.029759 0.019478

1 2 0.102126 0.225484 0.028665 0.018841

1 3 0.13884 0.027447 0.018206

1 4 0.02619 0.017672

1 5 0.016793

2 2 0.465107 0.149328 0.076032 0.046703

2 3 0.141588 0.073164 0.045129

2 4 0.069658 0.043606

2 5 0.041766

3 3 0.492948 0.169451 0.09046

3 4 0.161747 0.087284

3 5 0.083619

4 4 0.506226 0.180951

4 5 0.173463

5 5 0.513394
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5.4 Conclusion

The explicit expression obtained in Theorems 5.1 and Theorem 5.2. enables us to com-

pute the means and covariance of order statistics from Lindley distribution. Further, these

means and covariance of order statistics (given in the Table 5.1 and Table 5.2) can be utilized

to obtain the Best Linear Unbiased Estimator (BLUE) of location and scale parameters of

Lindley distribution(see Kaminsky and Nelson (1975)).
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Chapter 6

Recurrence Relation for Single and

Product Moments of Generalized

Order Statistics from New

Weibull-Pareto Distribution and its

Characterization

6.1 Introduction

A random variable X is said to have a New Weibull Pareto distribution (NWPD) if its

(pdf ) is of the form

f(x) =
βδ

θ

(x
θ

)β−1

e
−δ
(x
θ

)β
, 0 < x <∞; β > 0, δ > 0, θ > 0 (6.1.1)
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with corresponding (df )

F (x) = 1− e
−δ
(x
θ

)β
, 0 < x <∞; β > 0, δ > 0, θ > 0 (6.1.2)

Therefore, in view of equations (6.1.1) and (6.1.2)

F̄ (x) =
θβx1−βf(x)

βδ
(6.1.3)

where F̄ (x) = 1− F (x), 0 < x <∞, β > 0, θ > 0, and δ > 0.

Recurrence relations for moments of generalized order statistics has obtained by several

authors like Pawlas and Szynal (2001a), Khan et al. (2007) and Kumar and Khan (2013). In

this Chapter, we have obtained recurrence relations for single and product moments of gener-

alized order statistics from NWPD. Further, the distribution is characterized by a recurrence

relation for single moments. Also some deductions and particular cases are given. The concept

of generalized order statistics is as introduced in Chapter 1.

6.2 Recurrence Relation for Single and Product Mo-

ments of Generalized Order Statistics for New Weibull-

Pareto Distribution

Theorem 6.1: Let X be a non-negative continuous random variable and follows NWPD.

Suppose that for any j > 0 and 1 ≤ r ≤ n, E |[φ (X(r, n,m, k))]| is finite, then

E
[
Xj(r, n,m, k)

]
− E

[
Xj(r − 1, n,m, k)

]
=

jθβ

βδγr
E [φ(X(r, n,m, k))] , (6.2.1)
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where φ(x) = xj−β

Proof :In view of equation (1.8.3), we have from (Athar and Islam, 2004)

E
[
Xj(r, n,m, k)

]
=

Cr−1

(r − 1)!

∫ ∞
0

xj
[
F̄ (x)

]γr−1
gr−1
m [F (x)] f(x)dx

Integrating by parts taking
[
F̄ (x)

]γr−1
f(x) as the part of the integrated, we get

E
[
Xj(r, n,m, k)

]
=

jCr−1

(r − 1)!γr

∫ ∞
0

xj−1
[
F̄ (x)

]γr
gr−1
m [F (x)] dx

+
γrCr−2

(r − 2)!γr

∫ ∞
0

xj
[
F̄ (x)

]γr−1−1
gr−2
m [F (x)] f(x)dx

which implies that

E
[
Xj(r, n,m, k)

]
− E

[
Xj(r − 1, n,m, k)

]
=

jCr−1

(r − 1)!γr

∫ ∞
0

xj−1
[
F̄ (x)

]γr
× gr−1

m [F (x)] dx

Now, we have from equation (6.1.3)

E
[
Xj(r, n,m, k)

]
− E

[
Xj(r − 1, n,m, k)

]
=

jθβCr−1

(r − 1)!γrβδ

∫ ∞
0

xj−β
[
F̄ (x)

