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Preface

The thesis entitled “Study of Thermal Instability in Nanofluids” comprising of

analytical/numerical solutions of some problems related with the topic, is an outcome of

the research work carried out by me during the course of investigations under the supervi-

sion of Dr. B.S. Bhadauria, Professor, Department of Mathematics, School of Physical and

Decision Sciences, Babasaheb Bhimrao Ambedkar University, Lucknow, India.

Owing to the suspension of nanosize particles of metal in the base fluid, the nanoflu-

ids are being used as heat energy carriers due to their enhanced abilities over ordinary

fluids. The presence of a few quantity of nanoparticles in base fluids causes a significant

enhancement in the heat transfer. This heat transfer characteristic of nanofluids depends

on both the thermo-physical properties of the base fluid and the suspended nanoparticles.

The nanofluids found a wide range of applications in industrial, commercial, residential,

medical and transportation sectors.

The first chapter consists of basic terminology used in thesis, definitions relevant to

physical phenomenon, hydrodynamic equations and laws, applied analytical and numerical

methods, literature review and real world applications in precise way.

In the second chapter the effect in thermal instability of nanofluid saturated porous

layer confined between two horizontal surface in presence of internal heat source and rota-

tion about vertical axis with revised boundary condition is studied. The revised boundary

conditions are in practical because the value of temperature at boundaries can be adjusted

but not the concentration in case of nanoparticles, and so at boundaries the nanoparticle

flux is assumed to be constant. Further, linear stability analysis is performed subject to

these boundary conditions. Darcy-Brinkman model is studied using Galarkin method to

carried out linear stability analysis by depicting the behavior of Rayleigh number with re-

spect to wave number taking different values of the other parameters. The effect of internal

heat source is destabilising, the effect of rotation is stabilising the system whereas the in-

stability of vertical throughflow depends on the direction of nanofluid flow.



The third chapter deals with the thermal instability of non-Newtonian power-law

nanofluid saturated porous layer, confined between two horizontal surfaces in presence of

throughflow. Extended Darcy’s model together with the Oberbeck-Boussinesq approxima-

tion has been employed. Linear stability analysis is performed subject to various boundary

conditions. The effect of parameters corresponding to the throughflow (Péclet number Pe

), and the power-law index of the nanofluid has been investigated. These parameters shift

the position of the neutral stability curve and also the value of critical Rayleigh number.

In the fourth chapter thermal instability in a nanofluid saturated porous medium un-

der the effects of gravity modulation and internal heating is investigated. The non−uniform

vertical vibrations of the system, which can be realized by oscillating the system vertically

is considered to vary sinusoidally with time. Linear and nonlinear stability analyses have

been performed to investigate onset of convection and heat/mass transfer in the system.

Linear stability analysis is made using Venezian approach, however, for nonlinear stabil-

ity analysis truncated Fourier series expansions is used. The effects of various physical

parameters have been investigated on heat and mass transfer. Linear system shows that

there is a particular range of frequency of modulation where the system is stabilizing and

destabilizing. The duel effect of this nature is due to the presence of internal heating of the

system. It is found that gravity modulation can be used effectively to regulate the stabil-

ity of the system. Further, the effect of internal Rayleigh number is to destabilize the system

The fifth chapter deals with linear and non-linear stability analyses of the convective

flow in a porous layer saturated by nanofluid, under rotational speed modulation rotating

about a vertical axis. The revised boundary conditions are used as they are more realistic.

Perturbation method has been adopted to execute the linear stability analysis, while a trun-

cated Fourier series method has been used for weak non-linear analysis. The amendment

in the critical Rayleigh number due to rotational speed modulation has been noticed using

linear stability analysis. The concentration and thermal Nusselt numbers are obtained by

performing a weak non-linear stability analysis, and their behavior is explored by solving



the time dependent(Non-autonomous in nature) finite amplitude equations using fourth

order Runge-Kutta method. The obtained results are depicted graphically, and discussed

in details. It is observed that the modulated rotational speed have stabilizing effect on the

system for different values of the modulation frequency.

In the sixth chapter, the variation of thermal instability in an electrically conducting

nanofluid layer under magnetic field modulation is studied. Time periodic magnetic field

(i.e., magnetic field modulation) is associated in vertical direction together with certain

boundary conditions. The perturbation technique has been adopted to perform both lin-

ear stability analysis and weak-nonlinear analysis. The non autonomous Ginzburg-Landau

equation is derived under the assumptions of Boussinesq approximation and small-scale

convective motion. In all convection measuring quantities (Nusselt number, nanoparticle

concentration Nusselt number, Rayleigh number), the effect caused by magnetic field mod-

ulation has been obtained. Finally, the results have been discussed in detail, and depicted

graphically.

In the last chapter, the heat transfer in a horizontal nanofluid layer is investigated

by means of weakly non-linear stability analysis. A set of new boundary conditions for

the nanoparticle fraction, which is physically more realistic has been considered. The new

boundary condition is based on the assumption that the nanoparticle fraction adjusts it-

self so that the nanoparticle flux is zero on the boundaries. The governing equations for

this problem are reduced to Ginzburg–Landau equation and solved by homotopy analysis

method (HAM), and numerical method Mathematica NDSolve. The obtained results are

valid for the whole solution domain with high accuracy. Nusselt number and Nanoparticle

Nusselt number are calculated for different values of parameters. The results have been

depicted graphically.
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Chapter 1

Introduction

Fluids that contain suspensions of nanometer size particles (usually 2-100 nm) in base

fluids are termed as “nanofluids”. Consequently very small quantities of nanoparticles(such

as metal or metallic oxide: Cu, Cuo, Al2O3) submerged in the base fluids(commonly

water and ethyl glycol), enhanced the effective thermal conductivity of these mixtures

significantly. This technology is popular among the researchers since 1990’s to first two

decades of the 21st century. All those industries deal with heat transfer in some or the

other way, have a strong need for improvement of heat transfer mediums. This could

possibly be nanofluids, because of some potential benefits over normal fluids

• large surface area provided by nanoparticles for heat exchange.

• reduced pumping power due to enhanced heat transfer.

• minimal clogging.

• new innovation systems leading to savings of energy and cost.

1.1 Characteristics of Nanofluids

Enhancement of thermal conductivity is an important consideration for improving the heat

transfer characteristics of regular liquids. Since the solid metal has a large thermal con-

ductivity compared to the fluid, therefore the thermal conductivity of that base fluid is

expected to improve with the suspension of solid particles in the base fluid.

1
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1.2 Methods of Preparation and Processing

1.2.1 Production of Nanoparticles

Nanoparticles are made in two ways namely physical processes and chemical processes.

Physical techniques include mechanical grinding and inert gas condensation technology

while Chemical processes include spray pyrolysis, thermal spraying and chemical precipita-

tion.

1.2.2 Preparation of Nanofluids

There are two ways to make a nanofluid, by one-step process or two step process. In the

one-step process nanoparticles are simultaneously produce and disperses into the base fluid,

whereas with the process of two steps, nanoparticles are made and then dispersed in the

liquid. The main disadvantage of the two-step process is that nanoparticles can agglomerate

before the nanoparticles to be suspended in the liquid. The one-step process is favorable

among the researchers because it prevents oxidation of nanoparticles.

• In the one-step process the particles in the fluid are formed together and dispersed(Yu

et. al., 2007). In this method the drying, storage, transport, and the dispersion of

nanoparticles such types of process are avoided, hence the agglomeration of nanoparti-

cles decreases, and the stability of the fluid increases. One-step processes can prepare

nanoparticles evenly and the particles can be suspended in the base fluid. The method

protects unwanted particle aggregation quite well. One-step physical method can not

synthesize nanofluids extensively, and the cost is also high, so the one-step chemical

method in industries is growing rapidly.

• The two-step method is the extensively used method(Lee et al., 1999) for preparation

of nanofluids. The nanoparticles, nanofiibers, nanotubes used in this method are first

produced in the form of dry powder by chemical or physical methods, then nanosized

powder is dispersed in the liquid. The second processing phase is executed with the

help of magnetic force movement, ultrasonic movement, high shear mixture, homog-

enizing machine and ball milling. Two-step method is the most economical method
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of producing nanofluids on a large scale, because nanopowder synthesis technology is

already being used to the industrial production level. Due to high surface area and

surface activity, nanoparticles have total tendency to agglomerate each other. The

use of surfactant is an important technique to increase the stability of nanoparticles

in liquids. However, the efficiency of surfactant is also a major concern under high

temperatures, especially for high temperature applications. Nanoparticles in most

materials discussed are most commonly produced in the form of powders(Yu et al.,

2007). Such a two-step process works well in some cases, such as nanofluids consisting

of oxide nanoparticles dispersed in deionized water(Lee et al., 1999)].

1.3 Nanofluid Properties

Physical behavior of nanofluid is similar to normal fluid, so the nanofluids should be in

accordance with the physical properties of a normal fluid such as thermal conductivity,

specific heat, viscosity, etc. Nanofluid is the heterogeneous mixture of normal fluid and

nanoparticles( up to 5% ), so here theory of mixture will be effective. The nanofluids

have been looked upon as flow and heat-transfer fluids of the future due to unprecedented

combination of characteristic features desired in energy systems (fluid and thermal systems):

• Increased thermal conductivity at low nanoparticle concentrations.

• Strong temperature-dependent thermal conductivity.

• Non-linear increase in thermal conductivity with nanoparticle concentration.

• Increase in boiling critical heat flux (CHF).

1.3.1 Thermal Conductivity of Nanofluid

Thermal conductivity is a heat transport property of the material, which is defined as the

ratio of energy flow through the surface and the local temperature gradient. Nanofluids have

received high attention during the first decade of the twenty first century and all the research

to evolve around these concepts are due to the experimental value of thermal conductivity.
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High conductivity values of some nanofluids accomplish for future heat transfer media.

There are so many method to measure the thermal conductivity of nanofluids some of them

are as follows.

• Transient Hot Wire

• Transient Plate Source

• Steady Conduction Between Plates or Cylinders

• Laser Heating

Nanofluid thermal conductivity model has been proposed by Hamilton and Crosser (1962),

which are effective for calculating thermal conductivities of fluids with nano-sized particles

predict the enhanced thermal conductivities of the nanofluids because the models do not

include any dependence on particle size. These superiority of nanofluids over the base fluids

make nanofluids to be considered the next generation heat transfer fluids. Fluid thermal

conductivity models have been proposed by Maxwell (1892) and Hamilton and Crosser

(1962)

Hamilton-Crosser model for nanoparticles

κnf
κbf

=

(
κp
κbf

+ 2
)
− 2φ

(
1− κp

κbf

)
(
κp
κbf

+ 2
)

+ φ
(

1− κp
κbf

) (1.3.1)

Hamilton-Crosser model for nanotubes

κnf
κbf

=

(
κp
κbf

+ 2.75
)
− 2.75φ

(
1− κp

κbf

)
(
κp
κbf

+ 2.75
)

+ φ
(

1− κp
κbf

) (1.3.2)

1.3.2 Specific Heat Capacity of Nanofluid

The heat capacity term of the nanofluid has been incorporated into the energy equation,

therefore it is important to be able to calculate it accurately. There are two types of

correlations, which are commonly used by researchers given as follows

cnf = (1− φ)cbf + φcp (1.3.3)
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simply the rule of mixtures applied to heat capacity

(ρc)nf = (1− φ) (ρc)bf + φ (ρc)p (1.3.4)

Second one is the best specific heat correlation to use in predicting behavior in nanofluids.

1.3.3 Viscosity of Nanofluid

At a molecular scale, interaction between the different molecules in a fluid is a consequence

of viscosity. It can also be interpreted as friction between the molecules in the fluid.

Analogous to friction between moving solids, viscosity is determined by the sufficient energy

required to make the fluid flow conveniently. The viscosity of nanofluids is highly dependent

on the nanoparticle volume fraction. In case of nanofluids there are several techniques

available in literature for the calibration of nanofluid viscosity. Models are to be used in

various physical configuration suggested by Brinkman and Einstein (1999),

µ =
µbf

(1− φ)2.5 (1.3.5)

µ = µbf (1 + 2.5φ) (1.3.6)

Table 1.1: Thermophysical properties of four base fluids at 300◦K
Base fluids µbf ρbf κbf βbf ∗ 105 cbf
Water 0.00089 997 0.613 21 4179
Ethylene Glycol 0.0157 1114.4 0.252 65 2415
Engine Oil 0.486 884 0.144 70 1910
Glycerine 0.799 1259.9 0.286 48 2427

Table 1.2: Thermophysical properties of nanoparticles at 300◦K
Nanoparticles ρp κp βp ∗ 105 cp
Copper 8933 401 1.67 385
Copper Oxide 6320 76.5 1.8 531.8
Silver 10500 429 1.89 235
Alumina 3970 40 0.85 765
Titania 4250 8.9538 0.9 686.2
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Table 1.3: Thermophysical properties of nanofluids for φ = 0.06 at 300◦K
Nanofluids ρnf cnf βnf ∗ 105 κnf
W - Cu 1473.25 4123220.35 19.8402 0.72981
W-CuO 1316.47 4118526.61 19.8480 0.72743
W-Ag 1567.27 4064918.05 19.8534 0.72985
W-Al2O3 1175.47 4099091.05 19.7910 0.72483
W-TiO2 1192.27 4091849.05 19.7940 0.70808
EG - Cu 1583.52 2736151.74 61.2002 0.30016
EG-CuO 1426.74 2731458.00 61.2080 0.29975
EG-Ag 1677.54 2677849.44 61.2134 0.30016
EG-Al2O3 1285.74 2712022.44 61.1510 0.29930
EG-TiO2 1302.54 2704780.44 61.1540 0.29617
EO - Cu 1366.94 1793485.90 65.9002 0.17154
EO-CuO 1210.16 1788792.16 65.9080 0.17141
EO-Ag 1460.96 1735183.60 65.9134 0.17154
EO-Al2O3 1069.16 1769356.60 65.8510 0.17126
EO-TiO2 1085.96 1762114.60 65.8540 0.17021
G - Cu 1720.29 3080662.96 45.2202 0.34064
G-CuO 1563.51 3075969.22 45.2280 0.34012
G-Ag 1814.31 3022360.66 45.2334 0.34065
G-Al2O3 1422.51 3056533.66 45.1710 0.33954
G-TiO2 1439.31 3049291.66 45.1740 0.33555

1.4 Modes of Heat Transfer

The study of heat transfer is directed to assess the rate of flow of energy, both in the form

of heat through the boundary of a system under the constant and transient conditions, and

the determination of the temperature under the stable and transient conditions, the total

information of system will be provided in terms of temperature gradient and rate of change

in temperature with respect to time at different places and times.

1.4.1 Conduction

Conduction is a type of energy transfer mechanism, propagate in the form of heat occur

due to temperature difference in any solid or any phase of material. This method of energy

transfer recognize microscopically by movement of free electron flow from higher to low

energy levels, lattice vibration and molecular collision. Although no macroscopic mass

movement is involved.
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1.4.2 Radiation

Thermal radiation is a type of heat transport phenomena in any phase of material, in which

the electromagnetic wave propagate through the material and causes rise in temperature.

Actually the electromagnetic spectrum of the limited wave length, is emitted at all surfaces,

irrespective of the temperature. Such waves incident on surfaces of body is absorbed and

therefore radiation heat transfer takes place between surfaces at different temperatures. No

medium is required for such type of heat transfer, but the surfaces of material should be in

visual contact for direct radiation.

1.4.3 Convection

In convection, it is estimated that the heat can be transferred at the flow of the fluid

molecules. The energy transfer is by combined molecular diffusion and bulk flow. This

mode is independent of the properties of the surface material and depends only on the fluid

properties. The convective mechanism can be divided into the following types of convection.

• Natural convection is a practically possible mechanism in which energy can be

transported in fluid caused by density differences, occurring due to temperature gra-

dient without any external force. The examples are boiling of water, wind circulation,

oceanic circulation and mantle convection etc.

• Forced convection is another form of heat transport in which fluid motion is con-

trolled by external forces. This can be done with a suction machine, fan, pump, or

other device. Forced convection occurs in air cooling of hot electrical components on

a stack of printed circuit boards by use of fan.

• Convection and forced convection occurred simultaneously in the system, this physical

phenomenon is known as Mixed convection. The result of mixed convection would

be if a fan is used to force the air upward or downward through the circuit boards,

thereby affecting the buoyancy flow.
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1.5 Some Preliminaries

This section introduces some further distinctions and terminology for the ensuing discussion

of action.

1.5.1 Newtonian and non-Newtonian fluids

In Newtonian fluid, viscosity is proportional to shear stress. Mineral oil, water and alcohol

are some examples of Newtonian fluid. Some violated effect is found in non-Newtonian

fluid i.e. there is no linear relation between viscosity and shear stress, for example honey,

paint, glue, blood etc. Further, highly viscous fluid is also a kind of non-Newtonian fluid

which is centre point of research and industrial applications.

1.5.2 Porous medium

A material which have solid matrix with interconnected void(pore) so that fluid molecules

move easily in it, is known as porous material or porous medium. The example of porous

medium are biological tissues (e.g. bones), rocks, foams, sand, human lung, wood, ceramics

and soils. In a porous medium, the structure of pores with respect to shape and size is not

similar.

1.5.3 Porosity

It is ratio of the volume of the voids to the total volume of the porous medium. The value

of porosity of any porous domain lies in the unit interval. Let Vf denotes the volume of the

fluid (voids), and Vm denotes the volume of the material (total volume), then the porosity

ε is given by,

ε =
Vf
Vm

(1.5.1)
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1.5.4 Permeability

It is a measure of the convince with which a fluid can easily pass through a porous medium.

The degree to which porous within the material is inter-connected is known as effective

porosity. It is intrinsic property of the material.

1.5.5 Throughflow

Throughflow is the flow of a fluid into a system, or region forcibly without taking interest

of pressure gradient between this region. System stability depends on the direction of

throughflow due this stability of the system is affected. This concept is used to control the

convective mechanism in engineering sciences, industries, geophysics etc.

A new convective parameter Pe (Péclet number) has come into existence which is re-

sponsible to govern the heat and mass transport in the system. According to direction of

flow Pe is positive(i.e. upward throughflow) or Pe is negative(i.e. downward throughflow).

Mathematical expression is as follows,

Pe =
V d

κ
, (1.5.2)

where V is the fluid velocity at basic state in z direction, κ is thermal diffusivity and d is

depth of fluid layer.

1.5.6 Internal heating

Internal heating is a property, preserve by celestial bodies in the form of chemical re-

action, nuclear fusion and decaying of radioactive materials, through which the celestial

objects remains warm and active. The earth have thermal gradient between the interior

core and exterior of the earth’s crust due to the internally filled magma, helps convective

flow. Therefore, the role of internal heat generation becomes very important in several

applications that include geophysics, metal casting, reactor safety analyses. This term sits

in the energy equation of convective problem. In this work, it is considerd as a convective

parameter Ri, which is given by
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Ri =
ηd2

κ
, (1.5.3)

where η is the internal heat coefficient.

1.5.7 Modulation

In convective problem, a real challenges to regulate the convection as per the requirement,

therefore modulation is required. It is a technique by which the stability of system can be

controlled. This phenomenon becomes useful for industrial research to save money, energy

and time etc. Scientists are postulating the theory and doing research with modulation

effect in many practical problem. Many types of modulations are used by the authors in

their studies such as temperature, gravity, rotation and magnetic field modulation.

When modulation is applied to a problem, two additional parameters, amplitude and fre-

quency of modulation appear in the system. These parameters provide control on convective

mechanism either by increasing or decreasing their values.

Gravity Modulation

The variable gravitational field can be realized by vertically oscillating the system, many

of the complex forces are responsible for it. One can easily see this phenomenon in space

laboratory experiments, in areas of crystal growth, in atmospheric sciences etc. This idea

has received much attention of the researchers using it as a tool to improve the heat and mass

transfer rate. The controlling of convective instabilities by thermo-gravitational vibration

is more interesting from the applications point of view.

The gravity modulation term sits in the momentum equation and involves the verti-

cal time periodic vibrations of the system, is known as G-jitter in literature. Eq.(1.5.4)

represents the mathematical form of gravity modulation as

g = g0(1 + χξcos(Ωt)n̂, (1.5.4)

where g0 is the constant gravity field and n̂ is unit vector along g.
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Rotation modulation

In rotational modulation the system is rotating periodically about its axis. In particular,

a time-periodic and sinusoidally varying angular velocity is to be considered. It has many

application in automobile, medical, heat reservoirs and rotating celestial bodies etc. Ro-

tation speed modulation is similar to gravity modulation, sits in momentum equation and

gives the system, non-autonomous equations. Mathematical representation is as follows

ΩR = ΩR0(1 + χξcos(Ωt))ê, (1.5.5)

where ΩR0 is the constant mean angular velocity & ê is unit vector along ΩR.

Magnetic modulation

Magnetic nanofluids gives birth to radical hydrodynamics in the system. The magneto con-

vection is basically interaction of electrically conducting fluid flow and the applied magnetic

field. According to Faraday’s law, electromagnetic induction is responsible for convection,

which can take place in fluids due to temperature dependence of their magnetization. This

merit becomes more relevant where the gravity is absent. Where natural convection is not

possible, the roll of magneto convection becomes crucial, magnetic force can be used to

create circulation in system. The variable(periodic) magnetic field gives the variation in

the magnetic force accordingly, since magnetization depends on the intensity of magnetic

field, temperature and density. Hence, the modulated magnetic force governs convection of

the fluid. Mathematically, it is defined as

H = H0(1 + χξ cos(Ωt))ê, (1.5.6)

where H0 is the mean value of magnetic field.
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1.6 Mathematical Model

The conservation equations formulated under certain assumption, such as the viscosity,

density, thermal conductivity and specific heat of nanofluids may depend on the volume

fraction of nanoparticles. To insight physics, the various effects on the order of magni-

tude estimated, all thermophysical properties of nanofluid except density shall be assumed

constant in the analytical formulation.

1.6.1 Conservation of nanoparticle flux

The continuity equation for the nanofluid is formulated as follows

[
∂

∂t
+ (v · ∇)

]
φ =

1

ρp
∇ · pג (1.6.1)

where pג is the diffusion mass flux for the nanoparticles, given as the sum of two diffusion

terms (Brownian motion and thermophoresis) by

pג = −ρp
[
DB∇φ+

(
DT

Tc

)
∇T
]

(1.6.2)

where DB is the Brownian diffusion coefficient and DT is the thermophoretic diffusion

coefficient of the nanoparticles given as

DB = kBT
3πµbfdp

, DT =
(
µbf
ρbf

)(
0.26κbf

2κbf+κp

)
φ

Here, kB is Boltzmann’s constant, µbf is the viscosity of the base fluid, dp is the nanopar-

ticle diameter, ρbf is the density of the base fluid, κbf and κp are the thermal conductivity of

the base fluid and nanoparticles, respectively. From Eq.(1.6.2), it is clear that the sign of the

Brownian diffusion coefficient and the thermophoretic diffusion coefficient of the nanopar-

ticles are positive. Substituting the expression for pג into the conservation equation for the

nanoparticles, Eq.1.6.1 yields

(
∂

∂t
+ (v · ∇)

)
φ = DB∇2φ+

DT

Tc
∇2T (1.6.3)
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1.6.2 Energy equation

The energy equation for the nanofluid is

(ρc)

(
∂

∂t
+ (v · ∇)

)
T = −∇ ·z + hp∇ · pג (1.6.4)

where, hp∇ · pג is the work needed to push the fluid into or out of the boundaries of a

control volume, in the energy equation due to Brownian motion and thermophoresis of

nanoparticles relative to the flow velocities and ρ is the density of the nanofluid, c is the

fluid-specific heat (at constant pressure), and

z = −κ∇T + hpגp (1.6.5)

where κ is the nanofluid thermal conductivity and hp is the specific enthalpy of nanoparti-

cles. Eq.(1.6.5) gives

∇ ·z = −κ∇2T +∇ · (hpגp) (1.6.6)

= −κ∇2T + hp∇ · pג + pג · ∇hp (1.6.7)

= −κ∇2T + hp∇ · pג + pג · (cp∇T ) (1.6.8)

where ∇hp is equal to cp∇T and cp is the specific heat of the material constituting the

nanoparticles. Using the expression for ∇ ·z and ,pג the energy Eq.(1.6.4) becomes

(ρc)

(
∂

∂t
+ (v · ∇)

)
T = κ∇2T + (ρc)p

[
DB∇φ · ∇T +

DT

Tc
∇T · ∇T

]
(1.6.9)

1.6.3 Momentum equation

One can introduce a buoyancy force and the external force, under the Boussinesq approxi-

mation, the momentum equation can be written as

ρ0

(
∂

∂t
+ (v · ∇)

)
v = −∇p+ µ∇2v + ρ−→g +

−→
F (1.6.10)
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where p is the pressure, nanofluid density ρ and reference density of the nanofluid ρ0 are

given as

ρ = φρp + (1− φ)ρf (1.6.11)

ρ0 = φρp + (1− φ)ρfo (1.6.12)

where ρp and ρf are the density of the nanoparticles and base fluid respectively, and ρfo is

the base fluid density at the reference temperature Tc.

1.7 Methods of solution

There are variety of methods to establish set of solution of governing equations according to

the kind of problem which has been taken. In some cases, analytical solution can be obtained

but sometimes not, it depends upon the category of problem. If an analytical method is not

applicable then the other way is numerical methods are used to find approximate solution

of the problem under consideration.

1.7.1 Analytical methods

Analytical method uses well existing theorems and formulas to present solution in extent

of precision. Some analytical methods used in present context are as follows

Energy method

The kinetic energy of the perturbations is calculated in this method, and if this kinetic

energy increases along with time, then the flow is unstable, and if the system is dissipative

with the volume in the phase-space contracting at a uniform rate given by with time then

the flow is stable. This method fails to provide the information of unstable system, so it is

rarely used for convective problems.

E(τ) = E(0)exp[λτ ] (1.7.1)
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Normal mode method

In this method, an arbitrary disturbance is expressed as a superposition of certain pos-

sible modes, and then the stability of the system with respect to each of these modes

is investigated, based on oscillations theory. Mathematically, one can use the expression

exp[i(αxx+αyy)+st] for normal mode method, where s is the frequency of perturbation and

α2 = α2
x + α2

y is the wave number. The stability analysis is performed by using frequency

of perturbation (s). If Re(s > 0), then the disturbance will grow exponentially with time,

and it will represent an unstable system. If Re(s = 0), then the system will be neutrally

stable. If Re(s < 0), then it shows a stable system as the disturbance reduces exponentially

with time.

Perturbation method

Some time, people are facing difficulties in solving the engineering problems, mathematical

non-linear governing equations in real life directly. In this method, the solution is repre-

sented by the initial few terms of an asymptotic expansion. The expansions may be carried

out in terms of the introduced parameter, which appears in the considered equation, known

as perturbation parameter. Here, it is assumed χ as a perturbation parameter such that

the solution is available and reasonably simple for χ = 0, this process known as regular

perturbation method. There is one more kind of perturbation method, known as singular

perturbation method, where the solution cannot be approximated by setting the parameter

value to zero. Mathematically, to write an expression for approximation to the solution of P

P = P0 + χP1 + χ2P2 + ....., (1.7.2)

where P0 would be the known solution to the exactly solvable initial problem and P1, P2, ..

represent the higher-order terms, which may be found by successive iterations.
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A truncated representation of Fourier series method

Linear stability analysis is sufficient to find the stability condition of the motionless solution

and the corresponding eigenfunctions describing qualitatively the convective flow. However,

it cannot provide any information related to the values of the convection amplitudes, nor

regarding the rate of heat and mass transfer. In order to get this additional information,

weakly non-linear stability analysis is performed, which helps to understand the physical

mechanism with minimum amount of mathematical analysis in precise way.

ψ =
∞∑
n=1

∞∑
m=1

Amn(t) sin(mαx) sin(nπz) (1.7.3)

T =
∞∑
n=1

∞∑
m=1

Bmn(t) cos(mαx) sin(nπz) (1.7.4)

φ =
∞∑
n=1

∞∑
m=1

Cmn(t) cos(mαx) sin(nπz). (1.7.5)

1.7.2 Numerical methods

Methods are constructed to find solution of mathematical problems by introducing numer-

ical results, usually on a computer. A numerical method is a complete and unambiguous

set of procedures for the approximate solution of a problem, together with error estimation.

In selection of numerical methods, the main objective is minimum error and convergence

rate is higher.

Galerkin method:

This method is used for converting a continuous operator problem to a discrete problem.

Galerkin method is mainly a weighted residual method used to solve boundary value prob-

lems. Some basic steps of this method are given below:

1. Expand the unknown solution in a set of basis functions, with unknown coefficients

or parameters; it is known as the trial solution.

2. Check whether the trial solution satisfy the boundary conditions as well as initial
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conditions.

3. Define the residual, set the weighted residual to zero and solve the equations.

4. Find out the error by taking successive approximations, and show convergence as the

number of basis functions increases.

Runge-Kutta method:

It is well known method of numerical analysis. The Runge-Kutta methods are used in family

of implicit and explicit iterative methods for the approximation of solutions of ordinary

differential equations. The mathematicians C. Runge and M.W. Kutta(1900) introduced

this wonderful technique.

1.8 Application of Nanofluids

Nanofluids can be used in various engineering applications. These are following application

of nanofluids.

1.8.1 Heat Transfer Applications

Industrial Cooling Applications

There are industries, using nanofluids as a closed loop cooling cycles in place of normal

fluids and save large amount on energy consumption. When extracting energy from the

earths crust that varies in length between 5 to 10 km and temperature between 5000C and

10000C, nanofluids can be employed to cool the pipes exposed to such high temperatures.

1.8.2 In Auto-mobile Sector

• As a Coolant: The use of nanofluids as coolants would allow for smaller size and

better positioning of the radiators. Owing to the fact that there would be less fluid

due to the higher efficiency, coolant pumps could be shrunk and truck engines could
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be operated at higher temperatures allowing for more horsepower while still meeting

stringent emission standards.

• As a Lubricant: In automotive lubrication applications, surface-modified nanopar-

ticles stably dispersed in mineral oils are effective in reducing wear and enhancing

load-carrying capacity.

