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Weak Allee effect: f = —0.25,7 = 0.3,§ = 0.5,0 = 0.45. (a) p = 0.3
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one interior equilibrium point e exists, which is asymptotically stable. (b)
p = 0.13482 a stable limit cycle bifurcates through Hopf bifurcation around
Weak Allee effect: f = —0.2,y = 0.3, = 0.5,0 = 0.45. (a) Bifurcation
diagram of system (5.2.2) (b) & = 0.4,p = 0.16 phase portrait diagram
of the system (5.2.2). (c¢) & = 0.45,p = 0.10 lie in region /. No interior
equilibrium point exist. The equilibrium point E, is globally stable. (d)
¢ = 0.36,p = 0.20 lie in in region II. Two interior equilibrium points
exist.(e) & = 0.3,p = 0.2 lies in region I11. Only one interior equilibrium
points exist which is globally stable. (f) & = 0.38, p = 0.110355 lie in region
IV (region between red and blue curve). Two interior equilibrium points

exist. (g) £ = 0.38,p = 0.05 lie in region V. Two interior equilibrium points

v=10, a =1, =05, £ =1.5, 6 = 0.4 (a) = 0.3. System (6.2.4) has two
interior equilibrium points E} = (4.81386, 3.79307), E5 = (7.68614,2.35693).
The point Ej is stable and Ej is saddle. (b) 6§ = ("] = 0.2160448. System
(6.2.4) has two interior equilibrium points Ef = (8.57824,1.57506), E5 =
(3.92176,3.9033). A stable limit cycle arises through Hopf bifurcation around
Ef, Fj is a saddle point. (c) 6 = 61V = 0.3515625. System (6.2.4) has a
unique interior equilibrium points E; = (6.25,3.28125) which is a saddle-
node point. The red color trajectories are unstable manifold, the orange
color trajectories are the stable manifold, the green color curve the prey
nullcline and purple color curve is the predator nullcline. (d) Saddle-node
bifurcation diagram. Upper curve stands for unstable equilibria and lower

curve stands for stable equilibria. . . . . . .. ...
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6.2

6.3

7.1

v=10, a =2, f=0.5, £ =1.5, 6 =0.18 (a) = 2. System (6.2.4) has two
interior equilibrium points £} = (1.18206,4.56951), E5 = (8.72419, 1.62336).
The point E} is unstable and E3 is saddle. (b) # = 4.31764. System
(6.2.4) has two interior equilibrium points Ef = (3.86489,4.8252), E5 =
(6.04136,3.97502). A stable limit cycle arises through Hopf bifurcation
around EF, point Ej is saddle. (c) § = 4.45. System (6.2.4) has two in-
terior equilibrium points E} = (4.29003,4.73358), F5 = (5.61622,4.21554).
The point EY is stable and Ej is saddle. (d) § = 4.1. System (6.2.4) has two
interior equilibrium points E = (3.40121,4.8839), F5 = (6.50504, 3.67147).
A stable Homoclinic loop is emerging through Hopf bifurcation around Ej.
(e) 8 = 4.528168. System (6.2.4) has a unique interior equilibrium points
E, = (4.95313,4.51853) which is a saddle-node point. The red color tra-
jectories are unstable manifold, the orange color trajectories are the stable
manifold, the green color curve the prey nullcline and purple color curve is
the predator nullcline. (f) Saddle-node bifurcation diagram. Upper curve
stands for unstable equilibria and lower curve stands for stable equilibria. .
(a) Bifurcation diagram for the system (6.2.4). The blue curve is Saddle-
node bifurcation curve, red curve is the Hopf bifurcation curve and green
curve is the Homoclinic bifurcation curve. (b) \; = Ay = 0 The unique
interior equilibrium point Ej is a cusp of codimension 2 (c¢) System (6.2.4)
has no interior equilibrium point, whenever (A, A\3) = (0.029, —0.1) lies in
region I (d) System (6.2.4) has two interior equilibrium points, whenever
(A1, A2) = (0.02861, —0.1) lies in region /7, in which one is a saddle and other
is stable focus (e) System (6.2.4) has two interior equilibrium points whenever
(A1, A2) = (0.02791, —0.1) lies in region I11, a stable limit cycle enclosing an
interior point and the other interior point is a saddle. (f) System (6.2.4) has

two interior equilibrium points, whenever (Ay, A\y) = (0.02161, —0.1) lies in

region IV, in which one is a saddle and other is unstable focus. . . . . . . ..

Physical configuration of the problem. . . . . . .. ... ... ... .....
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7.2 Hopf bifurcation diagram for parameter values A\ = 0.1,Q2 = 1,0 =
0.02, R; =04 (a) Ay = 0.5 (b) A\; = 0.14336936 (c) Supercritical Hopf bifur-
cation in the phase parameter (x,y, «) space (d) Paraboloid surface formed
by « family of limit cycles. . . . . . . . . ... L

7.3 The point A is stable while the origin is unstable. Ay = 0.5,y = 0.1, =
26 =002 Ri=1. .

7.4 Supercritical Pitchfork Bifurcation. A\ = 0.5, =0.1,2 =2,0 = 0.02, R; =

7.5 Effect of Ri on Nu For fixed values of the other parameters. . . . . . . . ..
7.6 Effect of \; on Nu For fixed values of the other parameters. . . . . . . . ..

7.7 Effect of Ay on Nu For fixed values of the other parameters. . . . . . . . ..

7.8 Effect of 6 on Nu For fixed values of the other parameters. . . . . . . . . .. 198

7.9 Effect of 2 on Nu For fixed values of the other parameters. . . . . . . . . ..
7.10 Comparison between internal and non-internal heating system. . . . . . . . .
7.11 Stremlines at (a) s = 0.0, (b) s = 0.13, (¢) s =0.16, (d) s = 0.2, (e) s = 0.3,

7.12 Isotherms at (a) s = 0.0, (b) s =0.13, (¢) s =0.16, (d) s =0.2, (e) s = 0.3,

7.13 Phase portrait diagram for A(s) and s, shows that A(s) is stable when s

INCTCASCS.  © v v v v o o e

Xiv



Chapter 1

Introduction

This chapter introduces some basic terminology, definitions, lemmas, theorems, models and

methods required to comprehend the following chapters.

1.1 Dynamical System

The initial value problems governed by nonlinear ordinary or partial differential equations,
or by difference equations are being used frequently to model many natural, physical and
social phenomena. Generally, an initial value problem governed by a system of n ordinary
or partial differential equations, or by difference equations is referred as ”dynamical system”
of dimension n, and determines the time behaviour of evolutionary process. For example,
motion of celestial bodies, interactions between predators and their preys, spreading of
diseases, fluid turbulance, price fluctuations of markets and stock market etc. The theory
of dynamical systems was originated with the work of Henri Poincare (1854-1912), which
was concerned with the stability and evolution of the solar system. A dynamical system
gives a functional description of the mathematical model. In the last few decades, the
theory of dynamical system has been a matter of great importance in many areas, like
engineering, ecology, economics, biology, mathematics, etc.

Suppose U C R™ and V' C R™ are the open sets, then initial value problems

dX
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and

X s G(X; p), X (ty) = Xo, (1.1.2)

where X € U is a state vector, F'(X,¢; 1) is a smooth function, ¢t € I C R is the independent
variable and is often referred to "time”, u € V is the parameter and G is a smooth map, are
termed as the dynamical systems. The system (1.1.1) is called a continuous-time dynamical
system and the system (1.1.2) is called a discrete-time dynamical system. If F' does not
depend explicitly on ¢, the system (1.1.1) is called an autonomous system. If F' depends
explicitly on ¢, the system (1.1.1) is called a non-autonomous system.

A continuously differentiable function X (¢), X : I — R™ is called a solution of the
system (1.1.1) on an interval I C R, if X (¢) satisfies the system (1.1.1). The solution X ()
of the system (1.1.1) gives the past (¢ < ty) and future (¢ > t;) evolutions of the system. It
may be represented by directed curves called trajectories on R™ plane formed by dependent
variables of the system (1.1.1) which is known as phase plane of the system. The phase
portrait of system (1.1.1) is a picture (in R™) of a collection of all qualitatively different
trajectories of the system. The phase portrait consists of a number of information about
the dynamical behavior of the system such as, number and nature of equilibrium points.

Consider two autonomous dynamical systems

dX

and
dd—); = [(X), XeR" (1.1.4)

The system (1.1.3) is said to be topologically equivalent to the system (1.1.4) in a neigh-
bourhood of origin, if there exists a homeomorphism H : U — V, where U C R" and
V' C R™ are two open sets containing the origin, such that the trajectories of system (1.1.3)
in U are mapped onto the trajectories of system (1.1.4) in V' and preserving the direction
of time.

In this thesis, emphasis has been given on the qualitative analysis of some real life

problems, which can be formulated as two dimensional continuous-time autonomous dy-
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namical systems (one prey one predator system) and a weakly nonlinear thermal instability

problems reduced to a complex Ginzburg-Landau (one and two dimensional) equation.

1.2 Stability Analysis

It is well known that analytical solutions of nonlinear differential equations (dynamical sys-
tems) are impossible to obtain except for some special forms. Hence, different mathematical
tools are required in order to study these systems. Stability analysis of the dynamical sys-
tem is one of the aspect to study the system. Stability of dynamical system is usually
analyzed near some special points called equilibrium points. Stability of a dynamical sys-
tem means that a small change in the system at some instant gives only a small change in its
behavior at all future time i.e. it determines whether the system settle down to equilibrium
or keeps repeating in cycles.

Various methods have been introduced to study the stability of nonlinear dynamical
systems; for example, Lyapunov method, Poincare method, Lagrange method, Lyapunov
indirect method, etc. In this thesis Lyapunov indirect method (Linearization method) has
been applied, in which the system has been linearized at the equilibrium points.

Consider an n dimensional autonomous nonlinear dynamical system

dd—f ~ F(X(t), X(t)€R", (12.1)

with the initial condition X (0) = X,.

i) An equilibrium point of the system (1.2.1) is a point X* € R" such that
F(X*) =0, (1.2.2)

i.e., a solution that is initialized at X* will remain unchanged for all future time.
The terms equilibrium solution, fixed point, stationary point, rest point, singularity,

critical point and steady state are using as synonym of equilibrium point.

i1) The equilibrium point X* is said to be locally stable (Lyapunov stable) if for given



4 1.2 Stability Analysis

e > 0, there exist a 6 > 0 depends on e, such that, if | Xq — X*| < § (where | - | is
a norm on R"), then |X(t) — X*| < ¢, for all £ > 0. That is, the equilibrium point
X* will be locally stable if solutions starting from small neighbourhood of the point

remains in the neighbourhood of the point for all future times.

iii) A locally stable equilibrium point X* is said to be locally asymptotically stable, if the
positive constant o can be chosen such that, if | Xo—X*| < 4, then tlim | X (t)—X*| =0.

—00
That is, the point X* will be asymptotically stable if solutions starting from small

neighbourhood of the point converge to the point as ¢t — co.

iv) An equilibrium point X* is said to be globally asymptotically stable, if tlim | X (t) —
—00

X*| =0, for all Xy € R™. That is, if X* is asymptotically stable for any initialization.
v) An equilibrium point which is not stable is known as unstable.

Linearization Method

To investigate the stability of the equilibrium point X* one must understand the
nature of solutions in the neighbourhood of the point X*. Shift the equilibrium point X* of
the system (1.2.1) to the origin by means of transformation ¥ = X — X*. Then, by Taylor
series expansion and equilibrium equation (1.2.2), the system (1.2.1) in a neighborhood of

the origin can be written as

% = DF(X")Y + %DQF(X*)(Y, V)4 (1.2.3)

Assuming that the quadratic and higher order terms are small, then

dY

This is known as the linearized system for the nonlinear system (1.2.1) in a neighborhood
of the equilibrium point X*. The matrix Jx- = DF(X*) is called the Jacobian matrix of
the system (1.2.1) at the equilibrium point X*.

An equilibrium point X* is known as hyperbolic equilibrium point of the system

(1.2.1) if none of the eigenvalues of the matrix Jx- have zero real part. The nonlinear
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system near the hyperbolic equilibrium point has the similar local behaviour that of the
associated linearized system (Hartman-Grobman theorem J. Guckenheimer and P. Holmes

1983) and is determined by the signs of the real parts of the eigenvalues of the matrix

DF(X*).

Theorem 1.2.1. If X* is a hyperbolic equilibrium point of the system (1.2.1) such that all
of the eigenvalues of DF(X™*) have strictly negative real parts, then the equilibrium X* is

locally asymptotically stable.

The Routh-Hurwitz criterion provides necessary and sufficient condition for a poly-

nomial equation to have all the roots with negative real part.

Theorem 1.2.2 (Routh-Hurwitz Test (Wiggins 2003)). All of the roots of the polynomial
equation

a2 +a2" '+t ap1z+a, =0, a; €R, ayg#0

have real parts strictly less than zero if and only if all n+ 1 elements in the first column of

the Routh table

Qo a9 Qg Qg
aq as as ay
31 3.2 3,3 3.4
a1 T42 a3 T4.4

Tn+11 Tn+1,2 Tn+13 Tnt14

where

) _ Ti—21
Ti-1,1

(rigria ---) = (ri—22 Ti—a3 - (ric12 ric13 +-+), > 2, are nonzero and have

the same sign.

The linearized technique can only provide local information of the system and it is

interesting to find the condition under which local stability implies the global stability.
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Dulac’s Criteria
A solution X (t) of the autonomous system (1.2.1) through the point X is called

a periodic solution if there exist a real number 7 > 0 such that
X(t+T,X0):X(t,X0), vVt € R.

The least value of 7 is known as the period of the solution. In the phase plane, periodic
solutions appear as closed orbit (or cycle or periodic orbit). An isolated periodic solution
(cycle) of an autonomous system is called a limit cycle, which can only occur in nonlinear
systems. If all neighbouring trajectories are attracted by the limit cycle, it is called a stable
limit cycle. If all neighbouring trajectories are repelled by the limit cycle, it is called an
unstable limit cycle. If neighbouring trajectories of one side are attracted and other side

are repelled by the limit cycle, it is called a semistable limit cycle.
Theorem 1.2.3 (Dulac’s Criteria (Perko 1996)). Consider the planar system

dX
= = F(X) (1.2.5)

with F = (f1, fo)7 and X = (z,y)" € R% Let F € C'(E) where E is a simply connected
region in R2. If there exists a function B € CY(E) such that V.(BF) is not identically zero

and does not change sign in E, then (1.2.5) has no closed orbit lying entirely in E.

1.3 Bifurcation Analysis

The qualitative behavior of a dynamical system may depends upon the parameters involved
because it is often found that the qualitative behavior of the system remains unchanged for
certain ranges of the parameter(s) and for certain range of parameter(s) a sudden change
occur, such as, equilibria appear, disappear, change of stability of the equilibrium point(s),
change in the nature of trajectories, etc. These changes are known as ”bifurcation” and the
associated parameter(s) is (are) known as bifurcation parameter(s). The parameter value

at which bifurcation occur is known as bifurcation value of the parameter and the point at
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which the bifurcation occurs is called the bifurcation point. The qualitative changes occur
at the equilibrium point due to change in parameter(s) are known as local bifurcations.
Transcritical bifurcation, Saddle-node bifurcation, Pitchfork bifurcation, Hopf bifurcation
and Bogdano-Taken bifurcations are the example of local bifurcation. If larger invariant
sets, such as periodic orbits, collide with each other, or with equilibria of the system are
known as global bifurcations. The Homoclinic bifurcation (limit cycle collides with a sad-
dle point) and Heteroclinic bifurcation (limit cycle collides with two or more saddle points)
are the example of global bifurcation. Bifurcation associated with a single parameter are
known as codimension 1 bifurcation, such as, Transcritical bifurcation, Saddle-node bifur-
cation, Pitchfork bifurcation etc. Bifurcations associated with two parameters are known
as codimension 2 bifurcation, such as, Bogdanov-Takens bifurcation. The diagram of the

parameter values versus the fixed points of the system is called bifurcation diagram.

1.3.1 Saddle-node Bifurcation

If the number of equilibrium points of a dynamical system remains unchanged for a certain
range of a parameter and for a certain range of the parameter two equilibrium points
disappear in which one of the two equilibria is stable and the other is unstable, before they
disappear, this change in the qualitative behavior of the system is known as Saddle-node
bifurcation. The Sotomayor’s theorem analytically shows the occurrence of Saddle-node

bifurcation.
Theorem 1.3.1 (Sotomayor (Perko 1996)). Let us consider a system

dX

Suppose that F'(X*, i*) = 0 and that the nxn Jacobian matriz J x- =y = DF(X*, u*) has a
simple eigenvalue X = 0 with eigenvector V and that JT has an eigenvector W corresponding
to the eigenvalue A = 0. Furthermore, suppose that J has k eigenvalues with negative real

part and (n—k — 1) eigenvalues with positive real part and that the following conditions are



8 1.3 Bifurcation Analysis

satisfied
WTE(X* 1) #0,  and  WTD*F(X*, u*)(V, V)] #0, (1.3.2)

then there is a smooth curve of equilibrium points of (1.3.1) in R™ x R passing through
(X*, ") and tangent to the hyperplane R"™ x {u*}. Depending on the signs of the expressions
in (1.3.2), there are no equilibrium points of (1.3.1) near X* when p > p* (or when p < p*).
The two equilibrium points of (1.3.1) near X* are hyperbolic and have stable manifolds
of dimension k and k + 1 respectively; i.e., the system (1.3.1) experiences a saddle-node
bifurcation at the equilibrium point X* as the parameter p passes through the bifurcation

value p = p*.
For a one dimensional system, the expressions in (1.3.2) reduce to

oOF O*F
X* *
a,u ( 7IL(/ ) # 07 and 8X2

(X*, 1) # 0, respectively.

For a two dimensional system with F' = (Fy, Fy)T and X = (z,y)7

o VEGE + iVagE + V2 G
Fu(X* ) = DP(X ) (V,V) =
2 2 2
o VEGE + R +VEGE |

*u*)
1.3.2 Transcritical Bifurcation

If for a certain range of a parameter there are two equilibria, one stable and other unstable
and for a certain range of the parameter the two equilibria exchange their stability, i.e., the
unstable equilibrium becomes stable and the stable one becomes unstable, this change in the
qualitative behavior of the system is known as Transcritical bifurcation. The Sotomayor’s
theorem analytically shows the occurrence of Transcritical bifurcation, if the expressions in

(1.3.2) are changed to

WTF,(X*,u*) =0, WIDE(X*, u*)V]#0, and WT[D*F(X*,u*)(V,V)] # 0. (1.3.3)
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For a one dimensional system, the expressions in (1.3.3) reduce to

oF O*F , .. . O*F
=0 a$aM(X,u)7é0 and X7

(X*, 1) # 0, respectively.

For a two dimensional system

DF

2 2
‘/1 0“Fo + ‘/28 Fy
0xdu dyou (X%, 1)

1.3.3 Pitchfork Bifurcation

If equilibrium points of a dynamical system, which has symmetry between left and right
directions, appear for a certain range of a parameter and for a certain range of the parameter
it disappear in symmetrical pair, this change in the qualitative behavior of the system is
known as Pitchfork bifurcation. The Sotomayor’s theorem analytically shows the occurrence

of Pitchfork bifurcation, if the expressions in (1.3.2) are changed to

WTF,(X* 1) =0, WIDE,(X* u)V]#0, WID*F(X*, ") (V,V)] =0, and

WD (X", 1 )(V, V, V)] 0, (1.3.4)
For a one dimensional system the expressions in (1.3.4) reduces to

2 2F 3F
oF =0 %(X*,,u*) #0, %(X*,,u*) =0 and %(X*,,u*) # 0, respectively.

For a two dimensional system

30%F 217 03F) 2 93 393
‘/1 Oz3 + 3‘/1 ‘/28w28y + 3‘/1‘/2 Ox0y? + ‘/'2 oy3

D*P(X* p*)(V, V. V) =

39% 2717 930 2 035, 303Fy
Vvl Ox3 + 3‘/1 ‘/2893281/ + 3‘/1‘/2 Ox0y? + ‘/2 oy3 (X 1)
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1.3.4 Hopf Bifurcation

If for a certain range of a parameter of a dynamical system, there is a stable equilibrium
point and for a certain range of the parameter equilibrium points losses its stability and
gives birth to a limit cycle and vice versa, this change in the qualitative behavior of the
system is known as Hopf bifurcation. The Hopf bifurcation for a system occurs, when a
pair of a complex conjugate eigenvalues of the Jacobian matrix at an equilibrium point
becomes purely imaginary. Thus, a Hopf bifurcation can only occur in two dimensional or
higher dimensional systems. There are two types of Hopf bifurcations; Supercritical and
Subcritical. Supercritical Hopf bifurcation occurs, when stable limit cycles arises around an
unstable equilibrium point, while Subcritical Hopf bifurcation occurs, when unstable limit

cycles arises around a stable equilibrium point.

Theorem 1.3.2 (Hopf (Guckenheimer and Holmes 1983)). Suppose that the system (1.3.1)
has an equilibrium at (X*, u*) at which following properties are satisfied:

Hy : Jixe vy = DF(X*, u*) has a simple pair of purely imaginary eigenvalues and no
other eigenvalues with zero real parts.

Then Hy implies that there is a smooth curve of equilibrium points (X (p), ) with
X(p*) = X*. The eigenvalues (), \(p) of DF(X (u), ) which are imaginary at p = u*
vary smoothly with p. If, moreover,

Hy : 2 (ReA() sy # 0,

is satisfied, then there exists a unique branch of periodic solution of the system (1.3.1)

near (X*, u*).

Theorem 1.3.2 shows the existence of a unique periodic solution of the system but
it does not says about the stability of the periodic solution (limit cycle). To investigate the
stability of this periodic solution, one can rely on the sign of the first Lyapunov number
(Perko 1996).

Consider a Planar system

B — g 4 by + p(z,y), (1.3.5)
Ccil_lt/ = CQ}—'—d'y"_Q('ray)7
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with A =ad —bc >0, a+d=0 and

plr,y) = Y agd'y’, qlzy) =Y bya'y’ (1.3.6)

i+j>2 i+j>2
The first Lyapunov number ¢ is given by the formula

3
0 == S lac(a?y + ai1boy + agabi1) 4 ab(b3, + asobiy + aribes)+

c*(ar1a0s + 2a02boz) — 2ac(bgy — azoaoz) — 2ab(azy — baoboz)— (1.3.7)
b(2az0b20 + burbao) + (be — 2a°) (binbos — ar1az)] —

(CL2 + bC) [3(Cb03 — bago) + 2@((121 + blz) + (CCL12 — bbzl)]} .

If o # 0, then a Hopf bifurcation occurs at the origin of the planar analytic system (1.3.5)
at the bifurcation value given by a + d = 0; in particular, if ¢ < 0, then a unique stable
limit cycle bifurcates from the origin of (1.3.5) as (a + d) increases from zero and if o > 0,
then a unique unstable limit cycle bifurcates from the origin of (1.3.5) as (a + d) decreases
from zero (Perko 1996).

The technique to calculate the first Lyapunov number for a three dimensional and higher

dimensional system is given in (Hassard et al. 1981).

1.3.5 Bogdanov-Takens Bifurcation

The occurrence of codimension 1 bifurcations has been discussed so far, now the occurrence
of codimension 2 bifurcations such as Bogdanov-Takens bifurcation will be discussed. This
codimension 2 bifurcation occurs at a point lying on the saddle-node bifurcation, whenever
Jacobian matrix of the system at the point has a zero eigenvalue of (algebraic) mulitplicity
2. The BT bifurcation point in the parameter space is the intersection point of the Saddle-
node bifurcation curve and the Hopf bifurcation curve. In this thesis, the procedure given
in Xiao and Ruan (1999) has been used to obtain the normal form of Bogdanov-Takens

bifurcation.
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Consider a two dimensional autonomous system

(1.3.8)

L — flz,y,N),
g

% (z,y,\).

Suppose system (1.3.8) is C*° smooth with respect to the variables x,y and A and (z,y) =
(z*,y*) is an equilibrium point at which the Jacobian matrix of the system (1.3.8) has a
zero eigenvalue of mulitplicity two at A = A* but the Jacobian matrix is not a zero matrix.

Consider the transformation z; = z — x*, x5 = y — y*, then the system (1.3.8)

reduces to
o <P1.Z’, I’>

=Lz + + O(|z*), (1.3.9)
ddi; <Q1$7 J}>
where (-,-) is a cartesian product in R?, O(|x|?) is C* in all variable, at least the third

order with respect to = (z1,72)7 and the matrices L, P, and @, are defined as follows

of of
ox oy a b
I = L ,
Jdg Jg
=2 24 c d
O Oy d (a = %)
9%f 9% f
922 0y P11 D12
A
Pl - = )
0% f 2f
Dz 992 (& 5 A P21 P22
9%g 02g
922 By qir 412
_ A
Q= 2
%9 g
dzy CTE 421 422

The above assumptions conclude that the matrix L is similar to the Jordan matrix
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Therefore b? + ¢ # 0. Considering b # 0 and y = M=, then the system (1.3.9) reduces to

dn (7 (M=YHTP My, y)
= MLM™! + M +O(y]*), (1.3.10)
&2 Yo (MHTQ M1y, y)
1 0 0 1
where M = if b= 0 and ¢ # 0, then set )
a b c —d

In the abstract form

dy
= = Ay +17(y) + O(lyl’), (1.3.11)
1 0 1
where A = =
bec — ad a+d 0 0
and
(pn — prlz + Z—jpm)yf + (%pm - i—gpm)yli% + b%pzzyS
h?(y) =
diy + dyyrye + (P22 + $422) V3
with
2a? a’ a?
dy = apn — pr + ﬁpm + bqi1 — 2aq12 + ?Qm
and
- 2a 2a> 2a

di = —pi2 — —5 2¢12 — —@a2.
L= P P22 t 2q12 122

By the theory of normal forms, there exists a C* change of variables in the vicinity of

(0,0), such that the system (1.3.11) can be written as

% Z1 0
=A + +O(]z]?), (1.3.12)

dz 2
d_152 Z9 dlzl + d22122

where dy = 2q12 + 2p11 — 22(p12 + pa2).
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If dydy # 0 (nondegeneracy condition), the point (z*,y*) of the system (1.3.8) is a cusp

of codimension 2.

Lemma 1.3.1. If didy # 0, then in a small neighborhood of (z*,y*, \*), system (1.3.8) is

C* equivalent to
% =T + le(x, )\),

(1.3.13)
% — dlx% —+ dQl’lZEQ + ¢2(x7 >‘>7

where A = (A1, \2) € R% ¢y, 00 € C®(R? x R2,R?) and ¢1(z, \*), do(x, \*) are power

series in (1, 23) of powers x ) satisfying i + j > 3.

Lemma 1.3.2. In a small neighborhood of (0,0, \*), system (1.3.13) is C*° equivalent to

dyi _
o Y2,

(1.3.14)
Wa — §1(A) + da(N)y1 + y2 + ya((A) + B(y1, N) + y2W(y, A),

where ®,W € C and By, \*) = Boyy £ 0,W(y, \*) = 0,61 (%) = 6(\%) = H(X*) = 0.

dy
Theorem 1.3.3. If the matriz
A(P1(N)—593(N) A(P1(N)—593(N)
181 0o
AN~ 5 =02 (V) AN =5 =02 (V)
o1 OAg A*

is nonsingular, bifurcation parameters can be chosen such that system (1.3.8) undergoes
the Bogdanov-Takens bifurcation.
For more equivalent forms of Bogdanov-Takens bifurcation, one can refer Kuznetsov

(2004) and Peng and Jiang (2011).

1.3.6 Homoclinic Bifurcation

An orbit that is asymptotic to the same equilibrium point as ¢t — +o00 is known as Homo-
clinic orbit.
If there is a saddle point and a limit cycle for a certain range of a parameter of a

dynamical system and for certain range of the parameter the limit cycle disappear but the
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limit cycle collide with the saddle point and a Homoclinic orbit arises, before it disappear
or vice versa. This change in the qualitative behavior of the system is known as Homoclinic

bifurcation. This bifurcation is a global bifurcation.

1.4 Predator-prey Dynamical System

Species interact to each other in harmony in the ecosystem. These interactions may be in
forms like competition, predation, parasitism and mutualism. These interactions are the
base block of the ecosystem. In two species interaction, if the growth rate of one population
decreases and others increases, then the populations are in a predator-prey situation. The
predator-prey interactions are very interesting and have a great impact on the ecosystem.
Lotka (1925) and Volterra (1926) independently formulated a two species continuous time
predator-prey model which is known as Lotka-Volterra predator-prey model. This is the
simplest predator-prey model, ignored many real life phenomenon. Later on Gause (1934)
and May (1976) formulated predator-prey models based on laboratory experiment data.

Generally, a predator-prey system is formulated as

& — 2g(-) — yp(-), (1.4.1)
@ =yQ(),

with the initial conditions x(0) > 0,y(0) > 0, where z(¢) and y(¢) are prey and predator
densities at time ¢, g(-) is the per capita growth rate of the prey species in the absence of
predators, p(-) is the functional response of the predator to the prey and Q(-) is known as

the predator growth function.

1.4.1 Per Capita Prey Growth Function

The per capita prey growth rate function g(-) is a continuous and differentiable function.

It is the following two types

(a) Density independent: g(-) = r, where r > 0 is constant and called intrinsic growth

rate of the prey species.
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(b) Density-dependent: g(-) = g(z, K), where K is the environmental carrying capacity
of the prey. The density-dependent growth function g(z, K) satisfies the following
basic assumptions g(K, K) =0, ¢(0,K) >0, limg_ 0 g(0,K) < 0o, g.(x,K) <
0, gr(x,K) >0, limg o gu(z,K) =0 and g.x(z,K) > 0 for any x > 0. The

following are the types of Density-dependent growth function.

(i) Negative density-dependent: In negative density dependent per capita growth
rate is a decreasing function of population abundance. For example, logistic
growth function g(z, K) =r (1 — %), f-logistic growth function g(x, K) =r (1 -
<%>9>, where 6 parameter is the curvature of the relationship; whenever 6 < 1

the relationship is concave and whenever 6 > 1 the relationship is convex (Ayala

et al. 1973), Gompertz growth function g(z, K) = rln (£) (Gompertz 1825),

Smith growth function % (Smith 1963).

20F —
L = Logistictype

= Gompertz

L = Smith

15 — f—logistic, 6=1.5 B

= f—logistic, =0.5

Figure 1.1: Graphs of logistic, #—logistic, Gompertz and Smith types per capita negative
density-dependent prey growth rate functions.

(17) Positive density-dependent: In positive density dependent per capita growth rate

is a increasing function. For example, prey growth in the presence of Allee effect.

If the density dependent growth rate function g(z, K) is non-negative and decreasing
for z € (0, K), the system (1.4.1) is called compensation model and if it is increasing
for small =, the model (1.4.1) is called depensation system. The logistic growth rate

is very common in predator-prey model.
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1.4.2 Functional Response

Functional response or consumption rate function p(-) € C! is described as the rate by which
prey are consumed by individual predator (Solomon 1949). It depends on many factors, for
example, prey escape ability, the various prey densities, the efficiency with which predators
can search out and Kkill the prey, the handling time etc. Functional response can be divided

into following two types

(1) Prey-dependent Functional Response

Functional response that depends on prey density only (p(-) = p(z)) is the simplest
functional response and known as prey dependent functional response. The functional
responses satisfying the hypothesis (Hale and Somolinos 1983) p(0) = 0, p.(z) >
0,Vx > 0 and lim, . p(z) = n < co are called monotonic prey dependent functional
responses. Holling type I, Holling type I and Holling type 111 functional responses
are the examples of monotonic functional response and the Holling type IV functional

response is the example of the non-monotonic functional response.

Holling type I functional response is based on the principle of mass action, i.e.,
p(z) = mz,m > 0 is the maximum consumption rate of predator. It occurs when-
ever predator encounter on prey at random (searching strategy), for example passive
predators like spiders. It leads to some conceptual shortcomings as the abundant food
supply causes the increase in the equilibrium density of predator, but not in that of

prey. It will finally lead to destabilizing the positive equilibrium.

Holling type /I functional response is an asymptotic (cytoid) curve that is non-
linear as well as bounded. It is proposed by Michaelis and Menten (1913) as p(z) =
+i=, where m > 0 is the maximum consumption rate of predator and a > 0 is the
half-saturation constant, for “nonlearning” predators or when given only one type of
prey for which to search. Whenever prey densities are low, p(x) approximates the
Holling type I, i.e., predation rate is proportional to prey density. Whenever prey
densities are high, then p(z) = m, i.e., predation rate levels off. Holling type IT

functional response has been shown to model the behavior of arthropod predators
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(Hassel and May 1973).

Holling type II1 functional response is a sigmoid curve proposed by Holling
(1959), when the predator learns over time how better to catch the prey and becomes
increasingly motivated by the increasing density of a particular prey species and begins
to feed on it selectively, or if at very low prey densities the return for the predator is

lower than the energy expended for foraging. The mathematical form of Holling type

7’TL£L‘2

a1, where m > 0 is the maximum consumption

I1T functional response is p(x) =
rate of predator and a > 0 is constant. This is non-linear and bounded function such
that at low prey densities it becomes quadratic in prey density, and at high prey
densities it becomes constant. Ecologically, the number of prey attacked per predator
increases at an increasing rate at low prey densities, whereas at a decreasing rate at
higher densities until it levels off. The Holling type I/ form appears to model the
behaviour of vertebrate predators (DeAngelis 1992).

Sokol and Howell (1980) proposed a non-monotonic functional response (Holling

mz
a+x??

type IV functional response) p(z) = where m > 0 is the maximum consumption
rate of predator and a > 0 is half-saturation constant in the absence of any inhibitory
effect. The Holling type IV functional response form appears to model predator-prey

system if antipredator behaviour exists, for example, group defence.

20 ; ; ; : ;
[ = Holling type|

== Holling typell
L == Holling type Il
151~ — Holling type IV N

Figure 1.2: Graphs of Holling Type I,11,111 and I'V functional responses.
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(i7) Predator-dependent Functional Response

When the number of predators haltingly changes (relative to prey change), there
is a regular contest among the predators and the per capita rate of predation does
not depend upon prey density alone rather it ought to depend on the densities of
both prey and predator. For example, when predators have to search for food and
consequently have to share or compete for food (Arditi and Ginzburg 1989; Arditi
et al. 1991; and Gutierrez 1992). This type of functional response is called predator
density-dependent functional response (p(-) = p(z,y)). Some very common predator-

dependent functional responses are Beddington-DeAngelis type and Crowley-Martin
type.

A special type of predator dependent functional is proposed by Arditi and
Ginzburg (1989) known as ratio-dependent functional response. They argued that
the prey dependent functional response describes the consumption rate of predators
on a very short behavioral time scale (minutes or hours) as compared to the growth
of population which is on the longer time scale (days or months). They further
suggested that functional response should be considered on the slow time scale of
population dynamics for consistency, and presented the functional response as the
ratio of prey to predator abundance i.e. p(:) = p(%) This functional response has
been criticised by Abrams (1994) and Sarnelle and Wilson (2008), but numerous field
and laboratory experiments were performed which strongly offered strong evidence
that in many real-world conditions ratio-dependent functional response is more re-

alistic (Arditi and Ginzburg 1989; Arditi et al. 1991; Arditi and Ginzburg 1991;
Berezovskaya et al. 2001; Arditi and Ginzburg 2012). The ratio dependent form

of Holling type I, II and III functional responses are p(2) = 2%, p(¥) = = and
p(§) = ay”;%, respectively. The form p(}) = ™% has been used extensively by the

researchers Kuang and Beretta (1998); Xiao and Ruan (2001); Jost et al. (1999) and

many more.

The prey-dependent predator-prey model exhibits the ”paradox of enrichment”

and also the so-called ”biological control paradox” while the ratio-dependent does
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not exhibit these (Hsu et al. 2001a, 2001b). It allows mutual extinction as possible
outcome of predator-prey interaction (Kuang and Bertta 1998; Jost et al. 1999).
Arino et al. (2004) gives the biological relevance of the prey-dependent and the ratio-

dependent predator-prey models.

1.4.3 Predator Growth Function

In predator-prey literature two types of predator growth function have been commonly
used. First is based on the assumption that predator’s rate of increase is proportional to

the amount of food ingested. The mathematical form of this function is,

Q() =q(-) =9, (1.4.2)

where § > 0 is a constant and represents the per capita predator’s death rate and ¢(-)
is known as numerical response and describes how predators convert the consumed prey
into the growth of predators. In most classical predator-prey models numerical response is

assumed proportional to the functional response, i.e., ¢(-) = ep(-) (Freedman 1980), so

Q) =ep() — 4, (1.4.3)

where e is the conversion efficiency of predators which consumed prey into their growth
(0 < e <1). A number of literature is available for such type of predator growth function.
For example, Lotka-Volterra (1926), Seo and DeAngelis (2011) for Holling type-I; Bazykin
(1998), Freedman (1980), Kuang and Freedman (1988) for Holling type-II; Lamontagne,
Coutu and Rousseau (2008) for generalized Holling type-III; Huang and Xiao (2004) for
Holling type-IV; Hwang(2003, 2004) for Beddington-DeAngelis functional and Arditi and
Ginzburg (1989), Kuang and Bertta, (1998), Jost et al. (1999) for ratio-dependent func-
tional response.

Other is based on the assumption that the predator growth function is of logistic
form, where environmental carrying capacity of predator is proportional to the number of

prey, that is, predator growth function is function of the ratio of predators and their prey
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(Leslie 1948; Leslie and Gower 1960). The mathematical form of this function is

Q) =Qa,y) =s(1- 1), (1.4.4)

nx

where parameter s is the intrinsic growth rates of predator and the parameter n is a measure
of the food quality that the prey provides for conversion into predator births. A rich
literature is available for such type of predator growth function. For example, Leslie and
Gower (1960) for Holling type-I; Leslie (1948), Holling (1965), Tanner (1975) for Holling
type-11; Jicai Huang et al. (2013) for Holling type-III; Li and Xiao (2007) for Holling

type-1V; Liang and Pan (2007) for ratio-dependent functional response.

1.5 Some Predator-prey Models

The ODE system (1.4.1) offered a large variety of predator-prey system depends on the
choices of prey growth function, functional response and predator growth functions (May
2001). In this section some basic predator-prey models with a brief outcome which are the

base of this thesis are discussed.

1.5.1 Lotka-Volterra Predator-prey Model

The Lotka-Volterra predator-prey model is obtained by taking density independent prey
growth rate, Holling type I functional response and (1.4.3) type predator growth function.
Thus the system of first order differential equations (Volterra 1926)

dx

& = ro — may,

Z’* (1.5.1)
o = emxy — dy,

represents the Lotka-Volterra predator-prey interaction model, where the variables x, y and
parameters r,m, e and 0 have same meaning as defined earlier. The model (1.5.1) has two

equilibrium points; (0,0) and <i ">.

em’ m
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On linearizing the system (1.5.1) in the neighbourhood of the point (0,0), one gets

(1.5.2)

The solution of the system (1.5.2) is z(t) = zoe™, y(t) = yoe . It implies that in the
neighbourhood of the origin the density of prey increases exponentially while density of

predator decreases exponentially, that is, origin is unstable. This type of point is known as

saddle point. Suppose u =z — >, v =y — ~, then the system (1.5.1) reduces to

em’

Cfl—? = —m(%v + uv),
dv
dt

(1.5.3)
= em(Lu + uv).

On linearizing the system (1.5.3) in the neighbourhood of the point (%, %), it will

become
du 4
os — _—'U,
o ¢ (1.5.4)
v — eru.

dat

Eliminating ¢ from the system (1.5.4), one gets

du ov

dv e2ru’

On integrating, one gets

e2ru® + 0v* = 2,

where ¢? is integrating constant. In terms of  and y, above equation can be written as
0 \2 7\ 2
GQT(I——) +5<y——> =%
em m
It represents a family of ellipses with center at ( %, ).

In order to study the global stability of the unique interior equilibrium point, define

“ t v t
V(u,v):/ o dt+/ .
o t+em o T+

a scalar function
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0w———+——+75+—"——F "+ 7"

Predator

Figure 1.3: Phase portrait for Lotka-Volterra predator-prey mode (1.5.1)
It is clear that, V(u,v) > 0 and V(0,0) = 0. Now

emull muoov
u+-—- v+

= emu(—muv) + mv(emu) = 0.

Thus, the equilibrium point <i %) is stable but not asymptotically stable. Therefore,

em’

point <i %) is a centre. Since the solutions are closed orbits about the equilibrium point,

em’

they must be periodic.