]γr−1

× gr−1
m [F (x)] f(x)dx

Thus, we get,

E
[
Xj(r, n,m, k)

]
− E

[
Xj(r − 1, n,m, k)

]
=

jθβ

γrβδ
E [φ(X(r, n,m, k))]

and hence the theorem follows.
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Remark 6.1

Putting m = 0 and k = 1 in equation (6.2.1), we have obtain a recurrence relation for

single moments of order statistics of the NWPD as

E
[
Xj
r:n

]
− E

[
Xj
r−1:n

]
=

jθβ

βδ(n− r + 1)
E [φ(Xr:n)]

Remark 6.2

Putting m = −1 and k > 1 in equation (6.2.1), we have obtain a recurrence relation for

single moments of kth upper record values from NWPD as

E
[
Xj(r, n,−1, k)

]
− E

[
Xj(r − 1, n,−1, k)

]
=
jθβ

βδk
E [φ(X(r, n,−1, k))]

Theorem 6.2: Let X be a non-negative continuous random variable and follow NWPD.

Suppose E |[Ψ {X(r, n,m, k)X(s, n,m, k)}]| is finite for any i, j > 0 and 1 ≤ r < s ≤ n, then

the recurrence relation for product moment is

E
[
X i(r, n,m, k)Xj(s, n,m, k)

]
− E

[
X i(r, n,m, k)Xj(s− 1, n,m, k)

]
=

jθβ

βδγs
E [Ψ {X(r, n,m, k)X(s, n,m, k)}] , (6.2.2)

where Ψ(x, y) = xiyj−β.

Proof : In view of equation (1.8.4), we have (Athar and Islam, 2004)

E
[
X i(r, n,m, k)Xj(s, n,m, k)

]
=

Cs−1

(r − 1)!(s− r − 1)!

∫ ∞
0

xi
[
F̄ (x)

]m
f(x)gr−1

m [F (x)] I(x)dx

(6.2.3)

where I(x) =
∫∞
x
yj [hm (F (y))− hm (F (x))]s−r−1 [F̄ (y)

]γs−1
f(y)dy
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On solving the integral I(x) and substituting the resulting expression in equation (6.2.3), we

get

E
[
X i(r, n,m, k)Xj(s, n,m, k)

]
=

Cs−1

(r − 1)!(s− r − 2)!γs

∫ ∞
0

∫ ∞
x

xi
[
F̄ (x)

]m
f(x)gr−1

m [F (x)]

× yj [hm (F (y))− hm [F (x))]s−r−2 [F̄ (y)
]γs−1−1

f(y)dydx

+
jCs−1

(r − 1)!(s− r − 1)!γs

∫ ∞
0

∫ ∞
x

xi
[
F̄ (x)

]m
f(x)gr−1

m [F (x)]

× yj−1 [hm (F (y))− hm [F (x))]s−r−1 [F̄ (y)
]γs

dydx

E
[
X i(r, n,m, k)Xj(s, n,m, k)

]
− E

[
X i(r, n,m, k)Xj(s− 1, n,m, k)

]
=

jCs−1

(r − 1)!(s− r − 1)!γs

∫ ∞
0

∫ ∞
x

xi
[
F̄ (x)

]m
f(x)gr−1

m [F (x)]

× yj−1 [hm (F (y))− hm [F (x))]s−r−1 [F̄ (y)
]γs

dydx

E
[
X i(r, n,m, k)Xj(s, n,m, k)

]
− E

[
X i(r, n,m, k)Xj(s− 1, n,m, k)

]
=

jCs−1

(r − 1)!(s− r − 1)!γs

∫ ∞
0

∫ ∞
x

xi
[
F̄ (x)

]m
f(x)gr−1

m [F (x)] yj−1

× [hm (F (y))− hm [F (x))]s−r−1 [F̄ (y)
]γs−1 y1−βθβ

βδ
f(y)dydx

this implies that

E
[
X i(r, n,m, k)Xj(s, n,m, k)

]
− E

[
X i(r, n,m, k)Xj(s− 1, n,m, k)

]
=

jθβ

γsβδ
E [Ψ {X(r, n,m, k)X(s, n,m, k)}]
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Remark 6.3