1.8.3 Electronic Applications

A principal limitation on developing smaller microchips is the rapid heat dissipation. How-

ever, nanofluids can be used for liquid cooling of computer processors due to their high

thermal conductivity.

1.8.4 Biomedical Applications

• Nano-drug delivery: Magnetic nanofluids are to be used to guide the particles

up the bloodstream to a tumor with magnets. It will allow doctors to deliver high

local doses of drugs or radiation without damaging nearby healthy tissue, which is a

significant side effect of traditional cancer treatment methods.

• Nano-cryosurgery : Cryosurgery is a procedure that uses freezing to destroy unde-

sired tissues. Intentional loading of nanoparticles with high thermal conductivity into

the target tissues can reduce the final temperature, increase the maximum freezing

rate .

1.9 Literature Review of Thermal Instability in Nanofluid

Several theoretical and experimental studies have been carried out on suspensions con-

taining suspended particle(millimeter or micrometer sized), it was Maxwell who published

theoretical work more than 100yrs ago and initiates the idea of suspensions. The earliest

observation of such an experiment was performed by Masuda et. al. in 1993. Although

these particles are use to improve the thermal conductivity of the fluid, but they created
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lots of problems in terms of settling, producing drastic pressure drops, clogging channels,

and premature wear on channels and components. There is challenge to produce nano-sized

particle of metals and metal oxides in the years of nineties but it is possible in modern nan-

otechnology and provides extra opportunities to process and produce particles with average

crystal size(below 50nm). Thus nanofluids were made by suspending the nanoparticles in

the common fluids, called base fluids. Presence of these nanoparticles in the base fluids

may increase the thermal conductivity of the fluids by 15-40%. Nanofluids are mixtures of

base fluid such as water or ethylene-glycol along with small amount of nanoparticles such as

metallic or metallic oxide particles (Cu,Cuo,Al2O3), having dimensions from 1 to 100nm.

Natural convection or buoyancy driven convection, is the heat removal strategy adopted

in a wide variety of industries ranging from transportation (heating, ventilation, and air

conditioning), energy production and supply to electronics, textiles and paper production,

geophysical problems, nuclear reactors to name a few. A large number of studies are avail-

able in the literature in which thermal instability in nanofluids have been investigated.

A significant feature of nanofluids is thermal conductivity enhancement which was first

reported by Masuda et al. (1993). They have reported a 30% increase in the thermal

conductivity of water with the addition of 4.3 vol.% Al2O3 nanoparticles. Choi (1995)

was the first, who proposed this term “nanofluid”. Choi (1999), in his work at Energy

Technology Division, Argonne National Laboratory, supported by the U.S. Department

of Energy, investigated the use of nanofluids in a wide variety of industries ranging from

transportation , HVAC, and energy production and supply to electronics, textiles and paper

production. Lee et al.(1999) studied the behavior of Al2O3 nanoparticles in water, observed

15% enhancement in thermal conductivity and also observed nanoparticle loading due to

difference in the size of nanoparticles used.

The ballistic nature of heat transport within nanoparticles was analyzed by Chen (2001).

Eastman et al. (2001) reported an increase of 40% in the effective thermal conductivity

of ethylene-glycol with 0.3% volume of copper nanoparticles of 10 nm diameter. Further,

10-30% increase of the effective thermal conductivity in alumina/water nanofluids with 1-

4% of alumina was reported by Das et al. (2003). These reports led Buongiorno and Hu

(2005) to suggest the possibility of using nanofluids in advanced nuclear systems. Another
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application of the nanofluid flow is in the delivery of nanodrug as suggested by Kleinstreuer

et al. (2008).

Khanafer et al. (2003) reported an increase in concentration of suspended nanoparticles,

is to increase in heat transfer in Cu-water nanofluids in a two-dimensional rectangular

enclosures while Putra et al. (2003) reported that in natural convection, using Al2O3

and CuO nanofluids, the heat transfer coefficient was smaller than that in a clear fluid.

Various studies have been conducted to determine the governing mechanisms in nanoscale,

including a modified Maxwell model accounting for the ordered nanolayer near the particle

fluid interface by Yu and Choi (2003), Brownian motion of nanoparticles in fluids by Jang

and Choi (2004) and Kumar and Murthy (2005), ballistic nature of heat transport within

nanoparticles by Keblinski and Cahill (2005) and thermal lagging in nanoparticles with

a large surface area to volume ratio by Vadász (2006). A comprehensive review of heat

transport in nanofluids is due to Eastman et al. (2004). In spite of several reported

studies, it is a fact that no satisfactory explanation could be found so far, for abnormal

enhancement in the thermal conductivity and viscosity of the fluid due to the presence of

nano-particles. Wen and Ding (2006) reported a reduction in heat transfer after changing

a clear fluid to a nanofluid while Abu-Nada et al. (2008) showed the enhancement of

heat transfer in nanofluids at higher values of the Rayleigh number. Buongiorno (2006)

has given an extensive study to account for the unusual behavior of nanofluids based on

inertia, Brownian diffusion thermophoresis, diffusiophoresis, Magnus effects, fluid drainage

and gravity settling, and proposed a model incorporating the effects of Brownian diffusion

and the thermophoresis. With the help of these equations, studies were conducted by Kim

et al. (2004), Tzou (2008a,b) and Nield and Kuznetsov (2010).

Kuznetsov and Nield both together have investigated a series of work on nanofluid as

follows: the Horton Rogers Lapwood problem for the Darcy model in (2009), the onset of

thermal instability in a porous medium saturated by a nanofluid using Brinkman model

in (2010c), the effect of local thermal non-equilibrium using a three-temperature model in

(2010a), the onset of double diffusive nanofluid convection in a layer of a saturated porous

medium in (2010b), the effect of local thermal non-equilibrium (2011), the effect of vertical

throughflow (2011) and a linear stability theory (2012) for Horton Rogers Lapwood problem
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with thermal conductivity and viscosity dependent on the nanoparticle volume fraction.

Bhadauria and Agarwal (2011a,b) studied the effect of local thermal non equilibrium

on linear and nonlinear thermal instability in a horizontal porous layer saturated by a

nanofluid. Agarwal et al. (2011) and Agarwal and Bhadauria (2011) studied thermal

instability in a rotating porous layer saturated by a nanofluid for top and bottom-heavy

suspension for Darcy model. Agarwal et al. (2012) studied double diffusive convection in

a horizontal porous layer saturated by a nanofluid, for the case where the base fluid of the

nanofluid is itself a binary fluid such as salty water. Chand and Rana (2012) studied the

onset of thermal convection in a rotating nanofluid saturated porous medium. Boundary

and internal heat source effects on the onset of Darcy-Brinkman convection in a porous

layer saturated by nanofluid was studied by Yadav et al. (2012). Umavathi (2013) studied

temperature modulation, gravity modulation by Pranesh et al. (2014), of convection in a

nanofluid saturated porous medium, using linear stability analysis with Venezian (1969)

approach. Mohammed et al. (2015) investigated g-jitter mixed convective boundary layer

flow of water-based nanofluids. For other related works on gravity modulation the reader

may look at Bhadauria and Kiran (2014)a-b, (2015).



Chapter 2

Study of convective thermal

instability in nanofluid saturated

porous medium in presence of

vertical throughflow, internal heat

source and rotation

2.1 Introduction

For the last two decades, nanofluids are being used as heat transfer media due to their

enhanced abilities over ordinary fluids as heat exchangers and transporters. The term

nanofluid refers to the suspensions of nanometre size particles in the base fluid. The presence

of very few quantity of nanoparticles in base fluids create a significant increment in the

heat transfer characteristics. The convective heat transfer characteristics of nanofluids

This chapter is based on the research article: Study of convective thermal instability in nanofluid
saturated porous medium in presence of vertical throughflow, internal heat source and rotation, Published
in VIJNANA BHARATHI, Bangalore University Journal of Science. Vol. 1 No. 2 pp. 120-140,
ISSN : 0971-6882.

22



23 2.1 Introduction

depend on the thermo-physical properties of the base fluid and the suspended nanoparticles.

The properties of nanofluids found a wide range of applications in industrial, commercial,

residential and transportation sectors.

A significant feature of nanofluids is thermal conductivity enhancement, which was first

introduced by Masuda et al. (1993). Nanofluids are mixtures of base fluid (like water or

ethylene-glycol) along with small amount of nanoparticles (like metallic or metallic oxide:

Cu,Cuo,Al2O3) having dimensions from 1nm to 100nm. Choi (1995) was the first who

proposed the term “nanofluid”. Chen (2001) analyzed the ballistic nature of heat transport

within nanoparticles, Eastman et. al. (2001) reported that 40% thermal conductivity

of ethylene-glycol increases with 0.3% volume of copper nanoparticles of 10nm diameter.

Das et. al. (2003) found that 10 − 30% increase of the effective thermal conductivity in

alumina/water nanofluids with 1 − 4% of alumina. These reports led Buongiorno and Hu

(2005) to suggest the possibility of using nanofluids in advanced nuclear systems. Another

application of the nanofluid flow due to Kleinstreuer et. al. (2008), is in the delivery of

nano-drug.

Khanafer et. al. (2003) reported an increase in concentration of suspended nanoparti-

cles, is to increase in heat transfer in Cu-water nanofluids in a two-dimensional rectangular

enclosures, whereas Putra et. al. (2003) reported that in natural convection with Al2O3

and CuO nanofluids, the heat transfer coefficient was smaller than that in a regular fluid.

A wide range of studies have been conducted to determine the governing mechanisms in

nanoscale: Brownian motion of nanoparticles in fluids by Jang and Choi (2004), a modified

Maxwell model accounting for the ordered nanolayer near the particle fluid interface by Yu

and Choi (2003), ballistic nature of heat transport within nanoparticles by Keblinski and

Cahill (2005), Vadász (2006) studied thermal lagging in nanoparticles with a large surface

area to volume ratio. A comprehensive review of heat transport in nanofluids is due to

Eastman et. al. (2004). It is a fact that in spite of several reported studies, no satisfactory

explanation for abnormal enhancement in the thermal conductivity and viscosity of the

fluid in the the presence of nano-particles, could be found so far. Wen and Ding (2006)

reported a reduction in heat transfer after changing a regular fluid to a nanofluid whereas

Abu-Nada et. al. (2008) have shown the enhancement of heat transfer in nanofluids at
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higher values of the Rayleigh number.

First of all Buongiorno (2006) proposed a model for convective transport in nanoflu-

ids incorporating the effects of thermophoresis and Brownian diffusion. Tzou (2008a,

2008b) have studied the thermal instability problem by using this model and observed that

nanofluid is less stable than base fluid. This problem was further revisited by Nield and

Kuznetsov (2010) for different types of non-dimensional parameters. An extension to the

porous medium of this model was studied by Nield and Kuznetsov (2009), Kuznetsov and

Nield (2009) and Chand and Rana (2012). Yadav et al. (2012) examined the effect of

internal heat source on the onset of nanofluid convection. In nanofluid saturated porous

medium, Bhadauria and Agarwal (2011) studied the nonlinear two-dimensional convection.

The study of throughflow in various configuration is available in literature. For de-

tails refer articles due to: Wooding (1960), Shvartsblat (1968, 1969), Sutton (1970), Ger-

shuni and Gershuni (1976), Jones and Persichetti (1986), Nield (1987), Siddheshwar (1995),

Khalili and Shivakumara (1998, 2001, 2003), Shivakumara (1999), Barletta et. al (2010),

Nield (2011), Nield and Kuznetsov (2011). Effect of rotation on thermal convection in

an anisotropic porous medium with temperature-dependent viscosity was investigated by

Vanishree and Siddheshwar (2010). The studies, concerning to rotating porous medium

saturated by a nanofluid, were carried out by Veronis (1966), Rudraiah (1986) , Agarwal et

al. (2011), Bhadauria and Agarwal (2011), Agarwal and Bhadauria (2011), and Chand and

Rana (2012). There are several articles in which the effect of internal heating on convective

flow has been investigated. For instance, see the article due to Roberts (1967), Tveitereid

and Palm (19760), Tveitereid (1978), Yu and Shih (1980), Bhattacharya and Jena (1984),

Takashima (1989), Tasaka and Takeda (2005), Joshi et al. (2006), Bhadauria et. al. (2011),

Bhadauria (2012), Altawallbeh et al. (2013), Bhadauria et. al. (2013a-c) and Srivastava

et. al. (2013).

Recently, Nield and Kuznetsov (2014) in their revised model subject to new set of

boundary conditions, where it is assumed that there is no nanoparticle flux at the plate

and the particle fraction value adjusts accordingly, In that case, the presence of oscillatory

convection turns oblivious due to the absence of two opposing forces. Agarwal (2014)

studied the thermal instability in a rotating porous layer saturated by a nanofluid based
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on a new boundary condition for the nanoparticle fraction. Similar work has been done by

Yadav et al. (2015) for free-free, rigid-rigid and free-rigid boundaries. Linear as well as non-

linear study for Rayleigh-Bénard convection in a nanofluid under thermal non-equilibrium

with new boundary condition is studied by Agarwal et. al. (2014). Nield and Kuznetsov

(2015) has done tremendous work in the area of throughflow subject to another revised

boundary conditions, considering the fact that the total nanoparticle flux is the sum of

diffusive, convective and thermophoretic terms. Since the particles are transported in the

fluid phase only, and so the intrinsic velocity is involved in the convective terms.

In the present chapter, the effect of throughflow, rotation and internal heat source

on thermal instability in a porous medium saturated by a nanofluid has been studied.

Horton-Rogers-Lapwood model based on the Brinkman model is used for the fluid flow.

In place of fixed nanopartical fraction conditions, the thermo-nanopartical flux boundary

conditions have been introduced. The study of the effect of the different parameters: namely

Pe, Ta, Ri, Rn, Le, NA, NB, ε, α, and Da on thermal instability has been carried out.

Effects of these parameters depicted graphically.

2.2 Governing Equation

Consider a densely packed porous layer saturated by a nanofluid, confined between two

horizontal boundaries at z = 0 and z = d, heated from below. The boundaries are imper-

meable and perfectly thermally conducting. The porous layer is extended infinitely in x

and y directions, with the z-axis extending vertically upward with the origin at the lower

boundary. The porous layer is rotating uniformly about z-axis. The Coriolis effect has been

taken into account by including the Coriolis force term in the momentum equation whereas

the centrifugal force term can be realized as a gradient of a scalar, and hence has been

absorbed into the pressure term. In addition, the local thermal equilibrium between the

fluid and solid phase has been considered. The physical configuration of model has been

described in Figure 2.1.

Employing the Oberbeck-Boussinesq approximation, the governing equations to study

the thermal instability in a nanofluid-saturated rotating porous medium are [ Buongiorno
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T = Tc

Y

Z

XO Z = 0

Z = d

T = Th v = H 0, 0, V L

Nanofluid

Figure 2.1: Physical configuration of the problem

(2006), Kuznetsov and Nield (2010) and Nield and Kuznetsov (2013), Nield and Kuznetsov

(2014), Nield and Kuznetsov (2015)]

∇ · vD = 0, (2.2.1)

ρf
ε

∂vD

∂t
+∇p = µ̄∇2vD −

µ

K
vD + [φρp + (1− φ){ρ(1− β(T − Tc))}]~g +

2ρf
ε

(vD × ΩR),

(2.2.2)

(ρc)m
∂T

∂t
+ (ρc)fvD · ∇T = κm∇2T + ε(ρc)p[DB∇φ− (φ− φ0)

vD
ε

+
DT

Tc
∇T ] · ∇T+

η(T − Tc), (2.2.3)

∂φ

∂t
+

1

ε
vD · ∇φ = DB∇2φ+

DT

Tc
∇2T, (2.2.4)

where vD = (u, v, w) is the Darcy velocity, Th and Tc are the temperature at lower and

upper walls such that Th > Tc.

In the above equations, both Brownian transport and thermophoresis coefficients are

taken to be time-independent, in tune with the studies that neglect the effect of thermal

transport attributed to the small size of the nanoparticles (as per arguments by Keblinski

and Cahil 2005). Further, thermophoresis and Brownian transport coefficients are assumed

to be temperature-independent due to the fact that the temperature ranges under consid-

eration are not far away from the critical value. Assuming the temperature and the flux
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of the nanoparticles to be constant at the boundaries, the boundary conditions are to be

taken as

v = (0, 0, V ), T = Th, DB
∂φ

∂z
− (φ− φ0)

vD
ε

+
DT

Tc

∂T

∂z
= 0 at z = 0, (2.2.5)

v = (0, 0, V ), T = Tc, DB
∂φ

∂z
− (φ− φ0)

vD
ε

+
DT

Tc

∂T

∂z
= 0 at z = d, (2.2.6)

The dimensionless variables are considered as given below:

(x∗, y∗, z∗) = (x, y, z)/d, t∗ = tκT/(σd
2), (u∗, v∗, w∗) = (u, v, w)d/κT , p

∗ = pK/µκT , φ
∗ =

φ− φ0

φ0

and T ∗ =
T − Tc
Th − Tc

, where κT =
κm

(ρc)f
, σ =

(ρcp)m
(ρcp)f

. φ0 is reference value for

nanoparticle volume fraction.

The non-dimensionalized governing equations along with boundary conditions are (after

dropping the asterisk for simplicity)

∇ · v = 0 (2.2.7)

Da

Pr

∂v

∂t
= −∇p− v +Da∇2v− (Rm−Ra T +Rnφ) k̂ +

√
Ta(v× k̂) (2.2.8)

∂T

∂t
+ v · ∇T = ∇2T − NB

ε
φv · ∇T +

NB

Le
∇φ · ∇T +

NANB

Le
∇T · ∇T +RiT (2.2.9)

1

σ

∂φ

∂t
+

1

ε
v · ∇φ =

1

Le
∇2φ+

NA

Le
∇2T (2.2.10)

v = (0, 0, P e), T = 1, ∂φ
∂z
− PeLe

ε
φ+NA

∂T
∂z

= 0 at z = 0,

v = (0, 0, P e), T = 0, ∂φ
∂z
− PeLe

ε
φ+NA

∂T
∂z

= 0 at z = 1,

 (2.2.11)

The non-dimensionlized parameters in the above equations are given below,

Da = µ̄K
µd2
, Ta =

(
2KΩR
νε

)2
, P r = µ̄ε(ρc)m

ρfκm
,

Ra =
ρfgβKd(Th−Tc)

µκT
, Rn =

(ρp−ρf )φ0gKd

µκT
, Rm =

{ρpφ0+ρf (1−φ0)}gKd
µκT

,

NA = DT (Th−Tc)
DBTcφ0

, NB = ε (ρc)p
ρc)f

φ0, Le = κT
DB
,

Ri = ηd2

κm
, P e = dV

κT
,
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NA is the modified diffusivity ratio, which is similar to the Soret parameter that arises

in cross diffusion in thermal instability.

2.3 Basic Solution

At the basic state, the nanofluid flow is only in z-direction, and so, it is assumed

v = (0, 0, P e), p = pb(z), T = Tb(z), φ = φb(z). (2.3.1)

Using Eq.(2.3.1), Eq.(2.2.9) and Eq.(2.2.10) reduce to

d2Tb
dz2
− PedTb

dz
+ Pe

NB

ε
φb
dTb
dz

+
NB

Le

dφb
dz

dTb
dz

+
NANB

Le

(
dTb
dz

)2

+RiTb = 0, (2.3.2)

d2φb
dz2
− PeLe

ε

dφb
dz

+NA
d2Tb
dz2

= 0, (2.3.3)

After integrating Eq.(2.3.3) subject to the boundary condition (2.2.11), to obtain

dφb
dz
− PeLe

ε
φb +NA

Tb
dz

= 0, (2.3.4)

Using Eq.(2.3.4), Eq.(2.3.2) reduces to

d2Tb
dz2
− PedTb

dz
+RiTb = 0, (2.3.5)

The solutions of Eq.(2.3.4) and Eq.(2.3.5) subject to the boundary condition (2.2.11) are

as follows

Tb =
e
Pe
2
z{e ξl2 (1−z) − e−ξl

2
(1−z)}

{e ξl2 − e−ξl
2 }

, (2.3.6)

φb =
NA

e
ξl
2 − e−ξl

2

[
(Pe− ξl)e

ξl
2 (eλlz − e (Pe−ξl)

2
z)

(Pe− ξl − 2λl)
− (Pe+ ξl)e

−ξl
2 (eλlz − e (Pe+ξl)

2
z)

(Pe+ ξl − 2λl)

]
, (2.3.7)
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where, for sort notation, can be written as follows

ξl =
√
Pe2 − 4Ri (2.3.8)

λl =
PeLe

ε
(2.3.9)

2.4 Perturbation Solution

Now superimpose perturbations on the basic state as given below :

v = (0, 0, P e) + v′, p = pb + p′, T = Tb + T ′, φ = φb + φ′. (2.4.1)

Applying the perturbed values from (2.4.1) into model (2.2.7)-(2.2.11) and using (2.3.6)

and (2.3.7), the following equations in linear form can be obtained(after neglecting the

nonlinear terms)

∇ · v′ = 0 (2.4.2)[
Da

Pr

∂

∂t
−Da∇2 + 1

]
v′ = −∇p′ +Ra T ′k̂ −Rnφ′k̂ +

√
Ta(v′ × k̂) (2.4.3)

∂T ′

∂t
+ Pe

∂T ′

∂z
+
dTb
dz

w′ = ∇2T ′ − NB

ε

(
Pe

dTb
dz

φ′ + φb
dTb
dz

w′ + Peφb
∂T ′

∂z

)
+

NB

Le

(
dφb
dz

∂T ′

∂z
+
dTb
dz

∂φ′

∂z

)
+

2NANB

Le

(
dTb
dz

∂T ′

∂z

)
+RiT

′ (2.4.4)

1

σ

∂φ′

∂t
+
Pe

ε

∂T ′

∂z
+

1

ε

dφb
dz

w′ =
1

Le
∇2φ′ +

NA

Le
∇2T ′ (2.4.5)

w′ = 0, T ′ = 0,
∂φ′

∂z
− PeLe

ε
φ′ +NA

∂T ′

∂z
= 0 at z = 0, and at z = 1 (2.4.6)

The parameter Rm is not carried over in the subsequent equations because it is part of

the hydrostatic equilibrium. Differentiating Eq.(2.3.6) and Eq.(2.3.7) with respect to z, to

obtain
dTb
dz

=
e
Pe
2
z{(Pe− ξl)e

ξl
2

(1−z) − (Pe+ ξl)e
−ξl
2

(1−z)}
2{e ξl2 − e−ξl

2 }
(2.4.7)
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dφb
dz

= λlφb −NA
dTb
dz

(2.4.8)

Now, taking the curl of Eq.(2.4.3), to obtain

[
Da

Pr

∂

∂t
−Da∇2 + 1

]
∇× v′ =

√
Ta

∂w′

∂z
(2.4.9)

Taking curl of Eq.(2.4.3) twice, and considering the vertical component, to obtain

[
Da

Pr

∂

∂t
−Da∇2 + 1

]
∇2w′ = Ra∇2

1T
′ −Rn∇2

1φ
′ −
√
Ta

∂

∂z
∇× v′ (2.4.10)

From Eq.(2.4.9) and Eq.(2.4.10), it is obtained

[
Da

Pr

∂

∂t
−Da∇2 + 1

]2

∇2w′ =

[
Da

Pr

∂

∂t
−Da∇2 + 1

]
(Ra∇2

1T
′ −Rn∇2

1φ
′)− Ta∂

2w′

∂z2

(2.4.11)

Next, the normal mode technique is applied for finding the unknown fields in Eq.(2.4.11),

Eq.(2.4.4) and Eq.(2.4.5). Let

(w′, T ′, φ′) = [W (z),Θ(z),Φ(z)] est+ilx+imy (2.4.12)

and substitute it into the preceding differential equations, to obtain

([
Da

Pr
s−Da(D2 − α2) + 1

]2

(D2 − α2) + TaD2

)
W+

Raα2

[
Da

Pr
s−Da(D2 − α2) + 1

]
Θ−Rnα2

[
Da

Pr
s−Da(D2 − α2) + 1

]
Φ = 0 (2.4.13)

−
(
dTb
dz

+
NBPe

ε
φb
dTb
dz

)
W +

(
D2 +

NB

Le

dφb
dz

D +
2NANB

Le

dTb
dz

D − NBPe

ε
φbD − PeD−

α2 − s+Ri

)
Θ +

(
NB

Le

dTb
dz

D − NBPe

ε

dTb
dz

D

)
Φ = 0 (2.4.14)(

1

ε

dφb
dz

)
W −

(
NA

Le
(D2 − α2)

)
Θ−

(
1

Le
(D2 − α2)− Pe

ε
D − s

σ

)
Φ = 0 (2.4.15)

W = 0, Θ = 0, DΦ− PeLe

ε
Φ +NADΘ = 0 at z = 0, 1 (2.4.16)
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where

D =
d

dz
and at α =

√
l2 +m2, (2.4.17)

and α is a horizontal wave number. The values of Pe is taken to be very small as compared

with unity. The single-term Galerkin-type method is used to obtain an approximate solution

of the system Eq.(2.4.4) to Eq.(2.4.16). For this, the trial functions are chosen in such a

way that they satisfy the boundary conditions. Thus,

W1 = Θ1 = sinπz,Φ1 = −NA cos℘ sin (πz − ℘), (2.4.18)

where ℘ = tan−1
(
λl
π

)
.

Using Eq.(2.4.18) in Eqs.(2.4.13)-(2.4.15), and under the orthogonality of the equations

to each trial function, a system of 3 linear algebraic equations in the unknowns, namely A,

B, C are obtained. To obtain a non-trivial solution for the equations in the system, the

determinants of the coefficients of the linear equations must be zero, and so

det


M11 M12 M13

M21 M22 M23

M31 M32 M33

 = 0, (2.4.19)

where

M11 = −
{(

Da

Pr
s+Da(π2 + α2) + 1

)2

(π2 + α2) + Taπ2

}
〈W1W1〉 ,

M12 = Raα2

{(
Da

Pr
s+Da(π2 + α2) + 1

)}
〈Θ1W1〉 ,

M13 = −Rnα2

{(
Da

Pr
s+Da(π2 + α2) + 1

)}
〈Φ1W1〉 ,

M21 =

〈[{
−
(

1 +
PeLe

ε
φb

)
dTb
dz

}
W1

]
Θ1

〉
,

M22 =

〈[{(
D2 +

NB

Le

dφb
dz

D +
2NANB

Le

dTb
dz

D − PeNB

ε
φbD − PeD+

(Ri− α2 − s)
)}

Θ1

]
Θ1

〉
,
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M23 =

〈[{(
NB

Le

dTb
dz

D − PeNB

ε

dTb
dz

)}
Φ1

]
Θ1

〉
,

M31 =

〈[{(
1

ε

dφb
dz

)}
W1

]
Φ1

〉
,

M32 =

〈
−
[{(

NB

Le
(D2 − α2)

)}
Θ1

]
Φ1

〉
,

M33 =

〈
−
[{(

1

Le
(D2 − α2)− Pe

ε
D − s

σ

)}
Φ1

]
Φ1

〉

and

〈f(z)〉 =

∫ 1

0

f(z)dz,

Ra as the eigenvalue of Eq.(2.4.19), found in terms of the other parameters as

Ra =
M11(M22M33 −M32M23) +M13(M21M32 −M22M31)

α2m12(M21M33 −M23M31)
, (2.4.20)

where

m12 ≡M12/Raα
2 =

{(
Da

Pr
s+Da(π2 + α2) + 1

)}
〈Θ1W1〉 .

In the case of neutral stability, take s = iω in the analysis. Further, for stationary con-

vection to occur, ω must be zero(ie. ω = 0). To get the value of Ra for stationary case

one can restrict so that the system is linear in Pe. To evaluate the above integrals the

software package MATHEMATICA 10.0 (Wolfram Research,Champaign, IL) is used and

the following expression is obtained

Ra =
δ2(1 +Daδ2)2 + π2Ta

(1 +Daδ2)

(
δ2

α2
+
PeNANB(1− δ2)

2α2ε
+
Ri

4δ2

(
NANB

ε
− δ2

π2
− 4

))
−RnNALe

(
1

Le
+

1

ε
+

Pe

2δ2ε2

(
NANB(1− δ2) + δ2Le

)
+

Ri

4δ2ε2
(NANB − 4ε)

)
.

(2.4.21)

The nanoparticle flux being zero at the boundaries implies the absence of the two opposing

forces responsible for the occurrence of the oscillatory mode of convection hence oscillatory

convection has been ruled out.
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2.5 Result and discussion

Since oscillatory convection has not been taking into account due to absence of two opposing

force, and so, concentrating on the study of stationary mode of convection in whole scenario.

In absence of internal heat generation, Eq.(2.4.21) reduces to

Ra =
δ2(1 +Daδ2)2 + π2Ta

(1 +Daδ2)

(
δ2

α2
+
PeNANB(1− δ2)

2α2ε

)
−RnNALe

(
1

Le
+

1

ε
+

Pe

2δ2ε2

(
NANB(1− δ2) + δ2Le

))
(2.5.1)

Further, in the absence of vertical throughflow ( i.e., Pe = 0), the expression for Rayleigh

number for stationary convection is obtained in Eq.2.5.2, which is same as obtained by

Agarwal (2014)

Ra =
δ4(1 +Daδ2)2 + π2δ2Ta

α2(1 +Daδ2)
−RnNALe

(
1

Le
+

1

ε

)
(2.5.2)

Also, for a regular fluid Ra attains its minimum when α = π, that is, min{Ra} = 4π2. This

value coincides with the well-known exact value for the Horton-Rogers-Lapwood problem

as expected.

In the following plots, results in the plane (Ra, α) have been depicted for different values

of the parameters. Figures 2.2–2.12 show the effect of various parameters on the neutral

stability for stationary mode of convection.
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Figure 2.2: Ra versus α for different values of Pe
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Figure 2.3: Ra versus α for different values of Pe

The effects of vertically upward throughflow (+ve) and vertically downward throughflow

(−ve) on the thermal Rayleigh number is depicted in Figure 2.2 and Figure 2.3, respectively.