The Jacobian matrix of the system (1.5.1) at the equilibrium point <i 1) is

em’m

Thus, the eigenvalues of the above Jacobian matrix are purely imaginary which are given
by A2 = +17/r6. Therefore, the perturbations to prey and predator populations are linear
combinations of exp(v/7dt) and exp(—+/70t), that is, linear combinations of cos(v/rét) and
sin(\/ﬁt) with the coefficients depending upon the initial disturbances. Hence, one obtains
neutral stability with perturbation leading to undamped pure oscillations with frequency

Vré and period j—%. The amplitudes depend on the initial values only (Figure 1.3).
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1.5.2 Rosenzweig-MacArthur Predator-prey Model

The model (1.4.1) is called Rosenzweig-MacArthur predator-prey model, when per capita
prey growth rate is logistic type, functional response is Holling type /1 and predator growth
function is (1.4.3) type, i.e., the system of two first order differential equations (Rosenzweig

and MacArthur 1963)

de __ T mxy
Z=rx(l—-%)— ,
dt 1=%) = (1.5.5)

dy __ emzy

dt = a+a 0y,
represents Rosenzweig-MacArthur predator-prey model. The variables x, y and parameters
r, K, m,e,a and § have same meaning as defined earlier. This system reproduces the so-
called paradox of enrichment: If the parameter K is small, the coexistence point (when
it exists) is stable (Figure 1.4(a)). If K is large, the system (1.5.5) undergoes to Hopf
bifurcation. The coexistence point becomes unstable and a stable periodic orbit appears

around the unstable point(Figure. 1.4(b)) (Edelstein-Keshe, 1988).

Predator

Figure 1.4: Phase portrait for model (1.5.5). The red curve is the predator nullcline and
purple curve is prey nullcline. (a) The unique interior equilibrium point is stable for low
K. (b) The unique interior equilibrium point is unstable for large K and a stable limit cycle
appears around the point.

1.5.3 Leslie-Gower Predator-prey Model

The Leslie-Gower predator-prey model is based on the assumption that reduction in a
predator population has a reciprocal relationship with per capita availability of its favourite
food. This interesting formulation for the predator dynamics has attracted much attention

and studied by Leslie and Gower (1960); Pielou (1969); Hsu and Hwang (1998); Mena-Lorca
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(2007). The model (1.4.1) represents Leslie-Gower predator-prey model, if per capita prey
growth is logistic type, functional response is Holling type I and predator growth function

is (1.4.4) type (Mena-Lorca, 2007)

o — pr(l—Z) — me ,
;“ (1= %) = maey (1.5.6)
d_zg = Sy(]' - %)7

with initial conditions x(0) > 0,y(0) > 0. The parameters r, K,m,s and n have same
meaning as discussed earlier. The term nz is the carrying capacity of the predator and the
term - is known as Leslie-Gower term which measures the loss in the predator population
due to rarity of its favorite food.

The model (1.5.6) has two equilibrium points; (i) axial equilibrium point (K, 0),

and (i7) positive interior equilibrium point (z*, y*) = (T Jﬁ; = Igfg K). It is clear that, the

quantity of predators at the equilibrium depends directly on the quantity of prey at equilib-
rium multiplied by the food quality that the prey offers. The axial equilibrium point (X, 0)
is a saddle point while the positive interior equilibrium point is globally asymptotically
stable (Figure 1.5). Mena-Lorca (2007) conclude that, if the food (prey) is of good quality
(n — o0), more predator can survive and require less quantity of prey. Moreover, if it is of

bad quality, less predators will survive.

30 T

25

Prey

Figure 1.5: Phase portrait for model (1.5.6). The red curve is predator nullcline and purple
curve is prey nullcline. The unique interior equilibrium point is globally stable.
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1.5.4 Holling-Tanner Predator-prey Model

If Holling type II functional response is taken into the model (1.5.6), this new model is

known as Holling-Tanner predator-prey model (Holling 1965; Tanner 1975; May 2001)

dx T mz

= =rx(l — %) — =y,

;ﬁ =%~ (1.5.7)
d_:Lt/ = Sy(]' - TZJ_Z)’

with initial conditions z(0) > 0,y(0) > 0. The model (1.5.7), apart from the axial equi-
librium point (K, 0), has a unique positive interior equilibrium point whose abscissa is the
positive root of the quadratic equation rz? — (rK —ra — Kmn)x — raK = 0 and ordinate
is y = nz. Hsu and Hwang (1995) discussed the local stability of the positive equilibrium
point of the system and derived the parametric conditions under which local stability of
the unique positive equilibrium point implies global stability (Figure. 1.6(a)). Further,
they showed that the system has a unique limit cycle when the unique positive equilibrium
point becomes unstable (Figure 1.6(b)). Saez and Gonzalez-Olivares (1999) described the
bifurcation diagram of limit cycle and showed that local stability and global stability of the
unique positive equilibrium are not equivalent for system. Gasull et al. (1997) also showed
that the asymptotic stability of the unique positive equilibrium does not imply the global
stability by means of the Poincare-Lyapunov constants in case a weak focus occurs. They
constructed an example with two limit cycles in which the innermost being unstable and

the outermost being stable (Figure 1.6(c)).

1.5.5 Modified Leslie-Gower Predator-prey Model

One of the main demerits of the model (1.5.7) is that, at low density of prey, predator
population can not switch to alternative prey since its growth will be limited by the fact
that its most favorite food, the prey, is absent or is in short supply. This demerit is resolved
by adding a positive additional constant in the denominator of the last term of the predator

growth function. This new model is known as modified Leslie-Gower predator-prey model
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Figure 1.6: Phase portrait for model (1.5.7). The red curve is predator nullcline and purple
curve is prey nullcline. (a) The unique interior equilibrium point is globally stable. (b)
The unique interior equilibrium point is unstable and a stable limit cycle arises around the
equilibrium point. (c) The unique interior equilibrium point is stable and two limit cycle
arises around the unique interior equilibrium point.
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(Aziz-Alaoui and Daher Okiye 2003)

dz T mz

- =T — =)= Y,

dt ( K) x-i-ay (158)
dy ny

dt = Sy(l o a:+a1)’

with initial conditions x(0) > 0,y(0) > 0, where a and a; measures the extent to which the
environment provides protection to prey and predator respectively. Aziz-Alaoui and Okiye
(2003) studied the boundedness of solutions and global stability of the positive equilibrium
of the model. Du et al. (2009) obtained the sufficient criteria for the permanence of
model and studied the globally asymptotic stability of solutions. Zhu and Wang (2011)
obtained some sufficient conditions for the existence and global attractivity of positive
periodic solutions of the model. The long time behavior as well as persistent condition for
the model has been established with stochastic perturbation under the assumption a = a;
by Ji et al. (2009, 2011).

With the advancement of the ecological knowledge due to theoretical, empirical,
and observational research, more elements are recognized as essential to the phenomenon

of predation. Some of them which has been the key feature of this thesis are given below.

1.6 Allee Effect

Warder Clyde Allee, an American ecologist in 1930s by means of experimental observational
data concluded that the evolution of social structures was not only driven by competition,
but that cooperation was another, if not the most, fundamental principle in animal species
(Allee 1931). The dynamical consequences of this importance of animal aggregations di-
rectly led to what Odum called in 1953 ”the Allee principle”, now known as the Allee effect
(Odum 1953). Allee effect is a positive relationship between any component of individual
fitness and either numbers or density of conspecifics (Courchamp et al. 1999, Page no.
02). The Allee effect, also named as negative competition effect (Wang et al., 1999) in
population dynamics or depensation (Dennis 1989; Clark 1990; Lierman 2001) in fisheries

sciences, caused by a wide range of biological phenomena (Table 1 in Berec 2007 or Table
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2.1 in Courchamp et al. 2008), difficulties in finding mates is one of the main cause.

Within the Allee effect domain, a most important distinction is made between
component and demographic Allee effects (Stephens et al. 1999). Component Allee effect
refers to a positive relationship between any measurable component of individual fitness
and population size or density, for example juvenile survival or litter size. Whereas, demo-
graphic Allee effect refers to a positive relationship between total individual fitness, usually
quantified by the per capita population growth rate, and population size or density (Berec
et al. 2007). A demographic Allee effect is classified in the context of the nature of den-
sity dependence at low population densities into strong Allee effect and weak Allee effect
(Deredec and Courchamp 2003). Strong Allee effect can induce a critical density below
which per capita growth rate is negative and extinction tends to occur, and above which
the per capita growth rate is positive and the population increases (density enhances) on
average yielding convergence to the carrying capacity. Whereas weak Allee effect may result
in reduced, but still positive, growth rate as population size or density decreases (Groom
1998).

In last some decades, Allee effect has been attracting much attention due to its
strong potential impact on population dynamics (Berec et al. 2007; Courchamp et al.
2008; Owen and Lewis 2001; Petrovskii et al. 2002; Shi and Shivaji 2006; Wang and Kot
2001). It is widely observed that the Allee effect may increase the extinction risk of low-
density populations (Dennis 1989; Lande 1987). Allee effects are mostly considered as single
mechanisms of positive density dependence (Kang and Yakubu 2011; Gonzlez-Olivares et al.
2011; Sen et al. 2012; Gao and Li 2013). In predator-prey system either prey or predator or
both predator and prey may be subject to the Allee effect. Whenever prey species subject
to Allee effect, two different types of Allee effects may exhibit due to different mechanisms,
namely Allee effect I and Allee effect I1. Allee effect, that increases the intrinsic death rate
or decrease the intrinsic birth rate of the prey population, causing the per capita growth
rate of the prey to be decreased at low population density (Dennis, 1989; Reinhardt and
Kohler, 2002) is known as Allee effect I. Allee effect I may occur due to several mechanisms,
like, social thermoregulation, reduction of inbreeding, and genetic drift, etc. Allee effect

11 occur due to anti-predator defense, for example, anti-predator vigilance and aggression
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Figure 1.7: The relationships between the per capita single population growth rate and pop-
ulation size for negative density dependence, strong, weak and special weak Allee effects.

(Dennis 1989; Cote and Gross 1993). In mathematical terms, Allee effect I is expressed
modifying the natural prey’s per capita growth function, while Allee effect 11 is expressed
modifying the functional response (Zhou et al. 2005). In predator-prey models Allee effect
I may be of two forms; Multiplicative Allee effect and Additive Allee effect.

The per capita growth function of a single population affected by multiplicative

Allee effect is given by (Lewis and Kareiva 1993; Owen and Lewis 2001)

9() = gla) =r(1- =)@ —m), (1.6.1)
The term (x —m) is due to multiplicative Allee effect, where — K < m << K. The function
g(x) grows as the population size increases from x > 0 until it attains a maximum value
and then, it decreases for larger population size to zero. If m > 0, Eq. (1.6.1) represents the
strong Allee effect and the parameter m is a prey survival threshold; Notice, if 0 < z < m,
the per capita growth rate is negative, hence population experiences extinction. If m < 0,
Eq. (1.6.1) represents the weak Allee effect, no threshold value exist. The difference between
per capita logistic growth and population growth affected by strong, weak and special weak
Allee effects has been shown in Figure 1.7.
Recent ecological research has suggested two or more Allee effects can generate

mechanisms acting simultaneously on a single population (Table 1 in Berec 2007 or Table
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2.1 in Courchamp et al. 2008); the combined impact of these phenomena has been called
multiple Allee effect (Berec et al. 2007). The per capita growth function of a single

population affected by multiplicative double Allee effect is given by

9() = 9(@) = ——(1- %)@ —m), (16.2)

xr+n

where n > 0 is known as auxiliary parameter satisfying m > —n. In Eq. (1.6.2), there

are two independent Allee effects, affecting the same population growth; the factor (z —m)

r

represents the Allee effect which has been discussed in Eq. (1.6.1) and the factor -

represents the other Allee effect affecting the intrinsic growth rate of the species caused
due to some external difficulties. Auxiliary parameter n affects the overall shape of the
per-capita growth curve, as n increases, the curve becomes increasingly flatter and reaches
lower maximum values (Boukal et al., 2007) (Figure 1.8(c)). The difference between per
capita logistic growth and population growth affected by single and double for strong Allee
effect has been shown in Figure 1.8(a) and for weak Allee effects has been shown in Figure
1.8(b).

The per capita growth function of a single population affected by additive Allee
effect is given by (Dennis, 1989; Stephens and Sutherland 1999)

9(-) = g(x) = 7“( - % - xnj b), (1.6.3)

the term 7% is due to additive Allee effect. The parameters m > 0 and 0 < b < K are
Allee effect constants, where b is the population size at which fitness is half of its maximum
value and the constant m will allow the severity of the Allee effect to be modeled.

The Allee effect I1 modifies the functional response of the predator-prey model
(1.4.1) as (Zhou et al. 2005)

p(')(l + é) (1.6.4)

where A > 0 is a constant for Allee effect II. The bigger A is, the stronger Allee effect 11
of the prey. Notice that the functional response term will be two times at A = x.

The Allee effect in predator species has been studied very less. The predator growth
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Figure 1.8: Per-capita growth rate of a single population in the presence of no Allee effect,
single Allee effect (x — m), single —— and double Allee effects.

T+n

(m >0). (b) Weak Allee effect (m < 0). (¢) affect of n.

(a) Strong Allee effect
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function affected by Allee effect is given below

i) When the predator-prey model is Gauss type, the predator growth function is given

by (Lai et al. 2010)

Q) = ep(-)erLB —d. (1.6.5)

The term yJ%B is for the Allee effect and parameter B > 0 is the Allee effect constant.
The bigger the B is, the stronger such effect will be, and the slower the per capita

growth rate of the predator population.

i1) When the predator-prey model is Leslie-Gower type, the predator growth function is

given by (Feng and Kang 2015)

Q() = Q(z,y) = 'r’(ny - %) (1.6.6)

The term yJFLB is for the Allee effect as discussed above.

1.7 Harvesting Functions

The growing population demand for more resources/foods and energy has led to increase
exploitation of several biological resources. The exploitation of biological resources and the
harvesting of populations are commonly practiced in fishery, forestry, and wildlife manage-
ment. Harvesting generally has a strong influence on the dynamic evaluation of a popu-
lation subjected to it. The severity of the influence, which depends on the nature of the
applied harvesting strategy, may range from rapid depletion to complete preservation of a
population.

The harvested predator-prey models are very important because it attracts the
interest of the commercial harvesting industry as well as scientific communities including
biology, ecology, and economics, especially because of concerns such as profit, overexploita-
tion, and extinction of a species being harvested. The inter-specific competition between
two species is sometime considered as quadratic harvesting and has been proposed by Gause

(1935), but he did not study the effect of harvesting. Clark (1976) discussed the problem of
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combined or non-selective harvesting of two ecologically independent and logistically grow-
ing fish species. The problem of harvesting of a single species in a two-species ecologically
competing population model has been discussed in Clark (1990).
The harvested single species model is given by
dx
i F(z)— H(x, E), (1.7.1)
where H is the harvesting function and F is the effort applied to harvest the species. In

general, three types of harvesting function have been studied in the literature (Das et al.

2009a; Gupta et al. 2013; Srinivasu 2001).

i) Constant harvesting

H(z,FE)=C,
where C' is a suitable constant.

i1) Proportionate harvesting

H(z,E) = qFz,
the catch is proportional to the stock as well as effort. ¢ is the catchability coefficient.

i11) Nonlinear harvesting

o) =

where mq, mo are suitable positive constants. Nonlinear harvesting is more realistic
and exhibit saturation effects with respect to both, the stock abundance and the effort

level (Gupta 2015). Notice that

E
lim H(z, F) = @7 lim H(z, E) = =,
E—oo mq T—r00 Mo

Moreover, the constant m, is proportional to the ratio of the stock-level to the har-
vesting rate (catch-rate) at higher levels of effort and the constant ms is proportional

to the ratio of the effort-level to the harvesting rate (catch-rate) at higher stock-levels.
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1.8 Additional Food

In most of the classical predator-prey models it is assumed that the predator feed only
its favorite prey, but it is not realistic because most of the predators are generalist rather
than specialists. For these types of predator species, alternative food needs to be assumed
to develop a realistic predator-prey model. The predator-prey models with alternative
prey has applications in biological control, species conservation, bio-remediation, resource
management etc. Theoretical studies Baalen et al. (2001); Holt (1994); Lawton (1994)
and Rijn et al. (2002) conclude that presence of additional food to predators enhances
the predator density and also their effect on target prey, thereby helping to decrease the
density of target prey. The reduction of prey density due to presence of alternative food
for predators is termed as apparent competition (Holt 1977). However, empirical studies
Lawton (1994); Murdoch et al. (1985) and Wootton (1994) indicate that provision of
additional food to predators need not always increase target predation, so there is an
apparent conflict between theory and observations.

To resolve the conflict between theory and observations Srinivasu (2007) modeled a
predator-prey system with the assumption that the additional food is uniformly distributed
in the habitat and the number of encounters per predator with the additional food is
proportional to the density of the additional food. They observed that additional food serves
as a biological control agent with which both prey as well as predators can be controlled.
Moreover, the nutritive value and the quantity of the additional food play crucial role in
the controllability of the predator-prey system. The authors Srinivasu (2007); Srinivasu
and Prasad (2010) and Stiefs et al. (2010) concluded that provision of additional food of
high nutritive value could increase target predation and reduce the prey density. Whereas
additional food with low nutritive value could release the prey from predation pressure and

decrease predator density.
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1.9 Dynamical Complexity of Convective Motion in
Porous Medium

Convection

Convection is a phenomenon in which heat transfer occurs via macroscopic motion of the
fluid from a hot to a cool region. In convection, there are two types of mechanisms. Energy
transfer due to random molecular motion (diffusion); in this case energy is transferred by
the bulk, or macroscopic motion of the fluid and another is transformed due to temperature
gradient. Boiling of water is a very common example of convective heat transfer.

Porous medium

By porous medium, we mean that a material consisting of a solid matrix (either rigid or
it undergoes to small deformation) with an interconnected void (fluid motion is possible).
Beach sand, rye bread, wood and human lung are some examples of natural porous medium.
Internal heating

There are many practically important situations, where the porous material offers its own
source of heat. This gives a different way in which a convective flow can be set up through
the local heat generation within the porous media. Such a situation can occur through
radioactive decay or through, in the present perspective, a relatively weak exothermic re-
action which can take place within the porous material. To be more specific, internal heat
is the main source of energy for celestial bodies caused by nuclear fusion and decaying of
radioactive materials, which keeps the celestial objects warm and active. It is due to the
internal heating of the earth that there exists a thermal gradient between the interior and
exterior of the earth’s crust, saturated by multicomponents fluids, which helps convective
flow, thereby transferring the thermal energy towards the surface of the earth. Therefore,
the role of internal heat generation becomes very important in several applications that in-
clude geophysics, reactor safety analyses, metal waste form development for spent nuclear
fuel, fire and combustion studies, and storage of radioactive materials. However, there are
relatively very few studies available in which the effect of internal heating on convective

flow has been investigated.
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Viscoelastic fluid

The fluid that obey the Newton’s law is known as Newtonian fluid and the fluid that does
not obey the Newton’s law is known as non-Newtonian fluid or Viscoelastic fluid.
Modulation

The gravity modulation of the system leads to the variable coefficients in the governing
equations of thermal instability and involves the vertical time periodic vibrations of the
system. Gravity modulation is known as g-jitter in literature.

Mathematical model under the Boussinesq approximation is given by

P2l = — 7 p+pg— L7,
(1.9.1)
9 4 (V)T = kr V7T,
subject to
V.7=0, (1.9.2)
and
p=poll —ar(T —To)], (1.9.3)

where pg is the density of fluid at the basic state, ¢ is the velocity of fluid, p is the reduced
pressure, g is the acceleration due to gravity, p is the dynamic viscoelastic, K is the per-
meability, T" is the temperature, xr is the effective thermal diffusivity, ar is the coefficient
of thermal expansion and V? = 88—;2 + 38—;2 + g—;.

The first equation of the system (1.9.1) is known as momentum equation while
the second equation is known as energy equation. The equation (1.9.2) is the equation of
continuity and the equation (1.9.3) is the density equation at the basic state.

The above system has been reduced to Ginzburg-Landau equation through the
perturbation method. The Ginzburg-Landau equation (Bernoulli equation) and obtaining
its analytical solution is difficult due to its non-autonomous nature. Therefore, it has been

solved numerically.



Chapter 2

Leslie-Gower Predator-prey Model

with Nonlinear Harvesting

2.1 Introduction

Marine life is a renewable natural resources that provides not only food to a large population
of humans but also involved in the regulation of the Earth’s ecosystem. The growing human
needs for more food and more energy have led to increased exploitation of these resources
which affects the Earth’s ecosystem. Thus, it is imperative to design harvesting strategies
which aim at maximizing economic gains giving due consideration to the ecological health
of the concerned Earth’s ecological system. A number of literature is available in which
the influence of harvesting strategies on the predator-prey model has been examined. For
example, the influence of constant rate harvesting Brauer and Soudack (1979); Xiao and
Ruan (1999); Xiao and Jennings (2005); Xiao et al. (2006), the influence of proportionate
harvesting Xiao and Cao (2009); Christopher et al. (2015) and the influence of nonlinear
harvesting (Holling type II) Das et al. (2009); Gupta et al. (2012); Gupta and Chandra

First part of this chapter is based on the research article: Qualitative analysis of a Leslie-Gower
predator-prey system with nonlinear harvesting in predator, International Journal of Engineering Mathe-
matics. Volume 2016, Article ID 2741891, 15 pages (Hindawi).

Second part of this chapter is based on the research article: Bogdanov-Takens bifurcations for a predator-
prey system with nonlinear harvesting in prey, Communicated.

38
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(2013); Upadhyay et al. (2014); Gupta et al. (2015). In Chapter 1, it has been discussed
that nonlinear harvesting is more realistic and exhibit saturation effects.

A number of researchers studied the dynamical behaviour of Leslie-Gower predator-
prey model in the presence of harvesting. For example, May et al. (1979) proposed a Leslie-
Gower predator-prey model in which two different constant-yield harvesting on both prey
and predator species have been considered and this model was studied by Beddington and
Cooke (1982). Beddington and May (1980) proposed and studied Leslie-Gower predator-
prey model, when both the prey and predators were harvested with constant-effort. Bed-
dington and Cooke (1982) studied a Leslie-Gower predator-prey model in which the preys
are harvested at a constant-yield rate and predators are harvested with constant-effort
rate. Zhu and Lan (2010) studied a Leslie-Gower predator-prey model with constant-yield
prey harvesting. Gong and Huang (2014) studied the Bogdanov-Takens bifurcation for the
model and shown that for different parameter values the model has a limit cycle or a homo-
clinic loop. Gupta et al. (2012) discussed the bifurcation of a Leslie-Gower prey-predator
model in the presence of nonlinear prey harvesting. Huang et. al (2013) studied the ef-
fect of constant yield predator harvesting on the dynamics of a Leslie-Gower type model
and shown that the model has Bogdanov-Taken (BT) singularity of codimension 3 or a
weak focus of multiplicity two for some parameter values. They have shown that as the
parameters changes, the model exhibits saddle node bifurcation, repelling and attracting
BT bifurcations, supercritical, subcritical and degenerate Hopf bifurcations.

This chapter is divided into (i) dynamical behaviour of Leslie-Gower predator-prey
model in the presence of nonlinear predator harvesting, and (i) Bogdanov-Takens bifurca-

tion for Leslie-Gower predator-prey model in the presence of nonlinear prey harvesting.
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2.2 Model with Nonlinear Predator Harvesting

2.2.1 Model Equations

Consider Leslie-Gower predator-prey model (1.5.6) with nonlinear predator harvesting

(2.2.1)
W g(1— L)y — Y (XY £ (0,0),

mi1E+msoY "’

with initial conditions X (0) > 0,Y(0) > 0, where X = X(7) and Y = Y(T') are the
prey density and predator density at time T respectively. The parameters r,s, K,m,n,q
and F are positive and represent the intrinsic growth rate of prey, intrinsic growth rate
of predator, carrying capacity of prey in the absence of predator, maximal predator per
capita consumption rate, measure of the food quality that the prey provides for conversion
into predator births, catchability coefficient and effort applied to harvest the individuals
respectively and my, my are suitable positive constants. In section (1.5.3), the model (2.2.1)
without harvesting has been discussed in brief.
The model (2.2.1) is not well defined at (0,0). In order to define the system (2.2.1)
t (0,0), it has been modified as given in Freedman and Waltman (1984). The system
(2.2.1) reduces to

— ( —%)X mXY,

=< - XY — ey, (XY) #(0,0), (222)
%ﬂLMY>mm,

with initial conditions X (0) > 0,Y(0) > 0. For nondimensionalizing the system (2.2.2),

consider the following substitutions:

X =Kz, mY=ry, rT=t.
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The system (2.2.2) reduces to

% =0, (z,y)=(0,0),

dt

with the initial conditions x(0) > 0,y(0) > 0, where p = 2, 3 = & h = 4Em

mnK’ srmo’

mimE

C = .
mar

For the existence of the biological meaning of the variables in model, the system
(2.2.3) is studied in the closed first quadrant, R?, in zy— plane defined by R3 = {(z,y) €
R?:2 >0,y >0}.

2.2.2 Equilibria and their Stability

The equilibrium points of the system (2.2.3) are the nonnegative real solutions of the

o _ dy _

system - = =

0. It is obvious that the system (2.2.3) has the trivial equilibrium point
Ey = (0,0), the axial equilibrium point e = (1,0), and the abscissa of the positive interior

equilibrium points are the roots of the quadratic equation
(1+B)2*—(1+28+c+Bc—h)z+B(1+c) =0, (2.2.4)
and the ordinance of the positive interior equilibrium points are given by y;2 = 1 —

12, 0 < x15 < 1. The quadratic equation (2.2.4) has two positive roots z; =
142B+c+Be—h+y/(1+c+Bc—h)2—4ph 142B+c+Be—h—y/(1+c+Bc—h)2—45h

S(145) and o = e , whenever h < 1+
28 + ¢ + Be — 24/B(1 + ¢+ B+ Bc) = h(say), a double positive root x3 = —1+2§(Jﬁ2£c_h>

whenever h = h and no positive root, whenever A > h. The number and location of the

equilibrium points of the system (2.2.3) lying in the set Q are given in the following lemma.
Lemma 2.2.1. The system (2.2.3) has

(a) four equilibrium points; trivial equilibrium point Ey = (0,0), azial equilibrium point
e = (1,0) and two interior equilibrium points Ey = (x1,y1) and Ey = (x2,y2), when-

ever 0 < c < h <h,
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. 1+2ﬂ+c+ﬁc—h+\/(1+c+ﬁc—h)2—4,8h _ 14+h—c—fc— \/(1+c+ﬂc—h)2—46h
where x; = 51 7) , Y1 = S5 , Ty =
14+2B+c+Be—h—/(1+c+Be—h)2—4ph _ 14+h—c—Bety/(1+ct+Be—h)2—4ph -
53 5) , Yo = ST E) and h=14+28+4+c+

Be—24/B(1+c+ B+ Be).

(b) three equilibrium points; trivial equilibrium point Ey = (0,0), axial equilibrium point

e = (1,0) and a double interior equilibrium points Es = (x3,ys3), whenever ¢ < h = h,

where x3 = —651:;) and yz3 =1 — —ﬂﬁ:g).

(c) three equilibrium points; trivial equilibrium point Ey = (0,0), axial equilibrium point

e = (1,0) and an interior equilibrium points Ey = (x4,ys), whenever ¢ = h and

_ B(+c)
T (1+p)

1—8c

Be < 1, where x4 and yy = R

(d) three equilibrium points; trivial equilibrium point Ey = (0,0), azial equilibrium point

e = (1,0) and an interior equilibrium points Es = (x5,ys), whenever h < ¢ where
_ 142B+ctBe—h—y/(1+ctBe—h)2—4Bh and ue — 1+h—c—Betr/(L+c+Be—h)2—46h

5= 2(1+5) 5 2(1+5)

(e) two equilibrium points; trivial equilibrium point Eq = (0,0) and axial equilibrium point

e = (1,0) whenever h < h and ¢ < h.

The number and location of interior equilibrium points have been depicted in Figure

2.1.

L0F

09r

Figure 2.1: This diagram shows the number and location of the positive interior equilibrium
points of the system (2.2.3). The green, red and black color curves are the predator nullclines
for different values of h and the straight line is the prey nullcline (a) h > ¢, for black color
parabola h > h, for red color parabola h = h and for green color parabola h < h (b) h = ¢
(c) h <ec.
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Now, the stability of the equilibrium points has been discussed. The Jacobian
matrix of the system (2.2.3) at the equilibrium point Ejy cannot be calculated as the term
Y is not define at (0,0). The blow-up technique (Jost et al. 1999) has been applied to
analyze the stability at the equilibrium point Ey. Let x = x, y = xv, then the system

(2.2.3) reduces to

dz
dt

%z@(p—l%—x—pﬁv—l—xv—i).

=l -z =) (2.2.5)

ct+zv

C

The system (2.2.5) has two equilibrium points Ey = (0,0) and E; = <0, %(p —1- @)>,
whenever p — 1 — % > 0. The Jacobian matrix of the system (2.2.5) at the equilibrium
point Ej is

1 0

0 p—1— QCB

Thus the equilibrium point Ej of the system (2.2.5) is an unstable point as p — 1 — th > 0.

The Jacobian matrix of the system (2.2.5) at the equilibrium point E; is

1 0

Jp, =
So-1-) (1 k- 1- ) (1) 1)

1

Thus the equilibrium point E; of the system (2.2.5) is always saddle as p — 1 — h?p > 0. The

above discussions can be concluded as follows
Theorem 2.2.2. The trivial equilibrium point Eqy of the system (2.2.3) is a saddle point.

The Jacobian matrix of the system (2.2.3) at the equilibrium point e is

-1 -1
o ()

The Jacobian matrix of the system (2.2.3) at the positive interior equilibrium point £ is
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The determinant of the above Jacobian matrix is det(Jg) = =24~ (8(1 + ¢) — (1 + B8)z?)

z(cty)
; — py [ x=2By—pc
and the trace is tr(Jg) = 2 ( pwy > x.

Theorem 2.2.3. (a) The equilibrium point e is asymptotically stable, whenever ¢ < h

and a saddle, whenever h < c.

(b) The equilibrium point Ey, if exists, is always a saddle point.

(¢) The equilibrium point Es, if exists, is asymptotically stable, whenever %2 (%ﬁ_ﬁc) —

9 < 0 and is unstable, whenever &(W) — x5 > 0.
T2 c+y2

(d) The equilibrium point Es, if exists, is a degenerate singular point.
(e) The equilibrium point Ey, if exists, is always asymptotically stable.

(f) The equilibrium point Es, if exists, is asymptotically stable, whenever %” (%ﬁﬁ) —

x5 < 0 and is unstable, whenever %(W) — x5 > 0.
T5 ct+ys

Proof.  (a) The eigenvalues of the Jacobian matrix J, are —1 and p(1—2), so the equilib-

rium point e is asymptotically stable, whenever ¢ < h and a saddle whenever h < c.
(b) The determinant det(Jg,) < 0, so the interior equilibrium point £} is a saddle point.

(¢) The determinant det(Jg,) > 0 and tr(Jg,) = %(%ﬁ) — X9, so the interior

equilibrium point F, is asymptotically stable whenever ’;—y; (%ﬁ) —x9 < 0 and

unstable, whenever 242 <w> — x5 > 0.
i) c+y2

(d) The determinant det(Jg,) = 0, so the interior equilibrium point Fj is a degenerate

singular point.

(e) The determinant det(Jg,) > 0 as fc < 1 and tr(Jg,) < 0 always, so the interior

equilibrium point Ej is always asymptotically stable.

(f) The determinant det(Jg,) > 0 and tr(Jg,) = %(%ﬁ) — x5, so the interior

equilibrium point Fj is asymptotically stable, whenever % (%ﬁ_&) —x5 < 0 and

unstable, whenever 2% <w) — x5 > 0.
T5 ctys
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From Lemma 2.2.1 if h = ¢, the system (2.2.3) has unique interior equilibrium point
E4 and if h < ¢, the system (2.2.3) has unique interior equilibrium point Ej. In Theorem
2.2.3, it is proved that these interior equilibrium points are always asymptotically stable.

Below, it has been shown that these equilibrium points are globally asymptotically stable.

Theorem 2.2.4. The equilibrium points Ey and Es, if exists, are globally asymptotically
stable.

Proof. From Lemma 2.2.1, the system (2.2.3) has one trivial equilibrium point Ej, one axial
equilibrium point e and one interior equilibrium point F,, whenever h = c¢. Further, it has
one trivial equilibrium point Ej, one axial equilibrium point e and one interior equilibrium
point Fs, whenever h < c¢. Also from Theorem 2.2.3, the trivial equilibrium point Ej is
always a saddle point, axial equilibrium point e is a saddle point, whenever h < ¢ and the

interior equilibrium points F; and Es5 are asymptotically stable. Define a function,

L(e.g) = (M) f(@,0) + 5 (M (2,0)g(s.).

where f(z,y) = 2(1 =2 —y), g(z,y) = py(1 = B = ) and M(z,y) = 5.
After simplification, one can obtain, L(x,y) = —y%(l + %) < 0as h =cor

h < ¢. Thus, by using the Dulac’s criterion (Perko 1996), system (2.2.3) will not have any
non-trivial periodic orbit in €. Note that y-axis and x-axis are the stable manifolds of the
trivial and the axial equilibrium points respectively. Using this in conjunction with the
Poincare-Bendixson theorem (Perko 1996) gives that the interior equilibrium point E, and

E;5 will be globally stable. [ |

In Theorem 2.2.3, it is shown that the equilibrium point Ej3 is a degenerate singular

point. Next, the properties of this equilibrium point has been studied.
Theorem 2.2.5. The equilibrium point E3, if exists, is

(a) a saddle-node, whenever %(%ﬁ*&) — a3 # 0.

; ; pys (x3—2Bys—pBc _
(b) a cusp of codimension 2, whenever E(T) —x3=0.
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Proof. First, equilibrium point E3 = (x3,y3) has been shifted to the origin by means of

transformation u; = x — x3,v; = y — y3. The system (2.2.3) reduces into the form

duy

— 2
a —X3U1 — T3V — U] — U0y,

(2.2.6)
dvi Pﬁysu + Pys(xs 2By3—PBc

& ) — mui + naurvr + 0307 + O([(ur, v1) ),

where

oo PO B ch B
1 1'3 ) 2 $2 ) 3 (c—l—y3)3 .

3 3 €3

If %(%ﬁfﬁc) xg # 0, the point Ej is a saddle-point. Consider 2% (%ﬁ’fﬁc) xg3 =0,

that is, tr(Jg,) = 0. Both eigenvalues of the Jacobian matrix Jg, are zero and system (2.2.6)

reduces to
W = —gguy — T30 — Ui — wyy, (2.2.7)
dditl = pByB Uy + T301 — 771“% + mour vy + N3vi + O(|(ua, Ul)\g)-
Consider affine transformation us = uy, vo = —x3u; — x3v1, system (2.2.7) reduces to
B2 — vy + Luguy, (2.2.8)
L2 — nyud 4 nsugvy — evs + O(| (uz, v2) ),
where
3
e =a3(m +m2—n3), Ns=1m2—2n3—1, 6= P
3
Consider the C'* change of coordinates in the small vicinity of (0,0) :
Uz = Uz, Vg = Uz + TgUaV2.
Then, the system (2.2.8) reduces to
d(ZB = v3 + (& — n6)usvs + O(| (us, v3)[*), (2.2.0)

t = nau3 + nsuzvs + O(|(uz, v3)[?).
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Let the C* change of coordinates in the small neighbourhood of (0,0) :

The system (2.2.9) reduces to

% = vy + O(| (ua, va) P)

(2.2.10)
ddif = 7’]41/31 + N5U4V4 + O(|(U4, U4)|3).
Choose the final C* change of coordinates in the small neighbourhood of (0,0) :
u=1ug, v=1vs+O(|(ug,vs)?).
The system (2.2.10) reduces to
du — o)
dt (2.2.11)

% = nau + nsuv + O(|(u, v)]?).

2
If nans = xsp(% + 25%’3 - (nycg)g + ;%) <2p9%y3 - (02_:):30)3 + %” — > # 0 (non-degeneracy
condition), the origin (0, 0) of system (2.2.11) is a cusp of codimension 2, that is, the interior

equilibrium point Ej3 of the system (2.2.3) is a cusp of codimension 2. [ |

2.2.3 Bifurcation Analysis
Hopf Bifurcation

In Theorem 2.2.3, it is shown that the interior equilibrium point FEs is stable, whenever

py2 (x2—2By2—Bcy py2 (x2—2By2—Bcy .
2 (B==) — 72 < 0 and unstable, whenever 22 (£2=722=5¢) — x5 > 0. Now, consider the

x2—28y2—PBc

Py ) — x5 = 0. In this parametric condition the equilibrium

parametric condition 2% (
point E, is a weak focus or a center. Hence, the system (2.2.3) may enters to a Hopf
bifurcation at the point Es. The parameter p has been considered as the Hopf bifurcation
parameter and the parametric conditions under which the stability of £y will change and

system (2.2.3) exhibits Hopf bifurcations has been obtained.
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Theorem 2.2.6. The system (2.2.3) undergoes a Hopf bifurcation with respect to parameter

x2—2By2—Pc

) — 3 = 0. Moreover,

p around the equilibrium point Fs, if exists, whenever %(

(a) The equilibrium point Ey is a weak focus of multiplicity 1, if the parameter set
(p, B, h,c) is in Hgy or Hey and is stable and unstable according as (p, 5, h,c) is

n Hgyp or Hgyp.

(b) The system (2.2.3) has, at least one unstable limit cycle, whenever (p,3,h,c) is in
Hop,0 < p < p* and |p — p*| << 1, and at least one stable limit cycle, whenever

(p, B, h,c) is in Hyyp, p > p* and |p — p*| << 1.

x2(c+y2) .
v Pe—(1+2)5) CXIStS

as 1 — fc— (14 28)ys # 0 such that, at p = p*, tr(Jg) = 0 and det(Jg) > 0. In order to

Proof. A critical magnitude of the bifurcation parameter p = p* =

ensure the existence of a Hopf bifurcation, the transversality condition dilp(tr(J £))|p=p # 0
(Perko 1996) must hold. On computing one gets dip(tr(JE))\p:p* = g—z(% -B)#0
as 1 — fc — (1 + 2B)y2 # 0. Hence, the transversality condition for a Hopf bifurcation
is satisfied. To determine the direction of Hopf bifurcation and stability of FEs, the first
Lyapunov coefficient of the system (2.2.3) at the equilibrium point Es has been computed
below.

Let x = u — 3, y = v — Yo, then the equilibrium point E; is shifted to the origin (0, 0)

and the system (2.2.3) can be rewritten as

( du
2 2 3 2
E =Q10U + A1V + A20U”~ + A11UV + Qg2V” + G30U° + A2 U V+
2
a1oUv —I—a031}3,
" (2.2.12)
2 2 3 2
E :blou + b()ﬂ) + bgou + buUU + bOQU -+ bgou + b21u v+
2 3
\ biauv® + bozv® + P(u,v),
where ajg = —x2, ao1 = —T2, ax = —1, a1 = -1, ap =0, ax =0 ay =0, ap=
_ _ PBY3 _ py2 (z2—By> __ pBy; _ 2pByo _
0, apz3 =0, by = 1327 bor = TQ(W —B), byp = — xg?’, b = 2 boz =
ch B _ By 208y _ 8 _ _pwh _ __Bh
p((c+y2)3 x2)7 bso = o4 G211 = 3 bz = 27 bos = (cty2)3 (cty2)3’ and

P(u,v) =Y 00, biju'vd.

itj=4
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The first Lyapunov number o (defined in equation 1.3.7) at the origin of the system (2.2.12)
is

3m

T Sa A2 { [aloblo afy + anbor + agebi1) + aroaor (b + asbiy + ai1bp2)
01

O‘ g
+blo(anao2 + 2a02b02) - 2a10b10(b(2)2 - a20a02) - 26110@01(@30 - b2obo2>

—agy (2a20b20 + br1bao) + (ag1bio — 2a3,) (briboz — 6111@20)}

—(a%o + ap1b10) [3(b1obos — ao1aso) + 2a10(as + bi2) + (boarz — 001521)]} ,

where A = 22 /(1 + ¢+ Bc — h)? — 453h.