Putting m = 0 and k = 1 in equation (6.2.2), we obtain a recurrence relations for product

moments of order statistics of the NWPD as

E
[
X i
r:nX

j
s:n

]
− E

[
X i
r:nX

j
s−1:n

]
=

jθβ

βδ(n− s+ 1)
E [Ψ(Xr:nXs:n)]

Remark 6.4

Putting m = −1 and k ≥ 1 in equation (6.2.2), we get the recurrence relations for product

moments of upper kth record values from NWPD in the form

E
[
X i(r, n,−1, k)Xj(s, n,−1, k)

]
− E

[
X i(r, n,−1, k)Xj(s− 1, n,−1, k)

]
=
jθβ

βδk
E [Ψ {X(r, n,−1, k)X(s, n,−1, k)}]

6.3 Characterization

Theorem 6.3: For m > −1, the necessary and sufficient condition for a random variable X

to be distributed with pdf given in (Theorem 6.1) is that

jθβ

γrβδ
E [φ(X(r, n,m, k))] = E

[
Xj(r, n,m, k)

]
− E

[
Xj(r − 1, n,m, k)

]
(6.3.1)

if and only if

F (x) = 1− e
δ

(x
θ

)β
, x, δ, β > 0
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Proof : A necessary part follows immediately from equation (6.3.1). On the other hand if the

recurrence relation from equation (6.3.1) satisfied, then we have

jθβCr−1

(r − 1)!βδγr

∫ ∞
0

φ(x)
[
F̄ (x)

]γr−1
gr−1
m [F (x)] f(x)dx

=
Cr−1

(r − 1)!

∫ ∞
0

xj
[
F̄ (x)

]γr−1
gr−1
m [F (x)] f(x)dx

− Cr−1

(r − 1)!

(r − 1)

γr

∫ ∞
0

xj
[
F̄ (x)

]γr+m
gr−2
m [F (x)] f(x)dx

=
Cr−1

(r − 1)!

∫ ∞
0

xj
[
F̄ (x)

]γr
gr−2
m [F (x)] f(x)

[
gm[F (x)]

[F̄ (x)]
− (r − 1)[F̄ (x)]m

γr

]
dx

Let

v(x) = − [F̄ (x)]γrgr−1
m [F (x)]

γr
,

then

v′(x) =
[
F̄ (x)

]γr
gr−2
m [F (x)] f(x)

[
gm[F (x)]

[F̄ (x)]
− (r − 1)[F̄ (x)]m

γr

]
(6.3.2)

Thus

jθβCr−1

(r − 1)!βδγr

∫ ∞
0

φ(x)
[
F̄ (x)

]γr−1
gr−1
m [F (x)] f(x)dx =

Cr−1

(r − 1)!

∫ ∞
0

xjv′(x)dx (6.3.3)

Now integrating RHS of equation (6.3.3) by parts and using the value of v(x), we get

jθβCr−1

(r − 1)!βδγr

∫ ∞
0

φ(x)
[
F̄ (x)

]γr−1
gr−1
m [F (x)] f(x)dx

=
Cr−1

(r − 1)!γr

∫ ∞
0

jxj−1
[
F̄ (x)

]γr
gr−1
m [F (x)] dx (6.3.4)
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which reduces to

jCr−1

(r − 1)!γr

∫ ∞
0

[
F̄ (x)

]γr
gr−1
m [F (x)]

[
xj−1 − θβφ(x)f(x)

βδF̄ (x)

]
dx = 0 (6.3.5)

Applying a generalization of the Müntz-Szász Theorem from Hwang and Lin (1984) to equation

(6.3.5), which states that on a space L(a, b) of all summable functions defined on the interval

(a, b), a sequence of functions fn(x) is complete on (a, b) if for any g ∈ L(a, b) the equalities

∫ b

a

fn(x)g(x)dx = 0, n = 1, 2, . . .

Imply that g(x) = 0 almost everywhere on (a, b), then we get

F̄ (x)

f(x)
=
x1−βθβ

βδ

which implies that

F (x) = 1− e
δ

(x
θ

)β
, x, δ, β > 0

Hence the theorem follows.
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6.4 Conclusion

The result obtained in present Chapter can be used to compute the moments of ordered

random variables if the parent population follows New Weibull-Pareto distribution.
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