It is found that vertically upward throughflow increase as Ra decreases, and so, Pe has a

destabilizing effect on the stationary convection whereas vertically downward throughflow

increase as Ra increases thus −Pe have a stabilizing effect on the stationary convection in

the system.
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Figure 2.4: Ra versus α for different values of Ri

It is observed from Figure 2.4 and Figure 2.5 that Ri (internal heat Rayleigh number

corresponding to heat source/sink) increases as thermal Rayleigh number Ra decreases.

This means that the internal heat Rayleigh number Ri enhanced/delayed the onset of

convection.
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Figure 2.5: Ra versus α for different values of Ri
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Figure 2.6: Ra versus α for different values of Ta
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Figure 2.7: Ra versus α for different values of Da

Figure 2.6 depicts that the rotation parameter Ta delays the onset of convection and

also it affect the critical wave number, and so the system will stabilised. Figure 2.7 depicts
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Pe = 0.1, Ta = 50, Da = .1, Ri = 0.5
NB = 1, Rn = 4, Ε = 0.6, Le = 10

NA = 1

NA = 1.5

NA = 2

0 2 4 6 8 10 12
0

200

400

600

800

1000

Α

R
a

Figure 2.8: Ra versus α for different values of NA
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Figure 2.9: Ra versus α for different values of NB
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Figure 2.10: Ra versus α for different values of Rn

an interesting change that increase in the value of the Darcy number Da not only delays

the onset of convection but also effects the critical wave number (the critical wave number



37 2.5 Result and discussion

Le = 12

Le = 10

Le = 14

Pe = 0.1, Ta = 50, Da = .1, Ri = 0.5
NA = 1, NB = 1, Ε = 0.6, Rn = 4

0 2 4 6 8 10 12
0

200

400

600

800

1000

Α

R
a

Figure 2.11: Ra versus α for different values of Le
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Figure 2.12: Ra versus α for different values of ε

decreases with increasing Darcy number).

It is noticed from Figures 2.8, 2.9, 2.10 and 2.11 that the modified diffusivity ratio (NA),

the modified particle-density increment (NB), the concentration Rayleigh number (Rn) and

Lewis number (Le) have destabilizing effects on the system, because an increase in the value

of any of these parameters leads to decrease in the value of thermal Rayleigh number. It

is evident from Figure 2.12 that the influence of porosity ε has a stabilizing effect on the

system and increase in ε delays the onset of convection as expected.
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2.6 Conclusion

Thermal instability has been studied in nanofluid-saturated porous layer for Brinkman

model under throughflow, internal heat generation and rotation effect subject to the re-

vised boundary conditions (at boundary nanoparticle flux is assumed to be zero). These

convective boundary conditions are more reliable than the earlier boundary conditions, in

the literature. Galerkin method has been introduced to solve the model. The expression

for thermal Rayleigh number has been obtained by imposing linearity condition on the

throughflow and internal heating term.

The numerical plots for stationary convection indicates that the parameters Ri, Pe, Rn,

Le, NA, NB and Da destabilize the system where as the parameters Ta, −Pe, −Ri and ε

stabilize the system, and in the presence of throughflow and internal heat generation, the

critical value of thermal Rayleigh number diminishes.



Chapter 3

The effect of vertical throughflow in a

horizontal porous layer saturated by

a power-law nanofluid

3.1 Introduction

Enhancement of heat transfer of liquids is a very challenging problem from energy efficiency

point of view. To deal with this challenging problem, one can use tiny particle into the

base fluid. In this context, nanofluids have replaced the ordinary base fluids as a heat

transfer medium in industries due to their high thermal conductivity. Consequently, these

properties of nanofluids have made them technically useful in many real world applications

such as industries, commercial, residential and transportation sectors.

Nanofluids are mixtures of base fluid (like water or ethylene-glycol) along with small

amount of nanoparticles (like metallic or metallic oxide: Cu,Cuo,Al2O3) having dimensions

from 1nm to 100nm. Choi (1995) was the first who proposed the term “nanofluid”. Chen

(2001) analyzed the ballistic nature of heat transport within nanoparticles, Eastman et.

This chapter is based on the research article: The effect of vertical throughflow in a horizontal porous
layer saturated by a power-law nanofluid, (Communicated).
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al. (2001) reported that 40% thermal conductivity of ethylene-glycol increases with 0.3%

volume of copper nanoparticles of 10nm diameter. Das et. al. (2003a) found 10 − 30%

increase of the effective thermal conductivity in alumina/water nanofluids with 1 − 4% of

alumina. The general topic of heat transfer in nanofluids has been surveyed in a book by

Das et al. (2008). These reports led Buongiorno and Hu (2005) to suggest the possibility

of using nanofluids in advanced nuclear systems. Another application of the nanofluid flow

due to Kleinstreuer et. al. (2008) , is in the delivery of nano-drug. There are some more

examples of heat transfer applications of nanofluids in engineering, like automotive and

air-conditioning cooling, in domestic refrigerator and solar devices, are widely described

by Gupta et al. (2013). First of all Buongiorno (2006) proposed a model for convective

transport in nanofluids incorporating the effects of thermophoresis and Brownian diffusion.

Tzou (2008 a, b) have studied the thermal instability problem by using this model and

observed that nanofluid is less stable than base fluid. This problem was further revisited by

Nield and Kuznetsov (2010) for different types of non-dimensional parameters. An extension

to the porous medium of this model was studied by Nield and Kuznetsov (2009), Kuznetsov

and Nield (2010a) and Chand and Rana (2012). Yadav et al. (2012) examined the effect

of internal heat source on the onset of nanofluid convection. In nanofluid saturated porous

medium, Bhadauria and Agarwal (2011a) studied the nonlinear two-dimensional convection.

The study of throughflow in various configuration is available in literature. For detail

reference some articles due to: Wooding (1960), Shvartsblat (1968, 1969), Sutton (1970),

Gershuni and Zhukhovitskii (1976), Jones and Persichetti (1986), Nield (1987), Siddheshwar

(1995), Khalili and Shivakumara (2002, 2003), Shivakumara (1999, 2006), Barletta et. al

(2010, 2011), Nield and Kuznetsov (2011). An exhaustive survey of the literature on this

topic can be found in the book by Nield and Bejan (2013).

However, many practical problems cited above do not involve the power-law in the

porous medium. Several studies have been published recently on convection of power-law

fluids in porous media, see Barletta and Nield (2011), Nield (2011). Nield (2011) was

pointed out that the onset of convection becomes singular when a Newtonian fluid is re-

placed by a standard power-law fluid. He has shown how this singularity can be removed

and thermophoresis and Brownian motion become independent of the power-law index.
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Hayat et al. (2016) have studied the flow of a power-law nanofluid past a vertical stretch-

ing sheet with a convective boundary condition. In this study, the nanoparticle concentra-

tion distribution is illustrated by Brownian motion parameter. Alves and Barletta (2013)

and Barletta and Storesletten (2016) studied linear instability of the horizontal/vertical

throughflow in a horizontal porous layer saturated by a power-law fluid.

The aim of this work is to extend the classical analysis of the onset of convective insta-

bility in a horizontal porous layer with vertical throughflow to a nanofluid of the power-

law type under revised boundary condition[see. Nield and Kuznetsov (2015)]. In case of

nanofluid of the power-law type, Nield (2011) concluded that the critical Rayleigh number

is independent of the power-law index, this applies, whether or not the fluid is a nanofluid.

Thus, all the results related to onset of convection, are independent of the index n. The

present study deals with an additional convective regulator such as throughflow, thus the

role of power law index n comes into existence. Nield and Kuznetsov (2014), Agarwal

(2014a), Yadav et al. (2015), Agarwal et. al. (2015) and Nield and Kuznetsov (2015) have

studied in their revised model subject to new set of boundary conditions, where they have

considered the fact that the total nanoparticle flux is the sum of diffusive, convective and

thermophoretic terms. Since the particles are transported in the fluid phase only, so the

intrinsic velocity is involved in the convective terms only. The study of the effect of the

different parameters: namely n, Pe, Rn, Le, NA, NB, and ε, on thermal instability has

been carried out. Effect of these parameters depicted graphically.

3.2 Mathematical formulation

Particularly for this kind of non-Newtonian fluid, the shear stress τm (SI units are Pa) is a

function of the shear rate ˙γm (SI units are s−1) given by

τm = µm ( ˙γm)n

where µm is the consistency factor and n is the power-law index. In the case of a Newtonian

fluid(n = 1), the consistency factor coincides with the dynamic viscosity. The SI measure-
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ment units of the consistency factor are Pa sn and, for a Newtonian fluid, the SI units of

µm are Pa s. Pseudoplastic fluid behaviour is obtained with n < 1, while dilatant fluids

are described by n > 1. When a power-law type nanofluid saturates a porous medium, the

convective flow is comes into existence due to thermal buoyancy, classical Darcy’s law can

be further modelled and turned into modified Darcy’s law. Under the Oberbeck-Boussinesq

approximation one can consider as follows

µ

K
|v∗|n−1v∗ = −∇p+ φ∗ρp + (1− φ∗){ρ(1− β(T ∗ − T ∗c ))}~g, (3.2.1)

where µ is the effective consistency factor (SI units are Pa sn m1−n), K is the permeability

(SI units are m2) and p is the dynamic pressure (SI units are Pa), viz. the local difference

between the pressure and the hydrostatic pressure. Moreover, in these equations, p∗ is the

pressure, t∗ is the time, g is the gravitational acceleration acting in the negative vertical

direction, v∗ = (u∗, v∗, w∗) is the Darcy velocity, T ∗ is the nanofluid temperature, φ∗ is the

nanoparticle volume fraction and φ∗0 is a reference value of that nanoparticle fraction, ρp is

the nanoparticle mass density at the reference temperature T ∗c , β is the thermal expansion

coefficient of the base fluid, and ~g is the gravity acceleration whose modulus is denoted

as g. The ratio µ
K

depends on the consistency factor µm, power-law index n, permeability

K, porosity ε, and on the tortuosity factor ζ through the relationship (see. Barletta and

Storesletten (2016)).

µ

K
= 2ζµm

(
3ε

50K

)(n+1)/2(
3n+ 1

nε

)n
. (3.2.2)

The tortuosity factor ζ is numerical constant independent of n.

Consider a porous medium whose porosity is denoted by ε and permeability by K. Use

asterisks to denote dimensional variables. It is also consider a coordinate frame in which

the z∗-axis is aligned vertically upward, and horizontal layer of a porous medium confined

between the planes z∗ = 0 and z∗ = d. Each boundary wall is assumed to be permeable to

the throughflow and perfectly thermally conducting. For simplicity, Darcy’s law is assumed

to hold and the OberbeckBoussinesq approximation is employed. Homogeneity and local

thermal equilibrium in the porous medium is assumed. The conservation equations (for
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T* = Tc
*

Y

Z

X
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Z = d

T* = Th
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Power Law Nanofluid 
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Figure 3.1: A sketch showing the physical configuration of the problem

total mass, momentum, thermal energy, and nanoparticles, respectively) are expressed in

the form

∇ · v∗ = 0, (3.2.3)

µ

K
|v∗|n−1v∗ = −∇p+ φ∗ρp + (1− φ∗){ρ(1− β(T ∗ − T ∗c ))}~g, (3.2.4)

(ρc)m
∂T ∗

∂t∗
+ (ρc)fv

∗ · ∇T ∗ = κm∇2T ∗ + ε(ρc)p[DB∇φ∗ − (φ∗ − φ∗0)
v∗

ε
+
DT

T ∗c
∇T ∗] · ∇T ∗,

(3.2.5)

∂φ∗

∂t∗
+

1

ε
· ∇φ∗ = DB∇2φ∗ +

DT

T ∗c
∇2T ∗. (3.2.6)

κm is the effective thermal conductivity of the porous medium, cp is the specific heat of

the material constituting the nanoparticles, DB is the Brownian diffusion coefficient, and

DT is the thermophoretic diffusion coefficient, and introduced the effective heat capacity

(ρc)m and the effective thermal conductivity κm of the porous medium. Similarly, (ρc)f is

the heat capacity of the fluid. The reference temperature has been taken to be T ∗c . In the

linear theory being applied here, the temperature change in the fluid has been assumed to

be small in comparison with T ∗c . It is also assumed that the throughflow velocity has the
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uniform value (0, 0, V ∗). Thus, the boundary conditions are

v∗ = (0, 0, V ∗), T ∗ = T ∗h , DB
∂φ∗

∂z∗
− (φ∗ − φ∗0)

v∗

ε
+
DT

T ∗c

∂T ∗

∂z∗
= 0 at z = 0, (3.2.7)

v∗ = (0, 0, V ∗), T ∗ = T ∗c , DB
∂φ∗

∂z∗
− (φ∗ − φ∗0)

v∗

ε
+
DT

T ∗c

∂T ∗

∂z∗
= 0 at z = d. (3.2.8)

The dimensionless variables are considered as given below: (x, y, z) = (x∗, y∗, z∗)/d, t =

t∗αm/(σd
2), (u, v, w) = (u∗, v∗, w∗)d/αm, p = p∗K/µαm, φ =

φ∗ − φ∗0
φ∗0

and T =
T ∗ − T ∗c
T ∗h − T ∗c

,

where αm =
κm

(ρc)f
, σ =

(ρcp)m
(ρcp)f

.

The non-dimensionalized governing equations along with boundary conditions are

∇ · v = 0 (3.2.9)

|v|n−1v = −∇p−Rmêz +RaT êz −Rnφêz (3.2.10)

∂T

∂t
+ v · ∇T = ∇2T − NB

ε
φv · ∇T +

NB

Le
∇φ · ∇T +

NANB

Le
∇T · ∇T (3.2.11)

1

σ

∂φ

∂t
+

1

ε
v · ∇φ =

1

Le
∇2φ+

NA

Le
∇2T (3.2.12)

v = (0, 0, P e), T = 1, ∂φ
∂z
− PeLe

ε
φ+NA

∂T
∂z

= 0 at z = 0,

v = (0, 0, P e), T = 0, ∂φ
∂z
− PeLe

ε
φ+NA

∂T
∂z

= 0 at z = 1.

 (3.2.13)

The non-dimensionlized parameters in the above equations are given below,

Ra =
ρfgβKd(T ∗

h−T
∗
c )

µαm
, Rn =

(ρp−ρf )φ∗0gKd

µαm
, Rm =

{ρpφ∗0+ρf (1−φ∗0)}gKd
µαm

,

NA =
DT (T ∗

h−T
∗
c )

DBT ∗
c φ

∗
0
, NB = ε (ρc)p

ρc)f
φ∗0, Le = αm

DB
,

P e = dV ∗

αm
.

Here, Pe is a Péclet number, Le is a Brownian motion Lewis number, and Ra is the familiar

thermal Rayleigh-Darcy number. The parameters Rm and Rn may be regarded as basic-

density Rayleigh number and concentration Rayleigh number, respectively. The parameter

NA is a modified diffusivity ratio, while NB is a modified particle-density increment. It will

be noted that the parameter Rm is not involved in these and subsequent equations. It is
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just a measure of the basic static pressure gradient.

3.3 Basic Solution

At the basic state, the nanofluid flow is only in z-direction, and so, it is assumed

v = (0, 0, P e), p = pb(z), T = Tb(z), φ = φb(z). (3.3.1)

Using Eq.(3.3.1), Eq.(3.2.11) and Eq.(3.2.12) reduce to

d2Tb
dz2
− PedTb

dz
+ Pe

NB

ε
φb
dTb
dz

+
NB

Le

dφb
dz

dTb
dz

+
NANB

Le

(
dTb
dz

)2

= 0, (3.3.2)

d2φb
dz2
− PeLe

ε

dφb
dz

+NA
d2Tb
dz2

= 0. (3.3.3)

After integrating Eq.(3.3.3), subject to the boundary condition Eq.(3.2.13), to obtain

dφb
dz
− PeLe

ε
φb +NA

dTb
dz

= 0. (3.3.4)

Using Eq.(3.3.4), Eq.(3.3.2) reduces to

d2Tb
dz2
− PedTb

dz
= 0. (3.3.5)

The solutions of Eq.(3.3.4) and Eq.(3.3.5) subject to the boundary condition Eq.(3.2.13)

are as follow

Tb =
ePe − ePez
ePe − 1

, (3.3.6)

φb = NA

(
(λl − Pe+NAPe)

(
1− eλlz

)
(Pe− λl) (eλl − 1)

+
NAPe

(
1− ePez

)
(Pe− λl) (ePe − 1)

)
, (3.3.7)

where, for sort notation, it is assumed

λl =
PeLe

ε
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In the limit as Pe tends to zero one obtains, as Nield and Kuznetsov (2014) obtained in

their revised model, the linear expressions

Tb = 1− z, φb = NAz,

3.4 Perturbation Solution

Perturb the basic solution, Eq.(3.3.1), Eq.(3.3.6) and Eq.(3.3.7), by defining the velocity,

temperature and nanoparticle concentration disturbances, one can obtained

v = (0, 0, P e) + χv′, T = Tb + χT ′, φ = φb + χφ′. (3.4.1)

where χ is a positive perturbation parameter. Applying the perturbed values from

Eq.(3.4.1) into model (3.2.9)-(3.2.13) and using Eq.(3.3.6) and Eq.(3.3.7), neglect terms

of order higher than χ. Taking the curl of momentum Eq.(3.2.10) one can obtain along

with the boundary conditions Eq.(3.2.13) as

∇ · v′ = 0 (3.4.2)(
n∇2

1 +
∂2

∂z2

)
w′ =

1

|Pe|n−1
(Ra∇2

1T
′ −Rn∇2

1φ
′) (3.4.3)

∂T ′

∂t
+ Pe

∂T ′

∂z
+
dTb
dz

w′ = ∇2T ′ − NB

ε

(
Pe

dTb
dz

φ′ + φb
dTb
dz

w′ + Peφb
∂T ′

∂z

)
+

NB

Le

(
dφb
dz

∂T ′

∂z
+
dTb
dz

∂φ′

∂z

)
+

2NANB

Le

(
dTb
dz

∂T ′

∂z

)
(3.4.4)

1

σ

∂φ′

∂t
+
QPe

ε

∂T ′

∂z
+

1

ε

dφb
dz

w′ =
1

Le
∇2φ′ +

NA

Le
∇2T ′ (3.4.5)

w′ = 0, T ′ = 0,
∂φ′

∂z
− λlφ′ +NA

∂T ′

∂z
= 0 at z = 0, and at z = 1. (3.4.6)

Differentiating Eq.(3.3.6) and Eq.(3.3.7) with respect to z, to obtain

dTb
dz

=
−PeePez
ePe − 1

, (3.4.7)
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dφb
dz

= λlφb −NA
dTb
dz

. (3.4.8)

Next, the normal mode technique is applied for finding the unknown fields in Eq.(3.4.3),

Eq.(3.4.4) and Eq.(3.4.5). Let

(w′, T ′, φ′) = [W (z),Θ(z),Φ(z)] est+ilx+imy, (3.4.9)

and substitute it into the preceding differential equations, one can obtain

(D2 − nα2)W +
Ra

|Pe|n−1
α2Θ− Rn

|Pe|n−1
α2Φ = 0 (3.4.10)

−
(
dTb
dz

+
NBPe

ε
φb
dTb
dz

)
W +

(
D2 +

NB

Le

dφb
dz

D +
2NANB

Le

dTb
dz

D − NBPe

ε
φbD

− PeD − α2 − s
)

Θ +

(
NB

Le

dTb
dz

D − NBPe

ε

dTb
dz

D

)
Φ = 0 (3.4.11)(

1

ε

dφb
dz

)
W −

(
NA

Le
(D2 − α2)

)
Θ−

(
1

Le
(D2 − α2)− Pe

ε
D − s

σ

)
Φ = 0 (3.4.12)

W = 0, Θ = 0, DΦ− λlΦ +NADΘ = 0 at z = 0, 1. (3.4.13)

where

D =
d

dz
and α =

√
l2 +m2,

is a horizontal wave number. The values of Pe is taken to be very small as compared with

unity. The single-term Galerkin-type method is used to obtain an approximate solution of

the system Eq.(3.4.4) to Eq.(3.4.13). For this, the trial functions are chosen in such a way

that they satisfy the boundary conditions. Thus, one can have

W1 = Θ1 = sinπz,Φ1 = −NA cos℘ sin (πz − ℘), (3.4.14)

where ℘ = tan−1
(
λl
π

)
.

Using Eq.(3.4.14) in Eqs (3.4.10)-(3.4.12), and the orthogonality of the equations to each

trial function, one can obtain a system of 3 linear algebraic equations in the unknowns,

namely A, B, C. To obtain a non-trivial solution for the equations in the system, the
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determinants of the coefficients of the linear equations must be zero, and so

det


M11 M12 M13

M21 M22 M23

M31 M32 M33

 = 0, (3.4.15)

where

M11 = −(π2 + nα2) 〈W1W1〉 ,

M12 =
Ra

|Pe|n−1
α2 〈Θ1W1〉 ,

M13 = − Rn

|Pe|n−1
α2 〈Φ1W1〉 ,

M21 =

〈[{
− (1 + λlφb)

dTb
dz

}
W1

]
Θ1

〉
,

M22 =

〈[{(
D2 +

NB

Le

dφb
dz

D +
2NANB

Le

dTb
dz

D − PeNB

ε
φbD − PeD − (α2 + s)

)}
Θ1

]
Θ1

〉
,

M23 =

〈[{(
NB

Le

dTb
dz

D − PeNB

ε

dTb
dz

)}
Φ1

]
Θ1

〉
,

M31 =

〈[{(
1

ε

dφb
dz

)}
W1

]
Φ1

〉
,

M32 =

〈
−
[{(

NB

Le
(D2 − α2)

)}
Θ1

]
Φ1

〉
,

M33 =

〈
−
[{(

1

Le
(D2 − α2)− Pe

ε
D − s

σ

)}
Φ1

]
Φ1

〉

and

〈f(z)〉 =

∫ 1

0

f(z)dz,

Ra as the eigenvalue of Eq.(3.4.15), its value is found in terms of the other parameters as

Ra =
M11(M22M33 −M32M23) +M13(M21M32 −M22M31)

α2m12(M21M33 −M23M31)
, (3.4.16)

where

m12 ≡M12/Raα
2 =

1

|Pe|n−1
〈Θ1W1〉 .
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In the case of neutral stability, take s = iω in the analysis. Further, for stationary con-

vection to occur, ω must be zero(ie. ω = 0). To get the value of Ra for stationary case

one can restrict so that the system is linear in Pe. To evaluate the above integrals the

software package MATHEMATICA 10.0 (Wolfram Research,Champaign, IL) is used and

the following expression is obtained

Ra =RnNALe

{
−
(

1

ε
+

1

Le

)
+

NBNAPe

2 (π2 + α2) ε

{
(π2 + α2)− 1

ε
+

1 +NA

Le

}}
+

|Pe|n−1

{
(π2 + nα2) (π2 + α2)

α2
+
NBNAPe (π2 + nα2)

α2

{
−(1 +NA)

Le
+

(1− (π2 + α2))

2ε

}}
.

(3.4.17)

The nanoparticle flux being zero at the boundaries implies the absence of the two op-

posing forces responsible for the occurrence of the oscillatory mode of convection hence

oscillatory convection has been ruled out.

3.5 Result and Discussion

Since oscillatory convection has not been taking into account due to absence of two opposing

force, and so, concentrating on the study of stationary convection in whole scenario. For

limiting case, one can assume that the fluid is regular (i.e. Rn = NA = 0), therefore

Rast = |Pe|n−1

{
(π2 + nα2) (π2 + α2)

α2

}
. (3.5.1)

It is noticed that Eq.(3.5.1) coincides with the result of Barletta and Storesletten (2016).

Further, expression for Ra in Eq.(3.4.17) is valid for power law type nanofluid of index

n, for Newtonian nanofluid(Power law index n = 1) Eq.(3.4.17) reduces to

Rast = RnNALe

{
−
(

1

ε
+

1

Le

)
+

NBNAPe

2 (π2 + α2) ε

{
(π2 + α2)− 1

ε
+

1 +NA

Le

}}
+{

(π2 + α2)
2

α2
+
NBNAPe (π2 + α2)

α2

{
−(1 +NA)

Le
+

(1− (π2 + α2))

2ε

}}
.(3.5.2)
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Figure 3.2: Rast versus α for different values of Pe
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Figure 3.3: Rast versus α for different values of Pe
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Figure 3.4: Rast versus α for different values of n
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Figure 3.5: Rast versus α for different values of NA
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Figure 3.6: Rast versus α for different values of NB
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Figure 3.7: Rast versus α for different values of Rn
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Figure 3.8: Rast versus α for different values of Le
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Figure 3.9: Rast versus α for different values of ε
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Figure 3.10: Rast versus Pe for different values of n
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Figure 3.11: Rast versus Pe for different values of n
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Figure 3.12: Rast versus n for different values of Pe

Consequently, in the absence of vertical throughflow ( i.e., Pe = 0), the value of Rayleigh

number for stationary convection is obtained as in Eq.3.5.3, which is same as obtained by

Agarwal (2014a)

Rast =
(π2 + α2)

2

α2
−RnNALe

(
1

ε
+

1

Le

)
. (3.5.3)

Also, for a regular fluid Rast attains its minimum value when α = π, that is, min{Rast} =

4π2. This result coincides with the well-known exact value for the Horton-Rogers-Lapwood

problem.

Figures 3.2-3.9 depict neutral stability curves on the parametric plane (Rast, α) for

different values of the parameters. In the cases considered, the Péclet number Pe ranges
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from 0.1 to 1 and the power-law index n from 0.5 to 5 and other parameter values are

fixed as Rn = 4, NA = 1, NB = 1, ε = 0.6 and Le = 10. The neutral stability curve, in

each case, confines the region of linear stability laying below the curve from the region of

instability above the curve. The neutral stability curve is affected by both parameters Pe

and n.

The effects of vertically upward throughflow and vertically downward throughflow on the

thermal Rayleigh number are depicted in Figure 3.2 and Figure 3.3, respectively. It is found

that as the vertically upward throughflow parameter Pe increases, the Rayleigh number

Rast decreases, then, Pe has a destabilizing effect on the stationary convection. However

for vertically downward throughflow paramet Pe has a stabilizing effect on the stationary

convective system as Rast increases on increasing Pe. From Figure 3.4, it is observed that

on decreasing the power law index n, thermal Rayleigh number Rast decreases. This means

the power law index n enhances the onset of convection as it changes from pseudo-plastic

nature to dilatant nature.

It is noticed from Figures (3.5, 3.6, 3.7 and 3.8) that the modified diffusivity ratio (NA),

the modified particle-density increment (NB), the concentration Rayleigh number (Rn) and

Lewis number (Le) have destabilizing effect on the system, because an increment in the

value of any of these parameters leads to decrease in the value of thermal Rayleigh number.

Further it is evident from Figure 3.9 that the influence of porosity ε has a stabilizing effect

on the system, thus increase in ε delays the onset of convection as obtained by Agarwal

(2014a).

The trends of Rast versus Pe for different values of n are reported in Figure 3.10 and

Figure 3.11, respectively. Figure 3.10 shows the plots of Rast versus Pe for pseudo-plastic

range of power law nanofluid whereas Figure 3.11 depicts the same for dilatancy range of

power law nanofluid. The trajectories seem to be partially symmetric about Pe = 0 axis

i.e. convective properties are not altered by the direction of throughflow .

Figure 3.12 shows the plots of Rast versus n for small and large values of Péclet num-

ber. Dotted line trajectories are for the large values of Péclet number where as solid line

trajectories are used for small Péclet number. It is found that as power law index varies

from pseudo-plasticity to dilatancy, the behaviour of instability change.
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3.6 Conclusion

In the present chapter, it is considered the effects of the vertical throughflow of a non-

Newtonian power-law nanofluid on the onset of convective instability in a horizontal porous

layer heated from below. The extended Darcy’s model of momentum diffusion is employed

together with the Oberbeck-Boussinesq approximation. An analytical stationary basic so-

lution is determined as analogous to Nield and Kuznetsov (2015).

The basic velocity, temperature and nanoparticle fraction fields turn out to be indepen-

dent of the non-Newtonian rheology. A linear stability analysis is carried out by Galarkin

method. The results have been obtained in terms of thermal Rayleigh number treated as

eigen value of the problem. A numerical solution of the eigen value problem is employed

to obtain the neutral stability curves and the critical Rayleigh number for the onset of

instability. The concerning parameters of the transition to instability are the Péclet num-

ber associated with the throughflow, the power-law index of the nanofluid and parameter

related to nanofluid. These parameters influence the position of the neutral stability curve

and also the critical Rayleigh number and depicted graphically. The following findings are

made:

1. The phase of power law nanofluid becomes significant in the presence of throughflow.

2. The effect of power law index is to increase (destabilizes) the heat transport as well

as nanoparticle concentration transport in the system.

3. An analytical solution has been obtained under the regime of small Péclet numbers.

It has been shown that simple analytical formulations for the neutral stability curve.

4. Convective motion is highly affected by pseudoplastic nanofluid and dilatant nanofluid.

5. Increment in concentration Rayleigh number Rn, modified diffusivity ratio NA, mod-

ified particle density increment NB and Lewis number Le enhances the heat and mass

transfer.

6. Porosity ε of porous medium, diminishes the heat and concentration transport.



Chapter 4

G-jitter and internal heating effects

on nanofluid convection in a porous

media

4.1 Introduction

Common fluids have limited heat transfer capabilities while some of the metals have very

high thermal conductivity in comparision to these fluids. Therefore, the basic idea behind

nanofluids was to make a substance by combining these two, which would behave like a

fluid and have thermal conductivity of a metal, thus nanofluids were made by suspending

the nanoparticles in the common fluids, called base fluids. Presence of these nanoparticles

in the base fluids may increase the thermal conductivity of the fluids by 15-40%. A large

number of studies are available in the literature in which thermal instability in nanofluids

have been investigated.

A significant feature of nanofluids is thermal conductivity enhancement which was first

reported by Masuda et al. (1993). Nanofluids are mixtures of base fluid such as water

This chapter is based on the research article: G-jitter and internal heating effects on nanofluid convec-
tion in a porous media, Published in Journal of Nanofluid, American Scientific Publisher. Vol. 5
No. 3 pp. 328-339.
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or ethylene-glycol along with small amount of nanoparticles such as metallic or metallic

oxide particles (Cu,Cuo,Al2O3), having dimensions from 1 to 100nm. Choi (1995) was

the first, who proposed this term ”nanofluid”. Natural convection or buoyancy driven

convection, is the heat removal strategy adopted in a wide variety of industries ranging from

transportation (heating, ventilation, and air conditioning), energy production and supply to

electronics, textiles and paper production, geophysical problems, nuclear reactors to name

a few (Choi 1999). The ballistic nature of heat transport within nanoparticles was analyzed

by Chen (2001). Eastman et al. (2001) reported an increase of 40% in the effective thermal

conductivity of ethylene-glycol with 0.3% volume of copper nanoparticles of 10 nm diameter.