(ct+y2)

If 0 # 0, then the origin of (2.2.12) is a weak focus of multiplicity 1: also origin is
stable, when o < 0 and unstable, when o > 0. Hence, in parameter space (p, 5, h, ), there
exist surfaces Hop = {(p,8,h,c) : 0 > 0,0 < ¢ < h < h, ‘;y;(”";g;” — B) — x5 = 0} and

Hyp = 1{(p,B,h,c) : 0 <0,0<c<h<h, ’;y;(xafgz — ) — x9 = 0}, called subcritical and
supercritical hopf bifurcation surface respectively, such that if the parameter set (p, 3, h, ¢)
lies on the surface Hyy, the equilibrium point Es of system (2.2.3) is a weak focus of
multiplicity 1 and is unstable, and if the parameter set (p, 5, h,c) lies on the surface Hgy,
the equilibrium point Ey of system (2.2.3) is a weak focus of multiplicity 1 and is stable.
From above discussion, the equilibrium point Fy of system (2.2.3) is a weak focus
of multiplicity 1 and is unstable, if (p, 8, h,c) is in Hgy,. Also from Theorem 2.2.3, the
equilibrium point FEs is stable, whenever %(’”201523’2 — fB) —xy < 0, that is, p < p* and
is unstable, whenever %(% — B) —x9 > 0, that is, p > p*. Thus, the equilibrium
point Es generates an unstable limit cycle as the bifurcation parameter p passes through
the bifurcation value p = p*. From one side of the surface Hyg,, to the other side, system
(2.2.3) can undergo to a subcritical Hopf bifurcation. An unstable limit cycle arises in the
small neighborhood of the equilibrium point Es, whenever (p, 3, h,c) is in Hgup, 0 < p < p*
and |p — p*| << 1. Similarly, a stable limit cycle arises in the small neighborhood of the

equilibrium point Es, whenever (p, 8, h, ¢) is in Hyyy, p > p* and |p — p*| << 1. n
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Saddle-node Bifurcation

In Subsection 2.2.2, it is shown that the system (2.2.3) admits the double point Ej3, when-

ever h = h. In Theorem 2.2.5, it is shown that the point Ej is a saddle-node, whenever

PY3 <:1:3—2ﬁy3—56

p” Py ) — x3 # 0. Now, it is shown that the system (2.2.3) experiences a saddle-

node bifurcation of codimension 1 around the equilibrium point E3 at the threshold value

of the bifurcation parameter h = h by means of the Sotomayor’s theorem (Perko 1996).

Theorem 2.2.7. The System (2.2.3) undergoes a saddle-node bifurcation with respect to

the parameter h around the equilibrium point Es, whenever h = h = 1+ 28 + ¢ + B¢ —
x3—20y3—LBc

Proof. Tt has been shown that if h = h = 1428 + ¢ + Bc — 24/B(1 +c+ B + Bc) and

PY3 <x3725y3*ﬁc

p oty ) — x3 # 0, one eigenvalue of the Jacobian matrix Jg, is zero and other

has nonzero real part. Suppose V and W are the eigenvectors corresponding to the

zero eigenvalues of the Jacobian matrix Jg, and transpose matrix Jgg respectively, then

vl e[ ]

T3
_ 0 , _ 0
Now fu(E3,h) = , D(f(Es5, h))(V,V) = |, . -
PBy: 4pB B he
e gt QP( R <c+y3>3>
Therefore, W7 f,(Es, h) = £%5 > 0 and WT[D*(f(Es, h))(V,V)] = —2/)(% i fyg)g .

Since (C+Z3)2 = & so, WI[D*(f(E3, h)(V,V)] = —% < 0. Thus Sotomayor’s theorem
confirms that the system (2.2.3) experiences a saddle-node bifurcation of codimension 1
around interior equilibrium point F5. This means that, there are no equilibrium points for

h > h, while there are two co-existence equilibrium points E, and Fs for h > h, one of

which is saddle point and the other is a stable node. [ |

Bogdanov-Taken bifurcation

In Theorem (2.2.5), it has been proved that the interior equilibrium point F3 is a cusp of
codimension 2, whenever 'Z:—y;’ (%@W) — 23 = 0 and n4n5 # 0, which implies that there
may exist the Bogdanov-Takens bifurcation in system (2.2.3). The parameters h and p are

taken as the bifurcation parameters as they are important from Biological point of view
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and by means of a series of transformations as given in Xiao and Ruan (1999), normal form

has been derived.

Theorem 2.2.8. The system (2.2.3) undergoes to a Bogdanov-Takens bifurcation with
respect to the bifurcation parameters h and p around the double equilibrium point Es, if

c<h=" %(w)—m:(} i 7.0

7 w3 ctys

Proof. 1t is considered that the parameters h and p vary in a small neighbourhood of the
BT-point (hg, po). Let (ho + A1, po+ A2) be a point of this neighbourhood, where Aj, Ay are

small. The system (2.2.3) reduces to

‘ (2.2.13)
ar = (po+ >\1)(1 — 2 %)y

Translating the equilibrium point Ej3 into the origin by using the transformation

uy = x — 3, us =y — y3 and then using the Taylor’s series expansion, the system (2.2.13)

reduces to
duy 2
— = —X3U; — T3Ug — U] — ULU2
dt 1 ’
(2.2.14)
dug _ 2 24 R
a Qp + a1Uq + QoU9 + Q3Uy + A4UL U + a5Usq —+ 1(U1, UQ),
where ap = —Etdlaws o Beothui o (04 N ) (B 4 Qechaw) g, =
0 c+ys3 9 1 x% ) 2 0 1 T3 (cty3)2 ) 3

—fﬁ(pozl)yga ay = fQﬁ(po;gz\l)yg’ as = (po + /\1)< -2+ C((fgsi)) and Ry (uy,uz) is a power

series in (uy,us) with powers uiul satisfying i +j > 3.
Making the affine transformation vy = uy, v = —x3u; — x3us, then the system

(2.2.14) reduces to

dvy 1
— = U2 + —U1V2,
a s (2.2.15)
L2 — By + Brvy + Bava + B3vF + Baviva + B5vE + Ro(vr, va),
where 8y = —apr3, B = w3(a2 — ay), B = ay — w3, B3 = w3(ay — a5 — a3), By =
g — 205 — 1, Bs = —2 and Ry(vy,vy) is a power series in (vy,vy) with powers viv]

3

satisfying i + j > 3.
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Consider the C* change of coordinates in the small neighbourhood of (0,0) :

1
2
w=m—gﬂ,w=w—&wm
3

the system (2.2.15) reduces to

W — wy + Ry(wy, wo),

(2.2.16)

dwo

7 =0 + n1wr + Yaws + 3wt + Yawiwz + Ra(wy, wa),

where v = Bo, 11 = P — BoBs, 12 = P2, 13 = BIT@&’ + B3 — 185, 4 = B, Rs(wi,w2)
and Ry(wy,w,) are the power series in (wy, wy) with powers wiw} satisfying i 4+ j > 3.

Consider the C'* change of coordinates in the small neighbourhood of (0,0) :

21 = wy, 2o = wy + Ry(wy,ws),

the system (2.2.16) reduces to

da = %2,
at (2.2.17)

dzz

& = Yotz + Y327 + Fi(21) + Y222 + Yaz122 + 22Fo(21) + 23 F5(21, 22),

where Fy, Fy and Fj are the power series in z; and (21, 22) with powers zfl, 212“2

and 22
satisfying k1 > 3, ko > 2 and @ + j > 1, respectively.

Applying the Malgrange Preparation theorem (Chow and Hale 1983), one gets

Yo + 71121 + 732% + Fl(zl) = (75% + %Zl + %)B(Zl’ /\)’
3 3

where B(0,\) = 73 and B is a power series in z; whose coefficients depend on parameters
(A1, A2).
The sign of 3 is tedious to determine. So, by means of numerical computation it

is found that v3 > 0 as A\;, Ay — 0. Consider the transformation

X1 = 21, XQ = ﬁ, dl = \/’%dt,

V3
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the system (2.2.17) reduces to

Xm == X27
(2.2.18)

% = ’Y:Lg + %Xl +X12 + ]—,%XQ + ]—,%XlXQ + Sl(Xl,XQ,)\>,

where S} (X1, X3, 0) is a power series in (X7, X3) with powers X X7 satisfying i +j > 3 and
j>e
Applying the parameter dependent affine transformation Y; = X; + 71 , Yo =X

in the system (2.2.18), then it will become

(2.2.19)

%:7_0_44_#(72 “/1’Y4>Y +Y2+Ji}/1}/2+SQ<Y1,}6,A),

where S,(Y1,Y3,0) is a power series in (Y7, Y3) with powers Y'Yy satisfying i + j > 3 and
J =2

By means of C'*° transformation

2 3
Xy, vy Dy, gr = Vg,
73 (’}/3)5 Y4

the system (2.2.19) reduces to

B,
(2.2.20)

% _ ’YO’Yf;l '71’Y4 + (w_ in )Y_|_X2—|—XY—|—83(X Y)\)

3 4vs V3 2(73)?

where S3(X,Y,0) is a power series in (X,Y) with powers X'Y7 satisfying i +j > 3 and
J=>2.
The above system is topologically equivalent to the normal form of the Bogdanov-

Takens bifurcation which is given by

dr __
dt y7

(2.2.21)
W — 1 (A, Ae) + pa(Ar, Ao)y + 22 + 2y
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The system undergoes a Bogdanov-Takens bifurcation if J (%)( : # 0. When the
’ A1=0,22=0

system (2.2.3) undergoes Bogdanov-Takens bifurcation at \; = Ay = 0, three bifurcation

curves in A\; Ay plane through the BT point are given by,

1. Saddle-node bifurcation curve: SN = {(A1, A2) : p1(A1, A2) = 0, (Mg, A2) # 0}
2. Hopf bifurcation curve: H = {(\, X2) : ua( A1, Ao) = /—p1(A1, A2), p1 (A1, A2) < 0},

3. Homoclinic bifurcation curve:

HL = {(A1, A2) 1 pa(A1, Aa) = % —p1(A1, A2), (A1, A2) < 0}

2.2.4 Numerical Simulations

In this section, numerical simulations have been performed to support our analytical find-

ings.

(1) B =0.1,¢c = 0.01,h = 0.5. The system (2.2.3) has two interior equilibrium points

E; = (0.435558,0.564442) and E, = (0.210806,0.789194), trivial equilibrium point
Ey = (0,0) and an axial equilibrium point e = (1,0). If p = 0.75, the interior
equilibrium point E, is asymptotically stable (Figure 2.2(a)) and if p = 0.9, the
interior equilibrium point F, is unstable (Figure 2.2(b)). The axial equilibrium point
e is an asymptotically stable point and the interior equilibrium point F; is always a
saddle point. If h = 0.01,p = 0.9, the system (2.2.3) has only one positive interior
equilibrium point £, = (0.091818,0.908182) which is globally asymptotically stable
(Figure 2.2(c)). If h = 0.05, p = 0.9, the system (2.2.3) has only one positive interior
equilibrium point E5 = (0.0913611,0.908639) which is also globally asymptotically
stable (Figure 2.2(d)). If = 0.1,¢ = 0.01,h = 0.544367 < h = 0.6, the system
(2.2.3) has no positive interior equilibrium point and the phase portrait diagram is

shown in Figure 2.2(e). The trivial equilibrium point is always a saddle point.
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{
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06 08 10
X

Figure 2.2: Phase portrait for system (2.2.3). For figure (a) and (b) f=0.1,¢=0.01,h =
0.5 (a) p = 0.75 the interior equilibrium point Ey = (0.210806,0.789194) is an asymptoti-
cally stable, azial equilibrium point e = (1,0) is asymptotically stable and interior equilib-
rium point Ey = (0.435558,0.564442) is a saddle point. (b) p = 0.9 the point Es is unstable,
e is asymptotically stable and E; is a saddle. (¢) [ =0.1,¢=0.01,h =0.01,p = 0.9 the
interior equilibrium point E4 = (0.091818,0.908182) is an asymptotically stable, axial equi-
librium point e = (1,0) is saddle. (d) [ = 0.1,¢ = 0.01,h = 0.005,p = 0.9 The interior
equilibrium point Fs = (0.0913611,0.908639) is an asymptotically stable, axial equilibrium

point e = (1,0) is saddle. (e) when no interior equilibrium ezist, the origin is always a
saddle.
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(2) B =0.1,¢=0.01,h = 0.5, then p* = 0.865973. The system (2.2.3) undergoes to hopf
bifurcation and the first Lyapunov coefficient ¢ = 214.922 > 0, so an unstable limit
cycle arises around the equilibrium point Fy = (0.210806,0.789194). Take p = 0.854
(Figure 2.3(a)). = 0.02,¢ = 0.1, h = 0.8, then p* = 0.173169. The system (2.2.3)
undergoes to hopf bifurcation and the first Lyapunov coefficient 0 = —762.219 < 0,
so a stable limit cycle arises around the equilibrium point Ey = (0.0867959, 0.913204).
Take p = 0.175 (Figure 2.3(b)).

1.1 e e

® |

B

U R .~ SRR B N
0.00 0.05 0.10 0.15 0.20 0.25 0.30

X

Figure 2.3: (a) 6 = 0.1,c = 0.01,h = 0.5,p* = 0.865973,p = 0.854 an unstable limit
cycle arises around the interior equilibrium point Ey. (b) [ =0.02,c=0.1,h =0.8,p" =
0.173169, p = 0.175 a stable limit cycle arises around the interior equilibrium point Es.
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(3) B = 0.5,¢c=01,p = 04,h = 0.33341. The system (2.2.3) has a double interior
equilibrium point £ = (0.60553,0.39447), which is a saddle-node point. The phase

portrait diagram is shown in Figure 2.4(a) and the saddle-node bifurcation is shown

in Figures 2.4(b) and 2.4(c).
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Figure 2.4: 3 =0.5,c=0.1,h = 0.33341, p = 0.4. The system (2.2.3) has a double interior
equilibrium point Es. (a) The point Es is stable from above of the saperatriz curve and a
saddle frow below. (b),(c) Saddle-node bifurcation diagram.



58 2.2 Model with Nonlinear Predator Harvesting

(4) B = 0.12,¢ = 0.1, then one can obtain hy = 0.583001, py = 0.781849. Thus, the
system (2.2.3) is

dx
Z=z(l—-2—-y),
i = ) (2.2.22)
B — (0781849 + Xy)(1 — X12u — 058001,
The system (2.2.22) has a unique positive interior equilibrium point E; =

(0.343303, 0.656697).

Translating the equilibrium point E3 into the origin by using the transformation
up = x — 0.343303, uy = y — 0.656697 and by the Taylor’s series expansion, the

system (2.2.22) reduces to

(d
S = — 03433030 — 0.343303u; — 1 — wius,
d
% =ap(N) + a1 (N ug + ao(Nug + as(A)u? 4+ oy (N uqug (2.2.23)
+ 045(/\)7,@ + Rl (ub Ug),

\

where Oéo()\) = —0678525)\2—0867847>\1)\2, 041(/\) = 0343303+0439092/\1, OéQ()\) =
1.04555 + 1.33727A1, as(N\) = —0.168089 — 0.214989\; + 0.18045A5 + 0.230799A1 A2

and Ry (uy,us) is a power series in (uq,up) with powers ufu), satisfying i + j > 3.
Making the affine transformation vy = uy, vo = —0.343303u; —0.343303us, the system
(2.2.23) reduces to

( d’Ul 1

a2 03433031
dv
d_t2 =05o(A) + B1(A)v1 + B2 (A)vg + 53()\)1)% + Ba(N)v1vg (2.2.24)

+ 65()\)’03 + RQ(U17 UQ),

\

where Gy(A) = 0.23294); + 0.297935 1 X2,  51(A) = —0.0468767 s — 0.05995621 Ay,
Pa(A) = 0.439092\; — 0.136546 3 — 0.174645 1 X2,  F3(A) = 0.759948 + 0.971988)\; —
0.0619491)s — 0.0792341)\ Ao, Bs(A) = 0.381724 + 1.76725)\; — 0.3609\ —
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0.461599M\1 X2,  f5(N) = 0.489622 + 0.626236\; — 0.525629 9 — 0.67229A; \s.

1,2

Performing the C'*° change of coordinates w; = v; — T V1, W2 = U2 — Bsv1v9 and

21 = wy, 2z = wy + R3(wy,wy) in the small neighbourhood of (0,0), the system

(2.2.24) reduces to

( le _.
—~2

dt
d22

”n =1 (A) + 11 (N)z1 +13(N)21 + Fi(21) + 72 (V)22 + 11 (A) 2120+ (2.2.25)

2By (21) + 23 F3(21, 22),

where ~p(A) = 0.23294)\5 + 0.297935A1 A2, 71(A) = —0.160929\; — 0.351707 A Ay —
0.186578\2Xs + 0.12244)2 + 0.3132060A2 + 0.200208)2)2, 72(\) = 0.439092)\; —
0.136546A5—0.174645 1 A2, ¥3(A) = 0.759948+0.971988\; —0.273381 A5 —0.532762 A1 Ao —
0.234192)2)\, + 0.153687A2 + 0.393136A A2 + 0.25141472)2, 1, (\) = 0.381724 +
1.76725A1 — 0.3609\; — 0.461599\1 Ao and F}, F5, and F3 are the power series in 2
and (21, z) with powers 2, 252 and 2i2] satisfying ky > 3,ky > 2 and i +j > 1,

respectively.

Applying the Malgrange Preparation theorem, one gets

Yo +")/121 +’}/32’% + Fl(Zl) = (Zl +% 1 +z )B(Zl,k),
3 3

where B(0,\) = 3 and B is a power series in z; whose coefficients depend on param-

eters (Ar, Aa).

on computing, y3 = 0.759948 > 0 as A1, A\a — 0. consider the transformation

29
X1 =2z, Xo= = /3dt,
\/%

the system (2.2.25) reduces to

Xm == X27
(2.2.26)

dXs __ ’YO +’YlX1+X2+ 2 X +

aT NGRS \/*X1X2+SI<X17X27)\)7
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where S; (X1, X,0) is a power series in (X, X5) with powers X?X] satisfying i+j > 3
and j > 2.

Applying the parameter dependent affine transformation Y; = X; + 71 , Yo = X5 in
the system (2.2.26), one gets

le —Y-
. (2.2.27)
-2 Ty (- 3B+ 12 + LNV + Si(1,Y3,),

where S5(Y7,Y3,0) is a power series in (Y1, Ys) with powers Y;Yy satisfying i +j > 3
and 7 > 2.

Consider the C* transformation

X = 743/1,3/— g vy dT = Y g,
V3 (73)2 V4

Then, the system (2.2.27) reduces to

=
(2.2.28)
W+ Y + X2+ XY + S5(X, Y, ),

4
h __ 7074 'Y1 ’74 Y274 ’74 2!
where = —= 0
e N R ( w o 2w

(X,Y) with powers XZYJ satisfying i + j > 3 and j > 2. Also J(M>
ALA2 /(3 =0,00=0)

—0.154391. Thus, the system (2.2.22) undergoes to Bogdanov-Taken bifurcation.

) and S3(X,Y,0) is a power series in

The local representations of the bifurcation curves:

(&) SN ={(A1, A2) : (A1, A2) = 0, pa(A1, Az) # 0}

(b) H = {(A1, A2) 1 pa(A1, A2) = /—p1(A1; A2), pa (A1, A2) < 0}

(¢) HL = {(A1, A2) : pa(Ar, A2) = 24/ =1 (A1, A2), 1 (A, A2) < O}
These bifurcation curves are sketched in a small neighborhood of the origin in the A Ay

plane (Figure 2.5(a)). The bifurcation curves divide the parameter plane into four

parts: I, 11,111, and IV. The saddle-node bifurcation curve (SN) is the horizontal
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axis i.e. Ay = 0 axis and the homoclinic bifurcation curve (HL) and hopf bifurcation
curve (H) lies in the fourth quadrant. When (A1, A2) = (0,0), then the system (2.2.3)
has a unique interior equilibrium point which is a cusp of codimension 2 (Figure
2.5(b)). When the parameters A\; and )\, varies and lie in the region I, then the
system (2.2.3) has no interior equilibrium point and all the solution trajectories goes
to the axial equilibrium point, that is, the axial equilibrium point is globally stable
(Figure 2.5(c)). Hence, in this case, the predator will go to extinct and prey will
approach to the carrying capacity. When the parameters A\; and Ay pass the SN
bifurcation curve and lie in the region I7, the cusp of codimension 2 break into a
hyperbolic saddle and an unstable focus (Figure 2.5(d)). When the parameters \;
and As lie in the region 11, the cusp of codimension 2 breaks into a stable focus and
a hyperbolic saddle. The change of stability of the focus yields an unstable limit cycle
(Figure 2.5(e)). Further, when the parameters A\; and A, lie in the region IV, the
cusp of codimension 2 breaks into a saddle point and a stable focus (Figure 2.5(f)).
Hence, an open set of initial population densities exists for which both predator and

prey approach to a stable steady state.

2.2.5 Results and Discussion

In this section, a Leslie-Gower predator-prey model has been analyzed in the presence of
nonlinear predator harvesting. It is shown that the system has at most four equilibrium
points in R? , in which the trivial equilibrium point and the axial equilibrium point always
exist, while the positive interior equilibrium point changes from two to zero. The quali-
tative properties of solutions in the vicinity of (0,0) has been studied by using a blow up
technique, and it is found that the origin will never be stable; ecologically speaking, the
two species cannot go to extinction together. The axial equilibrium point is either asymp-
totically stable or globally stable or a saddle depends on the parametric conditions. Thus,
ecologically speaking, the prey species never goes to extinction, whatever be the choice
of initial population density. If two interior equilibrium points exist, then one is always

a saddle point while the other is either asymptotically stable or unstable or the system
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undergoes a Hopf bifurcation around this point, that is, for certain parametric domain the
system exhibits a bistability phenomenon as well as oscillatory co-existence of both the
populations. The stability of limit cycles has been studied and validated through numerical
simulations by calculating the first Lyapunov number. It is also found that for certain
parametric domain the proposed system has a unique interior equilibrium which is globally
asymptotically stable.

It is shown that the system can have zero, one or two interior equilibrium points
through saddle-node bifurcation as the bifurcation parameter h crosses a certain threshold
value. By means of Sotomayor’s theorem, the existence of saddle-node bifurcation has
been shown. Ecologically speaking a maximum threshold value of h exists below which
both species co-exist and above which predator species suddenly collapse to extinction.
The proposed system undergoes to Bogdanov-Taken bifurcation near degenerate equilibria.
The parameters h and p have been considered as Bogdanov-Takens bifurcation parameters
and the normal form has been obtained. Ecologically speaking, a small perturbation in the
bifurcation parameters is a cause of extinction, coexistence and oscillation.

The dynamical analysis of the model (2.2.3) shows complex and rich dynamics as
compared to the model with no harvesting (Hsu and Hwang 1995) and with constant yield
predator harvesting (Huang et al. 2013). The model without harvesting has a unique inte-
rior equilibrium point which is globally asymptotically stable (section 1.5.3), while model
(2.2.3) has zero to two interior equilibrium points and the model (2.2.3) undergoes to a
series of bifurcation (hopf bifurcation, saddle-node bifurcation, Bogdanov-Takens bifurca-
tion). The model with constant yield predator harvesting has no axial equilibrium point,
and the solutions once touching the z— axis will leave the first quadrant (Hsu and Hwang
1995). But the model with nonlinear predator harvesting has one trivial equilibrium point
Ey = (0,0) and one axial equilibrium point e = (1,0) and the solutions touching the x—
axis will go to the axial equilibrium point e. Further, if no interior equilibrium point exists,
then the axial equilibrium point e is globally asymptotically stable. Ecologically speaking,
in the absence of predator species, the prey density approaches to the carrying capacity.
Although the model with constant yield predator harvesting undergoes a series of bifurca-

tions, like, hopf bifurcation, saddle-node bifurcation, Bogdanov-Takens bifurcation (Huang
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et al. 2013) but the model with nonlinear harvesting gives more general parametric con-
ditions for the occurrence of these bifurcations. Thus, the results of nonlinear harvesting
model can explain the real life situation in a more effective and realistic manner.

10 —
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Figure 2.5: f = 0.12,¢ = 0.1, hy = 0.583001, py = 0.781849 (a) BT Bifurcation diagram
in the My plane. (b) The equilibrium point Es3 is a cusp when (A, 2) = (0,0). (¢)
No interior equilibrium point exist when (A1, A2) = (0.04,0.001) lies in the region I. (d)
An unstable focus when (A1, A2) = (0.03,—0.001) lies in the region II. (e) An unstable
limit cycle when (A1, A2) = (0.03,—0.002) lies in the region II1. (f) A stable focus when
(A1, A2) = (0.03,—0.004) lies in the region IV .
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2.3 Model with nonlinear prey harvesting

2.3.1 Model Equations

Consider the Leslie-Gower predator-prey model with nonlinear prey harvesting (Gupta et

al. 2012):
i = T(l B %>X —aXY - mléii{ng’
& 51— Xy, if (X,Y)#(0,0) (2.3.1)
@ —0, if (X,Y)=(0,0),

with the initial conditions X (0) > 0,Y(0) > 0, where the variables and parameters are
same as defined for system (2.2.1). Gupta et al. (2012) have studied the positivity, bound-
edness and the stability of the system (2.3.1). They have also shown that this system
undergoes Hopf-bifurcation and saddle-node bifurcation. In this section, codimension 2 bi-
furcations (Bogdanov-Takens bifurcation of codim 2) for the system (2.3.1) has been studied
in detail. The novelty obtained here is that the system (2.3.1) undergoes to two types of
Bogdanov-Taken bifurcations; attracting and repelling Bogdanov-Taken bifurcations.

For nondimensionalizing the system (2.3.1), consider

X=Kzx, Y=nKy, rT=t.

The system (2.3.1) reduces to

L (1-a—by- L)
2 p<1 — %)y, if (z,y) # (0,0) (2.3.2)

@ =0, if (z,y)=(0,0)

with the initial conditions x(0) > 0,y(0) > 0, where

ank mi E qF S
b= , c= , h= , p=—.
T mo KK rmo K T

Here, we take h and p as bifurcation parameters.
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2.3.2 Bogdanov-Takens Bifurcation: Normal Form

The Bogdanov-Takens bifurcation (BT bifurcation) is a type of codimension 2 bifurcation
that emerges, when the system (2.3.2) admits a unique degenerate equilibrium. Assuming
that if (1 —c(b+ 1)) —4(b+ 1)(h — ¢) = 0, then the system (2.3.2) has a unique positive

equilibrium E(zg,yo), where xg = yo = lgflfﬁ)l), c(b+1) < 1.

The Jacobian matrix of the system (2.3.2) at the point E(zo, o) is

<— 1 + m>l’o —bIL‘Q

p —p

Jg =

The determinant of the above Jacobian matrix det(Jg) = pxo (1 +0b— m> = 0, which
confirms that E is a degenerate singularity. The trace of the above Jacobian matrix tr(Jg) =
xo< -1+ m> — p. As the determinant of the Jacobian matrix Jg is zero, and if in
addition bxy = p, then the Jacobian matrix Jg has a zero eigenvalue with multiplicity 2 i.e.
A1 = Ay = 0 but the Jacobian matrix is not a null matrix.

In Theorem (2.3.1) below, it has been proved that the unique interior equilibrium

point E(xo, o) of the system (2.3.2) is a cusp of codimension 2.

Theorem 2.3.1. If bxg = p and b — (C%f:f(?)s # 0, then the unique interior equilibrium point

E(xo,y0) of the system (2.3.2) is a cusp of codimension 2.

Proof. First, the equilibrium point E(xq,yo) has been shifted at the origin by means of
the transformation z; = © — xg,y1 = y — yo and then use the first condition given in the

statement of the theorem. The system (2.3.2) reduces to

(2.3.3)

2

dz 2 2
2 x] + pI1I2 —x2 + Py(x1,29),

% = pr1 — pry + ( (cﬁio > %—bx1x2+P1(l’1,x2)7
a - Pr1— pr2 — xp

where Py (x1,23) and Py(xy,x5) are the power series in (21, #3) with powers # ), satisfying
it+j>3.

Now, consider the affine transformation y; = z1, yo = pxr; — pxs, to reduce the
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system (2.3.3) into

d z P
% =Y~ (c-lli:c?))ii y% + xioylyZ + Pi(y 1), (2.3.4)
dys hzg

dt — " (ctw0)? yi + byrys + x—loyi + Pa(y1,2),

where Py (y1,12) and Pa(y1,12) are the power series in (y1,y2) with powers yiy) satisfying
it+j>3.
Consider the C'* change of coordinates in the small neighbourhood of (0,0) :

1 hZL‘O 1

£1 =Y — —yf, 22 =12 — m@f - x—0y1y2-

Then, the system (2.3.4) reduces to

%:Zg‘i‘ﬁl(Zl,ZQ), (235)
deg — __phoo 2 4 (p— 2hao ), o —|—ﬁ(z 29) -
dt (c+xz0)3 <1 (ctx0)3 | <172 2 ~1,~2),

where Py (21, 2;) and Py(21, 22) are the power series in (21, 22) with powers 22 satisfying
it+j>3.

Now, let the C* change of coordinates in the small neighbourhood of (0,0) :
Uy = 21, u2222+§1(21,22>.

The system (2.3.5) reduces to

duy
ae - U2

(2.3.6)

dug _ _ _phxzo 2 _ _2hxo
dt — (ctmo)3 uj + (b (c+xo)3>u1u2 + 8(u17 Ug),

where s(uq,us) is a power series in (uy, us) with powers uiul satisfying i + j > 3.

Since — (CT§0°)3 # 0, so0if b — (621’;’“"(?)3 # 0, the system (2.3.2) has a cusp of codimension 2. m

Now, for given suitable bifurcation parameters, it has been proved in Theorem
(2.3.2) below that the system (2.3.2) will undergo the Bogdanov-Takens bifurcation. The

harvesting parameter (h) has much affect on the system. The parameter h and the ratio
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of intrinsic growth rate of predator and prey species (p) are chosen as the Bogdanov-Taken
bifurcation parameters. A series of variable changes is applied to obtain the universal

unfolding of system (2.3.2) near the Bogdanov-Takens (BT) point (hg, po).

Theorem 2.3.2. The system (2.3.2) undergoes a Bogdanov-Takens bifurcation with respect

to the bifurcation parameters h and p around the cusp E(xo,yo) if bxo = p and b— (ﬁfg)iﬂ) =+

0. Moreover,

i) the system has an attracting Bogdanov-Takens bifurcation of codimension 2 if (b —

<CT§§)3> > 0.

i1) the system has an repelling Bogdanov-Takens bifurcation of codimension 2 if (b —

) < 0.

Proof. Consider that the parameters h and p vary in a small neighbourhood of the BT
point (ho, po). Let (ho + A1, po + A2) be a point of a small neighbourhood of the BT point

(ho, po), where A1, A are small. Thus, the system (2.3.2) reduces to

de _ (1 _ o 1o ho A
dt <]' x by ctx c+x>x’

&= (po+ )\2)(1 - %)y

(2.3.7)

Translating the equilibrium point E(xo, %) into the origin by using the transformation
T4 =X — Xy, Ta = Y — Yo, and then using the Taylor’s series expansion and conditions of

the theorem, the system (2.3.7) reduces to

( dxy A1 n < Aic ) N
il _ .
dt ¢+ x po (¢ + x0)? 1= Pol2
hox AiC
(b= o ap * (o g )t~ b+ Fazo),

(2.3.8)

dx +A 2(po + A
-2 :(po + )\2)&71 — (,00 + )\2)%2 — Po 2517% + (Po 2)1’1372—
dt T To
+ A
M‘rg + R2<x17 x2)7
\ i

where R (z1,25) and Ry(zy, ) are the power series in (z1, x5) with powers z2? satisfying

i+j>3.
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Making the affine transformation y; = x1, yo = por1 — pox2, the system (2.3.8) reduces to

%1 = ago + Q10Y1 + Y2 + a2yt + anyiye + Ri(y1, 42),

B (2.3.9)
dde = Boo + Broyr + By + Baoy? + Buiyrye + Boayi + Ra(y1, v2),

where
AT Aic hozo N A\
[0 = — , [0 =07, (6% = — ,
O vz YT (et T (c+m)® | (c+mo)?
oy =2 _ Mo L I N
11 p) 00 ¢+ Zo ) 10 (C + I0)27 01 29
hol‘opo )\10p0 Lo -+ )\2
= — + y pr— b’ p— y
20 (c+x0)®  (c+x0)? Au fos PoTo

Ri(y1,y2) and Ry(y1, ) are the power series in (i1, y2) with powers yi1y) satisfying i+j > 3.

Consider the C* change of coordinates in the small neighbourhood of (0,0) :

1
2= — 5(0411 + 602)3/?, 29 = Y2+ azoy% — Bo2y1Y2,

the system (2.3.9) reduces to

% = &oo + &1021 + 22 + E202F + §1(21, 2), (2.3.10)

% = oo + M10z1 + Nor22 + N0zt + Mu1z122 + Ra(z1, 22),

where
1
€0 = o, &10 = 190 — ago(a1r + Bo2), o = —5(0611 + Boz2) (oo (11 + Boz) + aio),

Moo = Boos Mo = Bio + 2a20000 — Boobo2s  Mo1 = Bor — ooBoz2s

1
N2 = 5(0411 + Bo2) (B0 + 2a0a00 — BooBoz) — @20(Fo1r — cwoBo2) + (P20 + 220010 — BozPio),

1 = B11 + 2020 — Boecio — B0,

ﬁl(zl, 29) and Eg(zl, %) are the power series in (21, z,) with powers 2z satisfying i4+j > 3.
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Consider the C'* change of coordinates in the small neighbourhood of (0,0) :
up = z1, Uy = &oo + &1021 + 22 + E2027,
the system (2.3.10) reduces to

du n

B2 — o0 + Y10ur + Yortiz + Va0t + itz + Ry(uy, ug),

where

Yoo = Moo — ooMo1, Yo = Mo — &10Mo1r — ooit,  Yor = &0 + Mo,

Y20 = N20 — E20Mo1 — E10Mi1, Y11 = M1 + 2690,

ﬁl(ul, ug) and ﬁg(ul, ug) are the power series in (uy, uy) with powers u’luj2 satisfying i+ 5 >
3.

Consider the C* change of coordinates in the small neighbourhood of (0,0) :
UL = Up, U2 = U2 F §1(U17U2),

the system (2.3.11) reduces to

( dUl
—_— :U
dt 2
dv
d_t2 =700 + Y1001 + Vo102 + Y2007 + 7110102 + Fi (1) (2.3.12)
+ UQFQ(Ul) + ’USFS('Ula Ug),

\

where Fy, F, and Fy are the power series in v; and (v, vs) with powers v, v¥2 and viv]
satisfying k1 > 3, ke > 2 and 7 + j > 1, respectively.

Applying the Malgrange Preparation theorem (Chow and Hale 1983), one gets

Yoo + Y1001 + Y2002 + Fi(v1) = (U% + mm + @>B1 (v1, A),
Y20 20

where By(0, \) = 799 and By is a power series in v; whose coefficients depend on parameters
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()\17 >\2)
Now, we have gy = — L0202

et < 0 as A1, Ay are small, so consider the transformation

Wy, = V1, Wy = 2 s dl’ = \ —’}/Qodt,
—720
then the system (2.3.12) reduces to
dwy __
ar — W2,
- (2.3.13)
T T T WLt W T wi + S wiws + Si(wy, wa, A),

where S (wq,ws,0) is a power series in (wy, ws) with powers wiwd satisfying i + 7 > 3 and
Jj=>2.
Applying the parameter dependent affine transformation X; = w; + 2“’7%, X5 = wy in the

system (2.3.13), then it will become

( dX,
Ay
dT 29
d X Yoo Vio 1 V11710 9
—2 ooy ho (01 - )X - X 2.3.14
dr Y20 47220 \/% o 2720 ? ! ( )
+ g X1 Xy + So(X1, Xa, A),
\ —720

where Sy(X1, X5) is a power series in (X1, X3) with powers XiX] satisfying i + j > 3 and

Jj=>2.
Since y11 = b — (jff(?)g £ 0, as A1, Ao —> 0, consider the final C*° transformation as
72 73 711
Vi=—2X, Yo=— X, dT = — dr.

Y20 (—20)2 V=720

Then, the system (2.3.14) reduces to

aw _ vy,
T ) (2.3.15)
25 - gt oy (s )y YRR 06,

where S3(Y1,Y3) is a power series in (Y7,Y3) with powers Y'Yy satisfying i + j > 3 and
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j > 2 and F sign depends on the sign of ;7. If 11 > 0, then coefficient of Y;Y5 will be —1
and if 711 < 0, then coefficient of Y;Y5 will be +1.
The above system is topologically equivalent to the normal form of the Bogdanov-Takens

bifurcation which is given by

dZ; __
dt T Z2a

(2.3.16)

% = lul()\h )\2> + N’Q()\la )\Z)ZZ + Zl2 + 21Z2.

Thus, the Bogdanov-Takens bifurcation will be attracting Bogdanov-Takens bifurcation,

if v, = (b — 2) > 0, and will be repelling Bogdanov-Takens bifurcation, if v,; =

(ct+0)3
(0 2 <.
Take
4 2 .4 2
Y0011 V10711 Yo1711 Y11710
p1(Ar, Az) = - s H2(Ar, Ag) = - :
Vg’o 47510 20 2(720)?
Thus,
J<M1,M2> . (C—i-iUo)H( B 2hxg >5<1+b—9€0+ Zo > £0
A, Ao/ (A1=0,22=0) htd*pt (c+ x0)? 145 (¢4 x0)? ’
as b — (anfé’)s # 0 and zy < 1. Further, the parameter transformation is a homomorphism

in a small neighbourhood of the origin and pq, yo are independent parameters. The local
representation of the bifurcation curves in the small neighbourhood of the origin are given

by Perko (1996)

i) The saddle-node bifurcation curve SN = {(A1, Ag) : u1(A1, A2) = 0, pa(A1, A2) # 0}.

i1) The Hopf bifurcation curve
H = {(A,A2) s 2(M, A2) = /=1 (A1, A2), (A1, A2) < O}

i71) The homoclinic bifurcation curve

HL = {(A1; A2) 1 pa( A1, A2) = % —p1 (A1, A2), (A1, A2) < 0}
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2.3.3 Numerical Simulations

Now, numerical simulations have been performed. Considered two set of parameter values

for the parameters b and c satisfying the above analytical results.

(1) Take b = 0.6,¢ = 0.45, then one can obtain h = 0.46225, p = 0.0525 and the unique

interior equilibrium point is (0.0875,0.0875). Also since b— (CT;‘SP = 0.0791, therefore,
the system (2.3.2) undergoes attracting Bogdanov-Takens bifurcations around the

unique interior equilibrium point.

The bifurcation diagram for the attracting BT bifurcation is shown in the Figure
2.6(a). The saddle-node bifurcation curve (SN) is the horizontal axis i.e. Ay = 0
axis and the homoclinic bifurcation curve (HL) and hopf bifurcation curve (H) are
lying in the third quadrant. The SN, H and HL bifurcation curves divide the small
neighbourhood of the origin in the (A, A2)-plane into four regions. When (A1, Ay) =
(0,0), then the system (2.3.7) has a unique interior equilibrium point, which is a cusp
of codimension 2 (Figure 2.6(b)). When A\; = 0, then the system (2.3.7) has a unique
interior equilibrium point which is a saddle-node point. When the parameters \; and
Ao vary and lie in the region I, then the system (2.3.7) has no interior equilibrium
point and all the solution trajectories go to the origin, and hence the origin is globally
asymptotically stable (Figure 2.6(c)). When the parameters A; and Ay pass the SN
bifurcation curve and lie in the region /7, then the system (2.3.7) has two interior
equilibrium points, one is a saddle point and the other one is an unstable focus (Figure
2.6(d)). When the parameters A; and Ay pass the region /1 and lie on the homoclinic
bifurcation curve HL, then the system (2.3.7) has two interior equilibrium points, one
is a saddle point and the other one is an unstable focus enclosed by a stable homoclinic
loop (Figure 2.6(e)). When the parameters A; and Ay pass the homoclinic bifurcation
curve HL and lie in the region I11, then the system (2.3.7) has two interior equilibrium
points, one is a saddle point and the other is an unstable focus enclosed by a stable
limit cycle (Figure 2.6(f)). Further, when the parameters A; and Ay pass the region
I1] and lie in the region IV then the system (2.3.7) has two interior equilibrium

points, one is a saddle point and the other is a stable focus (Figure 2.6(g)).
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Figure 2.6: (a) Bifurcation diagram for attracting B-T bifurcation. The red trajectory
is homoclinic bifurcation curve and black trajectory is the hopf bifurcation curve. (b)
A cusp of codimension 2 when (A, A\2) = (0,0). (c) No interior equilibrium point exist
when (A, A2) = (0.0002, —0.001) lies in the first region. (d) An unstable focus when
(A1, A2) = (—0.0001, —0.001) lies in the region I1. (e) A stable homoclinic loop rises when
(A1, A2) = (—0.000568, —0.001) lies on the homoclinic bifurcation curve. (f) A stable limit
cycle when (Ag, A\y) = (—0.001,—0.001) lies in the region III. (g) A stable focus when
(A1, A2) = (—0.002, —0.001) lies in the region V.



74

2.3 Model with nonlinear prey harvesting

(2) Take b = 0.9,c¢ = 0.05, then one can obtain h = 0.1578, p = 0.2143, and the unique

interior equilibrium point is (0.2382,0.2382). Also since b — (cihfg)g = —2.24064, there-

fore, the system (2.3.2) undergoes repelling Bogdanov-Tatens bifurcation around the

unique interior equilibrium point.