Further 10-30% increase of the effective thermal conductivity in alumina/water nanofluids

with 1-4% of alumina was reported by Das et al. (2003). These reports led Buongiorno

and Hu (2005) to suggest the possibility of using nanofluids in advanced nuclear systems.

Another application of the nanofluid flow is in the delivery of nano-drug as suggested by

Kleinstreuer et al. (2008).

Khanafer et al. (2003) reported an increase in concentration of suspended nanoparticles,

is to increase in heat transfer in Cu-water nanofluids in a two-dimensional rectangular

enclosures while Putra et al. (2003) reported that in natural convection, using Al2O3

and CuO nanofluids, the heat transfer coefficient was smaller than that in a clear fluid.

Various studies have been conducted to determine the governing mechanisms in nanoscale,

including a modified Maxwell model accounting for the ordered nanolayer near the particle

fluid interface by Yu and Choi (2003), Brownian motion of nanoparticles in fluids by Jang

and Choi (2004) and Kumar and Murthy (2005), ballistic nature of heat transport within

nanoparticles by Keblinski and Cahill (2005) and thermal lagging in nanoparticles with a

large surface area to volume ratio by Vadász (2006).

Kuznetsov and Nield both together have investigated a series of work on nanofluid as

follows: the Horton Rogers Lapwood problem for the Darcy model in (2009), the onset of

thermal instability in a porous medium saturated by a nanofluid using Brinkman model

in (2010c), the effect of local thermal non-equilibrium using a three-temperature model in

(2010a), the onset of double diffusive nanofluid convection in a layer of a saturated porous

medium in (2010b), the effect of local thermal non-equilibrium (2011), the effect of vertical
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throughflow (2011) and a linear stability theory (2012) for Horton Rogers Lapwood problem

with thermal conductivity and viscosity dependent on the nanoparticle volume fraction.

It appears that all of the above studies deal with the case of uniform heating from below,

and the case of internal heating has been largely neglected. There are numerous situations of

great practical importance where the material offers its own source of heat. It is due to the

internal heating of the earth that there exists a thermal gradient between the interior and

exetior of the earth’s crust, saturated by multicomponents fluids, which helps convective

flow, thereby transferring the thermal energy towards the surface of the earth. Therefore,

the role of internal heat generation becomes very important in several applications that

include geophysics, reactor safety analyses, metal waste form development for spent nuclear

fuel, fire and combustion studies, and storage of radioactive materials. However, there are

relatively very few studies avalaible in which the effect of internal heating on convective

flow has been investigated. Some of these studies are; Roberts (1967), Tveitereid and Palm

(1976), Tveitereid (1978), Yu and Shih (1980), Bhattacharya and Jena (1984), Takashima

(1989), Tasaka and Takeda (2005), Joshi et al. (2006), Bhadauria et al. (2011), Bhadauria

(2012), Altawallbeh et al. (2013), Bhadauria et al. (2013a-c) and Srivastava et al. (2013).

Internal heating in porous media or gravity modulation of the system or a combination

of both can be used as effective mechanism to control the convective flow by suppressing

or advancing it. However, to the best of author’s knowledge, no study is available in

the literature in which the effect of vertical vibrations on the Darcy-Bénard convection in a

nanofluid has been studied under internal heating effect using linear and nonlinear analysis.

It is with this motive that linear and nonlinear analyses of thermal instability are made

in a nanofluid saturated porous medium under gravity modulation, and studied the effect

of internal heating on the system. For linear theory Venezian approach is followed, and

five mode Lorenz model is considered for nonlinear theory, and in the process stability is

discussed, heat and mass transport are quantified in terms of the Nusselt numbers.
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4.2 Mathematical formulation

Consider a porous layer saturated by nanofluid, confined between two horizontal boundaries,

respectively at z=0 and z=d, heated from below and cooled from above. The boundaries are

impermeable and perfectly thermally conducting. The porous layer is extended infinitely

in x and y-directions, and z-axis is taken vertically upward with the origin at the lower

boundary. In addition, the local thermal equilibrium between the fluid and solid has been

considered, thus the heat flow has been described using one equation model. Th and Tc

are the temperature at the lower and upper walls respectively such that Th > Tc (see

Figure 4.1). Employing the Oberbeck-Boussinesq approximation, the governing equations

to study the thermal instability in a nanofluid saturated porous medium are [Buongiorno

(2006), Kuznetsov and Nield (2010a,b,c,) and Nield and Kuznetsov (2013)]:

T = Tc

Y

Z

X
O Z = 0

Z = d

gHtL = g0@1 + Ξ cosHW ΤLD

T = Th

Newtonian Nanofluid
saturated porous medium k

Ó

Figure 4.1: Physical configuration of the problem

∇ · vD = 0, (4.2.1)

ρf
ε

∂vD

∂τ
+∇p = − µ

K
vD + [φρp + (1− φ){ρ(1− β(T − Tc))}]~g (4.2.2)

γ
∂T

∂τ
+ vD · ∇T = κT∇2T + ε

(ρc)p
(ρc)f

[DB∇φ · ∇T +
DT

Tc
∇T · ∇T ] + η(T − Tc) (4.2.3)

∂φ

∂τ
+

1

ε
vD · ∇φ = DB∇2φ+

DT

Tc
∇2T (4.2.4)

~g = g0 (1 + ξ cos(Ωτ))~k (4.2.5)
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where vD is the Darcy velocity. The physical variables have their usual meanings, given in

the nomenclature. Assuming temperature and volumetric fraction of the nanoparticles to

be constant at the stress-free boundaries, one may take the boundary conditions on T and

φ as:

v = 0, T = Th, φ = φ0 at z = 0, (4.2.6)

v = 0, T = Tc, φ = φ1 at z = d, (4.2.7)

where φ1 is greater than φ0. The dimensionless variables are considered as given below:

(x∗, y∗, z∗) = (x, y, z)/d, τ ∗ = τκT/γd
2, (u∗, v∗, w∗) = (u, v, w)d/κT , p

∗ = pK/µκT , φ
∗ =

φ− φ0

φ1 − φ0

and T ∗ =
T − Tc
Th − Tc

, where κT =
km

(ρc)f
, γ =

(ρcp)m
(ρcp)f

. The non-dimensionalized

governing equations along with boundary conditions are (after dropping the asterisk for

simplicity)

∇ · v = 0 (4.2.8)

1

V a

∂v

∂τ
= −∇p− v− gm (Rm−Ra T +Rnφ) êz (4.2.9)

γ
∂T

∂τ
+ v · ∇T = (∇2 +Ri)T +

NB

Le
∇φ · ∇T +

NANB

Le
∇T · ∇T (4.2.10)

∂φ

∂τ
+ v · ∇φ =

1

Le
∇2φ+

NA

Le
∇2T (4.2.11)

v = 0, T = 1, φ = 0 at z = 0, and v = 0, T = 0, φ = 1 at z = 1, (4.2.12)

where gm = (1 + ξ cos(Ωt)). The non-dimensionlized parameters in the above equations are

given in nomenclature, NA is the modified diffusivity ratio, which is similar to the Soret

parameter that arises in cross diffusion in thermal instability.

4.2.1 Conduction state

At the basic state, the nanofluid is assumed to be at rest, therefore the quantities at the

basic state will vary only in z-direction, and are given by:

v = 0, p = pb(z), T = Tb(z), φ = φb(z). (4.2.13)
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Substituting Eq.(4.2.13) in Eq.(4.2.10) and Eq.(4.2.11), to get:

d2Tb
dz2

+RiTb +
NB

Le

dφb
dz

dTb
dz

+
NANB

Le
(
dTb
dz

)2 = 0, (4.2.14)

Using order magnitude analysis, Kuznetsov and Nield (2009) and Tzou (2008a,b) showed

that the second and third terms in equation Eq.(4.2.14) are small, and hence

d2Tb
dz2

+RiTb = 0,
d2φb
dz2

= 0. (4.2.15)

The boundary conditions for solving Eq.(4.2.15) can be obtained from Eq.(4.2.12) as:

Tb = 1, φb = 0 at z = 0, (4.2.16)

Tb = 0, φb = 1 at z = 1. (4.2.17)

Solving Eq.(4.2.15), subject to the conditions, Eq.(4.2.16) and Eq.(4.2.17), one can obtain:

Tb =
sin
√
Ri(1− z)

sin
√
Ri

, (4.2.18)

φb = z. (4.2.19)

4.2.2 Perturbed state/Dimensionless governing equations

Now superimpose perturbations on the basic state given in equation (4.2.13):

v = v′, p = pb + p′, T = Tb + T ′, φ = φb + φ′. (4.2.20)

Substituting the above expression (4.2.20) in Eqs.(4.2.8)-(4.2.11) and using the expressions

(4.2.18) and (4.2.19), eliminating the pressure term and introducing the stream functions,

one can obtain:

1

V a

∂

∂τ
(∇2ψ) +∇2ψ =

(
Rn

∂φ

∂x
−Ra∂T

∂x

)
gm~k, (4.2.21)
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−∂Tb
∂z

∂ψ

∂x
− (∇2 +Ri)T = −∂T

∂τ
+
∂(ψ, T )

∂(x, z)
, (4.2.22)

−∂ψ
∂x
− NA

Le
∇2T =

1

Le
∇2φ− 1

γ

∂φ

∂τ
+
∂(ψ, φ)

∂(x, z)
. (4.2.23)

4.3 Linear stability

Here linear stability analysis considering marginal and over-stable states is studied. To

perform linear stability analysis, nonlinear terms in Eq.(4.2.21) to Eq.(4.2.23) are neglected

thus a linear system of equations is obtained as.

1

V a

∂

∂τ
(∇2ψ) +∇2ψ =

(
Rn

∂φ

∂x
−Ra∂T

∂x

)
gm~k, (4.3.1)

−∂Tb
∂z

∂ψ

∂x
− (∇2 +Ri)T = −∂T

∂τ
, (4.3.2)

−∂ψ
∂x
− NA

Le
∇2T =

1

Le
∇2φ. (4.3.3)

Eliminating T and φ from Eq.(4.3.1) to Eq.(4.3.3) a single equation for ψ is obtained in

the following form

(
1

V a

∂

∂t
+ 1

)(
∇2 +Ri− ∂

∂t

)(
1

Le
∇2 − 1

γ

∂

∂t

)
∇2ψ = − ∂2

∂x2
Rn

[(
∇2 +Ri− ∂

∂t

)
−

NA

Le
∇2∂Tb

∂z

]
gmψ +Ra

∂2

∂x2

[(
1

Le
∇2 − 1

γ

∂

∂t

)
∂Tb
∂z

]
gmψ. (4.3.4)

4.3.1 Method of Solution

Perturbation technique is used to obtain eigen functions ψ and eigen values Ra by intro-

ducing a small perturbation parameter ξ.


ψ = ψ0 + ξψ1 + ξ2ψ2 + . . .

Ra = Ra0 + ξ2Ra2 + . . .

(4.3.5)
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Substitute the Eq.(4.3.5) into Eq.(4.3.4) and equate the like powers of ξ on both sides, to

obtain

Lψ0 = 0, (4.3.6)

Lψ1 = Rn
∂2

∂x2

[
−
(
∇2 +Ri− ∂

∂t

)
+
NA

Le
∇2∂Tb

∂z
.

]
ψ0 cos(Ωt),

+ Ra0
∂2

∂x2

[(
1

Le
∇2 − 1

γ

∂

∂t

)
∂Tb
∂z

.

]
ψ0 cos(Ωt), (4.3.7)

Lψ2 = Rn
∂2

∂x2

[
−
(
∇2 +Ri− ∂

∂t

)
+
NA

Le
∇2∂Tb

∂z
.

]
ψ1 cos(Ωt),

+
∂2

∂x2

[(
1

Le
∇2 − 1

γ

∂

∂t

)
∂Tb
∂z

.

]
(Ra0ψ1 cos(Ωt) +Ra2ψ0), (4.3.8)

where

L =

(
1

V a

∂

∂t
+ 1

)(
∇2 +Ri− ∂

∂t

)(
1

Le
∇2 − 1

γ

∂

∂t

)
∇2 − ∂2

∂x2
Rn

[
−
(
∇2 +Ri− ∂

∂t

)
+

NA

Le
∇2∂Tb

∂z
.

]
−Ra0

∂2

∂x2

[(
1

Le
∇2 − 1

γ

∂

∂t

)
∂Tb
∂z

.

]
(4.3.9)

4.3.2 Zeroth Order System

The marginally stable solutions for Eq.(4.3.6) are assumed in the form

ψ0 = sin(αx) sin(πz) (4.3.10)

Since ψ is independent of y, therefore α is the wave number in x direction, the corresponding

eigen values are given by

Ra0 =

(
δ2(δ2 −Ri)(4π2 −Ri)

4π2α2

)
−Rn

(
Le(δ2 −Ri)(4π2 −Ri)

4π2δ2
+NA

)
(4.3.11)

where δ2 = π2 + α2.
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4.3.3 First Order System

Use Eq.(4.3.10) in Eq.(4.3.7) to get,

Lψ1 = Rnα2

[(
Ri− δ2 +

NA

Le
I1δ

2

)
cos(Ωt) + Ω sin(Ωt)

]
sin(αx) sin(πz)

+Ra0α
2I1

[(
δ2

Le
cos(Ωt)− Ω

γ
sin(Ωt)

)]
sin(αx) sin(πz), (4.3.12)

where I1 =
∫ 1

0

∫ π
α

0
∂Tb
∂z

sin2(αx) sin2(πz)dxdz = − π3/α
(4π2−Ri) .

For the solution of the homogeneous equation corresponding to the Eq.(4.3.12), one must

have a term which is orthogonal to sin(αx) sin(πz). Using Eq.(4.3.9) one can obtain

L[sin(πz) exp(iαx−iΩt)] = L(Ω) sin(πz) exp(iαx−iΩt), (4.3.13)

where

L(Ω) = A+ iB

A = Ω2

(
δ2

γ

(
1 +

δ2 −Ri
V a

)
+

δ4

LeV a

)
+Rnα2

(
δ2 −Ri− NA

Le
I1δ

2

)
−Ra0α

2 1

Le
I1δ

2

− δ4

Le

(
δ2 −Ri

)
B = Ω

[
Ra0α

2 I1

γ
−Rnα2 +

δ2

γ

(
δ2 −Ri− Ω2

V a

)
+
δ4

Le

(
1 +

δ2 −Ri
V a

)]

Hence, ψ1 is obtained by inverting the operator L in the following form

ψ1 = Re

[
L∗(Ω)

|L(Ω)|2F1(t) sin(αx) sin(πz),

]
(4.3.14)

where

F1(t) = Rnα2

{(
Ri− δ2 +

NA

Le
I1δ

2

)
cos(Ωt) + Ω sin(Ωt)

}
+Ra0α

2I1

{(
δ2

Le
cos(Ωt)− Ω

γ
sin(Ωt)

)}
.
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4.3.4 Second Order System

From the Eq.(4.3.8) it is obtained

Lψ2 =

[
Ra0α

2I1
δ2

Le
−Rnα2

(
δ2 −Ri− NA

Le
I1δ

2

)]
ψ1 cos(Ωt)

+

[
Ra0α

2 1

γ
−Rnα2

]
(ψ1 cos(Ωt))′ +Ra2α

2I1
δ2

Le
ψ0. (4.3.15)

It is not required to solve the Eq.(4.3.15), but use it to determine Ra2. For the existence

of a solution of the Eq.(4.3.15), it is necessary that, the steady part of its right hand side

must be orthogonal to sin(αx) sin(πz). This gives,

(4.3.16)∫ 1

0

∫ π
α

0

[{
Ra0α

2I1
δ2

Le
−Rnα2

(
δ2 −Ri− NA

Le
I1δ

2

)}
ψ1 cos(Ωt)+{

Ra0α
2 1

γ
−Rnα2

}
(ψ1 cos(Ωt))′ +Ra2α

2I1
δ2

Le
ψ0

]
sin(αx) sin(πz)dxdz, (4.3.17)

where the upper bar denotes the time average.

Ra2 = −
LeAα2

[
Ra0I1

δ2

Le
−Rn

(
δ2 −Ri− NA

Le
I1δ

2
)]2

2I1δ2(A2 +B2)
. (4.3.18)

4.4 Nonlinear stability

Assuming Fourier expressions for the physical variables such as stream function, tempera-

ture and nanoparticle fraction, a local nonlinear stability analysis is performed, and hence

take the following:

ψ =
∞∑
n=1

∞∑
m=1

Amn(τ) sin(mαx) sin(nπz) (4.4.1)

T =
∞∑
n=1

∞∑
m=1

Bmn(τ) cos(mαx) sin(nπz) (4.4.2)

φ =
∞∑
n=1

∞∑
m=1

Cmn(τ) cos(mαx) sin(nπz). (4.4.3)
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In what follows, take the modes (1, 1) for stream function, and (0, 2) and (1, 1) for tem-

perature and nanoparticle concentration, thus using a severely truncated representation

of Fourier series for stream function, temperature and nanoparticle concentration, as used

by Veronis (1966), Rudraiah (1986). This study will help in understanding the physics of

the problem with minimum mathematical expressions. Further, the results can be used

as starting point to generalize it for full nonlinear problem. Also, it is to be noted that

the effect of nonlinearity is to distort the temperature and concentration fields through the

interaction of ψ and T , and ψ and φ respectively. As a result a component of the form

sin(2πz) will be generated. Therefore the minimal expression which describes the finite

amplitude convection is of the form

ψ = A11(τ) sin(αx) sin(πz) (4.4.4)

T = B11(τ) cos(αx) sin(πz) +B02(τ) sin(2πz) (4.4.5)

φ = C11(τ) cos(αx) sin(πz) + C02(τ) sin(2πz), (4.4.6)

where the amplitudes A11(τ), B11(τ), B02(τ), C11(τ) and C02(τ) are functions of time and

to be determined. Substituting expressions (4.4.4) - (4.4.6) in Eqs.(4.2.21) - (4.2.23), using

the orthogonality condition for the eigenfunctions associated with the considered minimal

mode, to get:

dA11(τ)

dτ
=

V a

δ2
{α (1 + ξ cos(Ωt)) [RnC11(τ)−RaB11(τ)]− δ2A11(τ)} (4.4.7)

dB11(τ)

dτ
= −[

4π2a

(4π2 −Ri)A11(τ) + (δ2 −Ri)B11(τ) + παA11(τ)B02(τ)] (4.4.8)

dB02(τ)

dτ
=

πα

2
A11(τ)B11(τ)− (4π2 −Ri)B02(τ) +

8π2Ri

9π4 − 10π2Ri−Ri2A11(τ) (4.4.9)

1

γ

dC11(τ)

dτ
= −[αA11(τ) +

1

Le
δ2C11(τ) + παA11(τ)C02(τ) +

NA

Le
δ2B11(τ)] (4.4.10)

1

γ

dC02(τ)

dτ
=

πα

2
A11(τ)C11(τ)− 4π2

Le
[C02(τ) +NAB02(τ)] (4.4.11)

The above system of simultaneous autonomous ordinary differential equations can be sub-

sequently solved numerically using Mathematica NDSolve.
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4.5 Heat and nanoparticle concentration transport

The thermal Nusselt number, Nu(τ) is defined as

Nu(τ) =
Heat transport by (conduction + convection)

Heat transport by conduction

= 1 +


2π/αc∫

0

(
∂T

∂z

)
dx

2π/αc∫
0

(
∂Tb
∂z

)
dx


z=0

. (4.5.1)

Substituting equations (4.2.18) and (4.4.5) in Eq.(4.5.1), to get

Nu(τ) = 1− 2πB02(τ) (4.5.2)

The nanoparticle concentration Nusselt number, Nuφ(τ) is defined similar to the thermal

Nusselt number.

Nuφ(τ) =
Mass transport by (molecular diffusion+advection)

Mass transfer by molecular diffusion
, (4.5.3)

= (1− 2πC02(τ)) +NA(1− 2πB02(τ)). (4.5.4)

4.6 Results and discussion

The nanofluids have an enhanced magnitude of thermal conductivity than normal fluids

or metals, being attributed to the presence of nanoparticles in them. Nanofluids being

combinations of base fluids with some metallic nano-scale sized particles or fibers, suspended

in them, combined the thermal properties of both, leading to an enhanced rate of thermal

conductivity. This has been experimentally verified by many researchers in the past decade.

Here in this Chapter the effect of gravity modulation and internal heat generation on the

onset of Darcy-Bénard nanofluid convection is investigated. The linear stability solution

is obtained using Venezian approach. The expressions for the critical Rayleigh number

for different realistic values of the non dimensional parameters such as Lewis number,

concentration Rayleigh number, Vadász number, heat capacity ratio, internal Rayleigh



68 4.6 Results and discussion

number and modified diffusivity ratio are computed, and the results are depicted in Figures

4.2–4.7.

Using Darcy model and considering top heavy porus layer, a nonlinear stability analysis

is performed to study heat and concentration transport. Linear theory has been inves-

tigated by Umavathi (2013), concerning temperature modulation, Pranesh et al. (2014)

performed gravity modulation using Venezian model and Mohammed et al (2015) stud-

ied g-jitter induced magnetoconvection with boundary layer flow. It is well known that a

nonlinear theory is needed to analyze heat/mass transport, which is not possible by linear

stability theory. Moreover external regulations of convection is important in the study of

thermal instability, therefore, in this Chapter gravity modulation has been consider for

either enhancing or inhibiting the convective heat transport as is required for a real life

application. It is to be noted that according to Buongiorno (2006) Le is large for most

nanofluids investigated so far, but as per Bhadauria and Agarwal (2011b) and Umavathi

(2013) Le = 10 is considered in the case of nanopartical concentration Rayleigh number.

The effect of gravity modulation on heat transport has been depicted in Figures 4.8–4.22.

The following parameters V a,Rn,NA, Le, γ, ξ and Ω occuring in the present study, influ-

ence the convective heat transport. The first five parameters are related to the porous layer

and the next two parameters concern the external mechanism of controlling convection. Be-

cause of small amplitude of modulation, the values of ξ are considered to be small. Further,

the gravity modulation assumed to be of low frequency, as at low range of frequencies, the

effect of frequency on onset of convection as well as on heat transport is maximum. The

coefficient of heat transport, i.e. thermal Nusselt number and the coefficient of nanoparticle

concentration transport, i.e. concentration Nusselt number are calculated as functions of

time and other parameters of the system. The obtained results are depicted in the Figures

4.8–4.22 for Nu(τ) and Nuφ(τ) verses time τ . In the figures, the values of Nu(τ) and

Nuφ(τ) start with 1 and 2 respectively, and remain constant for a quite some time, show-

ing the conduction state. Then the values of Nu(τ) and Nuφ(τ) increase as time passes,

thus showing that the convection is taking place. These values oscillate and then approach

constant values thus showing that the steady state has been achieved.

For the results corresponding to linear stability, graphs Ra2 versus Ω are ploted. In
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Figure 4.2: Ra2 versus Ω for different values of Ri
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Figure 4.3: Ra2 versus Ω for different values of NA

Figure 4.2 it is observed that, as Ri increases, |Ra2| decreases. The increase in Ri implies

that the entropy of the system will increase. Thus, increase in Ri destabilizes the system.

Figure 4.3 is the plot of Ra2 versus Ω for different values of modified diffusivity ratio NA.

Increase in NA signifies that thermophoresis effect will increase, it is observed that |Ra2|
decreases as NA increases, thus destabilize the system.

Figure 4.4 shows the effect of Rn. An increment in Rn represents an increment in

concentration of suspended nanoparticles. It is found as Rn increases |Ra2| increases,

thereby it stabilizes the system. This means that the fluids with suspended nanoparticles

are more helpful for stabilization than ordinary fluids. Figure 4.5 is the plot of Ra2 versus

Ω for different values of Lewis number Le. From the figure it is found that as Le increases



70 4.6 Results and discussion

Rn = 6

Rn = 4

Rn = 2

NA = 1, Ri = 4, Le = 10, Γ = 10, Va = 10

0 10 20 30 40 50
0

5

10

15

20

25

W

R
a2

Figure 4.4: Ra2 versus Ω for different values of Rn
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Figure 4.5: Ra2 versus Ω for different values of Le
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Figure 4.6: Ra2 versus Ω for different values of γ



71 4.6 Results and discussion

Va = 10

Va = 30

Va = 20

NA = 1, Ri = 4, Rn = 4, Le = 10, Γ = 10

0 10 20 30 40 50
0

2

4

6

8

10

12

W

R
a2

Figure 4.7: Ra2 versus Ω for different values of V a

|Ra2| increases, thus the system is stabilized.

From the Figure 4.6 it is observed that, for certain range of modulation frequency as γ

increases Ra2 increases but out of that range the effect is reversed. For higher value of Ω

the variation in heat capacity ratio is small and hence it stabilizes the system. Figure 4.7 is

the plot of Ra2 versus Ω for different values of Vadász number Va. It is observed that the

effect of Vadász number is similar to γ. It can be inferred that it destabilizes the system

for lower values of Ω and stabilizes the system for larger values of Ω.
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Figure 4.8: Nu verses τ for different values of V a

Now it is found the results related to nonlinear system are discussed. From the Figure

4.8 and 4.9, it is found that initially when time τ is small, the vibrations become of high

amplitudes as the value of Va increases, and so thermal Nusselt and concentration Nusselt
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Figure 4.9: Nuφ verses τ for different values of V a

numbers increase, thus increasing the rate of heat and nanoparticle concentration transport.

But at large values of time τ , the vibrations become smaller and subsequently the values

of Nu and Nuφ approach steady state values.
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Figure 4.10: Nu verses τ for different values of Ri

From the Figure 4.10 and Figure 4.11, it is observed that the effect of internal Rayleigh

number Ri is to enhance the heat transport and nanoparticle concentration as well. This

confirms the results obtained most recently by Bhadauria (2012) and Bhadauria et al.

(2011b, 2012, 2013).

However, from Figure 4.12 and 4.13, it is found that as the value of thermal capacity ra-

tio γ increases, the values of thermal Nusselt and concentration Nusselt numbers decrease,

thus decreasing the rate of heat and concentration transport. Further, the influence of



73 4.6 Results and discussion

Ri = 1, 2

Va = 1, Rn = 2, NA = 1, Le = 10,
Γ = 1, Ξ = 0.1, W = 2

0.0 0.1 0.2 0.3 0.4 0.5
2

3

4

5

6

7

8

9

Τ

N
u Φ

Figure 4.11: Nuφ verses τ for different values of Ri
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Figure 4.12: Nu verses τ for different values of γ
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Figure 4.13: Nuφ verses τ for different values of γ
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concentration Rayleigh number Rn on both thermal Nusselt number as well as on concen-

tration Nusselt number is found to be similar that is to enhance the heat and concentration

transport as given in Figure 4.14 and 4.15 respectively, which is due to the fact that the

nanoparticle concentration is more at the top.
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Figure 4.14: Nu verses τ for different values of Rn
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Figure 4.15: Nuφ verses τ for different values of Rn

Figure 4.16 shows that NA and Le do not have significant effect on thermal Nusselt

number as reported earlier by Bhadauria and Agarwal (2011). On the contrary in the case

of concentration Nusselt number both Le and NA have increasing effect as given in the

Figure 4.17 and 4.18 respectively.

Figure 4.19 and 4.20 show that the effect of increase in the amplitude of gravity modu-

lation on heat and nanoparticle concentration transport is to increase the values of Nu and
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Figure 4.16: Nu verses τ for different values of NA and Le
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Figure 4.17: Nuφ verses τ for different values of Le
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Figure 4.18: Nuφ verses τ for different values of NA
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Figure 4.19: Nu verses τ for different values of ξ
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Figure 4.20: Nuφ verses τ for different values of ξ

Nuφ and hence transport phenomena in both the cases. Figure 4.21 and 4.22 show that the

effect of increasing frequency of gravity modulation on heat and nanoparticle concentration

transport is to decrease the values of Nu and Nuφ, and hence stabilize the system. Thus,

the classical results as per Gresho and Sani (1970) and Bhadauria and Kiran (2014) are

found.

It is observed in most of the cases that there is much effect of parameters on Nu and

Nuφ at small values of time, but less effect at large time, since vibrations become smaller in

magnitude, and disappears as Nu, Nuφ reach steady state values. Finally, the parameters

Va, Rn, ξ have destabilizing effects on the system, while γ,Ω have stabilizing effects. The

parameters NA, Le do not show any effect on Nu, but increases the value of Nuφ.
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Figure 4.21: Nu verses τ for different values of Ω
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Figure 4.22: Nuφ verses τ for different values of Ω

4.7 Conclusions

In the present chapter, the combined effect of internal heating and gravity modulation

is considered on Bénard−Darcy convection in a horizontal porous layer saturated by a

nanofluid, which is heated from below and cooled from above. Further, the effect of Brow-

nian motion along with thermophoresis is incorporated. The top heavy suspension of nano

particles has been considered. Linear stability results obtained in terms of correction in

critical Rayleigh number. The results have been obtained in terms of the concentration

and thermal Nusselt numbers with the help of the finite amplitude equations. The effect of

various parameters has been obtained, and depicted graphically. The following observations

are made
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1. Low frequency of modulation shows destabilization effect but high frequencies stabilize

the system for Va and γ.

2. The effect of internal heating is to increase (destabilizes) the heat transport as well

as nanoparticle concentration transport in the system.

3. Increment in concentration Rayleigh number Rn, modified diffusivity ratio NA and

Lewis number Le increases the effect of gravity modulation.

4. An increment in Va is to increase the values of Nu(τ) and Nuφ(τ) at small values of

time τ but no effect at large time τ .

5. The effect of increased nanoparticle concentration Rn is to enhance the heat and

concentration transport.

6. There is no significant effect of NA and Le on thermal Nusselt number.

7. Increasing Le, ξ, NA and Rn is to increase the concentration Nusselt number, whereas

an increase in Ω decreases the same, and so the concentration transport.

8. The effect of time on Nusselt numbers is found to be oscillatory, when τ is small.

However, when time τ becomes very large, Nusselt numbers approached the respective

steady values.

9. Gravity modulation can be used to regulate the system effectively, whereas internal

heating destabilize the system.



Chapter 5

Effect of rotational speed modulation

on thermal instability in a nanofluid

saturated porous medium

5.1 Introduction

During the last two decades, the nanofluids (the suspensions of nanometre size particles in

the base fluid) are being used as heat transfer media due to their enhanced abilities over

ordinary fluids as heat exchangers and transporters. The presence of very little quantity

of nanoparticles in base fluids creates a significant enhancement in the heat transfer char-

acteristics of the fluids. This characteristics of nanofluids depends on the thermo-physical

properties of the base fluid and the suspended nanoparticles. The nanofluids find a wide

range of applications in industrial, commercial, residential and transportation sectors.

A significant feature of nanofluids is the thermal conductivity enhancement, which was

first introduced by Masuda et al. (1993). Nanofluids are mixtures of base fluid (like water or

ethylene-glycol) along with small amount of nanoparticles (like metallic or metallic oxide:

This chapter is based on the research article: Convective motion in nanofluid under variable rotational
speed, Published in Advanced Science Engineering and Medicine, American Scientific Publisher.
Vol. 10 No. 7/8 pp. 717-723.
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Cu,Cuo,Al2O3) having dimensions from 1nm to 100nm. Choi (1995) was the first to

propose the term “nanofluid”. Chen (2001) analyzed the ballistic nature of heat transport

within nanoparticles, Eastman et al. (2001) reported that 40% thermal conductivity of

ethylene-glycol increases with 0.3% volume of copper nanoparticles of 10nm diameter. Das

et al. (2003) found 10−30% increase of the effective thermal conductivity in alumina/water

nanofluids with 1−4% of alumina. These reports led Buongiorno and Hu (2005) to suggest

the possibility of using nanofluids in advanced nuclear systems. Another application of the

nanofluid flow due to Kleinstreuer et al. (2008), is in the delivery of nano-drug.

Khanafer et al. (2003) reported an increase in concentration of suspended nanoparticles,

is to increase in heat transfer in Cu-water nanofluids in a two-dimensional rectangular

enclosures whereas Putra et al. (2003) reported that in natural convection with Al2O3 and

CuO nanofluids, the heat transfer coefficient was smaller than that in a regular fluid. A wide

range of studies have been conducted to determine the governing mechanisms in nanoscale

such as the Brownian motion of nanoparticles in fluids by Jang and Choi (2004), a modified

Maxwell model accounting for the ordered nanolayer near the particle fluid interface by Yu

and Choi (2003), ballistic nature of heat transport within nanoparticles by Keblinski and

Cahill (2005). Vadász (2006) studied thermal lagging in nanoparticles with a large surface

area to volume ratio. A comprehensive review of heat transport in nanofluids is due to

Eastman et al. (2004). It is a fact that in spite of several reported studies, no satisfactory

explanation for abnormal enhancement in the thermal conductivity and viscosity of the fluid

in the presence of nano-particles, could be found so far. Wen and Ding (2006) reported a

reduction in heat transfer after changing a regular fluid to a nanofluid. Abu-Nada et al.

(2008) have shown the enhancement of heat transfer in nanofluids at higher values of the

Rayleigh number.

It was Buongiorno (2006), who first proposed a model for convective heat transport

in nanofluids incorporating the effects of thermophoresis and Brownian diffusion. Tzou

(2008a, 2008b) studied the thermal instability problem by using Buongiorno (2006) model,

and observed that nanofluid is less stable than base fluid. This problem was further revisited

by Nield and Kuznetsov (2010) for different types of non-dimensional parameters. An

extension to the porous medium of this model was studied by Nield and Kuznetsov (2009),
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Kuznetsov and Nield (2009) and Chand and Rana ( 2012). Yadav et al. (2012) examined

the effect of internal heat source on the onset of nanofluid convection. Two-dimensional

nonlinear convection in nanofluid saturated porous medium have been studied by Bhadauria

and Agarwal (2011).

Combined effect of thermal modulation and rotation on the onset of convection in a ro-

tating fluid layer was studied, in brief, by Rauscher and Kelly (1975). Liu and Ecke (1997)

analyzed heat transport of turbulent Rayleigh-Bénard convection under rotational effect.

Malashetty and Swamy (2008) investigated thermal instability in a rotating fluid layer

subjected to both boundary temperature modulation, and found that by proper tuning of

the modulation frequency, Taylor number and Prandtl number, the onset of convection can

be advanced/delayed. Kloosterziel and Carnevale (2003) investigated the effect of rotation

on the stability of thermally modulated system, and determined the critical points analyt-

ically for the marginal stability boundary, above which an increment either in viscosity or

in diffusivity is destabilizing. They also showed that for a non-viscous fluid, the system

will always be unstable, contradicting Chandrasekhar’s (1961) conclusion. Malashetty

and Swamy (2007) studied the effect of rotation on the stability of thermally modulated

system, and found that the symmetric modulation destabilizes the system at low frequen-

cies, while it stabilizes at moderate and high frequencies. Asymmetric modulation is the

most stable situations at all frequencies. Bhadauria (2007) studied the fluid convection in

a rotating porous layer under modulated temperature on the boundaries considering rigid-

rigid boundaries. Bhadauria (2008) investigated rotational influence on Darcy convection,

and found that both rotation and permeability suppress the onset of thermal instability.

Bhadauria et al. (2012) investigated the nonlinear thermal instability in a rotating viscous

fluid layer under temperature/gravity Modulation. They found that by suitably adjusting

the frequency or amplitude of modulation one can control the convective flow.

Although rotation speed modulation was the induced concept of the temperature-gravity

modulation, but only scarce research material is available in the literature. The effect of

temperature modulation on the Rayleigh-Bénard instability and the effect of rotational

speed modulation in the Taylor-Couette instability have been studied theoretically and ex-

perimentally by Niemela and Donnelly (1986), Kumar et al. (1986), Walsh and Donnelly
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(1988). While studying the rotational speed modulation effect, one more parameter in

the form of rotational speed appears which affects the stability of convective flow. In the

literature, the relevant study is due to Bhattacharjee (1989), who found that the effect of

modulation is stabilizing in various physical configurations. Suthar et al. (2009) studied

the effect of the rotation speed modulation. Effect of rotation on thermal convection in a

porous medium was studied by Veronis (1966), Rudraiah (1986), Vanishree and Siddhesh-

war (2010). The studies, concerning the rotating porous media saturated with a nanofluid,

were carried out by Agarwal et al. (2011), Bhadauria and Agarwal (2011), Agarwal and

Bhadauria (2011) and Chand and Rana (2012).

Recently, Nield and Kuznetsov (2014) in their revised model adopted a new set of bound-

ary conditions, where it was assumed that there is no nanoparticle flux at the boundaries,

and the particle fraction value adjusts accordingly. In this case, the oscillatory mode of

convection was ruled out due to the absence of two opposing forces. Agarwal (2014) studied

the thermal instability in a rotating porous layer saturated by a nanofluid, considering new

boundary conditions for nanoparticle fraction. Similar work has been done by Yadav et al.

(2015) for free-free, rigid-rigid and free-rigid boundaries. Linear as well as nonlinear stabil-

ity analysis for Rayleigh-Bénard convection in a nanofluid under thermal non-equilibrium

with new boundary condition is done by Agarwal et al. (2015).

The present chapter is concerned with the study of the effect of rotational speed mod-

ulation on thermal instability in a porous medium saturated by a nanofluid. Horton-

Rogers-Lapwood model based on the Brinkman model is used for the fluid flow, and in

place of fixed nanopartical fraction boundary conditions, the thermo-nanopartical flux

boundary conditions have been introduced. The effect of the different parameters such

as ω, ξ, Pr, Ta, Rn, Le, NA, NB, ε, and Da on thermal instability has been studied,

and the correction in the critical Rayleigh number due to rotational speed modulation has

been investigated. The physical behavior of these parameters has been depicted graphically.

Further, using non-linear analysis, it is found that the rotational speed modulation can be

used to regulate the heat and mass transports effectively.
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5.2 Governing Equation

Consider a nanofluid saturated porous layer, confined between two horizontal boundaries

at z = 0 and z = d, heated from below. The boundaries are assumed to be impermeable

and perfectly thermally conducting. The porous layer is extended infinitely in x and y

directions, while the z-axis is extending vertically upward with the origin at the lower

boundary. The porous layer is rotating about z-axis periodically with angular velocity ΩR.

The Coriolis effect has been taken into account by including the Coriolis force term in the

momentum equation whereas the centrifugal force term can be realized as a gradient of a

scalar, and hence has been absorbed into the pressure term. In addition, the local thermal

equilibrium between the fluid and solid has been considered. Employing the Oberbeck-

Boussinesq approximation, the governing equations to study the thermal instability in a

nanofluid-saturated rotating porous medium are [Buongiorno (2006), Kuznetsov and Nield

(2010a,b,c,) and Nield and Kuznetsov (2013), Nield and Kuznetsov (2014)]



∇ · vD = 0,

ρf
ε
∂vD

∂t
+∇p = µ̄∇2vD − µ

K
vD + [φρp + (1− φ){ρ(1− β(T − Tc))}]~g +

2ρf
ε

(vD × ΩR),

(ρc)m
∂T
∂t

+ (ρc)fvD · ∇T = κm∇2T + ε(ρc)p[DB∇φ+ DT
Tc
∇T ] · ∇T,

∂φ

∂t
+

1

ε
vD · ∇φ = DB∇2φ+

DT

Tc
∇2T,

(5.2.1)

where vD = (u, v, w) is the Darcy velocity, Th and Tc are the temperatures at the lower

and upper walls such that Th > Tc. The considered rotational speed, which is varying

sinusoidally with respect to time, is defined as:

ΩR = ΩR0(1 + ξ cos(ωt))k̂. (5.2.2)

The constants and variables, used in the above Eqs.(5.2.1) and (5.2.2), have their usual

meanings, and are given in the nomenclature.
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In Eq.(5.2.1), both Brownian transport and thermophoresis coefficients are time-

independent, in tune with the studies that neglect the effect of thermal transport attributed

to the small size of the nanoparticles (as per arguments by Keblinski and Cahil 2005). Fur-

ther, thermophoresis and Brownian transport coefficients are assumed to be temperature-

independent due to the fact that the temperature ranges under consideration are not far

away from the critical value. Let the temperature and flux of volumetric fraction of the

nanoparticles to be constant at the boundaries, the boundary conditions are taken as

v = 0, T = Th, DB
∂φ

∂z
+
DT

Tc

∂T

∂z
= 0 at z = 0, (5.2.3)

v = 0, T = Tc, DB
∂φ

∂z
+
DT

Tc

∂T

∂z
= 0 at z = d. (5.2.4)

The dimensionless variables are considered as given below:

(x∗, y∗, z∗) = (x, y, z)/d, t∗ = tκT/(σd
2), (u∗, v∗, w∗) = (u, v, w)d/κT , p

∗ = pK/µκT , φ
∗ =

φ− φ0

φ0

and T ∗ =
T − Tc
Th − Tc

, where κT =
κm

(ρc)f
, σ =

(ρcp)m
(ρcp)f

and φ0 is the reference value

for nanoparticle volume fraction. The non-dimensionalized governing equations along with

boundary conditions are (after dropping the asterisk for simplicity)

∇ · v = 0 (5.2.5)

Da

Pr

∂v

∂t
= −∇p− v +Da∇2v− (Rm−Ra T +Rnφ) k̂ +

√
Ta(1 + ξ cos(ωt))(v× k̂)

(5.2.6)

∂T

∂t
+ v · ∇T = ∇2T +

NB

Le
∇φ · ∇T +

NANB

Le
∇T · ∇T (5.2.7)

1

σ

∂φ

∂t
+

1

ε
v · ∇φ =

1

Le
∇2φ+

NA

Le
∇2T (5.2.8)

v = 0, T = 1, ∂φ
∂z

+NA
∂T
∂z

= 0 at z = 0,

v = 0, T = 0, ∂φ
∂z

+NA
∂T
∂z

= 0 at z = 1.

 (5.2.9)

The non-dimensionlized parameters in the above equations are as given below:
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Da = µ̄K
µd2
, Ta =

(
2KΩR0

νε

)2
, P r = µ̄ε(ρc)m

ρfκm
,

Ra =
ρfgβKd(Th−Tc)

µκT
, Rn =

(ρp−ρf )φ0gKd

µκT
, Rm =

{ρpφ0+ρf (1−φ0)}gKd
µκT

,

NA = DT (Th−Tc)
DBTcφ0

, NB = ε (ρc)p
ρc)f

φ0, Le = κT
DB
.

5.3 Basic Solution

At the basic state, the nanofluid is at rest, and are given by:

v = 0, p = pb(z), T = Tb(z), φ = φb(z). (5.3.1)

Using Eq.(5.3.1), Eq.(5.2.7) and Eq.(5.2.8) reduce to

d2Tb
dz2

+
NB

Le

dφb
dz

dTb
dz

+
NANB

Le

(
dTb
dz

)2

= 0, (5.3.2)

d2φb
dz2

+NA
d2Tb
dz2

= 0. (5.3.3)

After integrating Eq.(5.3.3), subject to the boundary condition Eq.(5.2.9), obtained as

follows
dφb
dz

+NA
dTb
dz

= 0, (5.3.4)

Using Eq.(5.3.4), Eq.(5.3.2) reduces to

d2Tb
dz2

= 0. (5.3.5)

The solutions of Eq.(5.3.4) and Eq.(5.3.5) subject to the boundary condition (5.2.9) are as

follows

Tb = 1− z, (5.3.6)

φb = φ0 +NAz. (5.3.7)
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5.4 Stability Analysis

Now superimpose perturbations on the basic state as given below :

v = v′, p = pb + p′, T = Tb + T ′, φ = φb + φ′. (5.4.1)

Substituting the expressions (5.4.1) into the Eqs.(5.2.5)-(5.2.9), and using (5.3.6) and

(5.3.7), to obtain

∇ · v′ = 0 (5.4.2)[
Da

Pr

∂

∂t
−Da∇2 + 1

]
v′ = −∇p′ +Ra T ′k̂ −Rnφ′k̂ +

√
Ta(v′ × k̂) (5.4.3)

∂T ′

∂t
+
dTb
dz

w′ + v′.∇T ′ = ∇2T ′ +
NB

Le
(NA∇(T ′ + Tb).∇(T ′ + Tb) +∇(T ′ + Tb).∇(φ′ + φb))

(5.4.4)

1

σ

∂φ′

∂t
+
dφb
dz

w′ + v′.∇φ′ = 1

Le
∇2φ′ +

NA

Le
∇2T ′ (5.4.5)

v′ = 0, T ′ = 0,
∂φ′

∂z
+NA

∂T ′

∂z
= 0 at z = 0, and at z = 1. (5.4.6)

The parameter Rm is not carried over in the subsequent equations because it is part of the

hydrostatic equilibrium. The nanoparticle flux being zero at the boundaries implies the

absence of the two opposing forces responsible for the occurrence of the oscillatory mode

of convection, hence oscillatory convection has been ruled out.

Consider the case of two-dimensional rolls, assuming all physical quantities to be in-

dependent of y. For two-dimensional convection, the stream function ψ is introduced as

u = ∂ψ
∂z

; w = −∂ψ
∂x

, and eliminate the pressure term by taking curl of the momentum

equation twice, the system of nonlinear perturbed equations is obtained as(
Da

Pr

∂

∂t
−Da∇2 + 1

)2

∇2

(
−∂ψ
∂x

)
=

(
Da

Pr

∂

∂t
−Da∇2 + 1

)
∇2

1(RaT −Rnφ)

+Ta(1 + ξ cos(ωt))2 ∂
2

∂z2

(
∂ψ

∂x

)
(5.4.7)
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∂T

∂t
+
∂ψ

∂x
= ∇2T +

∂(ψ, T )

∂(x, z)
(5.4.8)

1

σ

∂φ

∂t
− NA

ε

∂ψ

∂x
=

1

Le
∇2φ+

NA

Le
∇2T +

1

ε

∂(ψ, φ)

∂(x, z)
(5.4.9)

ψ =
∂2ψ

∂z2
= 0, T = 0,

∂φ

∂z
+NA

∂T

∂z
= 0 at z = 0, and at z = 1. (5.4.10)

5.4.1 Linear Stability Analysis

The linear stability analysis is done to study the marginal states. For performing linear

stability analysis, Neglect nonlinear terms in Eqs.(5.4.7)-(5.4.9), thus, get a linear system

of equations(
Da

Pr

∂

∂t
−Da∇2 + 1

)2

∇2

(
−∂ψ
∂x

)
=

(
Da

Pr

∂

∂t
−Da∇2 + 1

)
∇2

1(RaT −Rnφ)

+Ta(1 + ξ cos(ωt))2 ∂
2

∂z2

(
∂ψ

∂x

)
(5.4.11)

∂T

∂t
+
∂ψ

∂x
= ∇2T (5.4.12)

1

σ

∂φ

∂t
− NA

ε

∂ψ

∂x
=

1

Le
∇2φ+

NA

Le
∇2T ′ (5.4.13)

ψ =
∂2ψ

∂z2
= 0, T ′ = 0,

∂φ′

∂z
+NA

∂T ′

∂z
= 0 at z = 0, and at z = 1. (5.4.14)

Eliminating T and φ from Eqs.(5.4.11)-(5.4.13), one can obtain a single equation for ψ

in the form(
∂

∂t
−∇2

)(
1

σ

∂

∂t
− 1

Le
∇2

)(
Da

Pr

∂

∂t
−Da∇2 + 1

)2

∇2

(
∂ψ

∂x

)
= Ra

(
Da

Pr

∂

∂t
−Da∇2 + 1

)
(

1

σ

∂

∂t
− 1

Le
∇2

)
∇2

1

(
∂ψ

∂x

)
+RnNA

(
Da

Pr

∂

∂t
−Da∇2 + 1

)(
1

ε

∂

∂t
−∇2

(
1

Le
+

1

ε

))
×

∇2
1

(
∂ψ

∂x

)
− Ta

(
∂

∂t
−∇2

)(
1

σ

∂

∂t
− 1

Le
∇2

)
(1 + ξ cos(ωt))2 ∂

2

∂z2

(
∂ψ

∂x

)
.

(5.4.15)

Replacing
(
−∂ψ
∂x

)
by w in the above equation, to obtain(

∂

∂t
−∇2

)(
1

σ

∂

∂t
− 1

Le
∇2

)(
Da

Pr

∂

∂t
−Da∇2 + 1

)2

∇2w = Ra

(
Da

Pr

∂

∂t
−Da∇2 + 1

)
(

1

σ

∂

∂t
− 1

Le
∇2

)
∇2

1w +RnNA

(
Da

Pr

∂

∂t
−Da∇2 + 1

)(
1

ε

∂

∂t
− ∇2

(
1

Le
+

1

ε

))
∇2

1w

− Ta
(
∂

∂t
−∇2

)(
1

σ

∂

∂t
− 1

Le
∇2

)
(1 + ξ cos(ωt))2 ∂

2

∂z2
w. (5.4.16)
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The perturbation technique is applied to obtain eigen functions w and the corresponding

eigen valuesRa by introducing a small perturbation parameter ξ as follows [Venezian (1969)]

w = w0 + ξw1 + ξ2w2 + . . .

Ra = Ra0 + ξRa1 + ξ2Ra2 + . . .
(5.4.17)

Using expressions (5.4.17) into Eq.(5.4.16), and then equating the like powers of ξ on both

sides, it is obtained

ξ0 : Lw0 =0 (5.4.18)

ξ1 : Lw1 =Ra1

(
Da

Pr

∂

∂t
−Da∇2 + 1

)(
1

σ

∂

∂t
− 1

Le
∇2

)
∇2

1w0−

2Ta

(
∂

∂t
−∇2

)(
1

σ

∂

∂t
− 1

Le
∇2

)
cos(ωt)

∂2

∂z2
w0 (5.4.19)

ξ2 : Lw2 =Ra2

(
Da

Pr

∂

∂t
−Da∇2 + 1

)(
1

σ

∂

∂t
− 1

Le
∇2

)
∇2

1w0−

Ta

(
∂

∂t
−∇2

)(
1

σ

∂

∂t
− 1

Le
∇2

)
cos2(ωt)

∂2

∂z2
w0

+Ra1α
2

(
Da

Pr

∂

∂t
−Da∇2 + 1

)(
1

σ

∂

∂t
− 1

Le
∇2

)
w1−

2Ta

(
∂

∂t
−∇2

)(
1

σ

∂

∂t
− 1

Le
∇2

)
cos(ωt)

∂2

∂z2
w1, (5.4.20)

where

L =

(
∂

∂t
−∇2

)(
1

σ

∂

∂t
− 1

Le
∇2

)(
Da

Pr

∂

∂t
−Da∇2 + 1

)2

∇2−

Ra0

(
Da

Pr

∂

∂t
−Da∇2 + 1

)(
1

σ

∂

∂t
− 1

Le
∇2

)
∇2

1

−RnNA

(
Da

Pr

∂

∂t
−Da∇2 + 1

)(
1

ε

∂

∂t
−∇2

(
1

Le
+

1

ε

))
∇2

1+

Ta

(
∂

∂t
−∇2

)(
1

σ

∂

∂t
− 1

Le
∇2

)
∂2

∂z2
. (5.4.21)

In the following sections, the above system is solved for different orders of ξ.
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Lowest order system

Since, two dimensional dynamics is assumed to be independent of y direction, so, taking

w0 = sin(αx) sin(πz) for the marginally stable solutions, and the corresponding eigen values

are obtained by using Eq.(5.4.18)

Ra0 =

(
δ4(Daδ2 + 1)2 + Taπ2δ2

α2(Daδ2 + 1)

)
−RnNALe

(
1

Le
+

1

ε

)
(5.4.22)

where δ2 = π2 + α2.

First order system

Use expression for w0 and Eq.(5.4.19) to get

Lw1 = −Ra1

(
Daδ2 + 1

)( δ2

Le

)
α2w0 + 2Taπ2 (h1 cos(ωt)− h2 sin(ωt))w0(5.4.23)

where h1 =
(
δ4

Le
− ω2

σ

)
and h2 = δ2ω

(
1
Le

+ 1
σ

)
.

The solution of the homogeneous equation corresponding to Eq.(5.4.23) must have a

term orthogonal to null space of operator L. Now, apply the theory of minimal Rayleigh

number, taking R1 = 0, so that time dependent term on right hand side of equation

Eq.(5.4.19) is complete orthogonal function to sin(αx) sin(πz). Using w0 = sin(αx) sin(πz),

to obtain

L[sin(πz) exp(iαx−iωt)] = L(ω) sin(πz) exp(iαx−iωt), (5.4.24)

where

L(ω) = S1 + iS2, (5.4.25)

S1 =
δ2

Le

{
(Daδ2 + 1)

(
+RnNALe

(
1

Le
+

1

ε

))
− δ4(Daδ2 + 1)2 − Taπ2δ2

}
+

ω2

{
Da2

Pr2

δ6

Le
+ (Daδ2 + 1)2 δ

2

σ
+
Taπ2

σ
+ 2δ2(Daδ2 + 1)

Da

Pr

(
1

Le
+

1

ε

)
−

α2Da

Pr

(
Ra0

σ
+
RnNA

ε

)}
(5.4.26)



90 5.4 Stability Analysis

S2 =ω

[(
δ4(Daδ2 + 1) + Taπ2δ2

)( 1

Le
+

1

σ

)
+ 2

Da

Pr

δ6

Le
(Daδ2 + 1)−

Ra0α
2

(
(Daδ2 + 1)

σ
+
Da

Pr

δ2

Le

)
−RnNAα

2

(
Daδ2

Pr

(
1

Le
+

1

ε

)
+
Daδ2 + 1

ε

)
+

ω2

{
(Da2δ2)

Pr2

(
1

Le
+

1

σ

)
+ 2

Da

Pr

Daδ2 + 1

σ

}]
(5.4.27)

Now, w1 is obtained by inverting the operator L term by term as follows

w1 = 2Taπ2Re

[
L∗(ω)

|L(ω)|2 {h1 cos(ωt)− h2 sin(ωt)} sin(αx) sin(πz)

]
. (5.4.28)

Second order system

From Eq.(5.4.20), it is obtained

Lw2 =−Ra2α
2(Daδ2 + 1)

δ2

Le
sin(αx) sin(πz) + Taπ2

(
δ4

Le
cos2(ωt)+

ω2

σ
cos(2ωt)− 2ωδ2

(
1

Le
+

1

σ

)
sin(2ωt)

)
sin(αx) sin(πz)

+ 2Taπ2

[
H1

δ4

Le
+

{
H2

(
δ4

Le
− 4ω2

σ

)
+ 2H1δ

2ω

(
1

Le
+

1

σ

)}
sin(2ωt)

+

{
H1

(
δ4

Le
− 4ω2

σ

)
− 2H2δ

2ω

(
1

Le
+

1

σ

)}
cos(2ωt)

]
sin(αx) sin(πz), (5.4.29)

where H1 = Taπ2Re
[
L∗(ω)
|L(ω)|2h1

]
, H2 = −Taπ2Re

[
L∗(ω)
|L(ω)|2h2

]
.

It is not required to solve the Eq.(5.4.29), but use it to determine Ra2. For the existence

of the solution of Eq.(5.4.29), it is necessary that the steady part of its right hand side is

orthogonal to sin(αx) sin(πz), which yields∫ 1

0

∫ π
α

0

[
−Ra2α

2(Daδ2 + 1)
δ2

Le
sin(αx) sin(πz) + Taπ2

(
δ4

Le
cos2(ωt) +

ω2

σ
cos(2ωt)−

2ωδ2

(
1

Le
+

1

σ

)
sin(2ωt)

)
sin(αx) sin(πz) + 2Taπ2

[
H1

δ4

Le
+

{
H2

(
δ4

Le
− 4ω2

σ

)
+

2H1δ
2ω

(
1

Le
+

1

σ

)}
sin(2ωt) +

{
H1

(
δ4

Le
− 4ω2

σ

)
− 2H2δ

2ω

(
1

Le
+

1

σ

)}
×

cos(2ωt)
]

sin(αx) sin(πz)

]
sin(αx) sin(πz)dxdz = 0, (5.4.30)
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where f(t) denotes the time average of f(t). Simplifying the above equation, to obtain

Ra2 =
Taπ2δ2

2α2(Daδ2 + 1)

(
1 + 2Taπ2

(
δ4

Le
− ω2

σ

)
Re

[
L∗(ω)

|L(ω)|2
])

. (5.4.31)

5.4.2 Weakly Nonlinear Stability Analysis

To perform a local nonlinear stability analysis, one can use the following Fourier expressions

ψ =
∞∑
n=1

∞∑
m=1

Amn(t) sin(mαx) sin(nπz) (5.4.32)

T =
∞∑
n=1

∞∑
m=1

Bmn(t) cos(mαx) sin(nπz) (5.4.33)

φ =
∞∑
n=1

∞∑
m=1

Cmn(t) cos(mαx) sin(nπz). (5.4.34)

In what follows, take the modes (1, 1) for stream function, and (0, 2) and (1, 1) for tem-

perature and nanoparticle concentration, thus using a severely truncated representation

of Fourier series for stream function, temperature and nanoparticle concentration [Veronis

(1966), Rudraiah (1986)]. This study will help in understanding the physics of the prob-

lem with minimum mathematical expressions. Further, the results can be used as starting

point to generalize it for full nonlinear problem. Also, it is to be noted that the effect of

nonlinearity is to distort the temperature and concentration fields through the interaction

of ψ and T , and ψ and φ respectively. As a result a component of the form sin(2πz)

will be generated. Therefore, the minimal expression which describes the finite amplitude

convection is of the form

ψ = A11(t) sin(αx) sin(πz) (5.4.35)

T = B11(t) cos(αx) sin(πz) +B02(t) sin(2πz) (5.4.36)

φ = C11(t) cos(αx) sin(πz) + C02(t) sin(2πz), (5.4.37)

where the amplitudes A11(t), B11(t), B02(t), C11(t) and C02(t) are functions of time and to

be determined. Using Eqs. (5.4.35)-(5.4.37) in Eqs. (5.4.7)-(5.4.10) with the orthogonality
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condition for the eigenfunctions associated with the considered minimal mode, to get

dA11(t)

dt
= D11(t) (5.4.38)

dD11(t)

dt
=− Pr2

Da2δ2

[
(Daδ2 + 1)2{δ2 + Taπ2(1 + ξ cos(ωt))2}A11(t) + α(Daδ2 + 1)[RaB11(t)

−RnC11(t)] + 2
Da

Pr
δ2(Daδ2 + 1)D11(t) + α

Da

Pr

[
Ra

dB11(t)

dt
−Rn dC11(t)

dt

]]
(5.4.39)

dB11(t)

dt
= − [αA11(t) + δ2B11(t) + παA11(t)B02(t)] (5.4.40)

dB02(t)

dt
=
πα

2
A11(t)B11(t)− 4π2B02(t) (5.4.41)

dC11(t)

dt
= σ

[
NA

ε
αA11(t)− πα

ε
A11(t)C02(t)− δ2

Le
(NAB11(t) + C11(t))

]
(5.4.42)

dC02(t)

dt
=
σ

2

[
πα

ε
A11(t)C11(t)− 8π2

Le
[NAB02(t) + C02(t)]

]
. (5.4.43)

The above system of simultaneous autonomous ordinary differential equations has been

solved numerically using the function NDSolve(Wolfram Mathematica 8.0), and results are

depicted graphically.