The bifurcation diagram for the repelling BT bifurcation is shown in Figure 2.7(a).
It is clear from the figure that when the parameters A\; and )\, lie in the region I,
then the system (2.3.7) has no interior equilibrium point, and the origin is globally
asymptotically stable (Figure 2.7(b)). When the parameters A\; and A, lie in the region
I1, then the system (2.3.7) has two interior equilibrium points one is a saddle and
other is an unstable focus (Figure 2.7(c)). When the parameters A\; and Ay lie in the
region 11, then the system (2.3.7) has two interior equilibrium points, one is a saddle
and other is a stable focus enclosed by an unstable limit cycle (Figure 2.7(d)). Also
when the parameters A\; and Ay lie on the homoclinic curve, then the system (2.3.7)
has two interior equilibrium points, one is a saddle and other is a stable focus enclosed
by an unstable homoclinic loop (Figure 2.7(e)). Further, when the parameters A\; and
Ao lie in the region IV, then the system (2.3.7) has two interior equilibrium points,

one is a saddle and other is the stable focus (Figure 2.7(f)).
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Figure 2.7: (a) Bifurcation diagram for repelling B-T bifurcation. The blue trajectory is
homoclinic bifurcation curve and violet trajectory is the hopf bifurcation curve. (b) No
interior equilibrium point exist when (A1, Az) = (0.003,0.08) lies in the region I. (c) An
unstable focus when (A1, A\y) = (—0.0005, —0.04) lies in the region /1. (d) An unstable limit
cycle when (Ay, A\2) = (—0.0006, —0.04) lies in the region I7/. (e) An unstable Homoclinic
loop when (A1, A2) = (—0.00106893, —0.04) lies on the homoclinc bifurcation curve. (f) A
stsble focus when (A1, A\y) = (—0.002, —0.04) lies in the region IV.
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2.3.4 Results and Discussion

In this section, bifurcations of codimension 2 have been discussed for the Leslie-Gower
predator-prey model with nonlinear prey harvesting. The parameters h and p are taken
as bifurcation parameters and by reducing the system into normal form, it is shown that
for certain parametric conditions, system (2.3.2) has a cusp of co-dimension 2. Also, the
parametric conditions for which the system (2.3.2) undergoes repelling BT bifurcation and
attracting BT bifurcation have been obtained. From Figures 2.6(c) and 2.7(b), it is clear
that if Ay is positive i.e. if p3(A1, A2) > 0, then the system (2.3.7) has no interior point
and all the trajectories reach to the origin. If \; is negative i.e. if p;(A1, A\2) < 0, then the
system (2.3.7) have two interior equilibrium points in which one is always a saddle point
while other is a focus whose nature changes depending on the region in which it lies. Thus,
the system (2.3.2) is very sensitive for parameters h and p, and the predator and prey both

will coexist for some suitable values of the parameters h and p. Therefore, the homoclinic

qF
mo K

and p = 2 varied,

orbit or cusp bifurcation arises as the bifurcation parameters h = -

then the biological phenomena are very complex and interesting.



Chapter 3

Ratio-dependent Holling-Tanner
Predator-prey Model with Nonlinear

Prey Harvesting

3.1 Introduction

In the previous chapter Leslie-Gower predator-prey model has been studied with nonlinear
harvesting (in predator and prey independently). In chapter 1, it has been mentioned that
Holling type II functional response is more realistic. A Leslie-Gower predator-prey model
with Holling type I functional response is known as Holling-Tanner predator-prey model
(Model 1.5.7) and was first proposed in May (1973). This model has been studied by many
researchers, for example, Hsu and Hwang (1995); Gasull et al. (1997); Hsu and Hwang
(1998); Hsu and Hwang (1999); Saez and Olvares (1999); Braza (2003), etc., which are
discussed in brief in subsection (1.5.4). This model has been used by many researchers to
study a number of real world problems. For example; Caughley (1976) used it to model the

biological control of the prickly-pear cactus by the moth Cactoblastis cactorum, Wollkind

This chapter is based on the research article: Qualitative analysis and optimum harvesting of a ratio-
dependent Holling-Tanner predator-prey model with nonlinear prey harvesting, Communicated.

77
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and Logan (1978) and Wollkind et al. (1988) used it to model the predator-prey mite
outbreak interactions on fruit trees in Washington State.

The ratio-dependent functional response is proposed by Arditi and Ginzburg
(1989). Although it has been criticized many researchers, for example, Abrams (1994)
and Sarnelle and Wilson (2008), but recent field and laboratory experiments (Arditi et
al. 1991; Arditi and Ginzburg 1991; Berezovskaya et al. 2001; Arditi and Ginzburg 2012)
shows that it is more appropriate for predator-prey interactions, when the predators involve
serious hunting processes.

Xiao and Jennings (2005) studied the dynamical properties of a ratio-dependent
predator-prey model with nonzero constant prey harvesting, and obtained rich dynamics
compared to the model with no harvesting. Kar et al. (2006) studied a ratio-dependent
predator-prey model in the presence of linear harvesting in both the prey and predator
species with same effort but different catchability coefficients. Xiao and Cao (2009) stud-
ied the dynamics of ratio-dependent predator-prey model with linear harvesting rate and
showed the existence of hopf bifurcation by taking the harvesting parameter as bifurca-
tion parameter. Further, they did complete analysis of possible topological structures
in a neighborhood of the origin, as well as asymptotics to orbits tending to this point.
Lenzini and Rebaza (2010) studied the dynamics of a ratio-dependent predator-prey model
with nonconstant harvesting in prey and predator respectively and showed the existence
of several bifurcations and connecting orbits. The dynamics and bifurcations of a class of
ratio-dependent predator-prey models with constant rate prey harvesting and intraspecies
competition has been investigated by Chen et al. (2011). Christopher et al. (2015) stud-
ied the local stability of ratio-dependent predator-prey models with nonconstant predator
harvesting in which they generalized and improved some known results.

A Holling-Tanner predator-prey model with ratio-dependent functional response
was studied by Liang and Pan (2007), they also derived the sufficient condition for the
global stability of the unique positive interior equilibrium point of the model by construct-
ing Lyapunov function. Saha and Chakrabarti (2009) studied a delayed ratio-dependent
Holling-Tanner predator-prey model and used blow up transformation to study the quali-

tative behaviour of the origin.
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In this chapter, a Holling-Tanner predator-prey model with ratio-dependent func-
tional response and nonlinear prey harvesting has been studied. The ratio-dependent model
always has complex dynamics in the vicinity of the origin and its nature has been studied by
using a blow up transformation technique. It is also shown that the system exhibit several

bifurcations, periodic solutions and homoclinic orbits under certain parametric conditions.

3.2 Model Equations

Consider Holling-Tanner predator-prey model (1.5.7) with ratio-dependent functional re-

sponse and nonlinear prey harvesting

d m EX
%:r<1_%>X_AX)i};/_mlé+m2X7

o =s(l— )Y, if (X,Y)#(0,0) (3.2.1)
X =d¥ =0, if (X,Y)=(0,0),

with the initial conditions X (0) > 0,Y(0) > 0, where X(7T") and Y (T") denote the density
of prey and predator at time 7', respectively. The parameters r, K,m, A, s,b,q and E are
positive constants and represent intrinsic growth rate of prey, carrying capacity of prey in
the absence of predator, maximal predator per capita consumption rate, number of prey
necessary to achieve one half of the maximum rate m, intrinsic growth rate of predator,
measure of food quality that the prey provides towards the predators, catchability coefficient
and effort applied to harvest individuals and m;, my are suitable positive constants.

X YA

On introducing the dimensionless variables: © = %, y = 5%, t =T, in system

(3.2.1), it will become

W — (5 — By =yfolz,y), if (z,y)+#(0,0), (3.2.2)
de —dv — o if (z,y) = (0,0),

with the initial conditions: z(0) > 0,y(0) > 0, where « = ™, 8 = Ab, h = L (¢ = mE

rKmso’ mo K’

p = 4. The set R} = {(2,y) € R* : 2,y > 0} represents the closed first quadrant. In the
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following, it is demonstrated that the system (3.2.2) is “well behaved” in R .

Proposition 3.2.1.  a) There exists a unique continuous solution of the system (3.2.2)

in the interior of RY.
b) The set RZ is invariant for the system (3.2.2).
¢) The nonnegative solutions (:z:(t), y(t)) of the system (3.2.2) are bounded for all t > 0.

d) The system (3.2.2) is permanent, whenever the condition a + % < 1 holds.

Proof.
a) Let
x S N — _h_ z
F(C(],y) = (1 z+y c+x>7 ( 7y) 7é (an)a
o (z,9) = (0,0),
and
oy = PO~ @y) #(0.0)
0, (,y) = (0,0),

then, the system (3.2.2) reduces to

dx dy
I (z,y), 7 G(z,y)

It is easy to observe that the functions F(z,y) and G(z,y) are continuous and satisfies
the Lipschitz condition in R%. The existence and uniqueness theorem confirms that there

exists a unique solution for the system (3.2.2) through any point (2(0), y(0)) of R3, which

is well defined and is continuous for all ¢ > 0.

b) The integration of the system (3.2.2) yields

2(t) = 2(0) exp ( /0 t fl(x(s),y(s))ds) , (3.2.3)

v =s0es ([ t Fa(5) (5D ). (3:2.4)

Eq. (3.2.3) and Eq. (3.2.4) with initial conditions of system (3.2.2) confirms that x(t) >

0,y(t) > 0. Moreover, z(t) = 0 for ¢ > 0, whenever z(0) = 0, and so, the y-axis {(x,y) :
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z(t) = 0,y(t) > 0} is positively invariant. Similarly, the z-axis {(z,y) : y(t) = 0,z(t) > 0}

is positively invariant. Hence the result.

¢) The first equation of the system (3.2.2) with condition (b) implies

d
d—“: < (1 —2). (3.2.5)
The inequality (3.2.5) implies
1
< ———— 3.2.6
x()—1+00€,t7 ( )
where Cy = 1;(300()0 ) Now, consider the following two cases

Case [ If 2(0) < 1, then Cy > 0. It is evident from Eq. (3.2.6) that z(¢) <1 for all t > 0.
Case [ If z(0) > 1, then Cy < 0, hence Eq. (3.2.6) leads to x(t) > 1. From Eq.(3.2.5),
one gets ¢ < 0. This implies that z(¢) is monotonic decreasing. Hence, r?;aox{x(t)} = z(0).
The above said cases yields: z(t) < max{z(0),1} = M;. .

The second equation of the system (3.2.2) with the boundedness of x(t) leads to

dy y )
—Z < ——=). 3.2.7
it =" y( M, (3:2.7)
Similar computation gives
y(t) < max{y(0), BM} = M. (3.2.8)

d) From first equation of the system (3.2.2), one gets

fl—fo(l—a—%—x). (3.2.9)

If xg is the root of the equation 1 — a — % —x = 0, then by standard comparison argument
one gets 75lim inf 2(t) > xy. Hence, x(t) > zo for large t.
—00

Further, from the second equation of the system (3.2.2), one gets

% > (5 - %) (3.2.10)
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If yo is the root of the equation  — xio = 0, one can obtain tlim infy(t) > yo. It is to be
—00

noticed that x¢ > 0 whenever a + % < 1.

inequality (3.2.6) implies

lim sup z(t) < 1.

t—o00

Similarly,

lim sup y(t) < M;[5.
t—r00

Hence result. n

3.3 Equilibria and their Stability

The equilibrium points of the system (3.2.2) are the nonnegative real solutions of zero
growth isoclines of the system, that is, the nonnegative real solutions of the following

system.

zfi(z,y) =0, (3.3.1)
yfa(z,y) =0, (3.3.2)

where Eq. (3.3.1) is the prey zero growth isocline and Eq. (3.3.2) is the predator zero
growth isocline of the system. The following three types of equilibrium points for the

system (3.2.2) exist.

(a) Trivial equilibrium point: The trivial equilibrium point of the system (3.2.2) is Ey =
(0,0).

(b) Azial equilibrium points: The axial equilibrium points of the system (3.2.2) are only
the points of intersection of the curves y = 0 and fi(z,y) = 0. Abscissa of these

points are the roots of the quadratic equation:
>~ (1—cx+h—c=0. (3.3.3)

The quadratic equation (3.3.3) has two distinct positive roots
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T —

—ctH(=1)Fy/(1—c)2—4(h—c . "
Let(-1) (21 yoak ), k=12 ifc<l,c<h< (1%0)2; one positive root xs
if h < ¢; a double positive root z3 = % ifc < 1,h = (%)2, and a positive root

ry=1—c ifh=c<1.

Interior equilibrium points: The interior equilibrium points of the system (3.2.2) are
the intersection points of the curves fi(z,y) = 0 and fa(z,y) = 0 and the abscissa

are given by the solution of the quadratic equation
1+p)2*~(1—c+B—cB—aB)x+h—c+hB—cB+aBc=0, (3.3.4)

while the ordinance is given by y; = Bz;, k=1,2.

The quadratic equation (3.3.4) has two distinct positive roots

1

\/(1—c—i—ﬁ—cﬁ—aﬁ)Q—4(1+5)(h—c+h6—cﬁ+aﬁc)), k=12

2
ife<1— ﬁ‘fﬁ,% <h< 3z <1+C—%> one positive root x3, if h < %ﬁaﬁ),

a double root T = W, ife<1— 1+B’h = <1 +c— ﬁ%) and a positive
l—ctf-cf-af ;¢ . - 1_ 2B p — c(1+p—af)

* __
root z* = 113 143’ 118

On summarizing the above discussion, the number and location of equilibrium points of

system (3.2.2) can be described as

Lemma 3.3.1. The origin Ey = (0,0) is always an equilibrium point. If ¢ > 1, then the

system (3.2.2) has

(a)
(b)

no equilibrium point, if h > c.

one axial equilibrium point Ey = (x2,0) and one positive interior equilibrium point

* * % (1 a
Es = (x3,y3), if 0 < h < —tf_ﬂ 2y

Lemma 3.3.2. Let 298 < ¢ < 1, then the system (3.2.2) has

1+

2
(a) no equilibrium point, if h > <1+C> .
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2
(b) only one equilibrium point B3 = (x3,0), if h = (1%3) )

2
(c) two equilibrium points Ey = (x1,0) and Ey = (x9,0), if c < h < (%) .
(d) only one equilibrium point E4 = (x4,0), if h = c.
(e) only one equilibrium point Ey = (x4,0), if 1ti6aﬂ) <h<ec.

(f) one azial equilibrium point Es = (x9,0) and one positive interior equilibrium point

* * % c(1+8—«a

Lemma 3.3.3. Let c < 1+1ﬁ+60‘5 then the system (3.2.2) has

2
(a) no equilibrium point, if h > (Hc) .
2
(b) only one equilibrium point Es = (z3,0), if h = (%) .
2
(¢) two equilibrium point Ey = (x1,0) and Ey = (22,0), if c < h < (%) .
(d) one equilibrium point E, = (24,0), if h = ¢

(e) one equilibrium point Ey = (z3,0), zfi( +c— 10_‘&) <h<ec.

(f) three equilibrium points Ey = (x1,0), By = (22,0) and E = (7,7), if h = i(l +c—

2
af
22>

(g) fOUT’ ethbmum pOintS Ey = (xlao)vEQ - (x270)7Eik = (I>{7y1<) and E; - (x;y;)? Zf

c< h<= <1+c—1‘f3> )

(h) three equilibrium points Ey = (x4,0), Ef = (z7,y]) and E; = (23,y5), if h = ¢ <
(1 +c— 10-653) :

(i) three equilibrium points By = (24,0), Bt = (23, v%) and B = (23, v3), if 228 o

1+8
h <ec.

(j) two equilibrium points Ey = (x2,0) and Ex = (x*,y*), if h = (:(1%?13)

(k) two equilibrium points Ey = (22,0) and E5 = (z5,v3), if 0 < h < %ﬁaﬁ)
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05F 05F T
04f 0.4 (C)
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02 02¢ E
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Figure 3.1: These diagrams shows the number of interior equilibrium points of the system
(3.2.2), when the parameter h varies through critical value hl*N and all other parameters
are fixed. « =0.6, =05, ¢=0.1, p=0.6 (a)h=0.16 (b)h =0.2025 (c)h =0.21.

The number of equilibrium points can be shown graphically, for each case. The
possible number of equilibrium points are depicted in Figure 3.1(a) for Lemma (3.3.3)(g),
Figure 3.1(b) for Lemma (3.3.3)(f) and Figure 3.1(c) for Lemma (3.3.3)(c).

Next, the dynamics of system (3.2.2) in the neighborhood of each feasible equilibria

has been analyzed.

Trivial Equilibrium Point
Since functions f; and f, are not differentiable at the origin, so, the system (3.2.2) cannot
be studied by using linearization technique. To study the system we use blow up transfor-

mation: x =z, y = vx (Jost et al. 1999), which reduces the system (3.2.2) to

@=r(l-7-{5 - 35),

(3.3.5)

@=v(pB-v) - l+r+ a5+ 05).

The above system have either two or three equilibrium points at positive v-axis namely-
Eoo = (0,0), Ep; = (0,v1) and Eps = (0, v3), where v; and v (0 < vy < v9) are two distinct

real roots of the following quadratic equation

cpv® + (c—h+cp—ca—cpB)v+ (c—h —cpB) =0, (3.3.6)

—CH(=D)*A
2cp

¢pB)? — deplc — h— cpB).

that is, v, = Jk=1,2, where ( =c—h+cp—ca—cpB, A>=(c—h+cp—ca—
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The Jacobian matrix of the system (3.3.5) at the equilibrium point Eyy is

eh 0

0 —c+h+cpB

c

‘]Eoo =

and at the equilibrium points Eo, = (0,v;),k = 1,2 are

o) ;

JEOk - h
w(1=#) (i =)

There are only three possibilities

1)

If c—h—cpB <0, then the system (3.3.5) has two equilibrium points; Ey = (0,0)

—C+A
2cp

and FEgy = (0,v9), where vy = on the positive v-axis. The eigenvalues of the

Jacobian matrix Jg,, are \; = czh and Ay = w > 0. Thus, the equilibrium

point Ejyg is an unstable node for ¢ > h and is a saddle point for ¢ < h.

The eigenvalues of the Jacobian matrix of the system (3.3.5) at the equilibrium
point Fye = (0,v9) are Ay = p(8 —wvy) = W and \y = v2<(1;+2)2 —p). From the
quadratic equation (3.3.6), \/% — 1 < vy, and so, Ay < 0. Thus, the equilibrium point
Ey, is a saddle point for 2cp8 + ¢ — A > 0 and a stable point for 2cpf + ¢ — A < 0.

Hence, by inverse blow up transformation the trivial equilibrium point Ejy of the

system (3.2.2) is asymptotically stable, if 2cp8 + ¢ — A < 0.

If c—h—cpB > 0, then the system (3.3.5) has three equilibrium points; Eyy = (0, 0),

FEo1 = (0,v1) and Eg = (0,v5) on the positive v-axis provided ¢ < 0 and A% > 0,

—(=A
2cp

and vy = _gij. The eigenvalues of the Jacobian matrix Jg,, are

where vy =
A = % and \y = w < 0. Thus, the equilibrium point Fy, is a saddle point,

if ¢ > h.

The eigenvalues of the Jacobian matrix of the system (3.3.5) at the equilibrium
point Ey; = (0,v1) are Ay = p(6—v;) = % and \y = v&ﬁ — p). From the
quadratic equation (3.3.6), 0 < vy < \/% — 1, and so, Ay > 0. This shows that the

equilibrium point Ey; of the system (3.3.5) is a saddle point, if 2cp5+ ¢+ A < 0 and
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an unstable node, if 2¢p8 + ¢ + A > 0.

The eigenvalues of the Jacobian matrix of the system (3.3.5) at the equilibrium
point Fgy = (0,v9) are A\; = 2—0% and Ay = vy (ﬁ — p). From quadratic
equation (3.3.6), 0 < % — 1 < g, and so, A3 < 0. This shows that the equilibrium
point Eg, of the system (3.3.5) is a saddle point, if 2¢pS+(—A > 0 and asymptotically
stable, if 2cpf + ( — A < 0. Hence by inverse blow up transformation the trivial

equilibrium point Fy of the system (3.2.2) is asymptotically stable, if 2cpf+(—A < 0.

If c—h—cpp = 0, then the system (3.3.5) has two equilibrium points Fqy = (0,0) and
Eos = (0,v3) on the positive v-axis, where vz = %. The eigenvalues of the Jacobian
matrix of the system (3.3.5) at the equilibrium point Eyy are \; = p and Ay = 0.
So, linearization technique fails and the technique given in Zhang et al. (1991) can
be applied. Using the condition ¢ — h — ¢pf = 0, the system (3.3.5) reduces to

dz — 3+ Py(z,0),
a 2z, v) (3.3.7)

Ccll_: - QQ(:L‘7U)7

where

Pz(!L“,U)Zp%((—l—k%ﬁ)ﬁ—avx—l—---)

and

Qa(7,v) = p%((oz — p>v2 +(1— %)vx)

The equation z + P(z,v) = 0 implies

which implies that m = 2 and a,, = % > 0 as a > p. Hence, the trivial equilibrium

point Ejyq is a saddle-node, and the parabolic sector is on the right half-plane.
The eigenvalues of the Jacobian matrix of the system (3.3.5) at the equilibrium
point Eys are A\ = pff —a + p and Ay = vd(ﬁ — p) = W, and so, Ay < 0.

This shows that the equilibrium point Ey3 of the system (3.3.5) is a saddle point, if
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pB—a+p > 0 and is asymptotically stable, if pf—a+p < 0. By using inverse blow up
transformation the trivial equilibrium point Ej of the system (3.2.2) is asymptotically

stable, if p8 —a + p < 0.

The previous discussion can be summarized as follows.

Theorem 3.3.4. The trivial equilibrium point Eq = (0,0) of the system (3.2.2) is locally

asymptotically stable, if any one of the following conditions is satisfied
a) c—h—cpB <0, and 2cpf+ ¢ — A < 0. (Figure 3.2(a))
b) c—h—cpB >0, <0,A >0 and 2cpf + (¢ — A <0. (Figure 3.2(b))

c) c—h—cpB=0and pf—a+p<0. (Figure 3.2(c))

0577
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02

01

) . . . 00 . . . .
00 02 04 06 08 10 00 02 04 06 08 04 06 08 10
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Figure 3.2: The phase portrait diagram of the system (3.2.2). (a) a =0.6, §=0.3, h=
0.2, ¢=0.02, p=0.2satisfies the conditions of the theorem 3.3.4 (a). It shows that Ej is
globally stable. (b) « =04, =03, h=0.12, p=0.2, ¢=0.13 satisfies the conditions
of the theorem 3.3.4 (b).The equilibrium points Ey and E} are locally asymptotically stable
points. (¢c) a = 0.7, 8 =04, ¢=0.1, p=0.1, h=0.096 satisfies the conditions of
the theorem 3.3.4 (c). It shows that Ey and E3 are locally asymptotically stable. The red
trajectory is a separatrix.

Axial Equilibrium Points

The Jacobian matrix of the system (3.2.2) at the axial equilibrium point £ is
V(A=) —4(h—0) —a
JE1 = )
0 PP
which confirms that the axial equilibrium point F; is an unstable point.

The Jacobian matrix of the system (3.2.2) at the axial equilibrium point Es is
—5 V(=02 —A(h—o) —a
JEQ - )

0 pp
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which confirms that the axial equilibrium point Fs is a saddle point.

The Jacobian matrix of the system (3.2.2) at the axial equilibrium point Ej is

0 —Q
JE3 - )

0 PP
which confirms that the axial equilibrium point Fj is a saddle point.

The Jacobian matrix of the system (3.2.2) at the axial equilibrium point Ej is

—(1—¢) —«
Ty = (I—¢) |

0 pB
which confirms that the axial equilibrium point F, is an unstable hyperbolic saddle.

From the above discussion, it can be concluded that

Theorem 3.3.5. If the azial equilibrium points Ey, Es, B3 and Ejy exist, then Ei is an
unstable point, Fy is a saddle point, E3 is a saddle-node and E4 is an unstable hyperbolic

saddle.

Interior Equilibrium Points
The Jacobian matrix of the system (3.2.2) at the equilibrium point Ej is Jp: =
ﬁ( — 1+ Gy ) W GEE

pB? —pp
The determinant of the Jacobian matrix Jgr is det(Jpr) = pBai(l —

h
o) =

(1+§)B(2rx1) VIl—c+B—cB8—aB)?—4(1+B)(h—c+hB —cB+caB) < 0, which con-

firm that the equilibrium point E7 is an unstable hyperbolic saddle.

The Jacobian matrix of the system (3.2.2) at the equilibrium point £} is

_ of _—a
T — ( A G ) + @rar 0k
2
pB? —pp
The determinant of the Jacobian matrix Jg; is det(Jg;) = pBas(l — m) =

V(L —c+ B—cB—aB? —4(1+B)(h—c+hB —cB+caB) > 0, and the trace

of Jgz is tr(Jg;) = x’é( -1+ (CH E ) + (1?;%)2 — pp.
The Jacobian matrix of the system (3.2.2) at the equilibrium point E* is Jg« =
. af —a
( 1+ (c+x )2 > - (1+p8)?  (1+8)?
B —pp
The determinant of the Jacobian matrix Jg« is det(Jg<) = pfzr*(1 — ﬁ) =

e T cT BB —aBP A+ A)(h—c+ hB— B+ cap) > 0, and the trace
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of the Jacobian matrix Jg, is tr(Jg«) = x*( -1+ (C+m*) > + (lj{_g)z —pB.

On summarizing the above discussion, it can be concluded that

Theorem 3.3.6. a) The interior equilibrium point EY of the system (3.2.2), if exists,

is always a saddle point. The interior equilibrium point Ej of the system (3.2.2), if

af
1+3)?

exists, is asymptotically stable point if x;‘( 1+ (Cﬂ B > + 1 —pB <0, is an

unstable hyperbolic node, if x§< 1+ (C+I E ) pB >0 and is a weak focus

+(1+B)2
or a center, ifx§<—1~|— (c+m) )—1— (1+ﬁ s — pPB =0.

b) The interior equilibrium point E* of the system (3.2.2), if exists, is asymptotically

stable point if x*(—1+ — pB < 0, is weak focus or center, if x*(—1+

) W
— pB = 0 and is an unstable hyperbolic saddle node, if z*(—1 +

) + (1+/3>2
h
)+ wiap — P8 > 0.

The Jacobian matrix of the system (3.2.2) at the equilibrium point E is Jz
— h af —a
o < -l (c+f)2> RREEEE (1+5)

P —pp
The determinant of Jz = 0. Thus, E is a degenerate singularity.

Theorem 3.3.7. If E exists, it is a saddle-node, if p # 1+ﬁ —2— and is a cusp of codimension

24P =map

Proof. Shift the equilibrium point E of the system (3.2.2) to the origin by using the trans-
formation & = x — 7,J = y — ¥ and then by Taylor’s series expansion, the system (3.2.2)

can be rewritten as (denote & as x and ¢ as vy,)

L — 2nr — iy + Gt + Gy + Gy + 0 (w,y),

2
W = PP — pPy — a4+ Hay — Ly + 0z y),

(3.3.8)

If p # @ Jrﬁ —==, trace of the matrix JE is nonzero while the determinant is zero.
Hence E is a saddle-node.

If p = trace and determinant both of the matrix J; are zero, i.e., both

(EEE
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eigenvalues of the matrix J are zero. The system (3.3.8) can be written as

ili_f - (157-?9)2m (1_35)2?/ +&12% + Ly + E3y° + 0% (2, y),

dy _ _of? 203

« le% @ 2 3
a = @92t T @Y T za+pe? + T8z tY — Ta+p2Y + 0% (x,y).

Let T = —20_¢ then the system (3.3.9) reduces to the following system (after

(1+B)

transformation 7' is taken as t)

& =x— Jy+&a* + Gy + &y® + 0¥ (x,
at Y 51 §2y f3y ( Y), (3.3.10)

(1+8)* ap? o 2 1
where & = S5 ( = 1+ it + xitap) & = —510m) & = sma
On using the transformation xo = =,y = * — %y, the system (3.3.10) reduces to

the following system
= Yo + &g + &yi + (2, y),

dyo

i . (3.3.11)
G — Gag+ (& + 2)yp + 0*(z,y),

zZ(148)2 & B

where & = =S50 & = moaw

On using the transformation xy = zg,y1 = yo + égyg, the system (3.3.11) reduces

to
Z: : ) (3.3.12)
T 51% + (53 + g)yl + 03(z,y).
On using the transformation zo = x1,12 = y1 — (53 + %)wlyl, the system (3.3.12)
reduces to

dxz =yy + §1$2 (é?) —+ %)I’QyQ + 03<CC, y):
W2 = {123 + 0%(x,y).

(3.3.13)

Finally, on using the transformation X = x5 — —(53 + )23 Y =y + &at + o*(x,y),

the system (3.3.13) reduces to

dX
aX _y
at (3.3.14)

Y — €123+ 26 XY + 0*(X,Y).
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Since &, # 0, therefore the system (3.3.14) confirms that origin in XY plane, that is, E in

xy-plane is a cusp of codimension 2. [ ]

3.4 Bifurcation Analysis

In this section, bifurcations that take place in system (3.2.2) has been investigated.

3.4.1 Hopf Bifurcation

In Theorem 3.3.6(a), it is proved that if both interior equilibrium points E} and Ej of

the system (3.2.2) exist, then E7 is always a saddle point, while E} is a weak focus or a

center provided x§( -1+ (C+Z*)2> + (ﬁg)Q — pf = 0. Now, it is shown that system (3.2.2)
2
undergoes to a Hopf bifurcation.
If p is considered as a bifurcation parameter, then the threshold magnitude is
_ [hf] — 73 h e _ |k
p=phfl = g?<— 1+ (cﬂ;)z) + w Atp =t
a) det(Jg;) > 0;  b) tr(Jg;) = 0;  and c) [B%(TTJE;)] = —f # 0 (transversality

condition). This guaranties the existence of Hopf bifurcation, that is, a limit cycle exists
around the interior equilibrium point Ej(x3, y3).

Next, stability of limit cycle is discussed by computing the first Lyapunov number
o at interior equilibrium point Ej(x3, y5) of the system (3.2.2) using the procedure as given
in Perko (1996). Using the transformation x = v — z3, y = v — y3, the system (3.2.2), in

the vicinity of origin, can be written as

du
% = a1 + a1V + CLQQUQ + a11uv + CL()QUz + CL30U3 + CL21U,2U + a12u712 + aog’US + P(U,, ’U),
dv
% = b10U + b()lU + b20U2 + b11UU + bOQUZ + b30u3 + 621u21) + 61216’02 + bo3U3 + Q(U, U),
where a10:x§<—1—|— = 2)‘*‘ O g = — g, Gy = —1 4+ et a'st <
(cta3) (1+8)*° (1+8)*° (cta3) (1+8)3z3°
— 208 _ — ap? h _ 20f—ap? _
W= w2 T @ 0T Thar ket 00T [epag M2 T
20— 2 2
O_nga;% ap3 = _Wa blO = p627 bOl = —,057 bQO = _pf; ) bll = 1%57 bOZ =
2 2 .
—%7 bsg = Zgz, by = —£7 big = é, bos = 0, P(u,v) = Zﬁjﬂ a;;u'v’ and

Q(u,v) = 371 iy biju'v?.
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Hence, first Lyapunov number o can be computed by the formula defined in equa-

tion (1.3.7), where

- +g>ﬁ<§+ VU= et B —cf—af)? — 40+ H)(h = c+hb — cf + cap).

Theorem 3.4.1. The system (3.2.2) undergoes a hopf bifurcation at the point Ej, whenever

(— 1+ (CH E ) + (1ig)2 — pB =0 and an unstable (stable) limit cycle arises around the

equilibrium point E3 as o > 0(o < 0).

3.4.2 Saddle-node Bifurcation

It is clear from Lemma 3.3.2 that the system (3.2.2) has (a) two axial equilibrium points

2
Ey and E,, if 8=08 « ¢ <« 1 and h < (<) ; (b) two axial equilibrium points coincide
1+8 2

14c

2
: ) ; (¢) no axial equilibrium point,

with a unique axial equilibrium point Ej3, if h = (

2
if h > (1%3) . Thus, the number of axial equilibrium points varies from 2 to 0 as the

harvesting parameter h varies, therefore

st ={a ) T <e<nn= (F55))

be a Saddle-node bifurcation surface. In Theorem 3.3.7, it is proved that, if E exists, it is
a saddle-node, when p 7£ 1+B . In Lemma 3.3.3, it has been shown that the system (3.2.2)

has two interior equilibrium point E and Ej, whenever ¢ < 1+£r ﬂo‘ﬁ and ¢ < h < 3 (1 +

c— %) hold. These two interior equilibrium points coincide to a unique instantaneous

1—c+6 cB—apf

interior equilibrium point £ = (7,7) with 7 = ,y = BT, whenever ¢ < h =

<1 +c— ffﬁ) (this value of h is known as critical harvesting rate and written as M)

and no interior equilibrium point exists, whenever h > 1 <1 +c— 1‘1%) Thus, the number

of interior equilibrium points varies from 2 to 0 as the harvesting parameter h passes to the

critical value RN from left to right, therefore

. 1+B-ap _ 1 of \? @
SNQ:{(a,B,c,h,p)-C<W’C<h_z(1“_m> ’p#m}
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be another Saddle-node bifurcation surface.

Theorem 3.4.2. The system (3.2.2) undergoes a Saddle-node bifurcation with respect to

the bifurcation parameter h around the equilibrium point E = (Z,7%), if ¢ < 1+ﬁ;‘5 c< h=
ap
<1 e 1+5> P> g

Proof. The Jacobian matrix of the system (3.2.2) at the equilibrium point E(Z,7) is Jg =

_af __a
DG(E y) — (1+8)2 (1+8)2

pB? —pB
where G(z,y,h) = (91,92)", 91 = zfi(z,y) and go = yfo(z,y), and fi, fo are defined in
Eq. (3.2.2). The determinant of Jz is zero and trace is (1+5 —pB<0asp> (1f5)2, and

so, one of the eigenvalues is zero and other has negative real part. Let V' and W be the

eigenvectors corresponding to zero eigenvalue for Jz and the transpose (Jz)7, respectively.

1 1
A simple computation yields V = and W =
N b  pB(1+P)?
ow
Gu(@, g, WSy = | |
0
and
—24 228 _ 2a/37+ 2h _ _ _2hT 204627
D*Gy(Z, 7 h[SN])(V V) = 1+’ (1+8)°z  (c+2)?  (e47)® (14P)°%
0
Noticed that o )2 = 1, Therefore
WT.Gu(@, 7 W) = - 2 g
h<x7xv ) c+ T 7& )
and
hc 2£C
w7t .D*G(z,z, SN (V,V 20l — ———) = — 0
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3.4.3 Bogdanov-Takens bifurcation

In Theorem 3.3.7, it is shown that if E exists, then it is a cusp of codimension 2, whenever
p= ﬁ Therefore, codimension 2 bifurcation (Bogdanov-Takens bifurcation of codimen-
sion 2) may occur for the system (3.2.2). Below the normal form of the Bogdanov-Takens
bifurcation has been derived by using a series of nontrivial transformations Xiao and Ruan

(1999).

Theorem 3.4.3. The system (3.2.2) undergoes a Bogdanov-Takens bifurcation with respect
to the bifurcation parameters h and p around the equilibrium point E = (Z,7), whenever

c < 1+1B+5a6 c< h=+ <1+c—m> P =

(1+,8 . Also in the small neighbourhood of the

point E, the system (3.2.2) is topologically equivalent to the following model

dZ1 _ Z2
)

(3.4.1)
dZ2 = ,U1(>\1, )\2) + M2(>\1, )\Q)ZQ + Z + leQ

Moreover, the following bifurcation curves divides the bifurcation plane into four regions.
Saddle-node curve: SN = {(A1, A2) : (A1, A2) = 0},
Hopf bifurcation curve:
H = {(A1; A2) = pra( A1, Ag) = \/77 —p1(A1; A2), pa( A1, A2) < 0},

Homoclinic bifurcation curve:

HL = {(A1, A2) 1 pa(A1, M) = 751;%) —p1(A1, A2), pa(A1, A2) < 0}

Proof. Let the parameters h and p vary in a small neighbourhood of Bogdanov-Taken point
(BT point) (ho, po), where hg and pg are the threshold magnitude of bifurcation parameters
h and p respectively such that det(Jz)|(hgp) = 0 and tr(Jg)|(hy,pe) = 0. Also suppose
(ho + A1, po + A2) be a point of a neighbourhood of the BT point (hg, pg) where Ay, Ay are
small. Thus, the system (3.2.2) reduces to

dr __ h A
d_gtr_ (1—.%)—?__%_%_6_’_%, (342>

dy = (po+X2)(B = L)y.

Noticed that the system (3.4.2) is C* smooth with respect to the variables x,y in a small
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neighbourhood of (hq, po).

By using the transformation: x; = z — T, 29 = y — 7, system (3.4.2) reduces to

( dr 1
d_tl :aoo()\) + CL10<)\)I1 + a()\)xl + b()\).TQ —+ 5]720(/\)%% +p11()\>$1372+
1
~poa(N)z3 + Ry(1, 22),
2 . (3.4.3)
d_tQ :b()o()\) + blo(/\)l’l + b01 (/\)IQ —+ §QQO(>\)JI? -+ Q11(/\)I1$2+
1
\ 5%2()\)%% + Ry(x1, 72),
where ag(A) = —2Z,  a(\) = —Z%p,  a(N) = 555 VN =~ po(d) =

(&% 2 C T « o
(12“?)354- (02?%)3 -2Z, pu(\) = —%, Po2(A) = (lfT)%’ boo(A) =0, bio(A) = B*(p+
L _
A, bo(N) = —Blp+Xa), gu(A) = —HEEEE gn(A) = gpp(N) = R,
and Ry, R, are the power series in (1, z5) with powers 27 satisfying i + j > 3.

Now, on introducing the affine transformation y; = x1, yo = axy + bry in the

system (3.4.3), it will become

% = ago(A) + a1o(N)yr + y2 + %&200\)3/% + %0402()‘)195 + Ri(y1,2),

o (3.4.4)
B = Boo(A) + Bro(A)1 + Bor(Ayz + 2820(N)y3 + 2B802(N)y3 + Ra(yr, ),

where ago(A) = —2Z, a(N) = %, a(A) = (fi%s — 22, app(\) = 2(1@;’6), Boo(A) =

alT o232 @] « c
- Ci}j? 510()\) = ﬁv ﬁOl()\) = ﬁ - 5(/3 + )‘2)7 B20<)\) = (1—1—,6’2)2[(30—1—5) ((cf;_lx)Q -

x) . Bo2(N) = —% <p+)\2 + %), and Ry, Ry are the power series in (y1,92) with powers
yiy) satisfying i + 7 > 3.
Consider the C* change of coordinates in the small neighbourhood of (0,0) :

21 =y1 — 380205, Z2 = Yo + 300045 + 300243, which transformed the system (3.4.4) into

( dz _
d_tl =700(A) + r10(N) 21 + 22 + 1o N) 22 + r11(N) 2120 + Ry(21, 22),
d
% =500(A) + 510(N) 21 + S01(N) 22 + 520(A) 22 + 511 (A) 2120+ (3.4.5)
s02(N)22 + Ra(21, 2),

where rog = ago, 710 = @10 — @poBo2, T2 = —%502(5020400 + a10)7 r11 = —Bo2,  Soo =
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Boo,  S10 = Bio + aoa0,  So1 = Por + aozBoo;  S20 = %(502510 + agoar20B02 — 20801 —
ag0foocoz + Pao + 2001000),  s11 = Qo + aeBro, Sz = %(502 + 02801 — adyfo0) and
R:h RZQ are the power series in (z1, z3) with powers zizg satisfying i + j > 3.

Next, consider C* change of coordinates in the small neighbourhood of (0,0):

Uy = 21 — %(ru + S02)2%, Up = 23 + rogz} — Sp22122. Then, the system (3.4.5) reduces to

% = oo + Erour + up + ggou% -+ Rl (uh UZ),

duz

. (3.4.6)
gt = Too + Miou1 + Moz + Naouf 4+ Mataug + Ro(uy, us),

where {o0 = 700, &0 = 710 — Too(T11 + S02), &0 = %(7“11 + 502) (10 — Too (711 + S02)) —
r10(rin + So2), Moo = Soo, Mo = S10 + 2720700 — S02500, No1 = So1 — So2T00, 20 =
%(7“11 + 502) (810 + 2720700 — S02500) — T20(S01 — S02700) + (520 + 2720710 — S02510), M1 = S11 +
2190 — S01502 — So2T10 + So2(So1 — So2T00), and Ry, R, are the power series in (u1, ug) with
powers ', satisfying i + j > 3.