5.5 Heat and Nanoparticle Concentration Transport

The thermal Nusselt number, Nu(t) is defined as

Nu(t) =
Heat transport by (conduction + convection)

Heat transport by conduction

= 1 +


2π/αc∫

0

(
∂T

∂z

)
dx

2π/αc∫
0

(
∂Tb
∂z

)
dx


z=0

. (5.5.1)

The value of Nu(t) is now obtained by using Eqs. (5.3.6) and (5.4.36) in Eq.(5.5.1), to get

Nu(t) = 1− 2πB02(t) (5.5.2)
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Proceeding in the similar fashion to obtain the nanoparticle concentration Nusselt number

(Nuφ(t)) or Sherwood number, as it is more commonly known in double diffusive convection

problem of normal fluids, to get

Nuφ(τ) =
Mass transport by (molecular diffusion+advection)

Mass transfer by molecular diffusion
, (5.5.3)

= 1 +


2π/αc∫

0

(
1

Le

∂φ

∂z
+
NA

Le

∂T

∂z

)
dx

2π/αc∫
0

(
1

Le

∂φb
∂z

)
dx


z=0

,

= 1 (5.5.4)

which corresponds to the pure conduction stage, and represents no mass being transferred.

5.6 Result and discussion

In this chapter, the effect of rotational speed modulation on the onset of thermal convection

has been studied, by performing a linear stability analysis, and calculated heat transport

in a nanofluid saturated porous medium by means of a weakly nonlinear stability analysis.

The rotational speed modulation with revised boundary conditions has been considered for

either enhancing or inhibiting the convective flow and heat transport as it is required in

many real life applications in different fields of sciences and engineering.

The variation of correction in the critical thermal Rayleigh number, Ra2 with frequency

ω for different values of parameters, is depicted in Figures 5.1–5.8. From the figures, it

is found that the effect of rotation speed modulation is less at low frequency as the value

of Ra2 is small. The value of Ra2 increases for intermediate values of ω, so the effect of

modulation is more at intermediate values of the frequency. Thus, at intermediate values

of the frequency, the onset of convection takes place a little late, and so the system is sta-

bilized more in this range of frequency. Further, as the frequency ω increases, the effect of

modulation diminishes and disappears altogether at very large values of ω. These results

are compatible with the results of Venezian (1969), in which the effect of temperature mod-

ulation of the boundaries on thermal stability has been studied, and where the correction in
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the critical value of the Rayleigh number due to temperature modulation becomes almost

zero at high frequencies.
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Figure 5.1: Variation of Rayleigh number Ra2 with Frequency ω for different values of Da
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Figure 5.2: Variation of Rayleigh number Ra2 with Frequency ω for different values of Le
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Figure 5.3: Variation of Rayleigh number Ra2 with Frequency ω for different values of Rn
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Figure 5.1 is the plot of Ra2 versus ω for different values of Darcy number Da. It shows

that Ra2 decreases as Da increases, thereby the critical Rayleigh number decreases, and

the onset of convection takes place a little early. Thus the system becomes less stabilized on

increasing Da. Figure 5.2 is the plot of Ra2 versus ω for different values of Lewis number

Le. It evident that as the value of Lewis number increases, the correction to thermal

Rayleigh number decreases, so the onset of convection takes place at lower value of Ra,

thus system is less stabilized. But this effect diminishes for the large number of frequency

of modulation. Figure 5.3 depicts graph of Ra2 versus ω for different values of nanoparticle

Rayleigh number Rn. It is clear that as Rn increases, the concentration of suspended

nanoparticles will increase, so the onset of convection will take place at higher value of Ra.

Thus, it is found that an increment in Rn increases Ra2, thereby stabilizes the system more.

This means that the fluids with suspended nanoparticles are more helpful to stabilization

than ordinary fluids. Figure 5.4 is the plot for Ra2 versus ω for different values of

Ta = 50, Pr = 1, Rn = -4,
Le = 300, Ε = 0.6,

Σ = 1, Da = 0.1
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Figure 5.4: Variation of Rayleigh number Ra2 with Frequency ω for different values of NA

modified diffusivity ratio NA. Increase in NA signifies that the thermophoresis effect will

increase. Now, when the thermophoresis effect increases, the onset of convection will occur

early and so Ra2 decreases as NA increases, thus the system becomes less stabilizing. Figure

5.5 depicts variation of Ra2 with ω for different values of the Prandtl number Pr. This

figure confirms that Ra2 decreases as Prandtl number increases, thus onset of convection

is advanced due to higher thermal conductivity. In Figure 5.6, Ra2 versus ω is shown for

different values of heat capacity ratio σ. As there is no significant change in the value of
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Figure 5.5: Variation of Rayleigh number Ra2 with Frequency ω for different values of Pr
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Figure 5.6: Variation of Rayleigh number Ra2 with Frequency ω for different values of σ
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Figure 5.7: Variation of Rayleigh number Ra2 with Frequency ω for different values of Ta

Ra2, on increasing heat capacity ratio, therefore, the system is not much effected by this

parameter. Figure 5.7 depicts Ra2 versus ω for different values of Taylor number Ta. It

is evident that as Taylor number Ta increases, the correction in thermal Rayleigh number,
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Figure 5.8: Variation of Rayleigh number Ra2 with Frequency ω for different values of ε

Ra2 also increases, implying that the effect of an increment in Ta is more stabilising on

the system. Figure 5.8 depicts the plot of Ra2 versus ω for different values of porosity ε,

which confirms that as porosity of the system increases, the thermal Rayleigh number also

increases, so the onset of convection takes place a little late, and the system is stabilized.
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Figure 5.9: Variation of Nusselt number Nu(t) with time t for different values of Ta

Figure 5.9 depicts the effect of Taylor number Ta on Nu(t) for fixed values of other

parameters. Similar to linear theory, it can be seen that as Ta increases, the value of

Nusselt number decreases, and so is the heat transport. Further, as the value of Taylor

number Ta increases, the amplitude of modulation increases, and so, the effect of Ta is

reflecting on amplitude of modulation as well. From Eq.5.4.7, it is clear that the rotation

is multiple of amplitude of rotation speed modulation, it means that the amplitude of

rotation speed modulation is dependant of rotation. Generally, if there is no rotation
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Figure 5.10: Variation of Nusselt number Nu(t) with time t for different values of ξ
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Figure 5.11: Variation of Nusselt number Nu(t) with time t for different values of ω
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Figure 5.12: Variation of Nusselt number Nu(t) with time t for different values of Da

Ta = 0, it is meaningless to talk about rotation speed modulation. Moreover, for no

rotation Ta = 0, the effect of frequency of modulation will vanish, so the effect of frequency
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Figure 5.13: Variation of Nusselt number Nu(t) with time t for different values of Pr
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Figure 5.14: Variation of Nusselt number Nu(t) with time t for different values of Rn

of modulation can not be seen in absence of the rotation. Here, results are follow as

NuTa=0 > NuTa=50 > NuTa=100 > NuTa=150

The effect of amplitude of modulation for moderate values of Ta, keeping fixed the

values of other parameters, is depicted in Figure 5.10. It shows that the Nusselt number

Nu(t) increases upon increasing the value of ξ. Hence advancing the convection, it means

that the heat transfer increases as ξ increase. Unmodulated system (i.e., ξ = 0) shows no

influence on heat transport for larger values of time t. i.e. Nuξ=0.1 < Nuξ=0.3 < Nuξ=0.5

It is evident from Figure 5.11 that the effect of frequency of modulation for small

values of ω heat transport is more. As the value of ω increases, the magnitude of Nu(t)

decreases and shortens the wavelength of oscillations. As the frequency increases from 10

to 100, the magnitude of Nu(t) decreases, and the effect of modulation on heat transport
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diminishes. On further increasing the value of ω, the effect of modulation on thermal

instability disappears altogether. Hence, the effect of ω is to stabilize the system. i.e.

Nuω=10 > Nuω=25 > Nuω=70
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Figure 5.15: Variation of Nusselt number Nu(t) with Rn for different values of ε
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Figure 5.16: Variation of Nusselt number Nu(t) with time t for different values of ε

Figure 5.12 confirms that the Nusselt number Nu(t) increases upon decreasing Darcy

number Da for keeping fixed the other parameters. Thus, an increment in Darcy number

diminishes the rate of heat transfer. Figure 5.13 confirms that the Nusselt number Nu(t)

increases upon increasing Prandtl number Pr for fixed the other parameters. This may

happen due to the dominating role of thermal diffusivity κm over kinematic viscosity µ.

As Prandtl number Pr increases, then for no change in kinematic viscosity, probably there

is a large decrement in thermal diffusivity, and this makes sudden increase in the temper-

ature gradient, results the convection takes place early, and there is an enhancement in
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heat transfer. Hence, the effect of an increment in Prandtl number Pr is to advance the

convection. It is evident from Figure 5.14 that upon increasing the nanoparticle concentra-

tion Rayleigh number Rn, the Nusselt number Nu(t) increases. This implies that the heat

transfer advances due to increment in thermal conductivity of nanofluid.
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Figure 5.17: Variation of Nusselt number Nu(t) with Rn for different values of Le
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Figure 5.18: Variation of Nusselt number Nu(t) with time t for different values of Le

The effect in Nusselt number Nu(t) with respect to time t, and that with respect to

Rn for t = 0.2 and different values of ε, Le and σ, is depicted in Figures 5.15–5.20.

Corresponding to porosity(ε) there is no effect in Figure 5.16 realized while Figure 5.15

shows a stabilising effect for time t = 0.2. Corresponding to the Lewis number Le, no

effect occurs in Figure 5.18 while Figure 5.17 shows the destabilising effect for time t = 0.2.

Similar effect is found for heat capacity ratio σ as in Figure 5.20 no effect while in Figure

5.19 again the destabilising effect for the same time.
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Figure 5.19: Variation of Nusselt number Nu(t) with Rn for different values of σ
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Figure 5.20: Variation of Nusselt number Nu(t) with time t for different values of σ

-0.0008

-0.00064

-0.00048

-0.00032

-0.000160

0.00016

0.00032

0.00048

0.00064

0.0008

t = 0

HaL
0.0 0.5 1.0 1.5 2.0

0.0

0.2

0.4

0.6

0.8

1.0

x

z

-2.95

-2.36

-1.77

-1.18

-0.59

0

0.59

1.18

1.77

2.36

2.95

t = 0.3

HbL
0.0 0.5 1.0 1.5 2.0

0.0

0.2

0.4

0.6

0.8

1.0

x

z

-3.15

-2.52

-1.89

-1.26

-0.63

0

0.63

1.26

1.89

2.52

3.15

t = 0.5

HcL
0.0 0.5 1.0 1.5 2.0

0.0

0.2

0.4

0.6

0.8

1.0

x

z

-4.85

-3.88

-2.91

-1.94

-0.97

0

0.97

1.94

2.91

3.88

4.85

t = 1

Streamlines at HaL s = 0.0, HbL s = 0.2, HcL s = 0.6, HdL s = 0.9, HeL s = 1.5, H f L s = 2.0.

HdL
0.0 0.5 1.0 1.5 2.0

0.0

0.2

0.4

0.6

0.8

1.0

x

z

-4.9

-3.92

-2.94

-1.96

-0.98

0

0.98

1.96

2.94

3.92

4.9

t = 1.5

HeL
0.0 0.5 1.0 1.5 2.0

0.0

0.2

0.4

0.6

0.8

1.0

x

z

-4.9

-3.92

-2.94

-1.96

-0.98

0

0.98

1.96

2.94

3.92

4.9

t = 2

H f L
0.0 0.5 1.0 1.5 2.0

0.0

0.2

0.4

0.6

0.8

1.0

x

z

Figure 5.21: Streamlines at (a) t = 0.0, (b) t = 0.3, (c) t = 0.5, (d) t = 1.0, (e) t = 1.5, (f)
t = 2.0

In Figure 5.21 and Figure 5.22 the stream lines and the corresponding isotherms are

depicted respectively for rotation speed modulation at different time levels with the pa-
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Figure 5.22: Isotherms at (a) t = 0.0, (b) t = 0.3, (c) t = 0.5, (d) t = 1.0, (e) t = 1.5, (f)
t = 2.0

rameter values as Rn = 10, P r = 1, σ = 1, Le = 10, ε = 0.6, ω = 50, ξ = 0.4, Ta =

100, Da = 0.3 . It is observed from the figures that initially for small values of time, the

magnitude of stream lines is also small (Figure 5.21 a and b), and isotherms are straight

that is the system is in conduction state (Figure 5.22 a and b). However, as time increases,

the magnitude of stream lines increases and the isotherms lose their evenness, upto t = 1.5.

This shows that the convection is taking place in the system. Convection becomes faster

upon further increasing the value of time t. However, the system achieves the steady state

beyond t = 1.5, as there is no change in the values of stream lines and isotherms.

5.7 Conclusion

In this chapter, thermal instability in a horizontal porous layer saturated by a nanofluid have

studied, rotating about z-axis with time periodic angular velocity ΩR. Darcy-Brinkman

model with more realistic boundary conditions is considered, which incorporates the effects

of Brownian motion along with thermophoresis. The results have been obtained in terms

of thermal Rayleigh number, Nusselt number and nanoparticle Nusselt number using per-

turbation technique and truncated Fourier series method. The effect of various parameters

have been obtained and depicted graphically. The following findings are made:

1. It is found that the rotational speed modulation can be used to regulate the heat and

mass transports effectively.
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2. The new boundary conditions has significant role on heat and mass transport due to

this nanoparticle Nusselt number become constant during the entire time domain.

3. The effect of the concentration Rayleigh number Rn, Lewis number Le, modulation

amplitude ξ, heat capacity ratio σ, modified diffusivity ratio NA and Prandtl number

Pr, is to destabilize the system.

4. The effect of the porosity ε, modulation frequency ω, Taylor number Ta, and Darcy

number Da is to stabilize the system.

5. The effect of time t on Nusselt number is found to be oscillatory for small values of t,

however, for very large values of time t, Nusselt number approaches the steady value.

6. There is no significant effect of NA on thermal Nusselt number, but destabilising effect

occur in linear theory.



Chapter 6

Onset of convection and heat transfer

in a nanofluid layer under magnetic

field modulation

6.1 Introduction

Owing to the suspension of nanosize particles of metal in the base fluid, the nanofluids are

being used as heat energy carriers due to their enhanced abilities over ordinary fluids. The

presence of a few quantity of nanoparticles in base fluids causes a significant enhancement

in the heat transfer. This heat transfer characteristic of nanofluids depends on both the

thermo-physical properties of the base fluid and the suspended nanoparticles. The nanoflu-

ids found a wide range of applications in industrial, commercial, residential, medical and

transportation sectors.

An important virtue of nanofluids is the thermal conductivity enhancement, introduced

first by Masuda et al. (1993). Choi (1995) was the first to propose the term “nanofluid”.

This chapter is based on the research article: Weak nonlinear stability analysis of thermal convection in
an electrically conducting nanofluid layer under magnetic field modulation, Published in Recent Advances
in Mathematical & Computational Science, Book Chapter in BBAU conference proceedings
Vol. 1 No. 1, ISBN : 9789384337674.
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The ballistic nature of heat transport within nanoparticles was studied by Chen (2001),

Eastman et al. (2001) found that 40% thermal conductivity of ethylene-glycol increases

with 0.3% volume of copper nanoparticles of size 10nm, and Das et al. (2003) found

(10− 30)% increase of the effective thermal conductivity in alumina-water nanofluids with

(1 − 4)% of alumina. Based on the above study Buongiorno and Hu (2005) suggested the

possibility of the use of nanofluids in advanced nuclear systems as a coolant. The nanofluid

flow can be used in the delivery of nano-drug, due to Kleinstreuer et al. (2008).

At first, Buongiorno (2006) proposed a mathematical model for convective transport in

nanofluids incorporating the effects of thermophoresis and Brownian diffusion. The thermal

instability problem, using the above model has been studied by Tzou (2008a,2008b) who

found that the nanofluids are less stable in comparison to the base fluid, an analogous study

has been carried out by Nield and Kuznetsov (2010) for different types of non-dimensional

parameters. An extension to the porous medium of this model was studied by Nield and

Kuznetsov (2009), Kuznetsov and Nield (2010). Two-dimensional nonlinear convection in

nanofluid saturated porous medium have been studied by Bhadauria and Agarwal (2011).

The effect of magnetic field on nanofluid convection finds importance in geophysics. In

particular, in the study of Earth’s core at Earth’s mantle consisting of conducting fluid.

The magnetic field has a key role in science, engineering and industrial applications. Chan-

drasekhar (1961) studied in detail the thermal convection in under a magnetic field. Some

of the researchers who have studied the problem of magneto-convection in a porous medium

are: Patil and Rudraiah (1973), Rudraiah and Vortmeyer (1978), Alchaar et al. (1995a,b)

and Bian et al. (1996a,b) who studied the magneto-convection in a porous medium for

various physical models and boundary conditions. Sekar et al. (1993), Bhadauria (2006)

and Bhadauria et al. (2008a,b,2010) studied the effect of magnetic field on thermal mod-

ulated convection. Matura and Lucke (2009) investigated the influence of a time-periodic

and spatially homogeneous magnetic field on the linear stability properties and on the non-

linear response of a ferrofluid layer heated from below and from above. Bhadauria and

Kiran (2014) made an analytic study of heat transport in an electrically conducting fluid

layer under a non-uniform time-dependent magnetic field by performing a weakly nonlinear

analyais. Gupta et al. (2013) found that magnetic field stabilizes the nanofluid layer for
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both stationary and oscillatory convection cases. Chand and Rana (2015) studied the dou-

ble diffusive convection in a horizontal layer of nanofluid in the presence of uniform vertical

magnetic field with Soret effect, considering more realistic boundary conditions.

Recently, Nield and Kuznetsov (2014) in their revised model subject to new set of

boundary conditions, assumed that there is no nanoparticle flux at the plate and the par-

ticle fraction value adjusts accordingly. In this case, they ruled out the possibility of

oscillatory convection due to absence of two opposing forces. Agarwal (2014a) studied the

thermal instability in a rotating porous layer saturated by a nanofluid based on a new

boundary condition for the nanoparticle fraction. Similar work has been done by Yadav et

al. (2015) for free-free, rigid-rigid and free-rigid boundaries. Linear as well as non-linear

study for Rayleigh-Bénard convection in a nanofluid under thermal non-equilibrium with

new boundary condition is studied by Agarwal et. al. (2014b). Nield and Kuznetsov

(2015) has done a study with throughflow subjecting to another revised boundary condi-

tions, where they considered the fact that the total nanoparticle flux is the sum of diffusive,

convective and thermophoretic terms.

To best of my knowledge, the effect of magnetic field modulation with revised boundary

conditions in nanofluids has not been studied, in the literature till date. The present chapter

concerned with the study of the effect of magnetic field modulation on thermal instability

in an electrically conducting nanofluid layer. A perturbation approach has been adopted to

perform the stability analysis. Instead of fixed nanopartical fraction boundary conditions,

the thermo-nanopartical flux boundary conditions have been introduced. Time periodic

magnetic field is associated in vertical direction with convective boundary condition. The

effect of magnetic field modulation on critical Rayleigh number and Nusselt number has

been studied for different parameters, namely- Ω, ξ, Pr, Q, Rn, Le, and NA. The

numerical computation has been done to study the effect of each parameter, and depicted

the behavior graphically.
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6.2 Governing Equation

Considered the nanofluid layer is confined between two horizontal boundaries, z = 0 and

z = d, and heated from below. The boundaries are assumed to be impermeable and perfectly

thermally conducting. The nanofluid layer is extended infinitely in x and y directions, with

the z-axis extending vertically upward and the origin lying at the lower boundary z = 0. A

periodic magnetic field is applied externally in vertical upward direction. In addition, the

local thermal equilibrium between the fluid and the nanoparticles has been considered. The

physical configuration is as shown in the Figure 6.1. Employing the Oberbeck-Boussinesq

approximation, the governing equations to study the thermal instability in a nanofluid layer

are [Buongiorno (2006), Kuznetsov and Nield (2010a,b,) and Nield and Kuznetsov (2013),

Nield and Kuznetsov (2014)]

T = Tc

Y

Z

X
O Z = 0

Z = d

T = Th

Hb = H0H1 + Ξ cosHW tLL

Nanofluid Layer

DB

¶ Φ

¶ z
+

DT

Tc

¶T

¶ z
= 0

DB

¶ Φ

¶ z
+

DT

Tc

¶T

¶ z
= 0

Z = d

Figure 6.1: Sketch showing the physical configuration of the problem



∇ · v = 0,

ρf
(
∂v
∂t

+ v · ∇v
)

+∇p = µ∇2v + [φρp + (1− φ){ρ(1− β(T − Tc))}]~g + µm(H · ∇H),

(ρc)f
(
∂T
∂t

+ v · ∇T
)

= κf∇2T + (ρc)p[DB∇φ+ DT
Tc
∇T ] · ∇T,

∂φ

∂t
+ v · ∇φ = DB∇2φ+

DT

Tc
∇2T,

(6.2.1)
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The modified Maxwell equations are [Chandrasekhar (1961), Gupta et al. (2013), Bhadau-

ria and Kiran (2014)]


∇ ·H = 0,

∂H

∂t
+ v · ∇H = H · ∇vD + νm∇2H,

(6.2.2)

where Th and Tc are the temperatures at the lower and upper walls such that Th > Tc. The

constants and variables used in the above equations have their usual meanings, and given

in the nomenclature.

The magnetic field at basic state, which is varying sinusoidally with respect to time, is

defined as:

~Hb = H0(1 + ξ cos(Ωt)k̂ (6.2.3)

where H0 is the mean value of the magnetic field.

In Eq.(6.2.1) both Brownian transport and thermophoresis coefficients are time-

independent, in tune with the studies that neglect the effect of thermal transport attributed

to the small size of the nanoparticles (Keblinski and Cahil 2005). Further, thermophoresis

and Brownian transport coefficients are assumed to be temperature-independent due to

the fact that the temperature ranges under consideration are not far away from the criti-

cal value. Let the temperature and flux of volumetric fraction of the nanoparticles to be

constant at the boundaries. The boundary conditions are taken as

v = 0, T = Th, DB
∂φ

∂z
+
DT

Tc

∂T

∂z
= 0 at z = 0, (6.2.4)

v = 0, T = Tc, DB
∂φ

∂z
+
DT

Tc

∂T

∂z
= 0 at z = d. (6.2.5)

The dimensionless variables are considered as given below:

(x∗, y∗, z∗) = (x, y, z)/d, t∗ = tαf/(d
2), (u∗, v∗, w∗) = (u, v, w)d/αf , p

∗ = p/µαf , φ
∗ =

φ− φ0

φ0

, H∗ =
H

H0

and T ∗ =
T − Tc
Th − Tc

, where αf =
κf

(ρc)f
and φ0 is reference value for

nanoparticle volume fraction. The non-dimensionalized governing equations along with

boundary conditions are (after dropping the asterisk for simplicity)
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∇ · v = 0 (6.2.6)

1

Pr

(
∂v

∂t
+ v · ∇v

)
= −∇p+∇2v− (Rm−Ra T +Rnφ) k̂ + Pm Q (H · ∇H) (6.2.7)

∂T

∂t
+ v · ∇T = ∇2T +

NB

Le
∇φ · ∇T +

NANB

Le
∇T · ∇T (6.2.8)

∂φ

∂t
+ v · ∇φ =

1

Le
∇2φ+

NA

Le
∇2T (6.2.9)

∇ ·H = 0, (6.2.10)

∂H

∂t
+ v · ∇H = H · ∇v + Pm∇2H (6.2.11)

v = 0, T = 1, ∂φ
∂z

+NA
∂T
∂z

= 0 at z = 0,

v = 0, T = 0, ∂φ
∂z

+NA
∂T
∂z

= 0 at z = 1.

 (6.2.12)

The non-dimensionlized parameters in the above equations are as given below,

Pm = νm
αf
, Q =

(
µmH2

0d
2

µνm

)
, P r =

µ(ρc)f
ρfκf

,

Ra =
ρfgβd(Th−Tc)

µαf
, Rn =

(ρp−ρf )φ0gd

µαf
, Rm =

{ρpφ0+ρf (1−φ0)}gd
µαf

,

NA = DT (Th−Tc)
DBTcφ0

, NB = (ρc)p
ρc)f

φ0, Le =
αf
DB
,

6.3 Basic Solution

At the basic state, the nanofluid layer is at rest, so that physical quantities to be assumed

v = 0, p = pb(z), T = Tb(z), φ = φb(z) H = ~Hb. (6.3.1)

Using Eq.(6.3.1), Eq.(6.2.8) and Eq.(6.2.9) reduce to

d2Tb
dz2

+
NB

Le

dφb
dz

dTb
dz

+
NANB

Le

(
dTb
dz

)2

= 0, (6.3.2)
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d2φb
dz2

+NA
d2Tb
dz2

= 0. (6.3.3)

After integrating Eq.(6.3.3) subject to the boundary condition Eq.(6.2.12), it is obtain

dφb
dz

+NA
dTb
dz

= 0, (6.3.4)

Using Eq.(6.3.4), Eq.(6.3.2) reduces to

d2Tb
dz2

= 0. (6.3.5)

The solutions of Eq.(6.3.4) and Eq.(6.3.5) subject to the boundary condition (6.2.12) are

as follow

Tb = 1− z, (6.3.6)

φb = φ0 +NAz. (6.3.7)

6.4 Stability Analysis

Superimposing perturbations on the basic state as given below :

v = v′, p = pb + p′, T = Tb + T ′, φ = φb + φ′, H = ~Hb +H ′. (6.4.1)

Since the case of two-dimensional rolls is being considered, therefore all physical

quantities are assumed to be independent of y. For two-dimensional convection, the

stream function ψ and magnetic potential Φ are introduced as (u, v, w) = (∂ψ
∂z
, 0,−∂ψ

∂x
),

(Hx, Hy, Hz) = (∂Φ
∂z
, 0,−∂Φ

∂x
). The pressure term in Eq.(6.2.7) has been removed by tak-

ing twice curl of momentum equation. Now using the expression Eq.(6.4.1) in Eqs.(6.2.6)-

(6.2.12), and also using Eq.(6.3.6) and Eq.(6.3.7), the system of nonlinear perturbed equa-
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tions is obtained as

(
1

Pr

∂

∂t
−∇2

)
∇2ψ = −Ra∂T

∂x
+Rn

∂φ

∂x
+Q Pm (1 + ξ cos(Ωt))

∂

∂z
∇2Φ−

Q Pm
∂(Φ,∇2Φ)

∂(x, z)
+

1

Pr

∂(ψ,∇2ψ)

∂(x, z)
(6.4.2)

∂T

∂t
+
∂ψ

∂x
= ∇2T − NANB

Le

∂T

∂z
+
NB

Le

∂φ

∂z
+
∂(ψ, T )

∂(x, z)
+
NB

Le
(∇φ.∇T +NA∇T.∇T ) (6.4.3)

∂φ

∂t
−NA

∂ψ

∂x
=

1

Le
∇2φ+

NA

Le
∇2T +

∂(ψ, φ)

∂(x, z)
(6.4.4)(

∂

∂t
− Pm∇2

)
Φ = (1 + ξ cos(Ωt))

∂ψ

∂z
+
∂(ψ,Φ)

∂(x, z)
(6.4.5)

ψ =
∂2ψ

∂z2
= 0, Φ =

∂Φ

∂z
= 0, T = 0,

∂φ

∂z
+NA

∂T

∂z
= 0 at z = 0, and at z = 1. (6.4.6)

The parameter Rm is not carried over in the subsequent equations because it is a part

of the hydrostatic equilibrium. Primes “ ′ ” have been dropped in the above system.

6.4.1 Linear Stability Analysis

The linear stability analysis is studied by considering marginal and over-stable states. To

perform linear stability analysis, the nonlinear terms are neglected from the Eqs.(6.4.2)−(6.4.6),

so the linear system of equations is obtained as.

(
1

Pr

∂

∂t
−∇2

)
∇2ψ = −Ra∂T

∂x
+Rn

∂φ

∂x
+Q Pm (1 + ξ cos(Ωt))

∂

∂z
∇2Φ (6.4.7)

∂T

∂t
+
∂ψ

∂x
= ∇2T − NANB

Le

∂T

∂z
+
NB

Le

∂φ

∂z
(6.4.8)

∂φ

∂t
−NA

∂ψ

∂x
=

1

Le
∇2φ+

NA

Le
∇2T (6.4.9)(

∂

∂t
− Pm∇2

)
Φ = (1 + ξ cos(Ωt))

∂ψ

∂z
(6.4.10)

ψ =
∂2ψ

∂z2
= 0, T = 0,

∂φ

∂z
+NA

∂T

∂z
= 0 at z = 0, and at z = 1 (6.4.11)
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Eliminating T , φ and Φ from Eqs.(6.4.7)−(6.4.10) under orthogonality condition, single

equation for ψ is obtained in the form

(
∂

∂t
−∇2

)(
∂

∂t
− 1

Le
∇2

)(
1

Pr

∂

∂t
−∇2

)(
∂

∂t
− Pm∇2

)
∇2ψ

= Ra

(
∂

∂t
− 1

Le
∇2

)(
∂

∂t
− Pm∇2

)(
∂2ψ

∂x2

)
+RnNA×(

∂

∂t
−∇2

(
1

Le
+ 1

))(
∂

∂t
− Pm∇2

)(
∂2ψ

∂x2

)
+

PmQ

(
∂

∂t
−∇2

)(
∂

∂t
− 1

Le
∇2

)
(1 + ξ cos(Ωt))2∇2∂

2ψ

∂z2

(6.4.12)

The perturbation technique is applied to obtain eigen functions ψ and corresponding eigen

values Ra by introducing a small perturbation parameter χ, suitably small amplitude of

modulation is also considered as perturbation parameter as following Venezian (1969)

ψ = ψ0 + χψ1 + χ2ψ2 + . . .

Ra = Ra0 + χRa1 + χ2Ra2 + . . .
(6.4.13)

Using expressions in Eq.(6.4.13) into Eq.(6.4.12), and equating the like powers of χ on both

sides, it is obtained

χ0 : Lψ0 = 0 (6.4.14)

χ1 : Lψ1 = Ra1

(
∂

∂t
− Pm∇2

)(
∂

∂t
− 1

Le
∇2

)
∂2

∂x2
ψ0 +

2PmQ

(
∂

∂t
−∇2

)(
∂

∂t
− 1

Le
∇2

)
cos(Ωt)

∂2

∂z2
∇2ψ0 (6.4.15)

χ2 : Lψ2 = Ra2

(
∂

∂t
− Pm∇2

)(
∂

∂t
− 1

Le
∇2

)
∂2ψ0

∂x2
+

PmQ

(
∂

∂t
−∇2

)(
∂

∂t
− 1

Le
∇2

)
cos2(Ωt)

∂2

∂z2
∇2ψ0

+Ra1α
2

(
∂

∂t
− Pm∇2

)(
∂

∂t
− 1

Le
∇2

)
ψ1 +

2PmQ

(
∂

∂t
−∇2

)(
∂

∂t
− 1

Le
∇2

)
cos(Ωt)

∂2

∂z2
∇2ψ1, (6.4.16)
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where

L =

(
∂

∂t
−∇2

)(
∂

∂t
− 1

Le
∇2

)(
1

Pr

∂

∂t
−∇2

)(
∂

∂t
− Pm∇2

)
∇2 −

Ra0

(
∂

∂t
− Pm∇2

)(
∂

∂t
− 1

Le
∇2

)
∂2

∂x2

−RnNA

(
∂

∂t
− Pm∇2

)(
∂

∂t
−∇2

(
1

Le
+ 1

))
∂2

∂x2
−

PmQ

(
∂

∂t
−∇2

)(
∂

∂t
− 1

Le
∇2

)
∂2

∂z2
∇2. (6.4.17)

In the following section, the above system is solved for different orders of χ.

Lowest order system

Since, two dimensional dynamics is assumed to be independent of y direction, so ψ0 =

sin(αx) sin(πz) is taken for the marginally stable solutions, and the corresponding eigen

values are obtained by using Eq.(6.4.14)

Ra0 =

(
δ6 +Q π2δ2

α2

)
−RnNA (1 + Le) , (6.4.18)

where δ2 = π2 + α2. In the absence of magnetic field, the expression of Ra0 coincide with

the result of Nield and Kuznetsov (2014).

First order system

Lψ1 = −Ra1Pmδ
2

(
δ2

Le

)
α2ψ0 + 2PmQδ2π2 (h1 cos(Ωt)− h2 sin(Ωt))ψ0,(6.4.19)

where h1 =
(
δ4

Le
− Ω2

)
and h2 = δ2Ω

(
1
Le

+ 1
)
. The solution of the homogeneous equation

corresponding to Eq.(6.4.19) must have a term orthogonal to null space of operator L. Now

applying the theory of minimal Rayleigh number and taking R1 = 0, so that the time

dependent term on right hand side of equation Eq.(6.4.15) is complete orthogonal function
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to sin(αx) sin(πz). Use φ0 = sin(αx) sin(πz), to obtain

L[sin(πz) exp(iαx−iΩt)] = L(Ω) sin(πz) exp(iαx−iΩt), (6.4.20)

where

L(Ω) = S1 + iS2, (6.4.21)

S1 = −Pmδ
4

Le

{(
Ra0α

2 +Rnα2NALe

(
1

Le
+ 1

))
− δ6) + Pm Q π2δ2

}
+ Ω2

{
δ6

Pr

(
1 + Pm

Le
+ 1

)
+ δ6

(
1

Le
+ 1 + Pm

)
+RnNAα

2 +Ra0α
2 + Pm Q π2

}
− Ω4 δ

2

Pr
(6.4.22)

S2 = Ω

[
δ8

(
1 + Pm

Le
+ 1

)
+ Pm Q π2δ2

(
1

Le
+ 1

)
+ Pm

1

Pr

δ6

Le
+Ra0α

2δ2

(
Pm

1
+

1

Le

)
+RnNAα

2δ2

(
1

Le
+ 1 + Pm

)
+ Ω2

{
(δ4)

Pr

(
1

Le
+ 1 + Pm

)
+ δ4

}]
. (6.4.23)

Now, ψ1 is obtained by inverting the operator L term by term as follows

ψ1 = 2Pm Q δ2π2Re

[
L∗(Ω)

|L(Ω)|2 {h1 cos(Ωt)− h2 sin(Ωt)} sin(αx) sin(πz)

]
, (6.4.24)

where L∗ is complex conjugate of L.

Second order system

From equation Eq.(6.4.16), it is obtained

Lψ2 =−Ra2α
2(Pmδ2)

δ2

Le
sin(αx) sin(πz) + Pm Q δ2π2

(
δ4

Le
cos2(Ωt) + Ω2 cos(2Ωt)− 2Ωδ2×(

1

Le
+ 1

)
sin(2Ωt)

)
sin(αx) sin(πz) + 2 Pm Q δ2π2

[
H1

δ4

Le
+

{
H2

(
δ4

Le
− 4Ω2

)
+

2H1δ
2Ω

(
1

Le
+ 1

)}
sin(2Ωt) +

{
H1

(
δ4

Le
− 4Ω2

)
− 2H2δ

2Ω

(
1

Le
+ 1

)}
cos(2Ωt)

]
×

sin(αx) sin(πz), (6.4.25)
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where H1 = Pm Q π2Re
[
L∗(Ω)
|L(Ω)|2h1

]
H2 = − Pm Q π2Re

[
L∗(Ω)
|L(Ω)|2h2

]
.

Here the Eq.(6.4.25) is not solved but used to determine Ra2. For the existence of

solution of the Eq.(6.4.25), it is necessary that the steady part of its right hand side is

orthogonal to sin(αx) sin(πz), which yields

∫ 1

0

∫ π
α

0

[
−Ra2α

2(Pmδ2)
δ2

Le
sin(αx) sin(πz) + PmQδ2π2

(
δ4

Le
cos2(Ωt) + Ω2cos(2Ωt)− 2Ωδ2×(

1

Le
+ 1

)
sin(2Ωt)

)
sin(αx) sin(πz) + 2PmQδ2π2

[
H1

δ4

Le
+

{
H2

(
δ4

Le
− 4Ω2

)
+

2H1δ
2Ω

(
1

Le
+ 1

)}
sin(2Ωt) +

{
H1

(
δ4

Le
− 4Ω2

)
− 2H2δ

2Ω

(
1

Le
+ 1

)}
cos(2Ωt)

]
×

sin(αx) sin(πz)] sin(αx) sin(πz)dxdz = 0, (6.4.26)

where f(t) denotes the time average of f(t). Simplifying the above equation, the expression

for critical Rayleigh number is obtained as

Ra2 =
Qπ2δ2

2α2

(
1 + 2 Pm Q π2

(
δ4

Le
− Ω2

)
Re

[
L∗(Ω)

|L(Ω)|2
])

. (6.4.27)

6.4.2 Weakly nonlinear Analysis

Now introduce the following asymptotic expansion

Ra = Ra0,c + χ2Ra2 + χ4Ra4 + ..., (6.4.28)

ψ = χψ1 + χ2ψ2 + χ3ψ3 + ..., (6.4.29)

T = χT1 + χ2T2 + χ3T3 + ..., (6.4.30)

φ = χφ1 + χ2φ2 + χ3φ3 + ..., (6.4.31)

Φ = χΦ1 + χ2Φ2 + χ3Φ3 + ..., (6.4.32)

where Ra0,c is the critical value of the Rayleigh number at which the onset of convection

takes place.

Now assume the variation of time only at the slow time scale τ = χ2t and arranging the

systems at different order of χ.
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At the lowest order, the system is


−∇2 Ra0,c

∂
∂x

−Rn ∂
∂x
−QPm ∂

∂z
∇2

∂
∂x

−∇2 + NANB
Le

∂
∂z

NB
Le

∂
∂z

0

−NA
∂
∂x

−NA
Le
∇2 − 1

Le
∇2 0

− ∂
∂z

0 0 −Pm∇2




ψ1

T1

φ1

Φ1


= 0 (6.4.33)

solution at the lowest order subject to the boundary conditions in Eq.(6.4.6), are given by

ψ1 = A[τ ]Sin (kcx) Sin(πz), (6.4.34)

T1 = −kc
δ2
A[τ ] Cos (kcx) Sin(πz), (6.4.35)

φ1 =
kcNA (Le + 1)

δ2
A[τ ] Cos (kcx) Sin(πz), (6.4.36)

Φ1 =
π

Pmδ2
A[τ ] Sin (kcx) Cos(πz), (6.4.37)

where δ2 = k2
c + π2.

The critical value of the Rayleigh number and the corresponding wave number for the on-

set of stationary convection is calculated numerically and the expression for critical Rayleigh

number is given by

Ra0,c =
δ2(δ4 + π2Q)

k2
c

−NARn (Le + 1) , (6.4.38)

and the critical wave number is kc = π√
2
.

6.5 Amplitude equation and Heat and Mass Trans-

port for Stationary Instability

At the second order, the system is


−∇2 Ra0,c

∂
∂x

−Rn ∂
∂x
−QPm ∂

∂z
∇2

∂
∂x

−∇2 + NANB
Le

∂
∂z

NB
Le

∂
∂z

0

−NA
∂
∂x

−NA
Le
∇2 − 1

Le
∇2 0

− ∂
∂z

0 0 −Pm∇2




ψ2

T2

φ2

Φ2


=


R21

R22

R23

R24


, (6.5.1)
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where

R21 = 0, (6.5.2)

R22 =
−kc2π

2δ2
A[τ ]2Sin(2πz)− kc

2NANB

δ4

(
kc

2Sin2(kcx)Sin2(πz)

+π2Cos2(kcx)Cos2(πz)
)
A[τ ]2, (6.5.3)

R23 =
πkc

2NA (Le + 1)

2δ2
A[τ ]2Sin(2πz). (6.5.4)

R24 = − π2kc
2

2Pmδ2
A[τ ]2Sin(2kcx). (6.5.5)

The second order solutions subject to the boundary conditions in Eq.(6.4.6), are given

by

ψ2 = 0, (6.5.6)

T2 =
−kc2
8πδ2

A[τ ]2Sin(2πz), (6.5.7)

φ2 =
kc

2NALe

8πδ2

(
(Le + 1) +

1

Le

)
A[τ ]2Sin(2πz). (6.5.8)

Φ2 = − π2

8kcPm2δ2
A[τ ]2Sin(2kcx). (6.5.9)

The thermal Nusselt number, is defined as:

Nu[τ ] =
Heat transport by (conduction + convection)

Heat transport by conduction

=

[
kc
2π

∫ 2π
kc

0 (1− z + T2)z dx

]
z=0[

kc
2π

∫ 2π
kc

0 (1− z)z dx

]
z=0

, (6.5.10)

The nanoparticle concentration Nusselt number (Sherwood number), is defined as

Nuφ[τ ] =
Mass transport by (molecular diffusion + molecular advection)

Mass transport by molecular diffusion

=

[
kc
2π

∫ 2π
kc

0 (φ0 +NAz + φ2)z dx

]
z=0[

kc
2π

∫ 2π
kc

0 (φ0 +NAz)z dx

]
z=0

. (6.5.11)
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Substituting expressions of T2 and φ2 in the above Eqs.(6.5.10 and 6.5.11) and simplifying,

it is obtained

Nu[τ ] = 1 +
k2
c

4δ2
(A[τ ])2, (6.5.12)

Nuφ[τ ] = 1 +

(
kc

2Le

4δ2

(
(Le + 1) +

1

Le

))
(A[τ ])2. (6.5.13)

At the third order, the system is


−∇2 Ra0,c

∂
∂x

−Rn ∂
∂x
−QPm ∂

∂z
∇2

∂
∂x

−∇2 + NANB
Le

∂
∂z

NB
Le

∂
∂z

0

−NA
∂
∂x

−NA
Le
∇2 − 1

Le
∇2 0

− ∂
∂z

0 0 −Pm∇2




ψ3

T3

φ3

Φ3


=


R31

R32

R33

R34


(6.5.14)

where

R31 = − 1

Pr

∂∇2ψ1

∂τ
− Ra2

∂T1

∂x
+Q Pm ξCos (Ωτ)

∂∇2Φ1

∂z
−Q Pm×[

∂Φ1

∂x

∂∇2Φ2

∂z
− ∂∇2Φ1

∂x

∂Φ2

∂z

]
+

1

Pr

[
∂ψ1

∂x

∂∇2ψ2

∂z
− ∂∇2ψ1

∂x

∂ψ2

∂z

]
, (6.5.15)

R32 =
∂ψ1

∂x

∂T2

∂z
+
NB

Le

[
∂φ1

∂z

∂T2

∂z
+
∂φ2

∂z

∂T1

∂z

]
+ 2

NANB

Le

[
∂φ1

∂z

∂T2

∂z

]
− ∂T1

∂τ
,(6.5.16)

R33 =
∂ψ1

∂x

∂φ2

∂z
− ∂φ1

∂τ
, (6.5.17)

R34 = ξCos (Ωτ)
∂ψ1

∂z
+
∂ψ1

∂x

∂Φ2

∂z
− ∂Φ1

∂τ
, (6.5.18)

Substituting the value of ψ1, T1, T2, φ1, φ2, Φ1 and Φ2 in the above equations to get

the expressions of R31, R32, R33, R34.

Applying the solvability condition for the existence of third order solution, the non-

autonomous Ginzburg–Landau equation with time periodic coefficients is obtained in the

form

A1A
′[τ ] + A2A[τ ] + A3(A[τ ])3 = 0 (6.5.19)

where A1 =
(

π2

Pmδ4
+ kc2

δ4
(1 + (1 + Le)2NA

2)− δ2

Pr

)
A2 = −

(
−kc2

δ2
Ra2 + π2

Pmδ2
(1 + Pm Qδ2) ξ cos(Ωτ)

)
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A3 =
(
kc4

8δ4
(1 + (1 + Le)(1 + Le+ Le2)NA

2) + π4

Pm2δ4
(1 + (δ2 − 4kc

2))
)

.

The Ginzburg–Landau equation given by Eq.(6.5.19) is a non–autonomous Bernoulli

equation and to obtained its solution Mathematica function NDSolve has been used, subject

to the initial condition A[0] = a0, where a0 is the chosen initial amplitude of convection. It

is assumed Ra2 = Ra0,c to keep the parameters to the minimum.

6.6 Result and discussion

In the present chapter, the effect of time-periodic magnetic field on the onset of magneto-

convection in a nanofluid layer is analyzed by performing linear and weakly nonlinear stabil-

ity analyses. The magnetic field modulation has been used as an external regulator for the

onset of magneto-convection. Magnetic field modulation with revised boundary conditions

has been considered for either enhancing or inhibiting the onset of magneto-convection,

and consequently, it is a tool for controlling the convective flow as required in many real

life applications in various fields of sciences and engineering. The physical variables which

appear in the present analysis are Ω, ξ, Pr, Pm, Q, Rn, Le and NA. The effect of any

of these parameters has been studied keeping fixed the other parameters. The parame-

ter values are fixed as Q = 100, Pm = .6, P r = 1, Rn = 10, NA = 1 and Le = 10.

The range of each parameter is considered as in Gupta et al. (2013) and Chand and Rana

(2015), Ra < 105(thermal Rayleigh number), 4 ≤ Rn ≤ 15 (nanoparticle Rayleigh number),

50 ≤ Q ≤ 200 (Chandrasekhar number), 10 ≤ Le ≤ 300 (Lewis number), 0.5 < NA ≤ 10

(modified diffusivity ratio), 1 ≤ Pr ≤ 5 (Prandtl number), and 0 ≤ Pm ≤ 1 (magnetic

Prandtl number).

If one desires to quantify heat and mass transfer in presence of modulation, one has

to use nonlinear stability analysis because the linear stability analysis is not sufficient to

give information regarding heat and mass transfer. Since, it is difficult to control the

nanoparticle fraction at the boundaries, therefore, new set of boundary conditions have

been taken by assuming that the normal component of the nanoparticle flux on boundaries

is zero. This assumption is more realistic and suitable for the real world problems. In the

following, the results have been discussed for each parameter involved in the system.
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Frequency of modulation Ω

The Nusselt number Nu(τ) or nanoparticle concentration Nusselt number Nuφ(τ) with

respect to time τ has been plotted for magnetic modulation. It is evident from all figures

that for lower value of time τ , the values of Nu(t) and Nuφ(t) do not alter and remain

almost constant. the values increase as the time τ increases and finally for the large values

of τ they become oscillatory due to frequency of modulation. Also, Nu(τ) starts with value

one, showing that initially the system is in conduction state. The effect of frequency of

modulation is shown in Figure 6.2 and Figure 6.3 and for the increasing value of frequency

of modulation heat and mass transfer decreases.
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Figure 6.2: Nu versus τ for different values of Ω
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Figure 6.3: Nuφ versus τ for different values of Ω
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Figure 6.4: Nu versus τ for different values of ξ
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Figure 6.5: Nuφ versus τ for different values of ξ

Amplitude of modulation ξ

Figure 6.4 and Figure 6.5 depict the effect of amplitude of modulation ξ, which is small in

magnitude. If ξ = 0, the effect of modulation vanishes as shown in Figure 6.4 and Figure

6.5. However, on increasing the value of ξ concern Nusselt numbers are increasing, thus it

advances the heat and mass transfer effectively.

Chandrasekhar number Q

The correction, Ra2, in the critical thermal Rayleigh number due to magnetic field modu-

lation in a nanofluid layer, has been depicted as function of the frequency Ω for different

values of parameters. Figure 6.6 and Figure 6.7 are the plots of Ra2 versus Ω for vari-
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Figure 6.6: Variation of Ra2 with Frequency Ω for different values of Q,
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Figure 6.7: Variation of Ra2 with Frequency Ω for different values of Q,

Q = 70, 100, 150;

Rn = 10, NA = 10, W = 10, Le = 10,
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Figure 6.8: Nu versus τ for different values of Q
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Ξ = .3, Pr = 1, Pm = 0.6

Q = 70, 100, 150;

0 1 2 3 4 5
0

50

100

150

200

250

300

Τ

N
u

Figure 6.9: Nuφ versus τ for different values of Q

ous values of Chandrasekhar number Q. It is evident from the Figure 6.6 and Figure 6.7

that the value of Ra2 increases as Q increases whether Q is small or sufficient large, thus

thermal critical Rayleigh number increases. Figure 6.8 and Figure 6.9 show the effect of

Chandrashekhar number Q. It is found that on increasing value of Chandrashekhar number

Nusselt numbers are decrease, thus heat/mass transfer decreases in the system. These four

figures shows that the effect of Chandrasekhar number, which represents the ratio of the

Lorentz force to the viscous force, on the onset of convection in a nanofluid layer is stabiliz-

ing. This happens due to the fact that the Lorentz force, which is due to the combination

of electric and magnetic force, opposes the convective motion of nanofluid, thus nanofluid

can not move in vertical direction as easily as without magnetic field.

Pm = 0.1, 0.2, 0.3

Q = 100, Pr = 1, Rn = 10,

NA = 1 , Le = 10

0 50 100 150
600

800

1000

1200

1400

1600

W

R
a 2

0 10 20 30 40 50
0

5000

10 000

15 000

20 000

W

R
a 2

Figure 6.10: Variation of Ra2 with Frequency Ω for different values of magnetic Pm,
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Figure 6.11: Nu versus τ for different values of magnetic Pm
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Figure 6.12: Nuφ versus τ for different values of magnetic Pm

Magnetic Prandtl number Pm

Figure 6.10 is the plot of Ra2 versus Ω for different values of magnetic Prandtl number

Pm. It confirms that Ra2 decreases as Pm increases, and so, the system will be destabi-

lized. From Figure 6.11 and Figure 6.12, it is evident that for the increasing the value of

magnetic Prandtl number Pm heat and mass transfer increases then it advances the onset

of convection. It can be concluded that the effect of magnetic Prandtl number Pm, which

is the ratio of viscous diffusion rate to the magnetic diffusion rate, is to enhance the heat

transfer. When Pm increases, then either the viscous diffusion rate may increase or the

magnetic diffusion rate may decrease and in both cases heat transfer increases.
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Figure 6.13: Variation of Ra2 with Frequency Ω for different values of Pr.
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Figure 6.14: Nu versus τ for different values of Pr.
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Figure 6.15: Nuφ versus τ for different values of Pr.
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Prandtl number Pr

It is clear from Figure 6.13 that the effect of Prandtl number Pr is similar to magnetic

Prandtl number Pm, that is, Pr advances the onset of magneto-convection, thus enhances

the heat transfer in the system. Values of Nusselt numbers are increasing as the value of Pr

is increased, as shown in Figure 6.14 and Figure 6.15. It is observed that the effect of Prandtl

number, which is ratio of kinematic viscosity and thermal diffusivity, is to enhance the heat

and mass transport. It is clear that when Pr increases, then either kinematic viscosity

increases or thermal diffusivity decreases, which means in both the cases that heat transfer

increases. The values of Pr are taken small so as to include the time-derivative term in

momentum equation. Also, it is found that there is a small variation in the values of Ra2

in case of Prandtl number Pr.
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Figure 6.16: Variation of Ra2 with Frequency Ω for different values of Rn

Nanoparticle Rayleigh number Rn

Figure 6.16 is the plot of Ra2 versus Ω for different values of nanoparticle Rayleigh number

Rn. It is found that an increment in Rn increases Ra2, thereby stabilizing the system.

Further on increasing the value of concentration Rayleigh number Rn, heat/mass transfer

decreases as shown in Figure 6.17 and Figure 6.18. This means that the fluids with sus-

pended nanoparticles are more helpful than ordinary fluids to adjust the heat transfer by

modulation. Since, here it is considered the revised boundary conditions, therefore unable

to determine whether system is top heavy or bottom heavy.
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Figure 6.17: Nu versus τ for different values of Rn
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Figure 6.18: Nuφ versus τ for different values of Rn
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Figure 6.19: Variation of Ra2 with Frequency Ω for different values of NA,



129 6.6 Result and discussion
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Figure 6.20: Nu versus τ for different values of NA
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Figure 6.21: Nuφ versus τ for different values of NA

Modified diffusivity ratio NA

Figure 6.19 shows the plot of Ra2 versus Ω for different values of modified diffusivity ratio

NA. It is noticed that an increment in NA signifies that thermophoresis effect will increase

which means entropy of system increases. It is clear from Figure 6.19 that Ra2 decreases as

NA increases, thus, it destabilizes the system. Same results have also been obtained from

the Figure 6.20 and Figure 6.21 in case of heat and mass transfer.

Lewis number Le

For most of the nanofluids investigated so far, Lewis number is large, Gupta et. al. (2013).

Figure 6.22 is the plot of Ra2 versus Ω for different values of Lewis number Le. It is evident
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Figure 6.22: Variation of Ra2 with Frequency Ω for different values of Le
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Figure 6.23: Nu versus τ for different values of Le
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Figure 6.24: Nuφ versus τ for different values of Le

that as the value of Lewis number increases, the value of Ra2 decreases, thus it destabilizes

the system and so enhances the heat transfer. Thus effect of increasing Lewis number Le
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is to advance heat/mass transfer as found in Figure 6.23 and Figure 6.24. Further, it is

noticed that this effect diminishes at high frequency of modulation.

6.7 Conclusion

In this chapter, magneto-convection in a horizontal nanofluid layer is studied under mag-

netic field modulation with more realistic boundary conditions, which incorporates the

effects of Brownian motion along with thermophoresis. The results have been obtained in

terms of the correction to the critical thermal Rayleigh number, thermal Nusselt number

and nanoparticle concentration Nusselt number using perturbation method. The effect of

various parameters have been obtained and depicted graphically. The following findings

are made:

1. The magnetic modulation can be used to regulate the heat and mass transports

effectively.

2. The new boundary conditions which are more realistic, have significant effect on heat

and mass transport.

3. The effects of the Lewis number Le, Prandtl number Pm, modified diffusivity ratio

NA and Prandtl number Pr are to destabilize the system.

4. The effect of Chandrashekhar number Q and concentration Rayleigh number Rn are

to stabilize the system.

5. The values of Nu(t) and Nuφ(t) remain almost constant for the small values of τ .

The values of Nu(t) and Nuφ(t) increased as the time τ increased and finally they

become oscillatory for the large values of τ .

6. Effect of magnetic field modulation is high at intermediate values of the frequency,

but low at high frequencies.



Chapter 7

An analytical study of the heat

transfer of nanofluid convection in an

horizontal fluid layer

7.1 Introduction

Enhancement in heat transfer of conventional fluid by using nanoparticles is one of the

rapidly growing research area in fluid dynamics. The impact of nanoparticles on the en-

hancement of convective heat transfer is its marvellous property and its importance. It

is well known that by using nanoparticles the heat transfer of conventional fluid increases

considerably high and suits many applications where rapid heat transportation is required.

Growing technology demands high class energy efficient devices, which needs rapid heat

exchangers, where nanofluids can be used as a coolant. Saidur et al. (2011) enlighten some

special features of the nanofluids from the application point of view. The documented

works on convective heat transfer based on the experimental and theoretical results which

ensures that the efficiency of nanofluids to enhance the heat transfer are provided by Wen

This chapter is based on the research article: Study of the heat transfer of nanofluid convection in
an horizontal fluid layer, Published in International Journal of Science, Technology and Society,
BBAU. Vol 3, No. 1&2, pp. 27-39, ISSN : 2395-7395.
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et al. (2009), Eastman et al. (2001), Wang and Mujumdar (2007), Daungthongsuk and

Wongwises (2007), Trisaksria and Wongwises (2007), Godson et al. (2010), Kakaç and

Pramuanjaroenkij (2009), Robert et al. (2013).

Natural convection between horizontal fluid layer attracts considerable interest due to its

application in many engineering branches, atmospheric sciences, geophysical problems. The

buoyancy induced convection arises due to temperature gradient between fluid layer with

nanofluid finds its application in solar collector, nuclear reactors. The documented work in

this area has been done by, Kim et al. (2004) studied the buoyancy driven instability of

nanofluids using Bruggeman model, Buongiorno (2006) derived the equations for nanofluid

convection and found that only Brownian diffusion and thermophoresis are important slip

mechanisms in nanofluids convection, Tzou (2008a, 2008b) studied the nanofluid instability

caused by natural convection and found that the critical Rayleigh number was significantly

low, by one to two orders of magnitude, as compared to that for regular fluids, Nield and

Kuznetsov (2010) studied the onset of convection and predicted that oscillatory convection

was possible with bottom heavy nanoparticles fluid layer, Abu-Nada (2011) studied the

effect of variable thermal conductivity and variable viscosity of nanofluids on heat transfer

in natural convection using CuO-water nanofluids, Agarwal and Bhadauria (2015) studied

the thermal instability of nanofluid layer under local thermal non-equilibrium. Recently,

Nield and Kuznetsov (2014) considered a physically more realistic model for the thermal

instability by taking a new set of boundary conditions, which is based on the assumption

that the normal component of the nanoparticle flux on boundaries is zero. Therefore, in

this chapter, an attempt has been made to study the heat transfer of nanofluid-saturated

porous medium with the assumption that there is no nanoparticle flux at the boundaries,

which is physically a more realistic condition.

The homotopy analysis method (HAM) is the renowned methods to solve non-linear

differential equations and there is no constrains on parameters involved in governing equa-

tions. This method has been introduced by Liao in 1992. This innovative technique has

been used by several authors in a field of science and engineering to solve different types of

governing differential equations: linear and non-linear, This method offers highly accurate

successive approximations of the solution. Some relevant studies are referred in following
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references Liao (2004), Hayat et. al. (2004), Domairry and Nadim (2008).

7.2 Governing Equations

Consider an infinitely extended horizontal fluid layer saturated by nanofluid, confined

between the planes z = 0 and z = d. Cartesian frame of reference has been taken with ori-

gin at the lower boundary and the z-axis in vertically upward direction. The gravitational

force is acting in vertically downward direction. Th and Tc are the lower and upper plate

temperature respectively with the condition that Th > Tc, Tc is taken as reference temper-

ature. Moreover, it is assumed that there is no nanoparticle flux at the boundaries and

that the particle fraction value there adjusts accordingly. Further, the density variation

is considered under Boussinesq approximation. Then using the approximated buoyancy

term, the governing equations under the above considerations incorporating the Brownian

diffusion and thermophoresis are as follows:

∇.v = 0, (7.2.1)

ρf

(
∂v

∂t
+ v.∇v

)
= −∇p+ µ∇2v + (φρp + (1− φ)ρf [1− β (T − Tc)])g (7.2.2)

(ρc)f

(
∂T

∂t
+ v.∇T

)
= κ∇2T + (ρc)p

[
DB∇φ.∇T +

(
DT

Tc

)
∇T.∇T

]
(7.2.3)

∂φ

∂t
+ v.∇φ = DB∇2φ+

(
DT

Tc

)
∇2T, (7.2.4)

where v = (u, v, w). It is assumed that the boundaries are held at constant temperature

and the nanoparticle flux is zero on the boundaries therefore, the boundary conditions are

taken as follows:

w = 0, T = Th, DB
∂φ

∂z
+
DT

Tc

∂T

∂z
= 0 at z = 0, (7.2.5)

w = 0, T = Tc, DB
∂φ

∂z
+
DT

Tc

∂T

∂z
= 0 at z = d. (7.2.6)
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Introducing the dimensionless variables by using the following transformations:

(x∗, y∗, z∗) = (x, y, z)/d, t∗ = tαf/d
2, (u∗, v∗, w∗) = (u, v, w)d /αf ,

T ∗ = (T − Tc) / (Th − Tc) , p∗ = pd2/µαf ,

φ∗ = (φ− φ0) /φ0, αf =
κ

(ρc)f

(7.2.7)

where φ0 is a reference scale for the nanoparticle fraction.

The nondimensionlized equations (after dropping the asterisks for simplicity) are:

∇.v = 0, (7.2.8)

1

Pr

(
∂v

∂t
+ v.∇v

)
= −∇p+∇2v− Rmk̂ + RaT k̂ − Rnφk̂, (7.2.9)

∂T

∂t
+ v.∇T = ∇2T +

[
NB

Le
∇φ.∇T +

NANB

Le
∇T.∇T

]
, (7.2.10)

∂φ

∂t
+ v.∇φ =

1

Le
∇2φ+

NA

Le
∇2T (7.2.11)

w = 0, T = 1,
∂φ

∂z
+NA

∂T

∂z
= 0 at z = 0 (7.2.12)

w = 0, T = 0,
∂φ

∂z
+NA

∂T

∂z
= 0 at z = 1. (7.2.13)

The nondimensional parameters, which appeared in the above equations are defined as

follow:

Pr = µ
ραf

is the Prandtl number, Le =
αf
DB

is the Lewis number, Ra = ρfogβd
3(Th−Tc)
µαf

is the

Rayleigh number, Rm = [ρpφ0+ρfo(1−φ0)]gd3

µαf
basic-density Rayleigh number, Rn = (ρp−ρfo)φ0gd3

µαf

is the concentration Rayleigh number, NA = DT (Th−Tc)
DBTcφ0

is the modified diffusivity ratio and

NB = (ρc)p
(ρc)f

φ0 is the modified particle density increment.