Again, consider C'*° change of coordinates in the small neighbourhood of (0,0) :

vy = Uy, Uy = & + EroUr + us + Exu?, which transformed the system (3.4.6) into

dvy __
DL — vy + s1(v1, v2), (3.4.7)

dvy

22 = 0 + Y1001 + Vo102 + Y2007 + V110102 + 521, V2),

where Y00 = 700 — 701800, Y10 = M0 — No1&10 — SooN1,  Yor = 10 + No1s Y20 = M20 — No1&20 —
oM, 1 = m1+ 280 and s1(v1, v2), So(v1, v2) are the power series in (vq, v2) with powers
viv) satisfying i + j > 3.

Next, consider C*° change of coordinates in the small neighbourhood of (0,0) :

wy = vy, We = Vg + S1(v1,v2), which transformed the system (3.4.7) into

( dw1
— =W
dt 2
dw
d_752 =%Y00 + Y10W1 + Yo1Ws2 + 72071)% + ynwiwy + Fi(wy)+ (3.4.8)
wo Fy(wy) + w§F3(w1>w2),

where Fy, F» and F3 are the power series in w; and (wy, wy) with powers wi?, wy? and wjw;,
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satisfying k1 > 3,ky > 2 and ¢ + j > 1, respectively.
It is cumbersome to obtain the sign of 79(0) analytically. Consider &« = 0.9, [ =

0.5, p=04, h=0.16, c = 0.1. It is easy to verify that for these parameter values
system (3.2.2) has a unique interior equilibrium point which is a cusp of codimension 2.
Also

Y0 = (—0.150; + 1.75)%3 4+ 5.20833)%) + (—0.375\; + 3.12509)Xa, 710 = (0.04 —
18.0556A% — 34.7222X3) + (0.1 + 0.833333\; — 59.0278)\2 — 86.8056A3)\y + (2.08333\; —
52.08330)A2, o1 = (0.2 + 5A; + 13.8889\%) + (—0.5 + 8.33333A\1) A2, 720 = (—0.15 —
3.4375\; + 294.271)2 — 769.596 A3 + 160.751\] + —669.796)3) + (—0.486111 + 4.36921\; +
1552.13\2 —2780.99A3 +803.755A1 ) Ao+ (—0.277778+76.3889\; +2883.87A? —2652.39A3) A2+
(109.954\; + 1880.79A2)\3, 11 = (—2.83333 + 88.3102\; — 123.457)\2 + 128.601)\3) +
(—2.22222 + 370.37A; — 308.642X\3) A5 + 393.519A \2.
Therefore, v99(0) = —0.15 < 0. To make it positive, consider Z; = —wy, Zy = wq, T = —t.

The system (3.4.8) reduces to

( dZy
2z
AT 2,
dz
d_T2 = — Y00 + 11021 — V2025 + Ri(Z1) — o122 + 1112125 + ZoRo(Z1)+ (3.4.9)
Z22R3(Z1, Zy),

\
where Ry, Ry and Ry are the power series in Z; and (Zy, Z,) with powers Z*, Z¥2 and Zi Z}

satisfying k1 > 3,ky > 2 and ¢ + j > 1, respectively.

Applying the Malgrange preparation theorem, one gets

—Yo0 + V1041 — 720212 + Ry(wr) = <Z12 - le + E) By (w1, A)
Y20 Y20
where B;(0,\) = —790 and By is a power series of Z; whose coefficients depend on param-

eters (Ag, Aa).
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Let X, =71, Xo = and dr = \/—790dT, the system (3.4.9) reduces to

_Zy
/_720 )

dXq — )(2
)

o _ (3.4.10)
Lo — a0 _ ;o x, — X 4+ X+ X X + 5(X, X, ),

where S(X1, X5, 0) is a power series in (X7, X,) with powers XiX] satisfying i +j > 3 with

j>e.
Applying the parameter dependent affine transformation Y} = X; — 2720 Y, = X
in the system (3.4.10) and using Taylor series expansion, it will beome
le =Ys,
_ (3.4.11)
dY2 — Iu1<)\1, )\2) + ,LLQ()\l, )\2)3/2 + 1/12 — 731564}/1}/2 + S(Yi, }/2, ,u),
_ 00 _ Yo _ Y1y 5 :
where pi1 (A, Ag) = 7(2)3 4725’0, pa (A1, Ag) = \/_0;20 + 2(_1:22()’% and S(Xy, X,0) is a power

series in (Y7, Ys) with powers Y7Yj satisfying i + j > 3 with j > 2.
System (3.4.11) is strongly topologically equivalent to the normal form of the

Bogdanov-Takens bifurcation as given below

le -7
. (3.4.12)
d22 = (M, A2) + pa(Ai, A2) Zo + Z3 + Z1 Zs.
Opr Oy
The determinant of the matrix | | =2.0757. Thus, the system (3.2.2) undergoes
Ouz  Opp
oA O

to Bogdanov-Takens bifurcation. There exists bifurcation curves which divide the bifur-
cation plane into four regions (Perko 1996). The local representations of the bifurcation
curves in the A\; Ay plane are

SN = {(A1; A2) 1 (A1, A2) = 0},

H = {(A1, A2) : p2(A1, Ag) = —7.31564+/ —p1 (A1, Aa), pr2 (A1, A2) < 0}

HL = {(A1, A2) 1 pa(A1, Ag) = —5.22546/ —p1 (A1, Aa), p2 (A1, A2) < 0} L

These bifurcation curves has been depicted in the Figure 3.3(a) and the possible phase

portrait diagrams in the small neighbourhood of the interior equilibrium point E are shown
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in Figures 3.3(b),(c),(d),(e),(f).

3.5 Numerical Simulations

(1)

If a =09, =07 h=0.1, ¢ =0.01, the system (3.2.2) has two interior equilib-
rium points Ef(z},y7) = (0.2627,0.1839), E5 (x5, y5) = (0.3567,0.2497). The thresh-
old value of p is p[™ = 0.1807 and the first Lyapunov number o = 656.3717 > 0.
Hence, an unstable limit cycle is created around Ej and the other equilibrium point
Ef is a saddle point (Figure 3.4(a)). If p = 0.2 > pl*/1 the equilibrium point 3
is a stable point and the equilibrium point E} is a saddle point (Figure 3.4(b)). If
p = 0.15 < plM1, the equilibrium point Ej is an unstable point and the equilibrium
point Ef is a saddle-point (Figure 3.4(c)). If p = 0.2117091, the limit cycle collide
with the saddle point Ej, and hence, a Homoclinic loop is created around FEJ, this
cyclic loop is unstable because of o = 480.5437 > 0 (Figure 3.4(d)). Thus interior
equilibrium point Ej(x3, y5) losses its stability as the bifurcation parameter p passes

through the threshold value pl*/ from right to left.

If a =06, 3=05 p=06 c=0.1, one can obtain h = AN = 0.202499. If
h = 0.16 < hISN there exit two interior equilibrium points in which one is a saddle
point, while the other is a stable (Figure 3.1(a) and 3.5(a)). If h = 0.202499, then
these two interior equilibrium points coincide to each other and a unique instantaneous
equilibrium point is obtained, which is stable from right side of the separatrix and
unstable from left side of the separatix, (Figure 3.1(b) and 3.5(b)). Figures 3.5(c)
and 3.5(d) are the saddle-node bifurcation diagram. When h = 0.21, then no interior

equilibrium point exists (Figure 3.1(a)).

If « =07, g =06, c=0.5h= 0.36875, then the system (3.2.2) has a unique
interior equilibrium point E*(z*,y*) = (0.2375,0.1425), and the threshold value of p
is p!"l = 0.145966. Thus, a stable limit cycle is created around the equilibrium point
E* (Figure 3.6(a)) as the first Lyapunov number is 0 = —236.9077 < 0. If p = 0.2,

the unique equilibrium point E* is a stable point (Figure 3.6(b)).
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Figure 3.3: (a) The blue curve is Saddle-node bifurcation curve, red curve is Hopf bifurcation
curve and green curve is Homoclinic bifurcation curve. (b) When \; = Ay = 0, the unique
equilibrium point E is a cusp of codimention 2. (c) When A; = 0.001, A, = 0.001 lies in
the region I, then the system (3.2.2) has no interior equilibrium point and the origin is
globally asymptotically stable. (d) When A; = —0.001, A\, = —0.1 lies in the region I1,
the system (3.2.2) has two interior equilibrium point. One point is unstable and other is a
saddle point. (e) When A\; = —0.001, A\ = —0.09 lies in the region I11, the system (3.2.2)
has two interior equilibrium point. One point is enclosed by an unstable limit cycle and
other is a saddle point. (d) When A; = —0.001, Ay = —0.07 lies in the region IV the
system (3.2.2) has two interior equilibrium point. One point is asymptotically stable and
other is a saddle point. « =0.9, f=0.5, h=0.16, ¢=0.1, p=10.4.
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oohEs o
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X

Figure 3.4: The phase portrait diagram of the system (3.2.2) E} is always a saddle point.
a=09, =07 h=01, ¢=0.01. (a)p=0.18071, an unstable limit cycle bifurcates
around the interior point £ (b) p = 0.2, EJ is a stable point. (c¢) p = 0.15, E} is an
unstable point. (d) p = 0.2117091, Homoclinic loop is created around the interior point
Es.
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Figure 3.5: The phase portrait diagram of the system (3.2.2) for « = 0.6, =05, c¢=
0.1, p = 0.6. The red trajectories are the separatrix. (a) h = 0.16, Ey and Ej are two
locally asymptotically stable points and Ef is a saddle point. (b) h = 0.202499, the point
E is stable from right side of the separatrix and unstable from left side of the separatrix.
(c) and (d) are the Saddle-node bifurcation diagrams.
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Figure 3.6: The phase portrait diagram of the system (3.2.2) for « = 0.7, f=0.6, ¢ =
0.5, h =0.36875, the red trajectory is the separatrix. (a) p = 0.14597, a stable limit cycle
is created around the unique interior equilibrium point. (b) p = 0.2, the unique interior
point is stable.
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3.6 Results and Discussion

In this chapter, a Holling-Tanner predator-prey model with ratio-dependent functional re-
sponse and Michaelis-Menten type prey harvesting has been considered. The qualitative
analysis of the proposed system shows that the harvesting rate h affects much on the system.
It is shown that the origin is a non-hyperbolic equilibrium point and its stability has been
discussed by blow up transformation. It is clear from Figure 3.2(a) that in the absence of
the interior equilibrium points, the trivial equilibrium point is globally asymptotically sta-
ble. The stability of other equilibrium points has been discussed by linearization technique.
Further, it is shown that the proposed system shows bistability under certain parametric
conditions, which shows that the solutions are highly sensitive for initial values.

It is shown that the proposed model undergoes Hopf bifurcation, where p is consid-
ered as Hopf bifurcation parameter. The stability of the limit cycle have been discussed by
computing the first Lyapunov number. By using Sotomayor’s theorem, it is shown that the
system undergoes saddle-node bifurcation, where the harvesting parameter h is taken as the
bifurcation parameter. This bifurcation gives the maximum sustainable yield (maximum
harvesting compatibility with survival) (Clark 1990). The existence of the Homoclinic loop
have been shown by numerical simulation and by calculating the first Lyapunov number,
it is shown that it is unstable. The system (3.2.2) is reduced to the normal form of the
Bogdanov-Takens bifurcation by means of a series of transformations. This ensures that
the predator and prey coexists in the form of a positive equilibrium or a periodic orbit for

different initial values, respectively.



Chapter 4

Modified Leslie-Gower Predator-prey
Model with Weak Allee Effect I/

4.1 Introduction

In chapter 3, Holling-Tanner predator-prey model with ratio-dependent functional response
and nonlinear prey harvesting has been studied. One of the main demerits of the Holling-
Tanner predator-prey model is that, at low prey density, predator population cannot switch
to alternative prey, since its growth will be limited by the fact that its most favorite food,
the prey, is absent or is in short supply. This type of predators are known as specialist
predator. Aziz-Alaoui and Daher-Okiye (2003) proposed the improved model, known as
modified Leslie-Gower predator-prey model, in which they considered generalist predator
(at low prey population size, predator would then seek other food alternatives). Mostly
predators exist in the nature are generalist, for example, the great skua Stercorarius skua
in Shetland UK, little penguins at South Australia, Peruvian booby, etc. (Feng and Kang
2015).

The Allee effect (Section 1.6) affecting the prey population or predator population

This chapter is based on the research article: Qualitative analysis of modified Leslie-Gower predator-
prey model with weak Allee effect type 17, Communicated.
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modifies the qualitative stability and quantitative aspects of the dynamics in predation
models. Kent et al. (2003) and Zhou et al. (2005) discussed the stabilizing or destabilizing
effects and bifurcations on the predator-prey systems subject to Allee effect. Aguirre et
al. (2009a) analyzed a Leslie-type predator-prey schemes by considering a nonmonotonic
functional response and additive Allee effect on prey population. They described the bifur-
cation diagram of limit cycles that appear only at the first quadrant and also they showed
that under certain parametric conditions, the system allows the existence of a stable limit
cycle surrounding an unstable limit cycle generated by Hopf bifurcation. In Aguirre et
al. (2009b), it is shown that under certain parametric conditions this system allows the
existence of three limit cycles: The first two cycles are infinitesimal ones generated by
Hopf bifurcation; the third one arises from a Homoclinic bifurcation. Gonzalez-Olivares et
al. (2011a) considered a Leslie-Gower predator-prey model incorporating the Allee effect
phenomenon on prey and showed that the Allee effect significantly modifies the original
system dynamics, as the model involves many non-topological equivalent behaviors. Cai et
al. (2014) studied a modified Leslie-Gower predation model with additive Allee effect on
prey and found that Allee effect can increase the risk of ecological extinction.

In this chapter, dynamical behavior of a modified Leslie-Gower predator-prey model
with weak Allee effect 11 under the assumption that the extent to which the environment
provides protection to both predator and prey is the same has been investigated. It has
been determined how Allee effect affects the existence and the stability of the equilibria

and focused on bifurcation mechanism.

4.2 Model Equations

Consider the following bidimensional predator-prey system, proposed by Aziz-Alaoui and

Daher Okiye (2003)

dx :rX<1—%) _eXYy

ﬁ a1+X?

dY:SY<1_ bY )

ﬁ as+X

(4.2.1)

with the initial conditions X (0) > 0,Y(0) > 0, where X = X(7') and Y = Y(T) are prey

and predator density at time 7', respectively. The parameters r, K, e, s and b are positive
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and represent intrinsic growth rate of prey, carrying capacity of prey in the absence of
predator, maximal predator per capita consumption rate, intrinsic growth rate of predator,
measure of the food quality that the prey provides for conversion into predator birth respec-
tively, and a; and as measures the extent to which the environment provides protection to
prey and predator respectively. Many aspects of the model (4.2.1), including permanence,
boundedness and global stability of solutions, have already been studied in Du et al. (2009)
and Zhu and Wang (2011).

Assume that the extent to which the environment provides protection to both

predator and prey is the same, that is, a; = as = a. Model (4.2.1), reduces to

dX __ X eXY

ar X (4.2.2)
d b
d—? =sY(1— —a+YX),

with the initial conditions X (0) > 0,Y(0) > 0. Ji et al. (2009, 2011) studied the long time
behavior for model (4.2.2) with stochastic perturbation. Gupta et al. (2013) studied the
effect of nonlinear prey harvesting on model (4.2.2).
Consider the functional response, governed by Allee effect 11, the model (4.2.2),
reduces to
Lo rx(1-%) - 2% (1+4),

dy bY
AT = SY(l — a+X)7

(4.2.3)

with the initial conditions X(0) > 0,Y(0) > 0, where A > 0 is the constant for Allee
effect I1. The bigger the A is, the stronger Allee effect IT of the prey. When A = 0, the
functional response of model (4.2.3) is the same as in model (4.2.2). When A = X, the

functional response of model (4.2.3) is the twice as in model (4.2.2).

Let: X = Kz, Y = %, T = 1t, model (4.2.3) reduces to

Tor

d_LB = 1 — ) — M7
dt ( T (4.2.4)

%= py(1-22),

with the initial conditions: z(0) > 0,7(0) > 0, where o = %, B = TAK, m= %, p=7,and

6 = 2. For the biological meaning of the model variables, system (4.2.4) has been considered
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in the first quadrant only, that is, in the region R2 = {(z,y) e R* : 2 > 0,y > 0}.

4.3 Equilibria and their Stability

The equilibrium points of the system (4.2.4) are non-negative solutions of the system

dx @_

= = 4.3.1
dt  dt ’ ( )

de dy . . . .
where &&= 0 and 5 = 0 are prey zero growth isocline and predator zero growth isocline,

respectively.

4.3.1 Model with no Allee Effect

Putting Allee effect constant § = 0, system (4.2.4) has the following equilibrium points
((Z) €o = (Oa O)a
<b> €1 = (17 O)a

)

(d) e5 = (%52, 252 provided § > a.

(c) eo = <0,

>3

So, the number and location of equilibrium points of system (4.2.4) without Allee effect

can be described as:
Lemma 4.3.1. (a) Ifd < «, the system (4.2.4) has three equilibrium points ey, e; and e.
(b) If 6 > a, the system (4.2.4) has four equilibrium points ey, €1, ez and es.

Now, the stability of each equilibria has been investigated. The Jacobian matrix

of the system (4.2.4) at the equilibrium point e is

Jeo = s
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which confirms that the equilibrium point eq is unstable.

The Jacobian matrix of the system (4.2.4) at the equilibrium point e; is

which confirms that the equilibrium point e; is a saddle point.

The Jacobian matrix of the system (4.2.4) at the equilibrium point es is

which confirms that the equilibrium point e, is a saddle point, whenever § > « and asymp-
totically stable, whenever § < a.

The Jacobian matrix of the system (4.2.4) at an interior equilibrium point e is

d—a <2a76(1+m)) a(a—94)
) o(m+1)—« d(m+1)—«
Jey =
5 —p
The determinant of Jacobian matrix J., is det(J.,) = M > 0, as § > a and

trace is tr(Je,) = %(%ﬁ}fgf?) —p. If 5‘%(%‘”_‘;{;‘3?) > p, point eg is unstable and if

d—a [ 2a—6—dm
1)

i e— > < p, point e3 is asymptotically stable.

On summarizing the above discussion, it can be concluded that:
Theorem 4.3.2. a) The equilibrium point eq is always unstable.
b) The equilibrium point ey is always saddle.

¢) The equilibrium point e is asymptotically stable, whenever § < o and unstable, when-

ever 6 > «.

d) The equilibrium point es, if exists, it is asymptotically stable, whenever ‘S_Ta (ﬁ%) <

p and unstable, whenever *%(%‘i}f;f?) > p.
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In Theorem 4.3.2, it is proved that the equilibrium points ez and e; are locally

d—«

asymptotically stable, whenever 4= (26“*5*57”

d+dm—a

> < pand § < «, respectively. Now, paramet-

ric conditions for which these points are globally asymptotically stable has been obtained.

Theorem 4.3.3. If e3 exists and is locally asymptotically stable, then it will be globally
asymptotically stable in the region R3 = {(z,y) : x > 0,y > 0,a < pd}.

Proof. Define a function H(z,y) = m—ly Clearly H(x,y) > 0 in the interior of positive
quadrant of xy plane.

Let f(z,y) = 2(1 —2) — 2% and g(v,y) = py(l — Wﬁm)

Now,

A(z,y) = g (Hf) + 5,(Hg)

xr

1 (po—c)  pmé+2B8 Bm

y (m+=x)? z(m+x)? z2(m+x

7 < 0, provided «a < pd,x > 0,y > 0.

Clearly A(x,y) does not change sign and is not identically zero in the positive quadrant of
xy plane. Therefore, by Bendixson-Dulac criterion, there exists no limit cycle in the positive
quadrant of xy plane. Moreover, the origin is always a repeller, axial equilibria e; is always a
saddle and axial equilibria es is saddle, whenever § > «. The stable manifolds of the saddle
equilibria e; and e; are = axis and y axis, respectively. So, if es is locally asymptotically
stable, then it will be globally asymptotically stable in the interior of positive quadrant of
xy plane (Hale 1969). n

Theorem 4.3.4. If ey is locally asymptotically stable, it will be globally asymptotically

stable.

4.3.2 Model with Allee Effect

System (4.2.4) has following equilibrium points.
((l) Ey = (070)7
(b) Ex = (1,0);

(¢) If & < a, the system (4.2.4) has no interior equilibrium point. If § > «, the system

(4.2.4) has two interior equilibrium points Fy = (29, y2) and E3 = (x3,ys), whenever
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(0 — a)? > 403; a double positive interior equilibrium point E; = (x4, 4), whenever

(0 — a)? = 4683; no interior equilibrium point, whenever (§ — a)? < 453, where

§—at+/(6—a)2—-468
To = 25 )

§—a—+/(6—a)2—4683
26 )

T3 =

_ o= _ m+z;
Ty = %55 and y; = 7570 = 2,3, 4.

So, the number and location of equilibrium points of system (4.2.4) can be described as:
Lemma 4.3.5. (a) Ifd0 < «, the system (4.2.4), has two equilibrium points Ey and E;.
(b) If § > a, the system (4.2.4), has
(i) four equilibrium points Ey, E1, E5 and Es, whenever (6 — a)* > 46.
(ii) three equilibrium points Ey, By and E4, whenever (§ — a)* = 460.
(iii) two equilibrium points Ey and Ey, whenever (§ — a)? < 453.

Now, local asymptotic stability of the boundary and interior equilibria of the system
(4.2.4), obtained above have been investigated. The Jacobian matrix of the system (4.2.4)

at the equilibrium point Ej is

JEO - )

which confirms that the equilibrium point Ej is unstable.
The Jacobian matrix of the system (4.2.4) at the equilibrium point F is
Jo = | ~Ten
B = 0 , ;
which confirms that the equilibrium point Ej is a saddle point.

The Jacobian matrix of the system (4.2.4) at an interior equilibrium point E(z,y)

(say) is

am—_ ar+f
g | 172 St ~mie
B =

-P

SRS
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The determinant of the above Jacobian matrix is det(Jg) = p(—1 + § 4 27) and trace is

tr(Jg) = 1— 2z — 50(‘;1—;’?) — p. It is observed that det(Jg,) > 0, so the equilibrium point
m—f

a
d(m+x2)

Es5 is stable asymptotically, whenever 1 — 225 — — p < 0 and unstable, whenever

1 —2x9 — (frgn—J;i) —p > 0. Also det(Jg,) < 0 which confirms that the equilibrium point Ej
is a saddle. Moreover, det(.Jg,) = 0, so the equilibrium point F, is a degenerate singularity.

Summarizing the above discussion, one gets:
Theorem 4.3.6.  a) The equilibrium points Ey is always unstable.
b) The equilibrium point Ey is always saddle.

¢) The equilibrium point Es, if exists, it is an asymptotically stable point, if 1 — 2xy —

am—f
d(m+z2)

am—pf

< p and unstable point, if 1 — 2x9 — Smias)

> p.
d) The equilibrium point Es, if exists, is a saddle point.
e) The equilibrium point Ey, if exists, is a degenerate singularity.

In Theorem 4.3.6, it is shown that the interior equilibrium point Fj is a degenerate
singularity and the system (4.2.4) may have complicated properties in the neighbourhood
of this point. Now, dynamics of the system (4.2.4) in the neighbourhood of the equilibrium
point F, has been examined. First, consider transformation £ =z — x4, § = y — y4, then
expand the right-hand side of the system as a Taylor series. The system (4.2.4) can be

rewritten as

% = ay® + any + az02® + a2y + ol(,9)?|, (4.3.2)
. ) A ) B o 3.
= bio® + b1y + baod® + b11&y + bozy® + 0[(Z,9)?|,

where a;g = 1—2$4—£$—J;%, agr = —‘;ff;f, ag = —1+%, ap = —%, bio =

P _ _ p _ _2p _ pd

5 bor=—p, b= T Smtaa)’ b = mtas’ boz = itz

If ajp + boy # 0, that is, ¢tr(Jg,) # 0 then one eigenvalue of the Jacobian matrix

Jg, 1s zero and other is nonzero. Hence, the equilibrium point Ej, is a saddle-node.
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The condition a9 + bg; = 0 confirms that both eigenvalues of the Jacobian matrix
Jg, are zero. Let u; = Z, us = ajo + ag1y, then system (4.3.2) reduces to

% = Uy + 062071% + oq1uug + 0’(u17 u2)3|’ (4 3 3)

% = Boou? + Sriurus + Poau3 + of(ur, uz)?|,

— bo2a? a?,a
__ a20001—a10011 __ ai1 _ _ 020709 _ %310411 .
where ag = 040 oy = S Sy = 1990 + ao1bao — arobi + 1 — ==, Sy =

a1pa11 __ 2bo2a10 __ bo2
b11 + ao1 aor ’ 60 ao1’

On using the transformation vy = uy, vy = us— Poauiuz, the system (4.3.3) reduces

to

% = vy + agovi + (a1 + Boz)vive + o|(v1, v2)3,

(4.3.4)
22 = Bogv} + Brivivs + of (v, v2)?).
Finally, using the transformation z; = v = 3(an1+o2)vf, 22 = va+agovi+of(vi, v2)’],

the system (4.3.4) reduces to

dz1 __

da _ o

. : (4.3.5)
L2 = Byo2] + (200 + P11)2122 + 0| (21, 22)°).

If Bag # 0 and 29 + f11 # 0 (non-degeneracy condition), the origin in z;2, plane is a cusp
of codimension 2, that is, F; in xy plane is a cusp of codimension 2. The above discussion

can be summarised as
Theorem 4.3.7. The interior equilibrium point Ey, if exists, it is
a) a saddle-node, whenever ajg + by; # 0 holds.

b) a cusp of codimension 2, whenever ayp + by = 0, Pao # 0 and 29 + F11 # 0 hold.

4.4 Bifurcation Analysis

In this section, bifurcations that occur in system (4.2.4) with and without Allee effect has

been investigated.
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4.4.1 Model with no Allee Effect

Hopf Bifurcation

In Theorem 4.3.2, it is shown that the unique interior equilibrium point of model (4.2.4) with

no Allee effect is asymptotically stable point, whenever

d—a [ 2a—6—dm
é d+dm—a

) < p and unstable

point, whenever ‘5_70‘ (251_5(;1_—621) > p. If ‘S_T“ <2§Z55ﬁ) = p, the trace of the Jacobian matrix
Je, 1s zero and determinant is positive, so, the eigenvalues of the Jacobian matrix J., are
purely imaginary, which confirms that equilibrium point es is either a weak focus or a
centre. Now, it has been proved that the system (4.2.4) with no Allee effect satisfies the
transversality condition of Hopf bifurcation. Consider p be the Hopf bifurcation parameter,
then the threshold magnitude p = pl*/l = 5—7‘1 (%’:{%) exists, such that det(.J.,) > 0 and

tr(J.,) = 0. Moreover, at p = pl"/] one gets

d(tr(Je;))

= —140.
dp 70

Thus, the system (4.2.4) with no Allee effect holds transversality condition of Hopf bifurca-
tion, which ensures that the system (4.2.4) with no Allee effect enters to Hopf bifurcation
at the equilibrium point es.

3— §(1+m)—

Consider the transformation z = u — 5%, y = v — S—z*—=. The system (4.2.4),

in the vicinity of the origin, can be written as

Z—ZL = a10U + a1V + agu’ + ajuv + agpv® + asgu® + anutv + apuv® + agsv® + P(u,v),

% = biou + bo1v + bogu® + byyuwv + bogv? + bggu® + byyuv + biguv? + bsv® + Q(u,v),
where a1y = ‘S_Ta(m — 1), agy = %, asg = —1 4+ Mﬁ, a;; =
—((S(Wﬁ%, ag =0,  ag = —%7 ag = %, aip =0, a3 =
0, bo=2% bu=-p bo=—jmtym b= o= gl bw=
Gt b= g b = g e =00 Puv) = X e

and Q(u,v) = 375 ., biju'vd.

itj=4

Hence, first Lyapunov number o can be computed by the formula defined in equa-
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tion (1.3.7), where A = p2=2.
If o > 0, system (4.2.4) enters to the subcritical Hopf bifurcation, and if ¢ < 0
system (4.2.4) enters supercritical Hopf bifurcation.

The above discussion, can be summarised as

Theorem 4.4.1. The system (4.2.4) enters to a Hopf bifurcation with respect to bifurcation
parameter p at interior equilibrium point es, if exists, whenever p = p™1. Moreover, an

unstable (stable) limit cycle arises around the point e, if o >0 (o0 <0).

4.4.2 Model with Allee Effect

Hopf Bifurcation

The similar discussion yield the following theorem

Theorem 4.4.2. The system (4.2.4) enters to a Hopf bifurcation with respect to bifurcation
parameter p at interior equilibrium point Es, if exists, whenever p = p™1 where pltfl =
1—2x9 — (Sznm—%. Moreover, an unstable (stable) limit cycle arises around the point Es, if
>0 (0 <0).

Saddle-node Bifurcation

In Section 4.3, it is shown that if 6 > «, the system (4.2.4) has two positive interior
equilibrium points E, and Es3, whenever (§ — «)? > 463 and these two interior equilibrium
points coincide with each other and a unique interior equilibrium point E* is obtained,
whenever (§ — a)? = 463. Also, the system (4.2.4) has no positive interior equilibrium
point, whenever (6 — a)? < 4653. Thus, the number of interior equilibrium points of the
system (4.2.4) changes from two to zero. The annihilation of positive interior equilibrium
points of the system (4.2.4) is may be due to the existence of Saddle-node bifurcation.
In Theorem 4.3.7, it is proved that the unique interior equilibrium point F, is a saddle-
node, whenever ajg + byp; # 0. Now, it has been shown that the system (4.2.4) enters to a
Saddle-node bifurcation at the equilibrium point Ej, whenever aiq + by; # 0.

To ensure that system (4.2.4) undergoes to a Saddle-node bifurcation Allee effect

parameter 3 has been considered as the bifurcation parameter and Sotomayor’s theorem
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Perko (1996) has been applied. Since det(Jg,) = 0 and ajg + bp1 # 0, therefore, one
eigenvalue of the Jacobian matrix Jg, is zero. The other eigenvalue has negative (positive)
real part, if tr(Jg,) < 0(tr(Jg,) > 0). Suppose V and W be the eigenvectors corresponding

to zero eigenvalue of the matrix Jg, and J, respectively, then

5 _ p(m+z4)
V= ;o W= | omts
1 1
Also one gets,
-1 —242
Fﬁ(E4JB[SN}) - ° ; D2F(E47B[SN}> -
0 0

Now,
W Fy(By, g = ¢ () £ o,
WID?F (£, S50 (v, V)] = 22l 5,
Thus, the transversality conditions for Saddle-node bifurcation are satisfied. Therefore,

the system undergoes to a Saddle-node bifurcation of codimension 1 at F4. The above

discussion can be summarised as

Theorem 4.4.3. The system (4.2.4) enters to a Saddle-node bifurcation with respect to the

(0—a)?

bifurcation parameter 3 at point Ey, if exists, whenever ajo+bo1 # 0 and B = SN = 15

Bogdanov-Takens Bifurcation

So far, bifurcations of codimension 1 for the model (4.2.4) have been investigated. In
this subsection, Bogdanov-Takens bifurcation (codimension 2 bifurcation) for the model
(4.2.4) will be investigated. In Theorem 4.3.7, it is shown that the equilibrium point E,
is a cusp of codimension 2, whenever aig + bgy = 0,20 # 0 and 2as9 + B11 # 0 hold.
Consider parameters 5 and p as the bifurcation parameters. The Bogdanov-Taken point
(Bo, po) in the parameter space is the intersection point of the Saddle-node bifurcation
curve and the Hopf-bifurcation curve. By means of the technique discussed in Xiao and

Ruan (1999), normal form of the BT bifurcation for system (4.2.4) will be derived and
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analytical expressions for three bifurcation curves saddle-node, Hopf and Homoclinic in a
small neighborhood of BT point will be obtained.

Suppose the bifurcation parameters g and p vary in a small domain of BT point
and (8y + A1, po + A2) be a point in the neighbourhood of the BT point, where \;, Ay are
small. Thus, the system (4.2.4) reduces to

T ax A
%:x(l—x)——( jﬁ:ﬂl)y, (441)
& = (p+Az)y( - ms—i,c)

The system (4.4.1) is C* smooth with respect to the variables x, y in a small neighbourhood

of (Bo, po)-

Define z; = x — x4, 29 =y — y4, then the system (4.4.1) reduces to

ds _ = — = = 2, = = 2

% = apo + a1021 + apl1 <2 + A2027 + 11212 + ap2<5 -+ Rl (21, 22), (4 4 2)

d T T 7 727 72 o

ﬁ = boo + blozl + b0122 + b2021 + anlZQ + bOQZ2 -+ Rg(Zl, ZQ),

— _ A — _ am—[fBy—A — _ azs+Lo+A — _
where agy = _Tl’ ay = 1 — 2x4 — (S(To.ul)l’ ap1 = —ﬁ, asyy = —1 +
am—PBo—M =  _ _am=Bo—M = PN 7. potA2 A o
Smten? 0 YT T Tz 0 %02 = 0, boo=0, b= s bor = —(po+A2), b=
po+Ae 5o — 2(potAr2) T _ (potA2)d Sy :

— Sty by = =022, bpy = =222 and Ry, Ry are the power series in (21, z2) with

powers 2 2] satisfying i +j > 3.
Now, on introducing the affine transformation y; = 21, y2 = @021 + @122 in the

system (4.4.2), one gets

( d _
=L —o0(N) + 2+ E0(VYE + €Ny + By, o),
d
% =100(A) + 110(N)y1 + 101 (N) Y2+ (4.4.3)
N20( Nyt + 11 (N)y1yz + m02(N)ys + Ra(y1, y2),

\

where £yo(A) = @po(A), &n(A) = (B0 —Guido) E(N) = 2L ne(A) = @10G00, M0(N) =

ao1 aop1’

@01@10a20+a2; b20—a2@11—a10@01b11+bo2d7,

Aorbio — @iobor,  Mo1(A) = @10 + bo1,  Ma0(A) = o1 s M =
) =

ol

oG tGorbu =2moboz -y (\) = 22 and R;, R, are the power series in (yy, 1) with powers

aol ao1

Yyl satisfying i + 7 > 3.
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Next, consider C* change of coordinates in the small neighbourhood of (0,0):

U =y — %(511 +n02)y3, Uz = Yo + Ea0Y? — Noay1y2. Then, the system (4.4.3) reduces to

dd% = Goo + Grows + uz + Goot? + Ry (us, us), (4.4.4)

d% = Boo + 10Uy + Oorug + Oz0ui + Oryusus + R2(U1> Uuy),

where (oo = oo, G0 = —&oo(§11 + M02), (20 = —%500(511 + 7702)27 Ooo = Moo, b0 =
Mo + 2820800 — Mo2Mo0, o1 = Mo1 — Mo2boo, oo = %(511 + 102) (M0 + 2620500 — Mo2700) —
20(01 — M02€00) + 120 — Mo2mor, O = M1 + 2620 — 10702 — 0072 + Mo2(M01 — 702600, and
Ry, R, are the power series in (u1,ug) with powers uzluj2 satisfying i + 5 > 3.

Again consider C*° change of coordinates in the small neighbourhood of (0,0) :

vy =uy, vy = (oo + CroUy + Uz + Cou?, which transforms the system (4.4.4) into

% = vy + $1(v1, v3),

(4.4.5)

dvy

7 = Y00 + Y1001 + Y01v2 + Y2007 + V11010 + S2(v1, v2),

where Y00 = oo — 00100, 710 = 010 — 001C10 — Coob11, Vo1 = Cro+ 0601, Y20 = 20 — Oo1C20 —
Cr0611, Y11 = 011 + 200 and s1(vy, v2), s2(v1, v2) are the power series in (vy, v9) with powers
viv) satisfying i + 7 > 3.

Next, consider C* change of coordinates in the small neighbourhood of (0,0) :

wy = v1, we = vy + 81(v1,v2), which transforms the system (4.4.5) into

( dw1
— =W ,
da °
dwo 2 4.4.6
I =00 + Y10W1 + Yo1Wa + Yaowi + Yr1wiwe + Fy(wy)+ (4.4.6)
wo Fy(wy) + ng?)(wwa)a

\

where Fy, F, and Fj are the power series in w; and (wy, ws) with powers ', w!? and wiw}
satisfying k1 > 3, ke > 2 and 7 + j > 1, respectively.
It is cumbersome to obtain the sign of v,0(0) analytically, therefore, consider the

following two cases
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Case It 72(0) < 0.
To make the sign v9(0) positive, consider the transformation Z; = —wy, Zy = wy, 7= —t.

The system (4.4.6) reduces to

( dZ,
“n _ g
dr »
dz
d: = — 00 + 11021 — Y202} + Ri(Z1) — Y01 Za + 1121 Za+ (4.4.7)
ZaRo(Z1) + Z3R3(Z1, Z),

\

where Ry, Ry and Ry are the power series in Z; and (Zy, Z,) with powers Z*, Z¥2 and Zi Z}
satisfying k1 > 3,ky > 2 and ¢ + j > 1, respectively.

Applying the Malgrange preparation theorem, one gets

—Yo0 + Y1021 — 7202 + Ry(wy) = <Z2 — mZ1 + @> By (w1, A),
20 20

where B1(0,\) = —7v90 and Bj is a power series of Z;, whose coefficients depend on param-
eters (Ar, Aa).
Let Xl Zl, X2

\/— and dI' = \/—790dT, then the system (4.4.7) reduces to

Xm = X2a
(4.4.8)

=1 oy, — X, + X7+ =X X, + 5(X1, X, M),

where S(X1, X,,0) is a power series in (X, X,) with powers XiX] satisfying i +j > 3 with

J=>2.
Applying the parameter dependent affine transformation ¥Y; = X; — %#200, Yo = X

in the system (4.4.8), one gets

v _ vy,

a _ (4.4.9)

dd? (s, A2) + pa (A, Ag) Yo + Y7 + \/WLYin + S(Y1,Ya, 1),

_ 0 _ o _ 1y 5

where p13(Ag, \o) = o 471230, pa (A1, Ag) = =+ 2(_1;2:))% and S(Y7,Y5,0) is a power

series in (Y7, Ys) with powers Y7YJ satisfying i + j > 3 with j > 2.
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Case II:  ~5(0) > 0.

By Malgrange preparation theorem and by the transformation X; = 7;, X, = \/770 dl’ =
V20d7, system (4.4.6) reduces to
Xm - X2a
(4.4.10)

G = RN BN X NG+ X,

where S(X1, X5, 0) is a power series in (X, X,) with powers XiX] satisfying i +j > 3 with
J=>2.
Now, applying the parameter dependent affine transformation Y; = X; + 2771200, Y, =

X3 in the system (4.4.10), one gets

 —y,
)

ar _ (4.4.11)
% = (A1, A2) + pa(Ar, A2) Yo + Y + ]%)Ylyz + S(Y1, Y, ),
where g1 (Aq, Ag) = 328 — ;%2200, p2(A1, Ay) = \}% — ;(1,123;0 and S(Y1,Y2,0) is a power series
in (Y1,Ys) with powers Y;Vy satisfying i + j > 3 with j > 2.
o O
If the determinant of the matrix gil g:\j # 0, the parameters 1 (A1, A2), 2 (A1, A2)
2 2
O\ Oa

are independent. The system (4.4.9) and (4.4.11) are topologically equivalent to the normal
form of the Bogdanov-Takens bifurcation as given below

le = Z27
(4.4.12)

P — 1y (A1, Xo) + po( N1, Xo) 2o + ZE £ 21 Zs.

Thus, the system (4.2.4) undergoes to Bogdanov-Takens bifurcation. There exist
bifurcation curves which divide the bifurcation plane into four regions (Perko 1996). The
local representations of the bifurcation curves in the A\ Ay plane are

Saddle-node curve: SN = {(Aq, Ag) : u1(Aq, Ag) = 0},
Hopf bifurcation curve:

H = {()\1;)\2) : M2()\17)\2> = \/’L —,u1()\1,)\2) /12()\1,)\2) < 0}

Homoclinic bifurcation curve:
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HL = {(A1, X2) : p2(M, A2) = \/% —p1 (A1, A2), p2(A1, A2) < 0}

The above discussion can be summarized as

Theorem 4.4.4. The system (4.2.4) undergoes a Bogdanov-Takens bifurcation with respect

to the bifurcation parameter 5 and p around the equilibrium point E,y whenever 1 — 2xy —

5?772:__95) =P, ﬁQO 7£ 0 and 2@20 + ﬁn 75 0.

4.5 Numerical Simulations

In this section numerical simulations are carried out to support the analytical results ob-

tained above.

(1) «a =04, m =20.2, § =0.5, [ =0.0. The system (4.2.4) without Allee effect
always has one trivial equilibrium point ¢y = (0,0) and two axial equilibrium points
e1 = (1,0) and e5 = (0,0.4). The number of interior equilibrium points are either
none or unique, depends upon the the parametric conditions. The point e is always
unstable, e; is always saddle. (a) p = 0.16, the unique interior equilibrium point is
unstable (Figure 4.1(a)). (b) p = 0.2, the system undergoes to supercritical Hopf
bifurcation and a stable limit cycle arises around this point (Figure 4.1(b)). The first
Lyapunov number o = —14.06257 (c¢) p = 0.22, the point is asymptotically stable.
(d) p = 0.22, § = 0.35, the system has no interior equilibrium point and the prey

free equilibrium point e, is asymptotically stable.
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Figure 4.1: « = 0.4, m =0.2, 6 =0.5, = 0.0. System (4.2.4) has a unique interior
equilibrium points e3 = (0.2,0.8), one trivial equilibrium point ey = (0,0) and two axial
equilibrium points e; = (1,0) and es = (0.0.4). (a) p = 0.16, point e3 is unstable (b)
p = 0.2. System (4.2.4) undergoes to a supcritical hopf bifurcation at the point e3 and an
stable limit cycle arises around this point (¢) p = 0.22, point eg is asymptotically stable
(d) 6 = 0.35, p = 0.22. System (4.2.4) has no interior equilibrium point and prey free
equilibrium point e, is asymptotically stable.
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(2) « = 0.3, m = 0.0, 6 = 0.4. Then the threshold value of the parameter [ is
BN = 0.00625. The system (4.2.4) always has one trivial equilibrium point Ey =
(0,0) and one axial equilibrium point F; = (1,0). The number of interior equilibrium
points changes from two to zero. The system (4.2.4) has two distinct positive interior
equilibrium points, if 3 < BN one positive interior equilibrium point, if g = gV
and no positive interior equilibrium point, if 8 > BN, The Saddle-node bifurcation
diagram has been depicted in Figure 4.2(a). The phase portrait diagram for § =
BISNT = 0.00625 is depicted in Figures 4.2(b) and 4.2(c) in which the equilibrium
point Ej is repelling saddle-node point, whenever p = 0.6 and attracting saddle-node

point, whenever p = 0.98, respectively.

0251

@

SN

Unstable

0.00 I I I 11
0.000 0.002 0.004 0.006 0.008

B

Figure 4.2: a« = 0.3, m =0.01, § =0.4,5 = 0.00625. System (4.2.4) has unique interior
equilibrium point E4 = (0.125,0.3375) (a) Saddle-node bifurcation diagram (b) p = 0.6
unique interior equilibrium points E, of system (4.2.4) is a repelling saddle-node point (c)
£ = 0.98 unique interior equilibrium points Ej of system (4.2.4) is an attracting saddle-node
point
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(3)

a =03 m=001 §=04 [ =0.006. The system (4.2.4) has two interior
equilibrium points; Fy = (0.15,0.4) and E3 = (0.1,0.275). The equilibrium point Ej3
is always a saddle point and the equilibrium point FEs, is unstable, whenever p = 0.5
(Figure 4.3(a)). If p = pl*/1 = 0.746875, the system (4.2.4) undergoes to a subcritical
Hopf bifurcation at the point Ey, the first Lyapunov number o = 429.7437 > 0, an
unstable limit cycle arises through the Hopf bifurcation around the point Fy (Figure
4.3(b)). If p = 0.763715, an unstable homoclinic loop is created around FEs and the
point Fjs is stable if the solution starts in the loop (Figure 4.3(c)). If p = 0.77, the

equilibrium point E, is asymptotically stable (Figure 4.3(d)).

a =203 m=001 J§d=04 5 =000625 p=0.810185. The system (4.2.4)
has a unique interior equilibrium point E; = (0.125,0.3375) and det(Jg,) = 0 and
tr(Jg,) = 0, so, both eigenvalues of the Jacobian matrix Jg, are zero but the matrix

JE, is not a zero matrix. For these parameters values system (4.2.4) reduces to

T 32+0.00625+ A
?17:37(1_35)_ ( Jro.01+;:r e, (4.5.1)
% — (0.810185 + Aa)y (1 - 552 ).

T 0.014=x

Define z; = x — 0.125, 29 =y — 0.3375, then the system (4.5.1) reduces to

% = 500 + 51021 + 60122 + 5202% + 6112122 + 50223 + Rl (Zl, 22), (4 5 2)
L2 — boo + bioz1 + borz2 + baoz} + biiz122 4 boazs + Ra(21, 22),
where agy = —2.5\q, ayp = 0.810185 + 18.5185\q, agr = —0.324074 —

740741)\;,  Gop = —1.44582 — 137.174)\;, @y = 0.178326 + 54.8697)\;, Qg2 =
0, by = 0, by = 2.02546 + 2.5\, by = —0.810185 — o, by =
—15.0034 — 18.5185)\y, by = 12.0027 + 14.8148)\y, by = —2.40055 — 2.96296 Ao

and Ry, Ry are the power series in (x1, 25) with powers x’lxé satisfying i + 7 > 3.
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03r

A >

Figure 4.3: @ = 0.3, m = 0.0, § = 0.4, S = 0.006. System (4.2.4) has two interior
equilibrium points Fy = (0.15,0.4), E5 = (0.1,0.275), one unstable trivial equilibrium point
Es = (0,0) and one saddle axial equilibrium point F; = (1,0). The green curve is prey
isocline and the purple line is the predator isocline. (a) p = 0.5, point Fy is unstable
and point Ej5 is saddle (b) p = 0.746875, System (4.2.4) undergoes to a subcritical Hopf
bifurcation at the point Fy and an unstable limit cycle arises around this point, point Fj
is saddle (c¢) p = 0.763715, System (4.2.4) undergoes to a Homoclinic bifurcation at the
point Fy and an unstable loop (red loop) arises around this point and point Fj is saddle
(d) B =0.77, point Ey is asymptotically stable and point Fj is saddle.
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Let y1 = 1, y2 = Qio1 + Gg1x2, system (4.5.2) reduces to

( dy _
i =60() + 12 + &Ny + En(Nwiy2 + Ry, v2),
dy
d_t2 =100(A) + mo(N)y1 + 101 (N)y2 + 120(N)y5 + 11 (N)yrys (4.5.3)
+ no2(N)ys + Ra(y1, v2),
) . A .348)\2
where o(\) = —2.5M, E0(\) = _01187674—3%1;;;14_1)\-11—274 348 1 (N =
0'06805}]3%#57_'32’1741)\1, 7’]00()\) = —202546>\1 — 462963)\%, 7710()\) = 0, 7’]01()\) =
0.0962234+14.1232)\1 +494.818 22 +5080.53\3
18518501 — Ao, 120(A) = — e L,
0.0555127+7.27023X +137.174)2 5 B
i = 2.04375&? Lo mee(A) = % and Ry, Ry are the power

series in (y1,y2) with powers yiy) satisfying i +j > 3.

Now, by means of following transformations

1
Uy = Y1 — 5(511 + 7702)237 Uy = Yo + 52093 — To2Y1Y2,

v = U1, V2 = (oo + Ciour + uz + C20U%7
wy = vy, wy = vy + $1(vy, v2),

the system (4.5.3) reduces to

( dw1
— :w
dt 25
dwy 2 4.5.4
7 =00 + Y10W1 + Y1 w2 + Yaowy + yrwiwe + Fi(wy)+ (4.5.4)
wa Fy(wy) + ng;;(wl,wQ),

where 00 = gomerr (—0.088614A—0.109375M\ A2), Y10 = 0.0347892)\; +

1
(0.04375+ X1 )2 (

1.31282\% + 0.0783854A 1 Ny + 2.43056A2 Ny + 0.04375X,73 + A2\3), Y1 =
—0.043%“1 (2.60185A;+37.037A2—0.04375 M+ A1 \2), Va0 = m(_o@om%wg_

0.0199668\; + 0.444567)2 + 72.9727A3 + 1721.65A% + 11431.2\3 + 0.00039297\s +
0.0151019M X — 0.0835691A2\, + 31.8400A3X, + 617.284\1As + 0.000765625\2 +
0.059265M A2 — 0.316667A2\2 — 7.40741A3A2 + 0.00875A A3 — 0.4A2A3), o=
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5(—0.00796345 — 0.503841\; — 25.6283)\7 — 274.348\% + 1.43333\1 Ny +

©. 04375+A
14.8148X\2 Xy + 0.8M\1\2) and Fy, Fy and Fj are the power series in w; and (wq,ws)

with powers wlfl,w’f2 and w’iwg satisfying k1 > 3, ke > 2 and 7 + j > 1, respectively.

Here 799(0) = —0.810185. Consider the transformation Z; = —wy, Zy = we, 7= —t.

The system (4.5.4) reduces to

( dZ,
L4
dr 2
dz
_d: = — Y00 + 11021 — 12022 + Ry(Zy) — o1 Zo + 11121 Zot (4.5.5)
ZyRo(Z)) + Z2R3(Z1, Zy),

\

where R, Ry and Ry are the power series in Z; and (73, Z,) with powers Zfl, Z{” and

717} satisfying k; > 3,ky > 2 and i + j > 1, respectively.

By Malgrange preparation theorem and transformation X; = 7;, X, = \/ﬁ’

and dI' = \/—~9dT, the system (4.5.5) reduces to

dX1 . X2
Y

R =10 - T0X, — X, + X7+ 22X X, + (X1, Xo, ),

dr Y20 Y20

(4.5.6)

where S(X1, X5, 0) is a power series in (X1, X,) with powers X7 X7 satisfying i4j > 3

with j > 2.

Finally, applying the transformation Y; = X; — %, Y, = X5 in the system

(4.5.6), one gets

le = Yv27
_ (4.5.7)
D2 = iy (A1, Ao) + pa(Ar, A)Ya + Y — 2.71726Y1Ys + S(V1, Ya, ),
2 = .
where 1 (A1, A2) = % - 477#3007 fi2(A1, A2) = —\/7,0;20 + 2(7_1173:))% and S(Xi, X,0) is a
power series in (Y,Y3) with powers Y'Yy satisfying i + j > 3 with j > 2.
om  Om
The determinant of the matrix g’\l z’\2 = 2.77746 # 0, thus parameters p; and
Opa Oz
oM OAa

2 are independent. The system (4.5.7) is topologically equivalent to the normal form
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of the Bogdanov-Takens bifurcation. There exist bifurcation curves which divide the
bifurcation plane into four regions. The local representations of these bifurcation

curves in the A\ \y plane are

Saddle-node curve:

SN = {(A1, A2) - pa (A1, Az) = 0},

Hopf bifurcation curve:

H ={(A\1,A2) : pa( A1, A2) = —2.71726/ — 1 (A1, A2), pa(A1, A2) < 0}
Homoclinic bifurcation curve:

HL = {(A\, A2) : a( A1, Ag) = —2.71726+/ —p1 (A1, A2), pra(A1, A2) < 0}

The above three bifurcation curves in a small neighborhood of the origin in the (A1, \2)
plane has been sketched by their first approximations (Figure 4.4(a)). The bifurcation
curves divide the parameter plane into four parts; I, 11,111 and IV. For various

parameter values within regions, different phase portraits of the model are observed:

a) When the parameters \; = 0, Ay = 0, the unique positive equilibrium of the

model (4.2.4) is a cusp of codimension 2 (Figure 4.4(b)).

b) When the parameter values are in the region 7, model (4.2.4) has no interior equi-
librium point and every solution trajectories leaves the first quadrant through

predator axis (Figure 4.4(c)).

¢) When the parameter values are in the region /1, model (4.2.4) has two interior
equilibrium points in which one is a saddle point and other is unstable (Figure

4.4(d)).

d) When the parameter values are in the region /77, model (4.2.4) has two interior
equilibrium points in which one is a saddle point and other is enclosed by an

unstable limit cycle (Figure 4.4(e)).

e) When the parameter values are in the region IV, model (4.2.4) has two interior
equilibrium points in which one is a saddle point and other is asymptotically

stable (Figure 4.4(f)).
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Figure 4.4: a = 0.3, m = 0.01, ¢ = 0.4,5 = 0.00625, p = 0.810185. (a) Bifurcation
diagram of system (4.2.4); blue line is the Saddle-node bifrcation curve, green curve is
the Hopf bifurcation curve and red curve is the Homoclinic bifurcation curve (b) Ay =

0, A = 0. The unique interior equilibrium point E, is a cusp of of codimension 2.
(¢) A2 = —0.1, A; = 0.0005 lies in region I. No interior equilibrium point exist. (d)
Ay = —0.1, Ay = —0.0002 lies in in region /7. The system (4.2.4) has two interior

equilibrium points Fy = (0.147361,0.393402) and E3 = (0.102639,0.281598). Point E, is
unstable and Point Ej5 is saddle (e) Ay = —0.1, A; = —0.0007 lies in region I7/I. The
system (4.2.4) has two interior equilibrium points Fy = (0.166833,0.442083) and E3 =
(0.083167,0.232917). Point E, is surrounded by an unstable limit cycle and Point Ej is
saddle. (f) Ay = —0.1, A; = —0.002 lies in region V. The system (4.2.4) has two interior
equilibrium points Fy = (0.195711,0.514277) and E5 = (0.0542893,0.160723). Point E, is
asymptotically stable and Point Fj is saddle.
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4.6 Results and Discussion

In this chapter, a bidimensional modified Leslie-Gower predator-prey model, in which the
protection provided by the environment for both the prey and predator species is the same,
has been analysed in the presence of Allee effect of type I1. In most predator-prey models
subjected to Allee effect, it has been considered that the Allee effect has influence only
on the prey growth function and this effect is independent of the functional response. In
Zhou et al. (2005) authors proposed Allee effect, affecting the functional response on
two classical predator-prey models; 1) Lotka-Volterra model and 2) Leslie model. In this
work, they concerned only the stability of the unique interior equilibrium point. By means
of analytical and numerical simulations, they have shown that the Allee effect may be a
destabilizing force in the predator-prey system. From best of our knowledge, mine is the
first attempt to study the qualitative analysis of a predator-prey system in the presence of
Allee effect of type I1.

The qualitative analysis of the model (4.2.4) reveals that the Allee effect constant
B plays an important role in determining the dynamics and bifurcations of system. The
model with no Allee effect always has a trivial equilibrium point, a unique predator free axial
equilibrium point and a unique prey free axial equilibrium point, while it has either no or
unique interior equilibrium point. The trivial equilibrium point is always an unstable point,
predator free axial equilibrium point is always a saddle point and if no interior equilibrium
point exists, prey free axial equilibrium point is globally asymptotically stable, otherwise
it is a saddle point. The unique interior equilibrium point is globally asymptotically stable
for certain parametric conditions. Moreover, the model undergoes to supercritical Hopf
bifurcation, whenever bifurcation parameter p crosses its critical value. The local existence
of limit cycles emerging through Hopf bifurcation has been shown and its stability has been
examined by calculating the first Lyapunov number.

Model (4.2.4) with Allee effect type 11 always has two boundary equilibrium points;
trivial equilibrium point and a unique predator free axial equilibrium point. The nature of
trivial equilibrium point and predator free axial equilibrium point are similar to the model

without Allee effect. Therefore, the extinction of both the species together or predator only
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is impossible. The prey free axial equilibrium point in this case is disappeared and all solu-
tion trajectories once touching the predator-axis will leave the first quadrant. Ecologically,
predator species tends to change its food habits as predator approaches for alternative foods
available, but the population of predator species depends upon the initial values of prey and
predators. Furthermore, it is found that model (4.2.4) can have zero, one or two positive
interior equilibrium points through Saddle-node bifurcation as the bifurcation parameter
[ crosses a certain critical value. Therefore, a maximum threshold of [ exists such that
below which both the populations co-exist and above which the prey species goes extinc-
tion. Sotomayor’s theorem is applied to ensure the existence of saddle-node bifurcation. It
is observed that if two interior equilibrium points exist, one of them being always a saddle
point and other is stable, unstable or the system undergoes to a Hopf bifurcation around
this point for different choice of set of the parameters. The emergence of Homoclinic loops
has been shown through numerical simulation, when the limit cycle arising through Hopf
bifurcation collides with a saddle point. Further, the existence of Bogdanov-Takens bifur-
cation for the model has also been shown by means of reducing the model to normal form.
In this situation, the system under a small perturbation may cause extinction, coexistence
and oscillation. The overall analysis shows that Allee effect I1 can increase the risk of

ecological extinction.



Chapter 5

Modified Leslie-Gower Predator-prey
Model with Double Allee Effect

5.1 Introduction

In previous chapter, a bidimensional modified Leslie-Gower predator-prey model in which
the protection provided by the environment for both the prey and predator species is the
same, has been analysed in the presence of Allee effect of type I1. Recent ecological research
suggests the possibility that two or more Allee effects generate mechanisms acting simulta-
neously on a single population (Table 1 in Berec et al. 2007 or Table 2.1 in Courchamp et
al. 2008), especially in renewable resources (Gascoigne and Lipcius, 2004). The combined
influence of some of these phenomena has been named as the multiple (double) Allee effects
(Berec et al. 2007; Courchamp et al. 2008; Angulo et al. 2007; Boukal and Berec 2002).
The double Allee effect affecting the species has been seen in wild life ecosystem (Berec et
al. 2007) and in marine ecosystem (Gascoigne and Lipcius 2004).

Gonzlez-Olivares et al. (2011b) considered that the growth of prey is affected
by double Allee effect in Lotka-Volterra predator-prey model. They proved the existence

This chapter is based on the research article: Bifurcation analysis of modified Leslie-
Gower predator-prey model with double Allee effect, Ain Shams Engineering Journal (Elsevier)
http://dx.doi.org/10.1016/j.asej.2016.07.007 Article in press.
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of two limit cycles by means of the Lyapunov quantities, whenever the Allee effect is ei-
ther strong or weak. Huincahue-Arcos and Gonzlez-Olivares (2013) studied the modified
Rosenzweig-MacArthur predation model (Turchin 2013) in which two Allee effects affect
the prey population. They determined certain parametric conditions for which the unique
interior equilibrium point is locally asymptotically stable or the existence of at least one
stable limit cycle generated through Hopf bifurcation. Flores and Gonzalez-Olivares (2014)
studied a ratio-dependent predator-prey model with double Allee effect on the prey, and
discussed the stability and bifurcation analysis. Feng and Kang (2015) studied the stability
and bifurcation of the modified Leslie-Gower predator-prey model with Allee effects in both
predator and prey species. They also showed that the double Allee effects greatly alter the
outcome of the survival of both species. Pal and saha (2015) studied the stability and
bifurcation analysis of a ratio dependent predator-prey system with a double Allee effect
in prey population growth.

In this chapter, dynamical behavior of the modified Leslie-Gower predator-prey
model with double Allee effect in growth of prey population has been considered with
the assumption that the extent to which the environment provides protection to both the

predator and prey is the same.

5.2 Model Equations

Consider modified Leslie-Gower predator-prey model (1.5.8) incorporating the Allee effect
on prey under the assumption that the extent to which the environment provides protection

to predator and prey is same;

dX _ X (1—%)(X—m)—°‘xy

dy by
AT = SY(l — a+X)’

with the initial conditions X (0), Y (0) > 0, where X (7") and Y (T') are respectively, prey and
predator density at time T'. The parameter r, K, «, s, b, a, m, n are positive constants, which
represent intrinsic growth rate of prey, carrying capacity of prey in the absence of predator,

maximal predator per capita consumption rate, intrinsic growth rate of predator, measure
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of the food quality that the prey provides for conversion into predator birth, measures the
extent to which the environment provides protection to prey and predator, Allee threshold
and auxiliary parameter respectively.

On introducing the non-dimensional variables: X = Kz, Y = %, T = %t, in

system (5.2.1), it will become

de _ z(l-z)(x—B) Exy

d

with the initial conditions: z(0) > 0,y(0) > 0, where § = =%, &=+, p=72,and

7d
V= R

The positivity and the boundedness of the solutions of the system (5.2.2) starting
from an interior point of the first quadrant are proved below.

On integrating the first equation of the system (5.2.2), one gets

z(t) = z(0) exp [/Ot ((1 — xi?lé(i(;§ =0 _ 7i:_y(;gs))cls]? (5.2.3)

which is always non-negative as z(0) > 0. Similarly from second equation of the system

(5.2.2), one gets t
y(t) = y(0) exp [p/o (1 — 7Jyr(—fg)(s))ds}, (5.2.4)

which is always non-negative as y(0) > 0. Therefore, all the solutions of the system (5.2.2)
starting from an interior point of the first quadrant will remain in the first quadrant for
all future time. Moreover, the solution trajectories starting from a point on the positive
z(y)- axis will remain within the positive z(y)- axis for all future times. Hence, the set
R = {(x,y) : @,y > 0} is an invariant set.

Now, boundedness of the solutions of the system (5.2.2) will be examined. Consider
(z(t),y(t)) be any positive solution of the system (5.2.2) that satisfies the initial conditions.

There arise the following two cases;
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Case I. Suppose z(0) < 1, it is claimed that z(t) < 1 for all ¢ > 1. Otherwise, there are
two positive real numbers ¢; and ¢ such that to > 1, x(t1) = 1 and x(t) > 1, Vt € (t1,12).

Then, for all t € (¢1,t2) the Eq. (5.2.3), can be written as

o) = a(Oyesp [ [ (LEEREEZ0) 819 ]

(z(s) +0) v+ x(s

1 —a(s)als) ~f)  Eyls)
@m[l;< 18 Taee)®]
(N(s)—B)  Eyls)

~swen | [T (LT - )] <ot

because <(1_“”(S()5))(fr(;))_ﬁ ) _ ﬁ’i‘&) < 0 for all t € (t1,t2), which contradicts the assumed

hypothesis. Thus z(t) < 1 for all ¢ > 0.

Case II Next, suppose z(0) > 1. Then as long as x(t) > 1

x(t) = z(0) exp [/o (<1 — ?i?l))(i(zi =5 _ 7%(;()8)>d8] < z(0),

because <(17$(S()3)(_3‘;(;))75) — f_i’i‘&) < 0 for z(t) > 1. Hence, from the cases I and I every

positive solution holds z(t) < max{x(0),1} = M, for all ¢t > 0.

From second Eq. of the system (5.2.2), one gets

Then,
y(t) < max{y(0),y + M}, Vt>0.

Thus, the above discussion can be conclude as:

Lemma 5.2.1. (a) All the solutions of the system (5.2.2) with its initial conditions are

defined on [0,00) and remain positive for all t > 0.

(b) All the solutions of the system (5.2.2) with its initial conditions are bounded for all

t>0.
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5.3 Equilibria and their Stability

The equilibrium points of the system (5.2.2) are the points of intersection of the prey zero

growth isocline (% = 0) and predator zero growth isocline (% = 0) which lie in first
quadrant, that is, positive solutions of the following system
dx dy
—=—=0. 5.3.1
dt  dt ( )

5.3.1 Strong Allee Effect

The equilibrium points of the system (5.2.2) in case of strong Allee effect (8 > 0) are

(a) Eo = (0,0);
(b) £y = (1,0);
(c) Ep=(8,0);
(d) Ey = (0,7);

(e) If 1 + 5 > &, the system (5.2.2), has two positive interior equilibrium points, Ef =
2
(x7,y7) and E5 = (z5,v3), whenever <1+TH> > 3+ £0; a double multiple positive

2
interior equilibrium point £* = (z*, y*) = <1+§_§,’y + 1+'6_£) whenever <M> =

14+-8— 1+8—-¢€)2—4 0 1 1 24 0
B+£6, where 2t — X 4/ + O 4B+ 0 Hhes V( +B O ABTEO) oy o

and y5 = v + 3.

Thus, the number and location of equilibrium points of system (5.2.2) can be described

by the following lemma:

Lemma 5.3.1. If 1 4+ 5 > &, the system (5.2.2), has
(a) Four equilibrium points Ey, Ey, Eg and E., whenever (#)2 < B+ &6.
(b) Five equilibrium points Ey, By, Eg, E, and E*, whenever <1+T’85>2 = [ +&0.

(c) Siz equilibrium points Ey, Ey, Eg, E., EY and E}, whenever (HB 5) > 4 £0.
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Next, dynamics of system (5.2.2) in the neighborhood of each feasible equilibria

has been investigated.

Theorem 5.3.2. a) The equilibrium point Ey is always a saddle point.
b) The equilibrium point E; is always a saddle point.
¢) The equilibrium point Eg is always an unstable point.
d) The equilibrium point E. is always a stable point.

e) The equilibrium point EY, if exists, it is a stable point, if x7} (HB;%MT + fo*> —p < 0.
1 1

f) The equilibrium point E3, if ezists, is always a saddle point.
g) The equilibrium point E*, if exists, is a degenerate singularity.

Proof.  a) The Jacobian matrix of the system (5.2.2) at the equilibrium point Ej is

which confirms that the equilibrium point Ej is a saddle point as 0 < # < 1.

b) The Jacobian matrix of the system (5.2.2) at the equilibrium point £} is

_1=p __&
1+6 1
JEl — + +y 7
0 P

which confirms that the equilibrium point FE; is a saddle point.

c¢) The Jacobian matrix of the system (5.2.2) at the equilibrium point Ej is

Bl—ﬁ __Bg
Jm = B+0 y+8
Eﬁ - 9
0 p

which confirms that the equilibrium point Ejg is an unstable point.
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d) The Jacobian matrix of the system (5.2.2) at the equilibrium point E, is

which confirms that the equilibrium point E, is a stable point.

e) The Jacobian matrix of the system (5.2.2) at an interior equilibrium point E(x,y)

(say) is
1+8-¢ £ fx
(es) &
JE _ z+60 Ytz Y+ ' (532)
p —p
The determinant of the above Jacobian matrix is det(Jg) = p[EHB—M and the
trace is tr(Jg) = x<1+6x—+0 + Wix) — p. A simple computation conclude that

det(Jgr) > 0. Thus, equilibrium point EY is stable, if ] (Hi;i_e?xi + vfmi) —p <O.
1

f) From (5.3.2), det(Jgz) < 0, which confirms that the equilibrium point Ej is a saddle

point.

g) From (5.3.2), det(Jg~) = 0, so the equilibrium point E* is a degenerate singularity.

It is proved in Theorem 5.3.2(g) that the interior equilibrium point E* is a degener-
ate singularity, and so, the system may have complicated properties in the neighbourhood
of the point E*.

In the following, the dynamics of the system (5.2.2) in the neighbourhood of the

equilibrium point E* has been discussed.

Theorem 5.3.3. The interior equilibrium point E*, if exists, is

a)

b) a cusp of codimension 2, whenever 5

- =p and *+97£Ohold

(ﬂff*ﬂ)2

Proof. (a) First, consider transformation £ =z — z*, ¢ =y — y* to shift the equilibrium

point E* of the system (5.2.2) to the origin and then expand the right-hand side of the
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system as a Taylor series, the system (5.2.2) can be rewritten as

% = ’f_f;*ii' Vﬂ*y + 06201' + CYHSCy + 0|(Z' y) ’ (5 3 3)
W= pi— pf — L8+ 2ok — Lo+ ol (x,)?),
where 0420:5—'7_L iy = — &y
(,Y+x*)2 x40 11 (x*+7)2 .
It ffm* # p, the tr(Jp-) # 0, while det(Jg~) = 0. Hence, the equilibrium point E*

is a saddle node.

(b)

= p, then the system (5.3.3) reduces to

L = pi — pj + az0d? + andy + ol(z, )],

Zg_pw_py_v-i-wx—i_v—i—zxﬁ 7+ccy+0’(xy)‘

(5.3.4)

On introducing the variable 7 = pt, the system (5.3.4) reduces to the following system

& — & — § + ad? + a1 dg + of(z,9)%, (535)
d_z =T —Y—- fH_l;C* 372 + 7‘51'* Ty — 7_’_&;*3/ + O|(’I y) |

where aisg = %ago and aq; = %0511.
Now, on using the transformation x; = &, x3 = & — ¢, the system (5.3.5) reduces

to the following system

B — g + o} — A1z + 0| (Y1, 42)°), (5.3.6)

Uilmf = ot — AT + m*ﬂxz +0|(y1,92)],

where a9 = aiyg + o11.

On using the transformation y; = z1, y» = o3 — ———x 179, the system (5.3.6)

*_}'_,y
reduces to
WL — gy + Aoyt + anryaye + 0| (1, 42)°),
) (5.3.7)
Y2

== 04_203/% — a}lylyg + O|(y1a y2)3|7

where o] = <ﬁ — 0[11).

Finally, using the transformation z, = y; — 100193, 22 = yo + Qaoyi + 0|(21, 22)*|,



140 5.3 Equilibria and their Stability

the system (5.3.7) reduces to

dz1

- = Z2,
ar (5.3.8)
Cﬁff = G0yt + (2020 — A1) y1Y2 + 0| (21, 22)°|.
Since g = e +0 # 0 and, if 2a5) — aj; = %<(x§7) — 2f+9> 2 0, the origin in 229
plane is a cusp of codimension 2, that is, £* in xy plane is a cusp of codimension 2. [ |

5.3.2 Weak Allee Effect

The equilibrium points of the system (5.2.2) in case of weak Allee effect (5 < 0) are

(a) eo = (0,0);
(b) €1 = (170);
(c) ey =(0,7);

(d) If 5+ & < 1, the system (5.2.2), has two positive interior equilibrium points e =

2
(Z1,71) and e} = (7T3,7z2), whenever (%) + B > &0 > B; a double multiple

positive interior equilibrium point e* = (z.,y.) = (1_5_5,7 + 1_’5_5), whenever
2

<1_T’B_§> + [ = &0 > [, has a unique positive interior equilibrium point e, = (73, 73),

whenever 5 > &6, has a unique positive interior equilibrium point e = (74, 7;) =

(1—B—¢,14+7—f—E), whenever § = €6, where 77 = -2 SV IZP=0*2U00) - o
1-B—E—+/(1-B—€)2-4(¢0-8)  __  1-B—£+4/(1 /3 €)2—4(60—-B)
2 ) -

X3

s =A==+ T
and y3 = v + 73.

Thus, the number and location of equilibrium points of system (5.2.2) can be described

by the following lemma:

Lemma 5.3.4. If f+ £ < 1, the system (5.2.2), has
(a) Three equilibrium points, ey, e; and e.,, whenever <IT“>2 < &0 — B and £0 > (.
(b) Four equilibrium points, e, e, e, and e*, whenever (%)2 + 5 =£0 > 0.

(c) Four equilibrium points, eg, €1, e~ and e,, whenever 3 > 0.
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(d) Four equilibrium points, eg, €1, e, and e, whenever § = &£0.
(e) Five equilibrium points, e, e1, e, e; and e;, whenever ( > + B >£&0 > p.

The dynamics of system (5.2.2) in the neighborhood of each feasible equilibria are

concluded in the following
Theorem 5.3.5. a) The equilibrium point eq is always an unstable point.
b) The equilibrium point ey is always a saddle point.

c) The equilibrium point e, is asymptotically stable, whenever f < &0 and a saddle,

whenever 3 > £6.

d) The equilibrium point e, if exists, is a stable point if Ty <1 B f 2“ + ) —p<0.

f) The equilibrium point €3, if exists, is always a saddle point.

g) The equilibrium point e, if exists, is a stable point, Z'fx_;;(l*ﬂx%ifﬁ + vfﬁ) —p<0.

h) The equilibrium point e, if exist, is a stable point if 334(1 6“302“ + 7JFM) —p <.

i) The equilibrium point e*, if exists, is a degenerate singularity. Moreover, it is

1) a saddle node, whenever Sx* - # p holds.

£
YT«

= p and (Ifjw) — 255 # 0 hold.

2) a cusp of codimension 2, whenever

The proof of Theorem 5.3.5 is similar to Theorem 5.3.2 and Theorem 5.3.3.

5.4 Bifurcation Analysis

This section concerns with the bifurcation analysis, occur in system (5.2.2). It has been
shown that for certain parametric conditions some of the equilibrium points may be hyper-

bolic or degenerate singularities, and hence, system may undergo to some bifurcations.
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5.4.1 Strong Allee Effect

Hopf Bifurcation

In Theorem 5.3.2, it is proved that the interior equilibrium point £}, if exists, is always

a saddle point while EY, if exists, is stable, whenever :16’{(1%;,{?923;T + fa;l) < p. If
x’{( H’i :i;%i + 3 fx> = p, the trace of the Jacobian matrix Jg: is zero and determi-
1 1

nant is positive, which confirms that the eigenvalues of the Jacobian matrix Jg: are purely
imaginary, that is, the equilibrium point Ej is either a weak focus or a centre. Now, it is

shown that the system (5.2.2) undergoes to a Hopf bifurcation. Consider p be the Hopf

1+B—-§—2z7 NI
x7+0 y+x]

exists, which satisfies det(Jp;) > 0 and tr(Jg;) = 0. Also at p = p"/1, one gets

bifurcation parameter, then the threshold magnitude p = pl*fl = x’{(

-
a—p(trEl) = —1+£0.

Thus, the transversality condition of Hopf bifurcation holds, which ensures that the system
(5.2.2) undergoes to a Hopf bifurcation at the equilibrium point E;.

Now, in order to discuss the stability of limit cycle, the first Lyapunov number
o at interior equilibrium point Ef(z7,y;) of the system (5.2.2) is computed by using the
procedure as given in Perko (1996). Let x = u — a7}, y = v — yi, the system (5.2.2), in the

vicinity of origin, can be written as

du 2 2 3 2 2 3

E = Q10U + A1V + Ao0U” + A11UV + Qx2V” + A30U” + 21UV + a12UV” + ag3V” + P(u, ’U),

dv

o 2 2 3 2 2 3
E = bwu + b()ﬂ) + bgou + buUU + bOQ’U + bgou + b21U v+ blgu’U + b03’U + Q(U, U),
o[ 1HB—E—2a] £ __ &ad _ 0(0+4B—§-227)  _af

where o = 1’1< x40 + vzt )7 o1 = Yz} (20 = (0+x7)? x40 +

&y — __ & _ _ 0 1pBHEH2e) 0 &y —
(@472’ ajl = (@i )2’ o2 = 07 azp = (z146)3 (z7+0)2 (@i )3 Q21 =
& - — - - _ - P — 2 —
@y 2= 0, a=0, bo=p, bo=-p b= g b = e boz =

p p 2p p

R bz = CEE)EN bor = — (a5 bl = (y+at)2° bos = 0, P(uv U) =

Z;}ijﬂ aijuivj and Q(% U) = Z;‘)ij=4 bijuil}j.

Hence, first Lyapunov number ¢ can be computed by the formula defined in equation (1.3.7)
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with A = (9?5{) V(L +B =862 —4(B+€0). Therefore, the subcritical Hopf bifurcation

exists, if ¢ > 0 and supercritical Hopf bifurcation exists, if o < 0.

From the above discussion, it can be conclude that

Theorem 5.4.1. The system (5.2.2) undergoes a Hopf bifurcation with respect to bifurcation

1+8—-§—27 4 ¢
x7+0 v+

parameter p around the point EY, if exists, whenever x’{( > = p and an

unstable (stable) limit cycle arises around the point Ef, if 0 >0 (0 <0).

Saddle-node Bifurcation

It has been shown that if 14 5 > &, the system (5.2.2) has two positive interior equilibrium
points B} and £ whenever (HT[H)Q > [+ &0 and these two interior equilibrium points
coincide with each other and a unique interior equilibrium point E* is obtained, whenever
(%)2 = 0+ £0. Also the system (5.2.2) has no positive interior equilibrium point,
whenever <1+_§—§>2 < [+ &60. The annihilation of positive interior equilibrium points are
may be due to the occurrence of Saddle-node bifurcation at the interior equilibrium point,
whenever the parameter 6 crosses the critical value 6 = 99N = %((#)2 — ﬁ). In
Theorem 5.3.3, it is shown that the unique interior equilibrium point E* is a saddle-node,

&-*
_;’_*

whenever # p. To ensure that the system (5.2.2) undergoes a saddle-node bifurcation,
Sotomayor’s theorem has been applied (Perko 1996). The parameter 0 is taken as the
bifurcation parameter.

Since det(Jg«) = 0, therefore one eigenvalue of the Jacobian matrix Jg- is zero.

If tr(Jg+) < 0, the other eigenvalue has negative real part. Suppose V and W be the

eigenvectors corresponding to zero eigenvalue of the matrix Jg- and JL. respectively, then

1 1
V = W= o
1 -
Now,
W Fy(B*,015N)) = — 0o oe ;A 0,asl+B—€6>0, 1-B+E>0,

WTID?F(E*, 08N (V, V)] = — 20y #0,
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_at(d—at)(@—f) o
where Fy(E*, 1) = g2 prR(Ee gisNy = | w
0 0

Thus, the transversality conditions for Saddle-node bifurcation are satisfied. The

above discussion can be summarised as

Theorem 5.4.2. The system (5.2.2) undergoes a Saddle-node bifurcation with respect to

the bifurcation parameter 6 around the equilibrium point E*, whenever 1 + > £,0 =

2
1 1+8-¢ gx*
H(5) = 0) o = £
Bogdanov-Takens Bifurcation

In Theorem 5.4.2, it is proved that the system (5.2.2) undergoes a Saddle-node bifurcation at

the equilibrium point E*, if exists, whenever ffﬁ # p, that is, tr(Jg«) # 0. Now, consider

tr(Jg«) = 0. In this case the Jacobian matrix Jg- has double zero eigenvalues, but the
jacobian matrix Jg+ is not a zero matrix. So, here is a chance of codimension 2 bifurcation

(Bogdanov-Takens bifurcation). In Theorem 5.3.3, it is shown that the equilibrium point E*

gz*

S =P and —X— —2-2_ £ 0. Now, choose & and

(z*+)?2 x*+0

is a cusp of codimension 2, whenever
p as the bifurcation parameter as they are important from the ecological point of view. The
Bogdanov-Taken point in the parameter space is the intersection point of the Saddle-Node
bifurcation curve and the Hopf bifurcation curve. The algorithm given in Kuznetsov (2004)
has been applied to prove the non-degeneracy conditions of Bogdanov-Takens bifurcation.

Suppose the bifurcation parameters & and p vary in a small domain of BT point
(&0, o), and let (§o + A1, po + A2) be a point in the neighbourhood of the BT-point (&g, po)

where Aj, Ay are small. Thus, the system (5.2.2) reduces to

de _ z(1-z)(z—p) (+M1)zy

;it z+0 z+y ? (541)
a =+ Az)y<1 - xi—7)

The system (5.4.1) is C* smooth with respect to the variables x, y in a small neighbourhood

of (&0, po)-
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Define x; =  — 2*, x5 = y — y*, then the system (5.4.1) reduces to

dry __ 2
e apo -+ a0 + ap1 T2 -+ A20Ty -+ 1119 -+ Rl(l'l, 33'2),

dt (5.4.2)
dditz = wal + bgllCQ + 6201‘% + bn&?lwg + bog&?% + RQ(.Tl, LEQ),
. *(E4A Az . A
where agp = —M\z*, aijp = xx(f—iwl)—)\l, a1 = —(f;iy ;G = —xf+9+§§f+;))?§, ap =
A 2(p+A
—GE bo=ptde bn=—(ptde), bo=-BE by= TR b= L2

and Ry, Ry are the power series in (zy,x,) with powers 22 satisfying i 4+ j > 3.

Consider the affine transformation y; = =1, yo = az; + bxs (a = %,b =
(+ane" )
—ﬁ) in the system (5.4.2), one gets
( dyl o 2
e + &o0(A) + Eo(N)y1 + Eor(A)y2 + E20(N)yi +
&1 (Nyryz + Ri(y1, 1),
dys ; (5.4.3)
b =100(A) + 110(A)y1 + 701 (A)y2 + 120(AN) Y1 + 711 (AN) Y192+
025 + Ra(y1,2),

*

where £oo(A) = —Mz*,  &o(A) = =N, &1 = %, E0(N) = — oo u(N) =

—(z@gﬁg, Noo(A) = —ahiz*,  mo(A) = —ali,  mo(N) _<2*1f(; + A2+ p), n20(A) =

—%, mi(A) = Eifi‘fy))z, Noz(A) = pg;)f and Ry, R are the power series in

Y1, y2) with powers y! yj satisfying i + 7 > 3.
192

The non-degeneracy conditions of Bogodanov-Takens bifurcation (Kuznetsov 2004)

are
(§+M)z* (2
T* 4y ¥y 7& 92><2,
P —pP
2£50(0) + m11(0) # 0,
120(0) # 0.
One gets
x*
2520(0) + 7711(0) = 57 -2

(z*+7)>  ar 46
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o)
@+ 1@ +0)

120(0) = — #0

Thus, the non-degeneracy condition of the Bogdanov-Takens bifurcation is satisfied when-

&y
ever =y — *+9 #0.

The above discussion can be summarized as

Theorem 5.4.3. The system (5.2.2) undergoes a Bogdanov-Takens bifurcation with respect

to the bifurcation parameter & and p around the equilibrium point E*, whenever 1 + g >

2 *
570:%(<1+TH> _/8>”y£fx _pand (w*Jr,Y -2 1‘0%0

5.4.2 Weak Allee Effect

As discussed in case of strong Allee effect, the system (5.2.2) exhibits Hopf, Saddle-node and
Bogdanov-Taken bifurcations in case of weak Allee effect with respect to the corresponding
parameter(s) which are concluded in the following theorem. The proof of these theorems

are omitted for the shake of brevity.
Theorem 5.4.4. The system (5.2.2) undergoes

a) a hopf bifurcation with respect to bifurcation parameter p around the point

1) e, if x1<1 ﬁxliele + 7Hl) = p and unstable (stable) limit cycle arises around

the point ef, if o > 0(c < 0)

2) e, if a:_g,(l_%i_gzﬁ + 7Jfﬁ> = p and unstable (stable) limit cycle arises around

the point e, if o > 0(c < 0)

3) e, if ﬁ(l_%i_ezﬁ + 7Jfﬂ> = p and unstable (stable) limit cycle arises around

the point e, if o > 0(c < 0).

b) a Saddle-node bifurcation with respect to the bifurcation parameter 6 around the equi-

2
librium point e*, whenever f+§& < 1,0 = %((#) + ﬁ) and S&=— £ p.

VT«

¢) a Bogdanov-Takens bifurcation with respect to the bifurcation parameter & and p

2
around the equilibrium point e*, whenever 4+ & < 1,0 = %((#) + ﬁ) ffx =p

S Ty
and (x*l/) — 225 #0.
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5.5 Numerical Simulations

In this section numerical simulations are carried out to support the analytical results ob-

tained above.

(1) 8 = 04, v = 01, £ = 01, p = 0.2, § = 0.05. The system (5.2.2) has
two positive interior equilibrium points; Ej(z],y;) = (0.782288,0.882288) and
E3(as,y3) = (0.517712,0.617712). If § = 015N = 0.225, the two interior equilib-
rium points coincide and the system (5.2.2) has only one interior equilibrium point
E*(z*,y*) = (0.65,0.75). If § = 0.5, the system (5.2.2) has no interior equilibrium
point (Figure 5.1(a)). The phase portrait for § = 9%V = 0.225 is depicted in Figure
5.1(b) in which the equilibrium point E* is stable for the region lies right to the sep-
aratrix (dashed trajectories) while unstable for the region lies left to separatrix. The

Saddle-node bifurcation diagram are depicted in figures 5.1(c)and5.1(d).
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Unstable

I I |
0.00 0.05 0.10 0.15 0.25

0

Figure 5.1: Strong Allee effect: = 0.4,y = 0.1, = 0.1,p = 0.2. (a) This diagram shows
how the number of interior equilibrium points changes with 6. All parabola are the prey
nullcline for different values of 6 and line is predator nullcline. For solid parabola 6 = 0.05
for dashed parabola § = 0.225 and for dotted parabola 8 = 0.5. (b) Phase portrait diagram
of system (5.2.2) for § = 0.225. The dotted trajectories are the separatrix. (c) and (d)
are the bifurcation diagram of the system (5.2.2). The upper curve stands for the stable
equilibrium and the lower curve stands for unstable equilibrium.
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(2) =04, y=0.1, £ =0.1, p=0.2, § = 0.2. The system (5.2.2) has two interior
equilibrium points; Ef(z7,yf) = (0.7,0.8) and Ej(z3,y5) = (0.6,0.7). The equilib-
rium point Fj is always a saddle point and the equilibrium point EY is stable (Figure
5.2(a)). If p = pl"fl = 0.009722222, the system (5.2.2) undergoes to a Hopf bifurcation
at the point £ and since the first Lyapunov number o = 2804.287 > 0, an unstable
limit cycle arises around the point Ef (Figure 5.2(b)). If p = 0.0166067444209, a
Homoclinic loop is created around Ej (Figure 5.2(c)). If p = 0.008, the equilibrium
point £} is unstable (Figure 5.2(d))

10—

Figure 5.2: Strong Allee effect: § = 04,7 = 0.1, = 0.1, = 0.2. (a) p = 0.2 two
interior equilibrium points exist. E} is asymptotically stable and Ej is saddle. (b) p =
0.009722 an unstable limit cycle bifurcates through Hopf bifurcation around E} (¢) p =
0.0166067444209415 The diagram shows that the limit cycle collides with the saddle point
E3 to give a Homoclinic loop. (d) p = 0.008 E} is unstable point. The Dotted trajectories
are the stable and unstable manifolds.
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(3)

f =03, v=02 6 =0.1. The BT bifurcation point in the p space is (&, po) =
(0.17335,0.12793), intersection point of the Saddle-node bifurcation curve and the
Hopf-bifurcation curve and E* = (0.563325,0.763325). The bifurcation diagram in
the vicinity of the BT point in the parameter space is shown in Figure 5.3(a). A third
curve (dotted curve) coming out from the BT point is a curve of non-local bifurcation
of a formation of a separatrix loop obtained numerically. The Figure 5.3(b) shows that
the unique interior equilibrium point E* is a cusp of codimension 2. If ¢ and p lie
in first region ((&o, po) = (0.175,0.05)), the system (5.2.2) has no interior equilibrium
point (Figure 5.3(c)). If £ and p lie in second region ((&, po) = (0.170,0.10)), then
the system (5.2.2) has two interior equilibrium points; one is a saddle point and
other is asymptotically stable. The stable manifold of the saddle equilibrium point
serves as separatrix for the basin of attraction of the axial equilibrium point E,
and the stable interior equilibrium (Figure 5.3(d)). If ¢ and p lie in third region
(&0, p0) = (0.169,0.0634)), the system (5.2.2) has two interior equilibrium points;
one is a saddle and other is a stable point surrounded by an unstable limit cycle. The
basin of attraction of the stable equilibrium point increases in this domain (Figure
5.3(e)). If € and p lie in fourth region ((&o, po) = (0.172,0.05)), the system (5.2.2) has

two interior equilibrium points; one is a saddle and other is an unstable point (Figure

5.3(f))-

g =-005 v=03, £=04, p=0.3, § =0.3. The system (5.2.2) has two interior
equilibrium points e = (0.35,0.65) and e5 = (0.2,0.5). The equilibrium point €}
is always a saddle point and the equilibrium point e is stable (Figure 5.4(a)). If
p = p"1 =0.134615, the system (5.2.2) undergoes to a Hopf bifurcation at the point
e}, and since the first Lyapunov number ¢ = 318.8087 > 0, an unstable limit cycle
arises around the point e} (Figure 5.4(b)). If p = 0.14681, a homoclinic loop is created

around e} (Figure 5.4(c)). If p = 0.12, the equilibrium point e is unstable (Figure
5.4(d))

f=-0.25 v=03, £=0.5 p=0.3, § =045 The system (5.2.2) has only one

interior equilibrium point e, = (0.326556, 0.626556), which is always a stable point
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(6)

(Figure 5.5(a)). If p = pl"1 = 0.0910797, the system (5.2.2) undergoes to a Hopf
bifurcation at the point e,, and since the first Lyapunov number o = —173.2271 < 0,

a stable limit cycle arises around the point e} (Figure 5.5(b)).

f=—-0.225 ~v=0.3, £=0.5 p=0.5 60 =045 The system (5.2.2) has only one
interior equilibrium point e = (0.275,0.575), which is always a stable point (Figure
5.6(a)). If p = pl*fl = 0.13482, the system (5.2.2) undergoes to a Hopf bifurcation at
the point e and since the first Lyapunov number ¢ = —274.1317 < 0, an stable limit

cycle arises around the point e (Figure 5.6(b)).

f=-0.2, v=0.3, § =0.6. The BT bifurcation point in the {p-space is (&, po) =
(0.4,0.16), also E* = (0.2,0.4). The bifurcation diagram in the vicinity of the BT
point in the parameter space is shown in Figure 5.7(a). The blue dotted curve is the
Hopf bifurcation curve and the red dotted curve is the non-local bifurcation curve.
The Figure 5.7(b) shows that the unique interior equilibrium point e* is a cusp of
codimension 2. If ¢ and p lie in first region ((&o, po) = (0.45,0.10)), then the system
(5.2.2) has no interior equilibrium point (Figure 5.7(¢c)). If € and p lie in second region
((€o0, po) = (0.36,0.20)), then the system (5.2.2) has two interior equilibrium points;
one is a saddle point and other is asymptotically stable (Figure 5.7(d)). If £ and p
lie in third region ((&,po) = (0.30,0.20)), the system (5.2.2) has only one interior
equilibrium point, which is globally stable (Figure 5.7(e)). If £ and p lie in fourth
region ((£o,p0) = (0.38,0.110355)), the system (5.2.2) has two interior equilibrium
points; one is a saddle and other is an unstable point surrounded by an unstable limit
cycle (Figure 5.7(f)). If € and p lie in fifth region ((£o, po) = (0.38,0.05)), the system
(5.2.2) has two interior equilibrium points; one is saddle and another is unstable

(Figure 5.7(g)).
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Figure 5.3: Strong Allee effect: 5 = 0.3,0 = 0.1,7 = 0.2. (a) Bifurcation diagram of
system (5.2.2) in £p space (b) & = 0.17335,p = 0.12793 phase portrait diagram of the
system (5.2.2). (c) & = 0.175, p = 0.05 lie in region I. No interior equilibrium point exist.
The equilibrium point E, is globally stable. (d) & = 0.170,p = 0.1 lie in in region 1.
Two interior equilibrium points exist.(e) £ = 0.169, p = 0.0634 lie in in region I1I. Two
interior equilibrium points exist. (f) & = 0.172, p = 0.05 lie in in region IV. Two interior
equilibrium points exist.
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Figure 5.4: Weak Allee effect: 5 = —0.05,7 = 0.3, = 04,0 = 0.3. (a) p = 0.3 two interior
equilibrium points exist. e} is asymptotically stable and e} is saddle. (b) p = 0.134615 an
unstable limit cycle bifurcates through Hopf bifurcation around e} (c¢) p = 0.14681. The
diagram shows that the limit cycle collides with the saddle point €5 to give a Homoclinic
loop.(d) p = 0.12, the point e} is unstable point. The Dotted trajectories are the stable
and unstable manifolds.
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Figure 5.5: Weak Allee effect: § = —0.25,7 = 0.3, = 0.5,0 = 0.45. (a) p = 0.3 only one
interior equilibrium point e, exists, which is asymptotically stable. (b) p = 0.0910797 a
stable limit cycle bifurcates through Hopf bifurcation around e,
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Figure 5.6: Weak Allee effect: 5 = —0.225,7 =0.3,£ = 0.4,0 = 0.45. (a) p = 0.5 only one
interior equilibrium point e exists, which is asymptotically stable. (b) p = 0.13482 a stable
limit cycle bifurcates through Hopf bifurcation around e.
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Figure 5.7: Weak Allee effect: § = —0.2,7 = 0.3,£ = 0.5,0 = 0.45. (a) Bifurcation diagram
of system (5.2.2) (b) £ = 0.4, p = 0.16 phase portrait diagram of the system (5.2.2). (c)
& =0.45, p = 0.10 lie in region /. No interior equilibrium point exist. The equilibrium point
E., is globally stable. (d) & = 0.36,p = 0.20 lie in in region //. Two interior equilibrium
points exist.(e) £ = 0.3,p = 0.2 lies in region /7. Only one interior equilibrium points
exist which is globally stable. (f) & = 0.38, p = 0.110355 lie in region IV (region between
red and blue curve). Two interior equilibrium points exist. (g) £ = 0.38,p = 0.05 lie in
region V. Two interior equilibrium points exist.
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5.6 Results and Discussion

In this chapter, a bidimensional modified Leslie-Gower predator-prey model in the presence
of double Allee effect in the prey population, where the protection provided by the envi-
ronment for both the prey and predator species is the same, has been analyzed. From the
ecological point of view, multiple (double) Allee effect has a great importance than single
Allee effect, whenever managing threatened or exploited populations as combined effect ac-
celerate population decline and extinction risk and more theoretical work are necessary to
promote co-existence of such diverse communities of threatened population (Pal and Saha
2015).

The proposed model is shown biologically well-posed in the sense that any positive
solution starts in the first quadrant remains both non-negative and bounded. The local
stability of the system in different steady states has been discussed. Further, the system
cannot collapse for any value of parameters as the origin is never stable. The existence of
separatrix curves (stable manifold of the saddle interior equilibrium point), which separates
the behavior of trajectories of the system, is obtained, implying that dynamics of the system
is very sensitive to the variation of the initial conditions. The solutions initiating from the
domain lies to the left of the separatrix curve tend to the prey free axial equilibrium, while
the solutions initiating from the domain lies to the right of the separatrix curve tend to the
positive interior equilibrium, which indicates coexistence of both species.

The proposed system can have zero, one or two positive interior equilibrium points

n

through Saddle-node bifurcation as the bifurcation parameter § = crosses its critical

=

value. The Sotomayor’s theorem (Perko 1996) is applied to ensure the existence of Saddle-
node bifurcation. Ecologically speaking, if the ratio of the non-fertile population of prey and
the carrying capacity of prey is below the maximum threshold value, both the populations
co-exist and above the maximum threshold, the prey species suddenly collapse to extinction,
and the system suddenly experiences a transition to a qualitatively exceptionally. It is
found that if two interior equilibrium points exist, one of them being always a saddle
point and other is stable, unstable or the system undergoes to a Hopf bifurcation around

this point, depending upon the parametric conditions. The emergence of Homoclinic loop
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has been shown through numerical simulation, when the limit cycle arising through Hopf
bifurcation collides with a saddle point. The non-degeneracy conditions of the Bogdanov-
Takens bifurcation are also proved. In both the strong and weak Allee effects, the Bogdanov-
Takens bifurcation demonstrates that there is a parametric region in which the predator
and prey co-exist in the form of a positive equilibrium or prey species can be driven to
extinction, depends upon the initial values. Moreover, in strong Allee effect there exists
other region in which the predator and prey coexist in the form of a positive equilibrium
for all initial values lying inside the unstable limit cycle, while in weak Allee effect, there
exists other region in which predator and prey co-exist in form of a positive equilibrium for
any initial value and also there exists another region in which the predator and prey coexist

in the form of a periodic orbit for all initial values lying inside the unstable limit cycle.



Chapter 6

Predator-prey Model with Allee
Effect and Additional Food for the

Predators

6.1 Introduction

In chapters 5 and 6, the consequences of Allee effect type I1 and type I have been shown
on two dimensional predator-prey models. The main feature of the Allee effect is that
the population growth rate of the species experiencing Allee effect is prone to decrease
under some minimum critical level and even becomes negative in some aspect, which can
induce the species to extinction (Stephens et al. 1999; Wang 1999). In the predator-prey
models most of the researches are focused on the Allee effect affecting prey population,
which may be caused by predation or by processes inherent to the prey life history. A very
few literature on the Allee effect affecting the predator population are available (Lai 2010;
Wang 2013; Wu and Liu 2014; Feng and Kang 2015). Consider, a species has x adults in

This chapter is based on the research article: Qualitative analysis of an additional food provided
predator-prey model in the presence of Allee effect, Communicated.
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an isolated patch, then the fertility f(z) increases with the population density, given by

flx) = , (6.1.1)

where b > 0 is the maximum per capita birth rate of the species and B > 0 is the Allee
effect constant. This type of Allee effect, known as component Allee effect, describes a
positive correlation between population size or density and any measurable component
of individual fitness, such as juvenile survival or adult reproduction (Courchamp et al.
1999). The function f(x) is a continuously, differentiable and increasing function such that
f(z) = 0, whenever x = 0 and f(z) — b, whenever x — oo. How fast f(x) increases with
x depends on the parameter B. The bigger B is, the stronger the Allee effect will be. It is
easy to see that f(B) = b/2, biologically, B is the population density at which the species
reaches half of its maximum fertility. When B = 0, the fertility is density independent and
flz) =0.

Most two-dimensional predator-prey models are based on one predator-one prey
system, but according to Strauss (1991) many species do not feed only on a single species,
but rather depend on diverse species due to many reasons. One of the most known reason is
that most of predators are migratory and their spatial scale is much longer than the habitat
occupied by some of their prey. For example, Spiny dogfish in the North West Atlantic and
pacific hake (Kar and Ghosh 2012). Spencer and Collie in (1996) proposed a two-species
predator-prey model in which growth rate of the predator depends upon predation on the
modeled and alternate prey with linear predator harvesting and intraspecific competition
into predator. Srinivasu et al. (2007) used nutritive value and the quantity of the additional
food to model a two dimensional predator-prey system, and discussed the effect of both
high and low quality of additional food in controlling the prey density. Prasad et al. (2013)
proposed predator-prey dynamic model in the presence of additional food to predators and
mutual interference among the predators. Sen et al. (2015) studied the global dynamics
for this model in the presence of constant yield harvesting in predator.

In this chapter, it is shown that Allee effect incorporated in predator has significant

effects on the dynamics of classical Lotka-Volterra predator-prey model with logistic self-
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limitation, Holling type II functional response and additional food provided to predator.

6.2 Model Equations

Consider a predator-prey system in which predator is provided some additional food which
is assumed to be distributed uniformly in the habitat. The species interactions are described
by the following bidimensional autonomus system of ODEs

aX X e1 XY
(1o 5) - e
dT K 14+e1h1 X+esho A (621)

dY _ nieiXY4noesAY
0T = Trex it —mY,

with the initial conditions X (0) > 0,Y(0) > 0, where X (7") and Y (7T') are prey and predator
density at time 7. The positive parameters r, K, A, m, e;(ez) and hq(hsy) represent intrinsic
growth rate of prey, carrying capacity of prey in the absence of predator, amount of addi-
tional food, natural mortality rate of predator, ability of the predator to detect the prey
(additional food) and handling time of the predator per unit quantity of prey (additional
food) respectively.

Substitute ¢ = hil,b = nic,a = ﬁ,n =2 and o = h—j (Srinivasu et al. 2007), the

system (6.2.1) reduces to

dX X cXY
2o ox(1-3) - e

b(X+nA)Y
Yy _ b(X+n4) —mY,

dr at+anA+X

with the initial conditions X(0) > 0,Y(0) > 0, where ¢ stands for maximum rate of
predation, a stands for half saturation value of the predator, b stands for maximum birth
rate of the predator due to consumption of the food perceived by the predator, « is inversely
related to the quality of the additional food and 7 represents effectual additional food level.
Moreover, the term nA represents quantity of additional food perceptible to the predator

relative to prey. Now, by incorporating an Allee effect (form defined in Eq. (6.1.1)) into
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the predator population, the system (6.2.2) can be rewritten as

dX X cXY
2 ox(1-3) - 22
dT K a+0¢77A+X (623)

day _ (X+AY vy
dT ~ atanA+X Y4B my.

On introducing the non-dimensional variables: X = Kz, Y = “¢ T =t/r, the system

(6.2.3) reduces to

dr __ T T
dt SC(l ;) B 1-‘ra§+z’ (624)

dy _ Bty v
dt T 1+aétT y+0 63/’

with the initial conditions: z(0) > 0,y(0) > 0, where v = %,ﬁ = g,ﬁ = 5= ™ and

_ B
§ =B

6.3 Equilibria and their Stability

The equilibrium points of the system (6.2.4) are the nonnegative real solutions of the prey

zero growth isocline

xfi(z,y) =0, (6.3.1)

and predator zero growth isocline

yfa(z,y) =0, (6.3.2)

_ T B+E)
where fi(z,y) =12 — 07 and fo(@,y) = 7oen s — 0

The following are the equilibrium points of the system (6.2.4).

(a) Trivial equilibrium point: The trivial equilibrium point of the system (6.2.4) is Ey =
(0,0).

(b) Awial equilibrium points: The axial equilibrium points of the system (6.2.4) are £} =
(7,0) and By = (0, 2205295, 8¢ > (1 + ag).

(¢) Interior equilibrium points: The positive interior equilibrium points of the system

(6.2.4) are the intersection points of the curves fi(z,y) = 0 and f(x,y) = 0, whose
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abscissa are the roots of the quadratic equation
(B—08)a® — (0 4+ adé + By — 46 — BE)x 4+ (6 + adé + 66 — BE) =0, (6.3.3)

while the ordinance are given by y; = (1 — %’“)(1 +al+xr), k=1,2,
The number and location of equilibrium points of system (6.2.4) can be describe as
Proposition 6.3.1. (i) 8 <.
(a) If 0 + ad§ — BE > 0, the system (6.2.4) has no positive interior equilibrium point.

(b) If 6 + ad€ — BE < 0, the system (6.2.4) has no positive interior equilibrium point,
whenever B€ — § — adé — 660 < 0.

(¢) If § + ad€ — BE < 0, the system (6.2.4) has one positive interior equilibrium point
Es = (x3,y3), whenever B — § — ad€ — 660 > 0, where x3 =

BE—6—adE+7(5—B)—+/ (BE—6— e+~ (6—B))2—4(BE—6—adE—60) (5 —f "
¢-5—adt+y(5-B)—+/ (B¢ 2(27;() )2 —4(8~0—adt—56)(3—)) and ys = (1= ) (1+af +s).

(17) B> 0.
(a) If 6 + ad€ — BE > 0, the system (6.2.4)

(1) for BE — 6 — ad€ + (B — §) > 0 has two positive interior equilibrium points

Ey = (z],y7) and B = (x5,v3), whenever 6 < (Mo“sify?(%?;)ﬁ*é))z, a double

positive interior equilibrium point Ey = (x4,y4), whenever 6 = (Maéi;f(%j;)ﬁ =)

and no positive interior equilibrium point, whenever 6 > (5+a5i;?(567]5()676))2 , where
* 5+abE—BE+(B—0)+(—1)F \/ (6+ad6—BE—~(8—0))2—4760(B—6) T

Ty, = \2(5,5) Y Y = (1 - 7k>(1 + af +
* dt+adé— = x

), k=121 = SO and y, = (1 - 2)(1 4 af + ).

(2) for BE — 6 — ad€ + (B — ) < 0 has no positive interior equilibrium point.
(b) If 0 + ad§ — BE < 0, the system (6.2.4)

(1) has no positive interior equilibrium point, whenever 6 + ad& + fy —~vo — BE < 0
and 6 + ad€ + 60 — BE > 0.
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(2) has unique positive interior equilibrium point Es = (x5, ys), whenever § + ad§ —

BE + 660 < 0, where

d+ad—PE+(B—0)+/ (6+adé—BE+v(8-0))2 —4(0+adE—BEF0)y (60
€5 = Y(B—8)+4/( 2(6—755) ))2—4( )v(B=9)) and ys = (1_

2)(1+ ag + x5).

(3) has unique positive interior equilibrium point Eg = (x¢,Yys), whenever § + adé —
BE+ (B —09) >0 and 6 + adé — BE + 00 = 0, where g = 5+a5£z§f;)7(6_6) and
ye = (1 — ’;—6)(1 + aé + x4).

(4) for 6 + ad& — BE + (B — §) > 0 has two positive interior equilibrium points

BE—8(14af) (6+adf—BE—y(B=0))>
5 <0 < 176(6—0)

EY and E3, whenever , a double positive

(6+abe—BE—y(B=05))?

interior equilibrium point Ey = (x4,y4), whenever 0 = 5 (7-5) and
no positive interior equilibrium point, whenever 6 > (Ha&i;?(&ﬂ_j;)ﬁ _5))2, where

Ty = 5+a55;(g§$;(,375) and yy = (1 — 2)(1 + af + z4).

Now, the dynamics of system (6.2.4) in the neighborhood of each equilibrium point
has been examined by using linearization technique.

The Jacobian matrix of the system (6.2.4) at the trial equilibrium point Ej is

1 0
JEO - )
0 —0

which confirms that the trial equilibrium point Ej is always a saddle point.

The Jacobian matrix of the system (6.2.4) at the axial equilibrium point Fj is

o T 1Faft+y
Jg, =

which confirms that the axial equilibrium point F; is always a stable point.

The Jacobian matrix of the system (6.2.4) at the axial equilibrium point Es is

BE—5(1+af)—50 0
JE _ BE=d(1+af)
2 520(1+ag—£) 3(BE=8(14a8))

£(B—6(1+0af)) Bg
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which confirms that the axial equilibrium point F5 is unstable, if 3¢ — §(1 + &) — 60 > 0
and saddle, if 5§ — d(1 + a&) — 06 < 0.

The Jacobian matrix of the system (6.2.4) at the positive interior equilibrium points

Eri=12is
* 1 33: _ z;
T L ( -5 (1 )1+a£+x ) TTaéta;
B =
i (B—0)yt—30 (1 _ x_) 56
y;+0 v y; +0

The determinant of the Jacobian matrix Jg: is det Jp» = % ((6 —6)(1- %)2 — 57—9> and

trace of the Jacobian matrix Jg: 18 trdg: = xj( - 14 (1 — ) 1 ) + v +9 det Jpr =

1+ad+z;
\/(5+0ad¢—BE—~(8—0))2—4v560(5—0) \/(5+aas BE(8-0))—4100(8-0) _
2(8—9) :

2(p-9)

The Jacobian matrix of the system (6.2.4) at the positive interior equilibrium point

> 0 and det Jg; = —

Eii=3,4,5,6 is

1 x;
JE _ $( -5+ ( ) 1+o¢§+xz> T 1tat+a;
' (6 8)y;—30 zi 56
(1= %) e
The determinant of the Jacobian matrix Jg, is det Jg, = m s <(B 5)( )2 _ 5_79>
and trace of the Jacobian matrix Jg, is trJg, = :m( — =4 ( ) 1+a1£+w1> + yfig.

The determinant of the Jacobian matrix Jg, is det Jg, = m((ﬁ—d) (y—x3)?—d6v) <0
as 8 < 9.
The determinant of the Jacobian matrix Jg, is det Jg, = 0.

The determinant of the Jacobian matrix Jg, is det Jp, = — V/(8+ad—pe 2'2(; 5?)2 DB ),

The determinant of the Jacobian matrix Jg, is Jg, = —(§ + adé — BE+ (8 —0)) < 0.

On summarizing the above discussions, one can conclude the following theorem:

Theorem 6.3.2. a) The trivial equilibrium point Eqy of the system (6.2.4) is always a

saddle point.
b) The azial equilibrium point Ey of the system (6.2.4) is always a stable point.

¢) The azial equilibrium point Eo of the system (6.2.4), if exists, is unstable, if BE —
1+ a&) — 00 > 0 and saddle, if fE —0(1 + af) — 60 < 0.
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d) The interior equilibrium point EY of the system (6.2.4), if exists, is asymptotically

stable point, fol(———i‘(l—xl) : >+y+9 < 0 and unstable, zfxl(———i—(l—

1+aé+xy
1_1 1
¥ ) 1+a£+x’{) + y1+9 > 0.

e) The interior equilibrium points Fs3, E5 and Eg of the system (6.2.4), if exists, are

always saddle.

f) The interior equilibrium point E4 of the system (6.2.4), if exists, is a degenerate

singularity

It is shown that interior equilibrium point FEy, if exists, is a degenerate singularity,
and hence, it may has complicated properties. Define the transformation & = = — x4,y =
y — y4 to shift equilibrium point E, of the system (6.2.4) to the origin and for the sake of

convenience denote Z as x and § as y. System (6.2.4) can be rewritten as

‘fi—f = 10T + a1y + a0’ + anzy + o|(z, y)?|, (6.3.4)
. 3.
L = Biox + Bory + Paox® + Puizy + Boy® + ol(z,y)?],

_ 1 y _ _ _1 ya(1+af) _
where awg = 2a( = 5 + qradie) Q0 = —rRdmn 90 = 75 ey Ou =
1+aé B By3(1+a€—§) ﬁ B0y (za+E) ﬁ 28(1+af—&)y3 B
T (Fag+xn? P10 T (i) (ltattae)? POl = (fat+za)(ya+0)?’ P20 = 7 (tadtza)(yat0)> P11 —

2
Bliot—Oyiwit20) g _ BO@it) _ and of(x,y)3| are the terms involving order three

(1+aé+za)2(ya+6)2 2 (14+at+x4)(ya+0)

and higher.

If a9+ Bor # 0, the tr(Jg,) # 0 but det(Jg,) = 0. Hence, E, is a saddle-node
singularity. Further, whenever a;o + o1 = 0, the tr(Jg,) = 0 and det(Jg,) = 0. Now, on
using the transformation y; = x, Yy = @10 + gy with the parametric conditions, the

system (6.3.4) reduces to the following system

% = Yo + Xooy; + any1yz + o|(y1, y2)*|, (6.3.5)

% = Booy? + B11v1yz + ol (Y1, 12)?],

/8020410 04100411
, Bu=

J— o 11 - Y
where Qog = agp— 2120 Ty = UL B0 = qygQagt o1 P20 — 1o Bi1 T2l o1 ao1

a 017 o1’

ajpon1 _ 2010802
611+ ao1 aol

On using the transformation z; = y; — %any%, 29 = Yo —l-agoyf, the system (6.3.5)
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reduces to

% = 2o +0’(21722)3’7

(6.3.6)

L2 — 127 4+ woz122 + 0|(21, 22)?,

where w; = BQO and wy = 2090 + Bn-
Finally, using the transformation X = 2, Y = zy + 0|(21, 22)3|, system (6.3.6)
reduces to
X _y

dt (6.3.7)

= X2+ w XY + o (X, Y)3.

If wiwy # 0, non-degeneracy condition of a cusp of codimension 2, the origin of the system
(6.3.7) is a cusp of codimension 2 in XY plane, that is, E; in zy plane is a cusp of

codimension 2. The above discussions can be summarise as
Theorem 6.3.3. If the unique interior equilibrium point E4 exists, it is
a) a saddle-node, whenever ayg + Bo1 # 0.

b) a cusp of codimension 2, whenever aqg + Po1 = 0 and wiwy # 0.

6.4 Bifurcation Analysis

In this section, the existence of Hopf bifurcation, Saddle-node bifurcation, Transcritical

bifurcation and Bogdanov-Takens bifurcation for the system (6.2.4) has been discussed.

6.4.1 Hopf Bifurcation

In Theorem (6.3.2), it is proved that the interior equilibrium point Ej is always a saddle

point, while E} is asymptotically stable point, if x7 ( — % + ( — %1) 1+a§+w1‘> + yff—@ < 0 and

unstable, if w’{( — % + (1 — %) 1+océ+a:{) + yfie > 0, respectively. A threshold magnitude
1

_ plhf ; R T : : «f 1 oz 1 30
6 = 0" exists, which is the solution of the equation x] ( S+ ( 71) 1+a§+w’{> e 0,
such that det(.Jg:) > 0 and tr(Jg:) = 0, and hence, both the eigenvalues of the Jacobian
matrix Jg: will be purely imaginary. Thus, the equilibrium point E7 is a weak focus or

a centre. The computation of explicit expression for # in terms of system parameters is a

very cumbersome task. The interior equilibrium £} undergoes a Hopf bifurcation for the
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threshold magnitude 8 = 6!"/], whenever [%(TTJ E1>:| g—gins) 7 0, where a periodic orbit is
created as the stability of the equilibrium point Ej loses.
Define x = u — x3, y = v — y}. The system (6.2.4) in the vicinity of the origin can

be written as

du
pri a1t + g1V + agou® + ajuv + agev? + agou® + agnu?v + appuv?® 4+ agsv® + Plu,v),
dv
a = bmu + b()lU + bgou2 + bnuv + bogvz + b30u3 + b21U2’U + b12UU2 + b03U3 + Q(U, ’U),
h — (=Ll v — % — 14 yi(4ad) -
where aig = 7 ( 5T (1+a§+m;‘)2)7 o1 Ttagtar> 420 Y T Gragra 01
1+af _ _ yi (1+af) _ 1+ag _
T Fagranze 02 =0, @0 = e 921 T Gragransr G2 =0, aes =
0. b — BWP(rac=g) o A0+ b oo _ BUtat-O@D®
’ 107 Gi+6)(1+aé+ai)?? 0L = (+ad+af)(yi+0)% 20 7 T (I+ad+a))P (v +0)° =
B(1+aE—)y; (v +20) b B b _BD*(+ag=g) o
(+aé+2})?(y; +6)2 7 027 (+aé+a)yi+0)>" 30 7 (+ad+a)) (yi+0) 20 =
By (1+af—€)(y7 +29) _ B6%(1+af—¢) _ 862 (z+€) _
Ut re ) 17 U2 T et P 08 T TFeempwien L(Wv) =

2 =t aiju'v’ and Q(u,v) = D irj=a biju'v?.
Hence, first Lyapunov number ¢ can be computed by the formula defined in equa-

tion (1.3.7), where A = ;215 (8 - 0)(1 - 2)* = 2),

y1+0 Y

Thus, it can be conclude that

Theorem 6.4.1. The system (6.2.4) undergoes a Hopf bifurcation with respect to bifurcation

parameter 0 around the point EY, if x’{( — % + ( — ”%1) 1+aé+ﬁ> + y169+6 = 0. Moreover, a
1 *

stable (unstable) cycle is created around the point E5 according as o < 0(c > 0).

6.4.2 Transcritical Bifurcation

In Theorem 6.3.2, it is proved that the axial equilibrium point Es is unstable, if g¢ —
(1 + af) — 0 > 0 and saddle, if B — (1 + af) — 60 < 0. If B —6(1 + af) — 60 = 0,
one eigenvalue of the Jacobian matrix Jg, is zero, it means that there is a chance of
bifurcation. If 5§ — 0(1 + a&) — 60 = 0, the equilibrium point E, coincides with the
equilibrium point Ff, whenever the condition § + ad€ + By — vd — € > 0 holds, that is,
Ef = Ey = E* = (0,1 + «f), and coincide with the equilibrium point Ej, whenever the
condition 0 + adé + By — v — BE < 0 holds, that is, 5 = Ey = E* = (0,1 + «f), and so,
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Transcritical bifurcation may exist. Sotomayor’s theorem has been applied to ensure the
existence of the Transcritical bifurcation.
Suppose V' and W are the eigenvectors corresponding to zero eigenvalue of the Jacobian

matrix Jg- and JL. respectively, given by,

BE—6(1+af) 1
V= BE—1—af) . W =
1 0

Then,
W Ey(E*,0t) = 0,
WT[DFy(E", 6l )] = Stites £ o,
WT[D2F(E*,9[“]>(U,U)} = 2(( -

T )ﬁf—6<1+a£) _ 1 >B§ tad) £ aq G —

1
v U 1+ag) B€-1-af)  1+a€ ) B(é-1-af)
d(1+af)>0and y(f—9)+ (1 + af) — BE > 0, where
___ 5
Fp(E*, 0ty = / . DFp (E e[tc]) _ | Trres O ; D?F(E*, e[td)
5(1+0af) 52 (1+ag—£) 0
1+ag+oltd §(BE—6(14ak))

(_g+ 2 )(B§—5(1+a§))2 _ 2 BE-6(1+af)

4+af/ B2(E—1-af)? 1+ag B(E—1-af)

___4B(+ag—¢) (BE-8(1+ag))? 4 280+a€-§)(1+ag+20) fE—d(1+af) | 286ll¢
(1+af)(1+at+0) B2(E—1-af)? (1+af)?(1+at+0)?  B(—1-af) = (1+ag)(1+al+0)?

Thus, the transversality condition for transcritical bifurcation are satisfied. The above

discussion can be summarised as
Theorem 6.4.2. The system (6.2.4) undergoes a Transcritical bifurcation, if conditions

BE—5(1+ af) > 0,v(8 —8) + 6(1+ af) — BE £ 0 and BE — (1 + af) — 60 = 0 hold.

6.4.3 Saddle-node Bifurcation

In Proposition (6.3.1), it has been shown that, if 5 > 9,0 + adf — ¢ > 0 and [E —

0 — adé + (B —6) > 0, the system (6.2.4) has two positive interior equilibrium points,

E} and Ej, whenever 6 < (5+a5i;§fﬁ_j§)ﬂ _6))2, and these two interior equilibrium points

coincide with each other and a double interior equilibrium point Ej is obtained, whenever

0 = (5+°‘5§7?53 75()5 o) . Also, the system (6.2.4) has no positive interior equilibrium point,

if 6 > w“‘ﬁ;?fgj;f =92 " The annihilation of equilibria may be due to the occurrence
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of Saddle-node bifurcation for interior equilibrium points, which takes place, when the

parameter @ crosses the critical value § = 915N = (Haéi;ffﬁj&()ﬁ ~9” From Theorem (6.3.3),
the double equilibrium point Ej is a saddle-node, if 24 < — % + ( — %) T +a§ +x4> + yfi@ £ 0.

This confirms that there is a Saddle-node bifurcation surface which is given as

SNl :{(77a75707§ﬂn75) ﬁ>5,5+a5§—5§>0,ﬂ§—5—a5€—|—7(5—5) >Oa

(04 adé — BE—~(B —9))? 1 T4 1 50
R B G e Rerridlt

7)1‘1‘0454‘1'4

Similarly, other Saddle-node bifurcation surface is

SNQZ{(’%CV’ﬁ,H,g’?’]’(S) ﬁ>5,5+O¢(5€-,@§<0,5§—5—O{55+’}/(5—5) >O,

(04 adé — BE—~(B —9))? 1 Ty 1 50
0= 36— 0) ,:c4(——+(1 )+y4+87é0}.

v 0 ) 1+ + x4
The above discussion can be summarised as

Theorem 6.4.3. The system (6.2.4) undergoes a Saddle-node bifurcation with respect to

bifurcation parameter 8 around the equilibrium point Ey, if exists, whenever xy ( — % + (1 —

T 1 60
74) 1+a§+m4> + ya+0 ?é 0.

6.4.4 Bogdanov-Takens Bifurcation

Theorem 6.4.3 confirms that the system (6.2.4) undergoes a Saddle-node bifurcation at the
equilibrium point Ej, if exists, whenever det(Jg,) = 0 and ¢r(Jg,) # 0. Now, consider the
case, when tr(Jg,) is also zero. These two parametric conditions imply that the Jacobian
matrix Jg, has double zero eigenvalues. Also, in Theorem 6.3.3, it is shown that the
equilibrium point Ej is a cusp of codimension 2, whenever tr(Jg,) = 0 and wjws # 0. Thus,
here is a chance of codimension 2 bifurcation (Bogdanov-Takens bifurcation of codimension
2) near the point F4. Consider the parameters 6 and § as the Bogdanov-Taken bifurcation
parameters. The system (6.2.4) has been reduced into normal form by employing a series
of nontrivial transformations.

Suppose the bifurcation parameters # and ¢ vary in a small domain of Bogdanov-

Taken point (6y,dp), and let (6p + A1, do + A2) be a point of the neighbourhood of the BT
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point, where Aj, Ay are small. Thus, the system (6.2.4) reduces to

dz _ _xy_ _ry
_ Blat+
d_Zt/ = 1+a£+z y+9§+>\2 — (G0 + M)y,

The system (6.4.1) is C*° smooth with respect to the variables z, y in a small neighbourhood
of (0o, do).

Define x1 =  — x4, 9 = y — y4, system (6.4.1) reduces to

% = a1071 + a1 %2 + axx; + anz1xs + Ry(21, 22), (6.4.2)

% = boo + bloxl + bml’g + bgol’% -+ b11$1$2 -+ bog&?% + RQ(JZ‘l, 56'2),
_ 1 Ya _ x 1 (1+af)ya _
where aip = 954( BEE m) W1 = “Thagrz 920 T 75 T Qfagrap 01T
1+a€ _ B(za+E) Y4 _ B(1+af—8&y: _
~racta® Do = y4(1+as+a:4 it — 00— )‘1>> b0 = Tragrapmatoin) Dot =
BlaatOys(wa+20+200) 5 boy = — — BUFat—Oui by, — B0FaE=va(yat200+2)2)
(1+aé+zq)(ya+0+A2)2 0 L 20 (14aé4x4)3 (ya+0o+X2)’ 1 (14-aé4x4)?(ya+00+X2)?
00-+A2)2 L . o
boe = (1+i(gxﬁ;f))((y 40:9(2)\2)2 and Ry, Ry are the power series in (z1,z3) with powers z'x)

satisfying ¢ + j > 3.
Now, introduce the affine transformation y; = x1, y2 = a10x1 + ap1x2 in the system

(6.4.2), one gets

4
d _
% =Y + 5200\)9% + &1 (N yiye + Ri(yr, v2),
d
% =100(A) + N10(N)y1 + 101 ( ANy + 7720(/\)93 + 11 (A)y1ya+ (6.4.3)
7702()\)345 + E2(y1, Ya),

where £y0(\) = agy — 4140, E1(N) = 4L, Noo(A) = booaon, mo(A) = ap1bio —

ap1 aop1

b _ b _ b b alla%o a%ob()? _
10001, Mo = Gio + Oo1, 720 = A10G20 + Qo1b20 — O11G10 — — % + ===, T =
by + ‘“C?—(i“ — %, Nog = ZOT? and Ry, Ry are the power series in (y1,y2) with powers

yiy) satisfying i + 7 > 3.

Consider the C* change of coordinates in the small neighbourhood of (0,0) :
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21 =41 —5(&1 +n02)yi, 22 = Y2+ Eoyi — Mo2y1ye, which transforms the system (6.4.3) into

dz >
d_tl = 29+ Rl(zl, 22), (6.4.4)

dza

=2 =00 + Y1021 + Yor22 + Y2027 + 112122 + 532(217 2),

where Y00(A) = 700, Y10(A) = M0 —"00M02, Vo1 = N1, Y20 = %(511 +102) (110 — M00M02) —
n01&20 + M20 — Mo2Mio, Y11 = 11 + 280 and }%1, }%2 are the power series in (21, z9) with

powers Zizé satisfying ¢ + 5 > 3.
Next, consider C*° change of coordinates in the small neighbourhood of (0,0):

vl = 21, Uy = 2o+ Rl(zl, 29). Then, the system (6.4.4) reduces to

oy g,
a = V2 (6.4.5)

dva

Y2 = 90 + Y1001 + Y0102 + Y2005 + 110102 + Fi(v1) + 02 Fa(v1) + v3 F5(vy, v2),

where, F}, F, and Fj are the power series in v; and (vy, v) with powers v, v and viv]
satisfying k1 > 3,ky > 2 and i + 5 > 1, respectively. The sign of 759, whenever \; — 0
and Ay — 0, cannot be determined through analytical computation. Thus, consider the
following two cases:

Case [. vy > 0.

Applying the Malgrange preparation theorem, one gets

Yoo + Y10v1 + 7200% + Fi(v) = (U% + mm + m>Bl (v1, A),
Y20 Y20

where B1(0,\) = 790 and Bj is a power series of v; whose coefficients depend on parameters

(A1, A2).
Let Xy =v;, Xo= -2, and d7 = \/790dt, then the system (6.4.5) reduces to

V720’
dx
@ =X (6.4.6)
dd—)f_Q = :{% -+ %Xl —+ %XQ + X12 + \}%XlXQ + P(Xl,XQ, )\),

where P(X1, X5, 0) is a power series in (X1, X5) with powers X! X7 satisfying i +j > 3 with
j =2
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Applying the parameter dependent affine transformation Y; = X; + 5’%, Yo = Xo

in the system (6.4.6) and using Taylor series expansion, one gets

i _ vy,

— 12,
g , (6.4.7)
dYs __ 700 _ Yo Yo1 o _7Y11Y 2 Y11
d7-2 o ’7(2)3 47125)0 + <\/’3270 2720\/0“?70)}/2—'_}/1 + 720}/1}/2_’_62<K71/2"U/)7

where Q(X1, X5,0) is a power series in (Y7,Y3) with powers Y'Yy satisfying i + j > 3
with 7 > 2. Make the change of variables one more time by setting Z; = %Yl, Zy =
MY, ¢=Y2r Then, the system (6.4.7) reduces to

Y204/720 2 Y11
aZ _ 7
i = 22 (6.4.8)

% = (A1, A2) + po(Ai, M) Zo + Y2+ Z1Zy + R(Zy, Zo, 1),

4 2 .4 2 .
where 11(A1, Ag) = 70;’—%11 — 711107—;011, p2(A1, Ag) = % — % and R(X1, X5,0) is a power
series in (Zy, Z,) with powers Z!Z] satisfying i + j > 3 with j > 2.

Case I vy < 0.

To make 7y positive, let Vi = —vy, Vo =wvy, T = —t. The system (6.4.5) reduces to

d_T _‘/Qa

dvs 2 6.4.9

T = — Y0 + 710V1 — Y20Vi" + R1(Z1) — Y01 Vo + 711 Vi Vot (6.4.9)
VaRy (Vi) + V5 Rs(Va, Va),

\

where Ry, Ry and Ry are the power series in V; and (V;, V3) with powers Vi, Vi and V{iV{

satisfying k1 > 3,ky > 2 and i + j > 1, respectively. Applying the Malgrange preparation

theorem
Y00+ 110V + 0V + Fi() = (V2 = 220+ 12) B (14, 0)
720 Y20

where B1(0,\) = —v9, and B is a power series of v; whose coefficients depend on param-
eters (A1, Ag). Let Xy =V, X, = \/%, and dr = /—90dT, the system (6.4.9) reduces
to

aXh _ x

o (6.4.10)

% =m0 %Xl — ]%XQ + X2+ ]%Xng + P(X1, Xo, A),
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where P(X1, X, 0) is a power series in (X1, X,) with powers X X] satisfying i +j > 3 with

j=2.
Applying the parameter dependent affine transformation Y; = X; — 27 , Yo =X
in the system (6.4.10) and using Taylor series expansion, one gets
=y,
dr —
6.4.11
d¥s __ 700 7o ( )

Jo1 4711700 >Y2+Y2+ A }/1}/2+Q(}/17Y27M)’

dr Y20 493, - <_ V20 27207/ =720 V=

where Q(X1, X5,0) is a power series in (Y3,Y3) with powers Y'Yy satisfying i + j > 3

with 7 > 2. Make the change of variables one more time by setting Z; = —%Yl, Ly =
720\7/131%}/2, t = —~27. Then, the system (6.4.11) reduces to

7

a o (6.4.12)

i — pa(Ar, A2) + pa(A1, A2) Zs + Y12 + 717y + R(Z1, Zo, 1),

dt

2 4 2
’YOO’Y Y107 _ Y007 :
where g1 (A, Ay) = TO“ — iﬁoﬂyé;—l, pa(A1, Ag) = —% + WQ(}“ and R(X1, X»,0) is a power

series in (Zy, Z,) with powers Z!Z] satisfying i + j > 3 with j > 2.

If matrix [ gg’;l—’/f; ] is nonsingular, systems (6.4.8) and (6.4.12) are topologically
1,12

equivalent to the normal form of the Bogdanov-Takens bifurcation as given below

du
L = U2,

. (6.4.13)
% = /”'[’1()\17 )\2) + MZ(Alv >\2)u2 + U% + U1U.

Moreover, the following local representations of the bifurcation curves obtain in small neigh-

bourhood of the the origin:
1) The saddle-node bifurcation curve, SN = {(pu1, po) : 11 = 0, g # 0}.
2) The Hopf bifurcation curve, H = {(u1, pto) : 2 = /—p1, 11 < 0}.
3) The homoclinic bifurcation curve, HL = {(p1, p2) : po = 2y/=pi1, p1 < 0}.

Theorem 6.4.4. The system (6.2.4) undergoes a Bogdanov-Takens bifurcation with respect

to the bifurcation parameters 6 and & around the equilibrium point Ey, if exists, whenever
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tr(Jg,) =0 and wyw; # 0.

6.5 Numerical Simulations

(1)

Ify=10, a=1, =05, £ =15, 6§ =04 and § = 0.3. The parametric condi-
tions of Proposition (6.3.1)(i7)(a)(1) are satisfied. The system with these parametric
values has two axial equilibrium points, Ey = (0,0), £; = (10,0), and two interior
equilibrium points, Ef = (4.81386,3.79307) and F5 = (7.68614,2.35693). Points
Ey and EJ are saddle points whereas points F; and ET are asymptotically stable.
When 0 = "] = 0.2160448, the system (6.2.4) has two interior equilibrium points,
Ef = (8.57824,1.57506) and E; = (3.92176,3.9033). Point E} is unstable and en-
closed by a stable limit cycle, while the point FJ is saddle. The first Lyapunov number
o = —2.29151 < 0. When # = 015N = 0.3515625, system (6.2.4) has a unique interior
equilibrium points E4 = (6.25, 3.28125) which is a saddle-node point.

Ifv=10, a =2, 6 =0.5, £ =1.5, 6 =0.18 and # = 2. The parametric conditions
of Proposition (6.3.1)(i7)(b)(4) are satisfied. The system with these parametric values
has three axial equilibrium points, Ey = (0,0), 1 = (10,0), Es = (0,48) and two
interior equilibrium points, £} = (1.18206, 4.56951) and F; = (8.72419,1.62336). The
point Fy, Iy and E5 are saddle points. The point £ is asymptotically stable and the
point E7 is unstable. When 6 = 0"/] = 4.31764, the system (6.2.4) has two interior
equilibrium points, E} = (3.86489,4.8252) and Ej = (6.04136,3.97502). Point E} is
unstable and enclosed by a stable limit cycle, while the point Ej is saddle. The first
Lyapunov number ¢ = —2.29151 < 0. When 6 = 4.1, the stable limit cycle collides
with the saddle point and a stable Homoclinic loop arises around the equilibrium
point Ef = (3.40121,4.8839). The Lyapunov number o = —2.08239. When 0 =
4.45, the system (6.2.4) has two interior equilibrium points, E; = (4.29003,4.73358)
and £ = (5.61622,4.21554). The point Ef is stable and Ej is saddle. When 6 =
915Nl = 4.528168, the system (6.2.4) has a unique interior equilibrium points F; =
(4.95313,4.51853), which is a saddle-node point.
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Figure 6.1: v = 10, a = 1, f = 05, £ = 1.5, § = 0.4 (a) # = 0.3. System (6.2.4)
has two interior equilibrium points E} = (4.81386,3.79307), £ = (7.68614,2.35693). The
point E} is stable and Ej is saddle. (b) § = 6" = 0.2160448. System (6.2.4) has two
interior equilibrium points Ef = (8.57824, 1.57506), 5 = (3.92176,3.9033). A stable limit
cycle arises through Hopf bifurcation around E}, Ej is a saddle point. (c) 6 = 9ISV =
0.3515625. System (6.2.4) has a unique interior equilibrium points Ey = (6.25,3.28125)
which is a saddle-node point. The red color trajectories are unstable manifold, the orange
color trajectories are the stable manifold, the green color curve the prey nullcline and purple
color curve is the predator nullcline. (d) Saddle-node bifurcation diagram. Upper curve
stands for unstable equilibria and lower curve stands for stable equilibria.
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Figure 6.2: v =10, a =2, § =05, £ = 1.5, § = 0.18 (a) # = 2. System (6.2.4) has two
interior equilibrium points E; = (1.18206,4.56951), F5 = (8.72419, 1.62336). The point E;
is unstable and £} is saddle. (b) # = 4.31764. System (6.2.4) has two interior equilibrium
points £} = (3.86489,4.8252), E4 = (6.04136,3.97502). A stable limit cycle arises through
Hopf bifurcation around Ef, point Ej is saddle. (c) # = 4.45. System (6.2.4) has two
interior equilibrium points Ef = (4.29003,4.73358), E5 = (5.61622,4.21554). The point E}
is stable and Ej is saddle. (d) @ = 4.1. System (6.2.4) has two interior equilibrium points
Ef = (3.40121,4.8839), E5 = (6.50504,3.67147). A stable Homoclinic loop is emerging
through Hopf bifurcation around Ej. (e) 6 = 4.528168. System (6.2.4) has a unique interior
equilibrium points Fy = (4.95313,4.51853) which is a saddle-node point. The red color
trajectories are unstable manifold, the orange color trajectories are the stable manifold,
the green color curve the prey nullcline and purple color curve is the predator nullcline.
(f) Saddle-node bifurcation diagram. Upper curve stands for unstable equilibria and lower
curve stands for stable equilibria.
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(3)If v =10, a = 1.5, B =2, € = 1. So, &y = 1.268380665, 0 = 1.017347956.

Therefore, the system 6.2.4 reduces to

d_x:x(l_i)_ Ty

dt 10 2.54x? (6 5 1)
dy _ 2(z+1) o
@ = 2.5+:vy y+1.01y735+,\2 — (1.26839 + A1)y,

The system (6.5.1) has a unique interior equilibrium point £, = (5.80027, 3.48589).
First, shift the point £, = (5.80027, 3.48589) to the origin by means of the transforma-
tion 1 = x — 5.80027, x5 = y — 3.48589, and then introduce the affine transformation

Y1 = T1, Y2 = a10T1 + ag12. System (6.5.1) reduces to

4
d _
% =ys + E0(N)y7 + En( Ny + Bi(y1, v2),
d
% =n00(A) + N10(AN)y1 + Mo1(N)y2 + 7720()\)9% + 711 (A) 1Y+ (6.5.2)
no2(N)y3 + Ra(y1,92),

\

where &(A) = —0.0698805,  &11(A) = 00519277, nop(A) = —2.43596(— 1.26839 —
M+ oo ) Mo(A) = —0.363455 — 0.286548)\; + 7295508 i o1 =

4.503244-\2 4.503244+X2  (4.503244+A2)2"

11.4237 19.9109 _ _0.0609924 1.19067

—1.55494 — A, + 1503241, (45032440020 120 = 0.200241 150324175 (4.50324+2)2
2.33954 _ __1.04022 8.83956 _ 16.3291 _

@rosoarag®r i = —0.0148798 — 505, + @aoszarnn)? — @hoseirg)rrr N2 =

_ 23481, 163475 _ _ __ 284928
450324+ Xy | (4.50324+X2)2  (4.50324+ g

73 and R;, R, are the power series in (y1, 1)
with powers yiy] satisfying i + j > 3.
Consider the C* change of coordinates in the small neighbourhood of (0,0) :

21 = Y1 — %(511 +n02)yt, 22 = Y2 + a0yt — Noztayz and vy = 21, vy = 2z + ]%1(21, 22)
respectively. The system (6.5.2) reduces to

% = 29 =+ R1<Zl, 22), (653)

ddif = Yoo + Y1021 + Vo122 + Y2021 + V112122 + féz(zl, 2),

where ygo(A) = —2.43596( — 1.26839 — \; + w) Y10(A) = —0.363455 —

4.50324+X,
_ 396.444 315.4924+69.4072)\; _ 88.8403+39.8218\; | 10.1485+5.71186)\; _
0.286548\, (4.50324+22)% + (4.503244+)2)3 (4.50324+12)2 iy v RS (U
19.9109 11.4237 _
—1.55494 — \; — 150324+ 23)7 + I5032410° Yoo = —0.0980724 — 0.0773204\; +
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5647.9 _ T7735.064+988.802);  4146.64+1134.63\; _ 1074.91+488.24\;  126.936+91.0944\; _
(4.50324+ A2)7 (4.50324+12)6 (4.50324+A2)? (4.50324+A2)% (4.50324+X2)3
4.62619+5.38837A1 | 0.574682—0.187649)\; _ __ 16.3291 8.83956

(4.50324+12)2 + 450324+ Xg ) Y = —0.154641 (4.50324+12)3 + (4.50324+12)2

1.04022 5 5 e - i d qaticfys
Tsoszay; and Ri, Ry are the power series in (z1,22) with powers zi2; satisfying

i+j>3.

Here 5 = 0.0395753 > 0. By means of Malgrange preparation theorem and trans-

formations:
v
X1 =1, XQZ \/%,d’rzw’j/godt,
Yi=Xi+ %, V=X,
2790
2 3
Zi="y, 7= Ty, =Y
V20 Y204/720 11
the system (6.5.3) reduces to
(A
o (6.5.4)
Lo = 11 (Ar, X2) + p2(A1, M) 2o + 23 — 212y + R(Zy, Za, 1),
4 2 .4 2 .
where p1(A1; A) = —7070%“ - —Wiogéla pa(A1, A2) = —7\0/%)1 — —Vgoéél The determinant

of matrix [ % } = 47.7723. Thus, the system (6.5.1) undergoes to attracting
Bogdanov-Takens bifurcation. The three bifurcation curves divide the small neigh-
bourhood of the BT bifurcation point (0,0) in the Ay plane into four different
regions, shown in the Figure 6.3(a). The blue curve is the Saddle-node bifurcation
curve, red curve is the Hopf bifurcation curve and green curve is the Homoclinic bi-
furcation. When \; = 0 = Ay, the system (6.2.4) has a unique interior equilibrium
point, which is a cusp of codimension 2 (Figure 6.3(b)). When A; and Ay vary and
satisfy p1(A1, A2) > 0, then A; and Ay lie in the region /. The system (6.2.4) has
no interior equilibrium point, and in this region, the predator will tend to extinction
(Figure 6.3(c)). When A\; and Ay keep varying and satisfy p1(A;, A2) < 0, then sys-
tem (6.2.4) has two interior equilibrium points. If A\; and Ay lie in region I/, one

interior equilibrium point is a saddle and other is a stable focus. The both species

either can co-exist or predator species will tend to extinction depending on the initial
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population (Figure 6.3(d)). If A\; and Ay lie in region /71, one interior equilibrium
point is a saddle and other is an unstable focus surrounded by a unique stable limit
cycle (Figure 6.3(e)). Thus, in this region either both species oscillate or the predator
species will tend to extinction depending on the initial population. If A\; and As lie in
region IV, one interior equilibrium point is a saddle and other is an unstable focus

(Figure 6.3(f)).

6.6 Results and Discussion

Srinivasu et al. (2007) proposed a predator-prey system incorporating some additional food
to predators (System (6.2.2)). They used quality and quantity parameters of the additional
food as a control variable to derive control strategies in integrated pest management. The
controllability of the system (6.2.2) has also been studied by Srinivasu and Prasad (2010,
2011). These studies show the effect of providing additional food to predators and its
consequences on predator-prey dynamics. In this chapter, the dynamical behaviour of the
system (6.2.2) in the presence of Allee effect to predator (6.2.4) has been analysed. The
qualitative analysis of the model depending on all parameters shows that the model exhibits
interesting, complex and varied dynamics.

The system with Allee effect has three boundary equilibria in which the predator-
prey free equilibria (origin) and prey free equilibria (E,) are always saddle, while the
predator free equilibria (E;) is always asymptotically stable. Ecologically speaking, the
prey species will never tend to extinction. The system has at most two interior equilibrium
points. The stability of these interior equilibrium point for system (6.2.4) has been studied
by adopting Routh-Hurwitz criterion. The system shows bi-stability in certain parametric
restrictions, that is, system is very sensitive for initial values. Moreover, under certain
parametric restriction the predator free equilibria (E) is globally asymptotically stable.
Ecologically speaking, the predator species will tend to extinction and the population of
prey species will tend to the carrying capacity. The model has a degenerate equilibria which
is a saddle-node or a cusp of codimension 2 depending upon the parametric conditions.

The local emergence of limit cycles through Hopf bifurcation for the system has been
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(@ (b)

Figure 6.3: (a) Bifurcation diagram for the system (6.2.4). The blue curve is Saddle-
node bifurcation curve, red curve is the Hopf bifurcation curve and green curve is the
Homoclinic bifurcation curve. (b) A; = Ay = 0 The unique interior equilibrium point Fj
is a cusp of codimension 2 (c) System (6.2.4) has no interior equilibrium point, whenever
(A1, A2) = (0.029,—0.1) lies in region I (d) System (6.2.4) has two interior equilibrium
points, whenever (A1, A2) = (0.02861,—0.1) lies in region I/, in which one is a saddle
and other is stable focus (e) System (6.2.4) has two interior equilibrium points whenever
(A1, Ag) = (0.02791, —0.1) lies in region I11, a stable limit cycle enclosing an interior point
and the other interior point is a saddle. (f) System (6.2.4) has two interior equilibrium
points, whenever (A1, Ay) = (0.02161, —0.1) lies in region IV, in which one is a saddle and
other is unstable focus.



181 6.6 Results and Discussion

shown. It is cumbersome to determine the sign of first Lyapunov number analytically, and
s0, the stability of limit cycles has been studied through numerical simulations. A threshold
value of the parameter # has been obtained such that the system can have zero, one or two
interior equilibria as the parameter 6 crosses this value, that is, the system undergoes to
a Saddle-node bifurcation. Ecologically speaking, whenever the bifurcation parameter 6 is
below the threshold value, then both predator and prey species co-exist and whenever it
is above the threshold value, then predator species suddenly collapse to extinction. The
system undergoes to Transcritical bifurcation, which has been proved analytically using
Sotomayor’s theorem. The system exhibits Bogdanov-Takens bifurcation, and it has been
shown that, it is topologically equivalent to standard normal form of Bogdanov-Takens
bifurcation. Ecologically, there exists a set of parametric values for which both the predator
and prey populations co-exist in form of a positive equilibrium, oscillate or predator species
tend to extinction.

The quality and quantity of the additional food also play a key role on the dynamic of the
predator-prey system (6.2.4), as the parameters o and £ are involved in all computations.
Particularly, there exists a relation between these two parameters, 1 + af — &. The system

is dynamically rich, whenever 1+ a& — & > 0.



Chapter 7

Stability Analysis under Internal
Heating and Gravity Modulation
Effects

7.1 Introduction

The studies of thermal instability in porous media plays very significant roles in many areas
such as in petroleum industry, chemical engineering and geophysics, etc. A detail account
of the work on thermal instability in porous media has been given in the most excellent
books due to vafai (2000); Ingham and Pop (2005) and Nield and Bejan (2013).

External regulation of convection is important either for enhancing or diminishing
heat transfer in a physical system. This type of regulations (e.g. thermal, gravity, rotation
and magnetic field modulation) are used effectively to control convective phenomenon. This
chapter is concerned with the thermal instability under gravity modulation, first studied
by Gresho and Sani (1970). In this model, they observed that the gravity modulation

enables the system to get control on its instability either by suitably adjusting the values

This chapter is based on the research article: Stability analysis and internal heating effect on oscillatory
convection in a viscoelastic fluid saturated porous medium under gravity modulation, Int. J. of Applied
Mechanics and Engineering, 2016, vol.21, No.4, pp.785-803. (De Gruyter)
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of frequency or the amplitude of modulation. The related studies of gravity modulation are
given in Malashetty and Padmavathi (1997); Das and Pop (2000); Bhadauria et al. (2005,
2012a, 2012b).

The nature of non-Newtonian fluids is quite different from Newtonian fluids due to
their properties like shear stress and shear strain. The basic idea for considering these fluids
is due to their oscillatory nature. For example, industrial fluids are basically non-Newtonian.
In particular, viscoelastic fluids have been potentially important. Proper understanding of
convective motion and its behaviour is necessary for controlling many processes such as
geothermal reservoirs, filtration, enhanced oil recovery. Green (1968) was the first to study
the oscillatory convection in a viscoelastic fluid layer, Vest and Arpaci (1969) reported the
occurrence of overstability for typical Rayleigh-Bénard convection of a horizontal homoge-
neous Maxwellian fluid layer heated from below. Bhatia and Steiner (1972) studied thermal
instability in a rotating viscoelastic fluid layer. Some studies on thermal convection of vis-
coelastic fluids in porous media is available in the literature. Kim et al. (2003) investigated
the critical conditions of stationary and oscillatory instabilities in a viscoelastic fluid satu-
rated horizontal porous layer based on the modified Darcy-Oldroyd model. Malashetty and
Kulkarni (2009) used a two-field model in the energy equation to investigate the thermal
non-equilibrium problem of a Maxwell fluid in a porous medium, Wang and Tan (2011) per-
formed linear and nonlinear analyses on double-diffusive convection with the Soret effect in
a Maxwell fluid-saturated porous medium. Kumar and Bhadauria (2011a, 2011b) studied
thermal instability in viscoelastic fluid saturated porous media under rotation and double
diffusive gradients. A series of work related to oscillatory mode of convection is investigated
by Bhadauria and Kiran (2014a, 2014b). These authors derived complex Ginzburg-Landau
equations for obtaining finite amplitude convection under modulation, and the conditions
for which the oscillatory convective flow is confirmed.

There are situations of great practical importance, where the porous material
offers its own source of heat. This gives a different way in which a convective flow can be
set up through the local heat generation within the porous media. Such a situation can
occur through radioactive decay or through, in the present perspective, a relatively weak

exothermic reaction, which can take place within the porous material.
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In the present literature, no work is available related to the oscillatory convection
under modulation with an internal heat source. However, there are situations of great
practical importance, where the porous material offers its own source of heat, and this can
modify the convective flow through local heat generation within the porous media. To be
specific, internal heat is one of the main source of energy for celestial bodies caused by nu-
clear fusion and decaying of radioactive materials, which keeps the celestial objects warm
and active. It is due to the internal heating of the earth that there exists a thermal gradient
between the interior and exterior of the earth crust, saturated by multi-components fluids,
which helps convective flow, thereby transferring the thermal energy towards the surface
of the earth. So the role of internal heat generation becomes very important in several ap-
plications that include geophysics, reactor safety analyses, metal waste form development
for spent nuclear fuel, fire and combustion studies, and in storage of radioactive materials.
Some of the studies on thermal instability under internal heat generation, are due to Bhat-
tacharya and Jena (1984); Altawallbeh et al (2013); Bhadauria et al. (2013); Srivastava
(2013).

In the present chapter, the combined effect of gravity modulation and internal
heating on oscillatory convection in a viscoelastic fluid saturated porous material has been

studied.

7.2 Mathematical Formulation

Consider an infinitely extended horizontal viscoelastic fluid saturated porous medium, which
is heated from below and cooled from above. Darcy model has been employed in the mo-
mentum equation. Further, an internal heat source term has been included in the energy
equation. The physical configuration of the model is reported in Figure 7.1. The correspond-
ing mathematical model of the problem under the Boussinesq approximation (Bhadauria

and Kiran 2014) is given below:
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non - newtonian porousmedium d()= gll+000s(0)]

o.g'o.o' oosee

)
T=To+AT /0 2=0
Y

Figure 7.1: Physical configuration of the problem.

(7.2.1)
O 1+ (V)T = kr V2T + Q(T — Ty),

| P= poll — ar(T — Tp)],

where the physical variables have their usual meanings as given in the nomenclature. The

externally imposed gravitational field and the thermal boundary conditions are given by

7= go[1 + X0 cos(Q))k, (7.2.2)
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T ="Ty,+ AT, at z=0,
(7.2.3)
=Th, at  z=d,
where gy is the mean gravity and k is the unit vector along the positive z—axis.
7.3 Basic State
At this state the velocity, pressure, temperature and density profiles are given by
&b =0,p=pp(2), T =T(2),p = pp(2). (7.3.1)
The following basic equations are direct from Eq. (7.3.1) and Eq. (7.2.1)
dpy
s 7.3.2
d*(Ty, — T,
KJT<b—20) + Q(Tb - T()) = O, (733)
dz
Pb = po[l - OéT(Tb — Tg)] (734)

The solution of Eq. (7.3.3), subject to the boundary conditions (7.2.3), is given by

sin((y/:2)(1—2))
T, =Ty + AT . (7.3.5)
Sin( Q)

KT

Superimpose finite amplitude perturbations on the basic state in the form:
i=a+d.T=T+T p=p+0.p=pp+ /¢, (7.3.6)

where the primes represents the perturbation quantities. The dimensionless governing sys-

tem, as in Bhadauria and Kiran (2014), is give by

()\1% + 1>ngaDg—§ + (AQ% + 1)v2¢ —0, (7.3.7)
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ot Vi I

Ooxr 0z

0Oty | ( 0 (7.3.8)

_ oW, T)
)T © 0(z,2)]

where g, = (1 + x?0 cos(Q2t)), Rap = %ATTKd is the thermal Rayleigh number, R; = 2—6;2
is the internal Rayleigh number, v = pﬂo is the kinematic viscosity. The above system will
be solved by considering stress free and isothermal boundary conditions as given below

_ 9% _

w_W_T:O on z=0,z=1 (7.3.9)

The dimensionless basic temperature field Tj(z), which appears in Eq. (7.3.8), is given by

a1, _ /Ricos(VEi(1 - 2))
dz sin/R; '

(7.3.10)

Introducing a small perturbation parameter y which shows a deviation from the critical
state of onset of convection, the variables for a weak non-linear state may be expanded in

power series of x, as Malkus and Veronis (1958) and Venezian (1969).

Rap = Ry + X*Ro + X*Ry + ..., (7.3.11)
Y= x1 + X2 + X3 + .o (7.3.12)
T =xT1 + X*To + X3T5 + ..., (7.3.13)

where Ry is the critical value of the Darcy-Rayleigh number at which the onset of convection

takes place in the absence of gravity modulation.

7.4 Analysis of Periodic Solution

In order to study time periodic convective phenomenon according to Kim et al. (2003) and
Bhadauria et al. (2014), the slow and fast time scale will be introduced as % = a% + XZ(%).
The above system (7.3.7) and (7.3.8) will be solved at every order of x.

At the first order, one can obtain the matrix operator(the reader may note that this is
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similar to linear case)

(Ao + 1)V Ro(Aigr + Dz L (7.4.1)
_oom, Z-v-r)|[7] o] E
oz 0z or ' '

The solution of the first order system, subject to the boundary conditions (7.3.9), is assumed
as

Y1 = (A(s)e™™ + A(s)e ™) sinax sinmz, (7.4.2)
Ty = (B(s)e™™ + B(s)e ™) cosax sinnz. (7.4.3)

The undetermined amplitudes are functions of slow time scale, and are related by the

following expression
472a

B = - T —m)

A(s), (7.4.4)

where ¢ = a®+ 2. The values of the critical Darcy-Rayleigh number and the corresponding

wave number of the system for a stationary mode of convection, are as given below:

clc — R)(4n? — Ry)

Ry = o : (7.4.5)
a? = +/(m4 — m2R). (7.4.6)
For the system without internal-heating, i.e., R; = 0, one gets
2
Ry = ol (7.4.7)
a. =, (7.4.8)

which are the classical results, as obtained in Horton and Rogers (1945). The critical Darcy-
Rayleigh number and the corresponding wave number of the system for oscillatory mode

of convection as

Rose — <c(c - R;) — )\gw2> A1? — R,

a? A2 7

(7.4.9)

71'2
a? = |7+ — — Ry, (7.4.10)
A2
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where w is the oscillatory frequency which is given by

ot = ez e +§;(j2 —A) =1 (7.4.11)

Since w is real, therefore, from the Relation (7.4.11), the necessary condition for oscillatory

convection as:

1—Ri(A— A
A > Ao+ (o = M), (7.4.12)
c

Now, at the second order, one gets

(AoZ +1)V? Ro(MmZ+1)Z Y2 | | Ba (7.4.13)
_a%% (£ -V?—R) T Rao
where

Ry =0, (7.4.14)

00Ty Oy OTh
f = or 9z 0z Oz (7.4.15)

The second order solution, subject to the boundary condition (7.3.9), is given by
Yo =0, (7.4.16)

(a%_ — V- Ri>T2 = (Ra). (7.4.17)

Keeping Kim et al. (2003) and Bhadauria et al. (2014) in mind, the second order temper-

ature term written as
TQ = {T20 + TQQ@Qth + nge_zth} Sin(Qﬂ'Z), (7418)
where Ty, and Ty, are temperature fields having the terms with the frequency 2w and

independent of fast time scale, respectively. The solutions of the second order problems are

Ta —

Too = m{fl(s)?(s) + A(s)B(s)}, (7.4.19)
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and
Ta

= e AB). (7.4.20)

T22

The horizontally averaged Nusselt number, Nu(s), for the oscillatory mode of convection

is given by

Nu(s) =1+ [X2<%>z:o/(%>z:o]‘ (7.4.21)

By using Eqs. (7.3.10), (7.4.18)-(7.4.20), one can simplify Eq. (7.4.21) as

B a’(c — R;)4n? 212a?
Nufs) =1+ (((c "R+ )T —2R) | Je— RP TP/ (3 —2R) 1 16w2>
( A2 >tan\/E

2

(7.4.22)

It is clear that the gravity modulation is effective at third order, and affects Nu(s)
through A(s), which is evaluated at third order.

At the third order, one gets

(Ao +1)V? Ro(MZ+1)2 Y3 R3
- , (7.4.23)

—2 9L, (£ -V?—R) T Rsy

where
0 0 oT 0 T
Rs1 = —>\2%(V2¢1) - RO/\I%a_xl — (R2 + Roo COS(QS))(/\la—T + 1>a_$17 (7.4.24)
oY, 0T,  OT:

Ry = ali_l a; - a;. (7.4.25)

Using first and second order solutions, the expressions of R3; and Rz, will be deter-
mined. Now, using the solvability condition for the existence of third order solution, one
can derive the complex Gingburg-Landau equation for finite amplitue convection.

4AGs)

T~ F(s)Als) + 77T RIAGs)PA(s) = 0, (7.4.26)
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where
Ro)ia? 472 2Ro(1 4+ M\id 472
o [ Rt Rl i)t
(c+iw—R;) (4n2 — R;))  (c+iw— R;)? (472 — R;)
a?Ro(1 4 iwA)(1+ dcos(Qs))  4n?
F(s) = d
() [ (c+iw—Ry) (42 — Ri)] an
P [ Rya*(1 4+ A\iw)(c — R;) 472 N
N (C + iw — Rz)[(c — Rz>2 + (A)Q] (87T2 — 2R$)
Roa*[(c — R)? + w?\] 4 ] ( 472 )
(c+iw— Ry)[(c — R;)? + w?] (872 — 2R; + 4iw) 1 \ (472 — R;)
Writing A(s) in the phase-amplitude form, one gets
A(s) = |A(s)|e™. (7.4.27)

Now, substituting Eq. (7.4.27) in Eq. (7.4.26), one gets the following expression for the

amplitude |A(s)| as

BACIE o, a(s)? + 20 AGs)* = 0. (7428)
d(ph(dfsl(s))) = p; — L A(s)]?, (7.4.29)

where v 1F(s) = p, + ip;, Y 'k = I, + il; and ph(.) represents the phase shift. The Eq.
(7.4.28) solved numerically using the function ND Solve of Mathematica, subject to the
suitable initial condition A(0) = ag, where ag is the chosen initial amplitude of convection.

In our calculation, it is assumed that Ry = Ry, to keep the parameters to the minimum.

7.5 Bifurcation Analysis

The qualitative study of dynamical system is very important, thus attracted attentions
of the researchers during the last few decades. Bifurcations are important scientifically,
which provide models of transitions and instabilities as some control parameter is varied
(Strogatz 2007). In this section, two types of bifurcation (1) Pitchfork bifurcation (this
bifurcation is common in physical problems that have a symmetry); (2) Hopf bifurcation
(bifurcation corresponding to the presence of A\; 5 = %iwg, wp > 0) are discussed, for details,

refer Kuznetsov (2004).
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7.5.1 Hopf Bifurcation

The complex Ginzburg—Landau equation (7.4.26) can be written as

dA(s)

o = (@ HiB)A(s) = (€ +iC)A(s)PA(s), (7.5.1)

where o = Re[@},ﬁ = [m[F(S)},é = Re[%}, and ( = Im[%].

~

Putting A(s) = p1€e* in Eq. (7.5.1), and equating the real and imaginary parts, one gets
pr = pr(e = &p}) (7.5.2)

¢ =B —(pi. (7.5.3)

Clearly, the Eq. (7.5.2) has an equilibrium point p; = 0, for all values of . Further,
the Eq. (7.5.3) describes the rotation. Hence, Eq. (7.5.1) has an equilibrium at the
point A(s) = 0 i.e. origin. This equilibrium is a stable focus for @ < 0 and an unstable
focus for a > 0 and at o = 0 (critical value) the equilibrium is non-linearly stable and
topologically equivalent to the focus. This equilibrium is surrounded, for @ > 0, by an
isolated limit cycle that is unique and stable. All orbits starting outside or inside the cycle
except at the origin tend to the cycle as s — 400 (Figure 7.2(a)). This is an Andronov-
Hopf bifurcation. Consider \; as the bifurcation parameter, the critical value of the Hopf-
bifurcation is A\; = 0.14336936. The phase portrait diagram for the critical value shows
that the System (7.5.1) undergoes Hopf bifurcation around the origin (Figure 7.2(b)). This
bifurcation can also be represented in (z,y, ) coordinate system (Figures 7.2(c)). Figure

7.2(d) shows that these a— family of limit cycles forms a paraboloid surface.

7.5.2 Pitchfork bifurcation

The Eq. (7.4.28) can be written as

d%fn—%M@N+MA@P=0 (7.5.4)
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The steady state solution (equilibrium point) of the equation (7.5.4) is |A(s)| = 0 for all
value of p, and I, and |A(s)| = =, /5 for p, > 0,1, > 0.
The unsteady state solution of equation (7.5.4) is given by

A7
L A2 (1= L A)e 2

|A(s)]* = ,pr > 0,0, >0 (7.5.5)

where Ay is the initial value of the amplitude. From Eq. (7.5.5), it is clear that as s —
—00, |A(s)| = 0 and if s — oo, then |A(s)| grows towards /p,/l,, when 0 < Ay < \/p,/l,
and decreases towards /p,/l,, when Ay > +/p,/l,. Thus, the equilibrium point A(s) = 0
is the only equilibrium point, when p, < 0 and it is stable. When p, = 0, then in this case,
the origin is again the only equilibrium point, which is still stable but much more weakly so.
When p, > 0,1, > 0, then |A(s)| = 0 is still an equilibrium point, but becomes unstable and
two new stable equilibrium points appear on either side of |A(s)| = 0, symmetrically located
at |A(s)| = £+/pr/l, (Figure 7.3). This is known as supercritical pitchfork bifurcation,

shown in Figure 7.4.

7.6 Results and Discussion

This chapter investigates the combined effect of internal heating and gravity modulation
on oscillatory convection in a viscoelastic fluid saturated porous medium. A weakly non-
linear stability analysis is performed to investigate the effect of gravity modulation on heat
transport in the presence of internal heat generation. This analysis helps us to derive an
amplitude equation in terms of complex coefficients which gives finite amplitude of con-
vection. The present model is valued for oscillatory mode of convection, when the relation
(7.4.12) holds for viscoelastic parameters. The new contribution to the recent study by
Bhadauria and Kiran (2014) is the effect of heat generation and bifurcation analysis. The
results of the corresponding problem is presented in the Figures 7.5-7.10, where the graphs
are drawn for Nu versus slow time s. Relation (7.4.22), confirms that the value of Nu
starts with 1, thus showing the conduction state initially. The value of Nu increases as

time varies, thus showing the modulation effect. The numerical values of Nu have been
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obtained from the expression (7.4.22) while solving the amplitude equation (7.4.28).

The effect of internal Rayleigh number R; on heat transport is to increase the heat
transport in the system as depicted in Figure 7.5. It is to be noted that, when the value
of R; increases, the internal energy of the system increases. The moderate values of R;
are considered to avoid its domination in the system. This confirms the results obtained
recently in the studies Bhadauria (2012). The effects of relaxation parameter A; (Figure
7.6) and retardation parameter Ay (Figure 7.7) are found to destabilize or stabilize the
system respectively, and consequently increase or decrease the heat transfer in the system.
The effects of the amplitude 6 and frequency €2 of modulation on heat transport are given in
Figure 7.8 and Figure 7.9 respectively. Figure 7.8 confirms that an increment in amplitude
of modulation increases the magnitude of Nu, thus enhances the heat transfer and advances
the onset of convection. An opposite effect is obtained in the case of frequency of modulation
Q (Figure 7.9). Moreover, the effect of gravity modulation decreases as the frequency of
modulation increases. The effect disappears altogether, when the frequency of modulation
becomes very large. The proposed results of internal heating have been compared with
the results of non-internal heating system, reported in Figure 7.10. It is observed that
in the presence of internal heat source, the magnitude of Nu is larger than that in the
absence of internal-heating, i.e. the heat transport in the system is due to internal-heating.
Thus, internal-heating advances the onset of convection, confirming the results obtained by
Bhadauria et al. (2013).

In Figures 7.11 and 7.12, the streamlines and corresponding isotherms are depicted
respectively, at s = 0.0,0.13,0.16,0.2,0.3,0.43 for A\; = 0.5, = 0.1,0 = 0.2, x = 0.5 and
R; = 0.1. From the figures, it is observed that initially, when time is small, the magnitude
of streamlines is also small (Figures 7.11(a) and (b)) and isotherms are straight (Figures
7.12(a) and (b)), that is, the system is in conduction state. However, as time increases,
the magnitude of streamlines increase (Figures 7.11(c) and (d)) and the isotherms lose
their evenness (Figures 7.12(c) and (d)). This shows that convection is taking place in the
system. The system achieves the steady state beyond s = 0.2 as there is no change in the
streamlines and isotherms, (Figures 7.11 (e) and (f); Figures 7.12(e) and (f)).

Also, by taking A; as bifurcation parameter, it has been shown that the system
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represented by Landau Eq. (7.4.26) undergoes a Hopf bifurcation. Further, the limit cycles
are found to be stable circles. A sketch of this bifurcation in (z,y, «) coordinate plane,
results in a paraboloid surface. Apart from the Hopf bifurcation, it is also shown that
the system represented by amplitude equation (7.4.28) undergoes a supercritical pichfork
bifurcation. The Figure 7.13 shows that as s increases, the amplitude |A(s)| becomes stable

and remains stable for all future of time.

7.7 Conclusions

A combined effect of internal heating and gravity modulation on oscillatory convection have
been investigated by performing a weak nonlinear stability analysis using the Gingburg-

Landau equation. Following conclusions are drawn:

a) The nature and the effect of viscoelastic fluid is in agreement with the studies of Kim

et al. (2003) and Bhadauria and Kiran (2014).

b) The effects of amplitude and frequency of modulation are, respectively to increase

and decreases the heat transfer.
¢) The effect of internal Rayleigh number is to increase the heat transport in the system.

d) The equilibrium point of the Ginzburg-Landau equation losses its stability as A\

Increases .

e) If p, > 0 and [, > 0, then the amplitude equation gives two more equilibrium points,

which are stable, while the origin losses its stability.
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Figure 7.11: Stremlines
(f) s = 0.43.
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