7.2.1 Basic solution

The basic state of the nanofluid is assumed to be quiescent thus, temperature field and

nanoparticle volume fraction vary in the z-direction only. This the gives basic state solution
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of the form

u = v = w = 0, T = Tb(z), φ = φb(z), (7.2.14)

satisfying the following equations

d2Tb
dz2

+
NB

Le

dφb
dz

dTb
dz

+
NANB

Le

(
dTb
dz

)2

= 0, (7.2.15)

d2φb
dz2

+NA
d2Tb
dz2

= 0. (7.2.16)

Using the boundary conditions (7.2.12–7.2.13), Eq.(7.2.16) may be integrated to give

dφb
dz

+NA
dTb
dz

= 0. (7.2.17)

Use the Eq.(7.2.17) in the Eq.(7.2.15), to get

d2Tb
dz2

= 0. (7.2.18)

The solution of the Eq.(7.2.18), subject to the boundary conditions (7.2.12–7.2.13), is given

by

Tb = 1− z, (7.2.19)

also the Eq.(7.2.16) has been solved subjected to the boundary conditions (7.2.12–7.2.13)

using (7.2.19), it is obtained

φb = φ0 +NAz. (7.2.20)

7.2.2 Perturbation state

Introducing the stream function ψ, eliminating the pressure term and then imposing finite

amplitude perturbations on the basic quiescent state as

ψ = Ψ, T = 1− z + Θ and φ = φ0 +NAz + Φ, (7.2.21)
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the following set of equations are obtained

1

Pr

(
∂

∂t
∇2 −∇4

)
Ψ + Ra

∂Θ

∂x
− Rn

∂Φ

∂x
=

1

Pr

∂ (Ψ,∇2Ψ)

∂(x, z)
, (7.2.22)

∂Ψ

∂x
+

(
∂

∂t
−∇2 +

NANB

Le

∂

∂z

)
Θ +

NB

Le

∂Φ

∂z
=
∂(Ψ,Θ)

∂(x, z)
+

[
NB

Le
∇Φ.∇Θ +

NANB

Le
∇Θ.∇Θ

]
,

(7.2.23)

−NA
∂Ψ

∂x
− NA

Le
∇2Θ +

(
∂

∂t
− 1

Le
∇2

)
Φ =

∂(Ψ,Φ)

∂(x, z)
. (7.2.24)

Boundary conditions to solve Eqs.(7.2.22–7.2.24) are

Ψ = 0, Θ = 0,
∂Φ

∂z
+NA

∂Θ

∂z
= 0 at z = 0, 1 (7.2.25)

Now the following asymptotic expansions are introduced

Ra = Ra0,c + χ2Ra2 + χ4Ra4 + ..., (7.2.26)

Ψ = χΨ1 + χ2Ψ2 + χ3Ψ3 + ..., (7.2.27)

Θ = χΘ1 + χ2Θ2 + χ3Θ3 + ..., (7.2.28)

Φ = χΦ1 + χ2Φ2 + χ3Φ3 + ..., (7.2.29)

where Ra0,c is the critical value of the Rayleigh number at which the onset of convection

takes place.

It is assumed that the variation of time is only at the slow time scale, τ = χ2t so the

systems has been arranged at different orders of χ.

At the lowest order,


−∇4 Ra0,c

∂
∂x

−Rn ∂
∂x

∂
∂x

(
−∇2 + NANB

Le
∂
∂z

)
NB
Le

∂
∂z

−NA
∂
∂x

−NA
Le
∇2 − 1

Le
∇2




Ψ1

Θ1

Φ1

 = 0. (7.2.30)
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The solution at the lowest order subject to the boundary conditions (7.2.25), are given by

Ψ1 = A[τ ]Sin (αcx) Sin(πz), (7.2.31)

Θ1 = −αc
δ2
A[τ ] Cos (αcx) Sin(πz), (7.2.32)

Φ1 =
αcNA

δ2
A[τ ] Cos (αcx) Sin(πz), (7.2.33)

where δ2 = α2
c + π2 and αc is the critical wave number.

The expression for thermal Rayleigh number is given by

Ra =
δ6

α2
−NARn(Le + 1), (7.2.34)

where α is the wave number.

The critical value of the Rayleigh number and the corresponding wave number for the on-

set of stationary convection is calculated numerically and the expression for critical Rayleigh

number is given by

Ra0,c =
δ6

αc2
−NARn(Le + 1), (7.2.35)

and the critical wave number is αc = π√
2
.

7.3 Amplitude equation and Heat and Mass Trans-

port for Stationary Instability

At the second order


−∇4 Ra0,c

∂
∂x

−Rn ∂
∂x

∂
∂x

−∇2 + NANB
Le

∂
∂z

NB
Le

∂
∂z

−NA
∂
∂x

−NA
Le
∇2 − 1

Le
∇2




Ψ2

Θ2

Φ2

 =


R21

R22

R23

 , (7.3.1)

where

R21 = 0, (7.3.2)
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R22 =
−αc2π

2δ2
A[τ ]2Sin(2πz)− παc

2NANB

2δ4

(
αc

2Sin2 (αcx) Sin2(πz)

+π2Cos2(αcx)Cos2(πz)
)
A[τ ]2,

(7.3.3)

R23 =
παc

2NA

2δ2
A[τ ]2Sin(2πz). (7.3.4)

The second order solution subject to the boundary conditions (7.2.25), are given by

Ψ2 = 0, (7.3.5)

Θ2 =
−αc2
8πδ2

A[τ ]2Sin(2πz), (7.3.6)

Φ2 =
αc

2NALe

8πδ2

(
(Le + 1) +

1

Le

)
A[τ ]2Sin(2πz). (7.3.7)

The horizontally averaged Nusselt number and Sherwood number, Nu and NuΦ, for sta-

tionary mode of convection (the mode considered in this problem) is given by:

Nu[τ ] =

[
αc
2π

∫ 2π
αc

0 (1− z + Θ2)z dx

]
z=0[

αc
2π

∫ 2π
αc

0 (1− z)z dx

]
z=0

, (7.3.8)

NuΦ[τ ] =

[
αc
2π

∫ 2π
αc

0 (φ0 +NAz + Φ2)z dx

]
z=0[

αc
2π

∫ 2π
αc

0 (φ0 +NAz)z dx

]
z=0

. (7.3.9)

Substituting expressions of Θ2 and Φ2 in the above Eqs.(7.3.8 and 7.3.9) and simplifying,

it is obtained

Nu[τ ] = 1 +
α2
c

4δ2
(A[τ ])2, (7.3.10)

NuΦ[τ ] = 1 +

(
αc

2Le

4δ2

(
(Le + 1) +

1

Le

))
(A[τ ])2. (7.3.11)

At the third order


−∇4 Ra0,c

∂
∂x

−Rn ∂
∂x

∂
∂x

−∇2 + NANB
Le

∂
∂z

NB
Le

∂
∂z

−NA
∂
∂x

−NA
Le
∇2 − 1

Le
∇2




Ψ3

Θ3

Φ3

 =


R31

R32

R33

 (7.3.12)
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where

R31 =− 1

Pr

∂

∂τ

(
∇2Ψ1

)
− Ra2

∂Θ1

∂x
, (7.3.13)

R32 =
∂Ψ1

∂x

∂Θ2

∂z
+
NB

Le

{
∂Φ1

∂z

∂Θ2

∂z
+
∂Φ2

∂z

∂Θ1

∂z

}
+ 2

NANB

Le

{
∂Φ1

∂z

∂Θ2

∂z

}
− ∂Θ1

∂τ
, (7.3.14)

R33 =

{
∂Ψ1

∂x

∂Φ2

∂z

}
− ∂Φ1

∂τ
, (7.3.15)

Substituting the value of Ψ1,Θ1,Θ2,Φ1 and Φ2 in the above equations to get the ex-

pressions of R31, R32, R33.

Applying the solvability condition for the existence of third order solution, the

Ginzburg–Landau equation with constant coefficients has been obtained in of the form

a1A
′[τ ] + a2A[τ ] + a3(A[τ ])3 = 0 (7.3.16)

where

a1 = δ2

Pr
+ αc2

δ4
(Ra0,c + RnNA) + αc2

δ4
LeRnNA(Le + 1),

a2 = −αc2

δ2
Ra2

a3 = αc4

8δ4
(Ra0,c + RnNA) +

(
αc4NALe

8δ4

)
LeRn

(
(Le + 1) + 1

Le

)
.

The Ginzburg–Landau equation given by Eq.(7.3.16) is a Bernoulli equation and to

obtained its solution HAM method has been employed, under subject to the initial condition

A[0] = a0, where a0 is the chosen initial amplitude of convection. In the calculations,

Ra2 = Ra0,c has been assumed to keep the parameters to the minimum.

7.4 Method Description

Assume the following non-linear differential equation in the form of

N [A(t)] = 0 (7.4.1)
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where N is a non-linear operator, t is an independent variable and A(t) is the solution of

equation. A function, ϕ(t, q) is defined as follow.

lim
q→0

ϕ(t, q) = A0(t) (7.4.2)

where, q : [0, 1] and A0(t) is the initial guess which satisfies initial or boundary conditions

and

lim
q→1

ϕ(t, p) = A(t) (7.4.3)

Now by using the generalized homotopy method, Liao’s so-called zero-order deformation

(Eq.(7.4.1)) is

(1− q)L [ϕ(t, q)− A0(t)] = qhN [ϕ(t, q)] (7.4.4)

where h is the auxiliary parameter which helps in increasing the convergence of the results,

L is the linear operator. It should be noted that there is a great freedom to choose the

auxiliary parameter h, the initial guess A0(t) and the auxiliary linear operator L. This

freedom plays an important role in establishing the keystone of validity and flexibility of

HAM as shown in this chapter. Thus, when q increases from 0 to 1, the solution ϕ(t, q)

changes between the initial guess A0(t) and the solution A(t) The Taylor series expansion

of ϕ(t, q) with respect to q is

ϕ(t, q) = A0(t) +
+∞∑
m=i

Am(t)qm (7.4.5)

and

A
[m]
0 (t) =

∂mϕ(t, q)

∂qm
|q=0 (7.4.6)

where A
[m]
0 (t) for briefly is called the mth-order of deformation derivation which reads

Am(t) =
A

[m]
0 (t)

m!
=

1

m!

∂mϕ(t, q)

∂qm
|q=0 (7.4.7)
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Indeed, in homotopy analysis method(HAM) the non-linear differential equation is solved

by separating any Taylor expansion term. Now, the vector is defined as

~Am = { ~A1, ~A2, ~A3, ......, ~An} (7.4.8)

According to the definition in Eq.(7.4.7), the governing equation and corresponding

initial conditions of Am(t) can be deduced from zero-order deformation [Eq.(7.4.1)]. Differ-

entiating Eq.(7.4.1) m times with respect to the embedding parameter q and setting q = 0

and finally dividing by m!, will give the so called mth-order deformation equation in the

form:

L [Am(t)− χmAm−1(t)] = hR (Am−1) (7.4.9)

where R (Am−1) = 1
(m−1)!

∂m−1N [ϕ(t,q)]
∂qm−1 |q=0

and

χm =

 0 m ≤ 1

1 m > 1

So by applying inverse linear operator to both sides of the linear equation, Eq.(7.4.1),

one can easily solve the equation and compute the generation constant by applying the

boundary condition.

7.5 Application

A′(t) = Q1A(t)−Q2A(t)3 (7.5.1)

where Q1 = −a2
a1

and Q2 = a3
a1

according to nature of the GL equation, the initial solution

may be taken in the form:

A0(t) = c1 + (a0 − c1)eγt (7.5.2)

where c1 =
√

Q1

Q2
and γ is as yet unspecified. The determination of γ can and will be

dealt with at the time of seeking a series solution of the GL equation with a time-periodic

coefficient. Quite obviouslyA0(t) has been so chosen that it satisfies the conditionsA0(∞) =

c1 and A0(0) = a0. The choice of the form of A0(t) is most important in obtaining a
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convergent series solution by HAM. Now introducing two notations to obtain the series

solution of GL equation by HAM.

L[A(t)] = A′(t) + γA(t) (7.5.3)

N [A(t)] = A′(t)−Q1A(t) +Q2A(t)3 (7.5.4)

The required equation for ϕ(t, q) can be constructed using L[A(t)] and N [A(t)]. Also it is

to be reminded at this point that ϕ(t, q) varies from A0(t) to ANL(t) as q varies from 0 to

1. The required equation is as follows:

(1− q)L[ϕ(t, q)− A0(t)] = qhN [ϕ(t, q)] (7.5.5)

where h is a convergence-control parameter. Eq.(7.5.5) and ϕ(t, 0) = a0 are called the

zeroth-order deformation equations. Now, in order to obtain the q-derivatives of ϕ(t, q),

differentiate m-times the zeroth-order deformation equations with respect to q. To make

use of the notation Am(t) defined in Eq.(7.4.7) set q = 0 in the resulting equations and

also divide by m!. The above procedure results in the following infinite system of linear

equations:

L[Am(t)− χmAm−1(t)] = hRm

(
Ãm(t)

)
(7.5.6)

subject to the initial condition

Am(0) = 0, (m = 1, 2, 3....) (7.5.7)

Ãm(t) = {A0(t), A1(t), A2(t), A3(t), ..., Am−1(t)} ,m ≥ 0 (7.5.8)

and

R
[
Ãm−1(t)

]
= A′m−1(t)−Q1Am−1(t)+Q2

m−1∑
k=0

Am−1−k(t)
k∑
j=0

Ak−j(t)Aj(t), (m = 1, 2, 3....)

(7.5.9)
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After some simplification get recurrence relation as

Am(t) = χmAm−1(t) + he−γt
∫ t

0

eγτR
[
Ãm−1(τ)

]
dτ (7.5.10)

In fact, the solution of Eq.(7.5.10) may be obtained with the aid of Mathematica. Some

iterative solution are as follows.

A1(t) =
1

2γ
e−3γth

{
− (a0 − c1)3Q2 − 6 (a0 − c1)2 c1e

γtQ2 + 2c1e
3γt
(
−Q1 + c2

1Q2

)
+

e2γt
(
2c1Q1 + a3

0Q2 + 3c1

(
a2

0 − 3a0c1 + c2
1

)
Q2 − 2 (a0 − c1) γ

(
γ +Q1 − 3c2

1Q2

)
t
)}

(7.5.11)
A2(t) =

1

2γ
e−3γt

{
− (a0 − c1)3Q2 − 6 (a0 − c1)2 c1e

γtQ2 + 2c1e
3γt
(
−Q1 + c2

1Q2

)
+

e2γt
(
2c1Q1 + a3

0Q2 + 3c1

(
a2

0 − 3a0c1 + c2
1

)
Q2 − 2 (a0 − c1) γ

(
γ +Q1 − 3c2

1Q2

)
t
) }

h+

1

2
e−γt

{(
3 (a0 − c1)5 (e−4γt − 1)Q2

2

)
4γ2

+

(
8 (a0 − c1)4 c1 (e−3γt − 1)Q2

2

)
γ2

+

6 (a0 − c1) c1Q2 (−2a0Q1 + 4c1Q1 + a3
0Q2 + 3a2

0c1Q2 − 5a0c
2
1Q2 − c3

1Q2)

γ2
+

(a0 − c1)2Q2 (−2a0Q1 + 8c1Q1 + 3a3
0Q2 + 9a2

0c1Q2 − 57a0c
2
1Q2 + 39c3

1Q2)

2γ2
−

2c1 (eγt + 1) (Q2
1 − 4c2

1Q1Q2 + 3c4
1Q

2
2)

γ2
− 1

γ

(
a3

0Q2

(
γ +Q1 − 3c2

1Q2

)
+

3a2
0c1Q2

(
γ +Q1 − 3c2

1Q2

)
+ c1

(
−2γ2 + 2Q2

1 + 9c2
1γQ2 − 15c2

1Q1Q2 + 3c4
1Q

2
2

)
+

a0

(
2γ2 + γ

(
2Q1 − 15c2

1Q2

)
+ 3c2

1Q2

(
Q1 + 5c2

1Q2

)) )
t+ (a0 − c1)

(
γ +Q1 − 3c2

1Q2

)2
t2+(

1/
(
2γ2
))

(a0 − c1)2 e−2γtQ2

(
2a0Q1 − 8c1Q1 − 3a3

0Q2 − 9a2
0c1Q2 + 57a0c

2
1Q2 − 39c3

1Q2

− 6 (a0 − c1) γ
(
−γ −Q1 + 3c2

1Q2

)
t
)

+
(
1/γ2

)
6 (a0 − c1) c1e

−γtQ2 (2a0Q1 − 4c1Q1

− a3
0Q2 − 3a2

0c1Q2 + 5a0c
2
1Q2 + c3

1Q2 − 2 (a0 − c1) γ
(
−γ −Q1 + 3c2

1Q2

)
t
)}

h2

(7.5.12)

Other iterative solution were too long to be mentioned here, therefore, results are demon-

strated graphically.
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To determine an appropriate h, define a residual error in the form:

ER(h) =
1

t0

∫ t0

0

[
A′(t)−Q1A(t) +Q2A(t)3

]2
dt (7.5.13)

where t0 is time domain in which one wants to capture the error. The value of h is chosen in

such a way, that error ER(h) is going to be minimum. Here, it is notice that h is a helpful

parameter that influences the rate of convergence of the HAM solution but the convergent

solution is independent of the choice of h , as proved by Liao (2009).

mth-order HAM solution can be written in the following form

AmNL(t) =
m∑
i=0

Am(t), m = 1, 2, 3..... (7.5.14)

7.6 Results and Discussions

weakly nonlinear stability analysis for heat transfer has been performed in a horizontal

nanofluid layer. The effects of Lewis number, modified thermophoresis to Brownian-motion

diffusivity ratio, concentration Rayleigh number and Prandtl number on the heat transport

has been obtained. Using power series expansion in terms of perturbation parameter, which

is assumed to be small, the problem has been studied using the Ginzburg-Landau amplitude

equation. Such an assumption will help in obtaining the amplitude equation of convection

in a rather simple and elegant manner and is much easier to obtain than in the case of the

Lorenz model. Obtained Ginzburg-Landau equation has been solved by using Homotopy

Analysis Metohod considering fifteen terms.

From the expression of Rn, it is observed that Rn is defined as a typical nanofluid

fraction instead of the difference of two fractions so that, Rn cannot be negative, the

modified diffusion ratio NA is positive, moreover, it is not necessary to take large values

of Le. As there is no longer two opposing agencies which affect the instability, therefore,

the oscillatory instability is not possible. One can observe that the solution of first order,

second order and the Ginzburg-Landau equation is independent of modified particle-density

increment NB, therefore heat transfer is unaffected by modified particle-density increment
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NB, this happens due to orthogonality of the solution of the trial functions.

If one wants to quantify heat and mass transfer, which linear stability analysis is unable

to do, this problem needs to perform the nonlinear analysis and hence the importance, thus

the need for nonlinear stability analysis is justified.

It is difficult to control the nanoparticle fraction at the boundaries therefore, consider

new set of boundary conditions are considered assuming that the normal component of the

nanoparticle flux on boundaries is zero, such an assumption can be taken as more realistic

and suits the real world problem. It is important to study the effect of nanoparticle concen-

tration and modified diffusion ratio in nanofluid convection in fluid layer. The objective of

this study is to consider nanoparticle concentration and modified diffusion ratio for either

enhancing or inhibiting convective heat transport as is required by the real application.

At the critical wave number, the Eq.(7.2.35) can be expressed as

Ra0,c +NARn(Le + 1) =
27π4

4
, (7.6.1)

The Eq.(7.6.1) can be taken as a useful upper bound for the value of critical Rayleigh

number in case of stationary convection.

Figures 7.1-7.4 show the effect of parameters on the heat transport. Initially, the value

of Nusselt number is one, which shows that the heat transfer is by conduction alone and

as time increases, the value of Nusselt number increases showing that the heat transport

is effected by convection, Further more, after reaching a fixed value there is no change in

the magnitude of Nusselt number with respect to time, showing the saturation state for

heat transfer. Figures 7.1-7.4 show the effect of parameters on the heat transport for the

base fluid, while Figures 7.5-7.8 show the effect of parameters on the heat transport for

the nanoparticles. Values of the parameters are fixed at Pr = 1, Rn = 1, NA = 0.7 and

Le = 100, except for the varying one.

Following results have been found from Figures 7.1-7.4 for the heat transport for base

fluid

1. [Nu]NA=0.9 < [Nu]NA=0.8 < [Nu]NA=0.7.
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2. [Nu]Rn=1.2 < [Nu]Rn=1.1 < [Nu]Rn=1.

3. [Nu]Le=120 < [Nu]Le=110 < [Nu]Le=100.

4. [Nu]Pr=0.1 < [Nu]Pr=0.2 < [Nu]Pr=0.3.

NA = 0.7, 0.8, 0.9

Le = 100, Rn = 1, Pr = 1
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Figure 7.1: Nusselt number Nu(t) versus time t for different values of NA

Rn = 1.0, 1.2, 1.4

Le = 100, NA = 0.7, Pr = 1
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Figure 7.2: Nusselt number Nu(t) versus time t for different values of Rn

The above results can be interpreted as, Figure 7.1 shows the effect of modified ther-

mophoresis to Brownian-motion diffusivity ratio. It is is observed from the graph that on

increasing the of values NA heat transfer decreases. From figure 7.2, It is observe that for

increasing values of concentration Rayleigh number heat transfer decreases. The effect of

Lewis number is shown in Figure 7.3. It is found that on increasing value of Lewis number

heat transfer decreases. Further, in Figure 7.4, the effect of Pr on Nu[τ ] is felt only at small

time.
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Le = 100, 110, 120

NA = 0.7, Rn = 1, Pr = 1
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Figure 7.3: Nusselt number Nu(t) versus time t for different values of Le

Pr = 0.1, 0.2, 0.3
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Figure 7.4: Nusselt number Nu(t) versus time t for different values of Pr

NA = 0.7, 0.8, 0.9

Le = 100, Rn = 1, Pr = 1
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Figure 7.5: Nusselt number Nuφ(t) versus time t for different values of NA

Following results have been found from Figures 7.5, 7.6, 7.7, 7.8 for heat transport in

the nanofluids
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Figure 7.6: Nusselt number Nuφ(t) versus time t for different values of Rn
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Figure 7.7: Nusselt number Nuφ(t) versus time t for different values of Le

Pr = 0.1, 0.2, 0.3
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Figure 7.8: Nusselt number Nuφ(t) versus time t for different values of Pr

1. [NuΦ]NA=0.9 < [NuΦ]NA=0.8 < [NuΦ]NA=0.7.

2. [NuΦ]Rn=1.2 < [NuΦ]Rn=1.1 < [NuΦ]Rn=1.
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3. [NuΦ]Le=120 < [NuΦ]Le=110 < [NuΦ]Le=100.

4. [NuΦ]Pr=0.1 < [NuΦ]Pr=0.2 < [NuΦ]Pr=0.3.

From Figure 7.5, it is clear that the effect of modified thermophoresis to Brownian-

motion diffusivity ratio is to decrease, the heat transfer on increasing its values, From Figure

7.6, it is observed that for increasing values of concentration Rayleigh number heat transfer

decreases. Figure 7.7 shows the effect of Lewis number, it is found that on increasing the

value of Lewis number heat transfer decreases. Further, from Figure 7.8, it is found that

the effect of Pr on NuΦ[τ ] is felt only at small time.

Comparison of exact and Mathematica solutions with the fifteen-order HAM solution is

depicted in Figure 7.9 and Figure 7.10. Figure 7.9 exhibits the plot of Nu verses t, on the

other hand Figure 7.10 shows the plot of Nuφ verses t. It is evident that the solution (for

h = 1.088 ) of the fifteen-order HAM solution is convergent, for fixed values of parameters.
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Figure 7.11: Curve of residual error ER versus convergence controlling parameter h

When h = −2.5 , increasing the order results in increasing the residual error, thus the

series is divergent. Besides, choosing any a value of h in the region −2.5 < h < −2.3

results in divergent series. However, choosing any a value of h in the region −1.3 < h < 0

results in convergent series. Obviously, there exists such a region hB ≤ h < 0 where hB is

a constant, that choosing any a value of h in this region results in convergent HAM series.

It is unnecessary to determine the exact value hB of the boundary. For example, from

Figure 7.11, it is obvious that the HAM series converges by choosing any value of h in the

region −1.3 < h < 0. Besides, as proved by Liao (2004), all of these convergent HAM series

converge to the same result for given physical parameters, although the convergence rate

is dependent upon the chosen value of h
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Figure 7.12: Streamlines at (a) t = 0.0, (b) t = 0.5, (c) t = 1.0, (d) t = 2.0, (e) t = 3.0, (f)
t = 4.0.

Variation of stream lines, isotherms, isoconcentrations at different instant of time are

depicted in Figure 7.12, Figure 7.13 and Figure 7.14 respectively. The magnitudes of
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Figure 7.14: Streamlines at (a) t = 0.0, (b) t = 0.5, (c) t = 1.0, (d) t = 2.0, (e) t = 3.0, (f)
t = 4.0.

stream lines increases as time increases, it is evident from Figure 7.12. Figure 7.13 shows

the variation of isotherms at different instant of time. It is found that initially the isotherms

are flat and parallel, showing that the heat transport is only by conduction alone and as

time increases isotherms starts oscillating showing convective regime is in place. Figure

7.14 shows that initially the isoconcentrations are flat and parallel, thus heat transport

is by conduction only. But as time increases isoconcentrations starts oscillating and form

contours. It show that the convective regime became stronger. Further, it is clear from the

Figure 7.12 to Figure 7.14 that after reaching at some instant, there is no changes in stream

lines, isotherms, isoconcentrations on further elapses of time, which show that steady state

has been achieved.
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7.7 Conclusions

Weakly nonlinear stability analysis has been done to study the heat transfer in an infi-

nite horizontal nanofluid layer using the Ginzburg-Landau equation. Effects of concentra-

tion Rayleigh number, modified thermophoresis to Brownian-motion diffusivity ratio, Lewis

number and Prandtl number on the heat transfer have been studied for the stationary mode

of convection. The following conclusions have been made from analysis, for the increasing

values of parameter:

1. Prandtl number Pr : Only for short time.

2. Concentration Rayleigh number parameter Rn : heat transfer decreases for base fluid,

heat transfer decreases for nanoparticles.

3. Lewis number Le : heat transfer decreases for base fluid, heat transfer increases for

nanoparticles.

4. Modified thermophoresis to Brownian-motion diffusivity ratio NA : heat transfer

decreases for base fluid, heat transfer decreases for nanoparticles.
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We present thermal convection in a nanofluid saturated porous medium under the effects of gravity modulation
and internal heating. The non-uniform vertical vibrations, which can be realized by oscillating the system verti-
cally is considered to vary sinusoidally with time. Linear and nonlinear stability analysis have been performed
to investigate onset and heat/mass transfer in the system. Linear stability analysis is made using Venezian
approach, nonlinear stability analysis is made using truncated Fourier series expansions. The effects of various
physical parameters have been investigated on heat and mass transfer. Linear model shows there is a par-
ticular range of frequency of modulation, where the system stabilizes and destabilizes. The duel effect of this
nature is due to the presence of internal heating of the system. It is found that gravity modulation can be used
effectively to regulate heat/mass transfer in the system. Further, the effect of internal heating is to destabilize
the system, as a consequence enhances the heat/mass transfer.

KEYWORDS: Thermal Instability, Gravity Modulation, Internal Heating, Darcy Model.

1. INTRODUCTION
The advanced concepts of nanofluids offer absorbing
heat transfer characteristics compared to conventional
heat transfer fluids. Applications of nanofluids in indus-
tries such as heat exchanging devices appear promising
with these characteristics. Common fluids have limited
heat transfer capabilities while some of the metals have
very high thermal conductivity in comparison to these
fluids. Therefore, the basic idea behind nanofluids was
to make a substance by combining these two, which
would behave like a fluid and have thermal conductiv-
ity of a metal, thus nanofluids were made by suspend-
ing the nanoparticles in the common fluids, called base
fluids. Presence of these nanoparticles in the base fluids
may increase the thermal conductivity of the fluids by
15–40%. The following features (a) abnormal enhance-
ment of thermal conductivity, (b) stability, (c) small con-
centration and (d) Newtonian behavior, motivates research
in nanofluids, with the expectation that, these fluids will
play an important role in developing the next generation

∗Author to whom correspondence should be addressed.
Email: kiran40p@gmail.com
Received: xx Xxxx xxxx
Accepted: xx Xxxx xxxx

of cooling technology. The fundamental applications of
nanofluids in industries such as heat exchanging devices
appear promising with these characteristics. Some of them
are: heat-transfer nanofluids, tribological nanofluids, pollu-
tion cleaning nanofluids, surfactant and coating nanofluids,
chemical nanofluids, process/extraction nanofluids, Bio
pharmaceutical nanofluids, Medical nanofluids (drug deliv-
ery and functional tissue cell interaction) etc.
A significant feature of nanofluids is thermal conduc-

tivity enhancement which was first reported by Masuda
et al.1 Nanofluids are mixtures of base fluid such as water
or ethylene-glycol along with small amount of nanoparti-
cles such as metallic or metallic oxide particles (Cu, Cuo,
Al2O3), having dimensions from 1 to 100 nm. Choi2 was
the first, who proposed this term “nanofluid.” Natural con-
vection or buoyancy driven convection, is the heat removal
strategy adopted in a wide variety of industries ranging
from transportation (heating, ventilation, and air condition-
ing), energy production and supply to electronics, textiles
and paper production, geophysical problems, nuclear reac-
tors to name a few Choi.3 The ballistic nature of heat trans-
port within nanoparticles was analyzed by Chen.4 Eastman
et al.5 reported an increase of 40% in the effective ther-
mal conductivity of ethylene-glycol with 0.3% volume of
copper nanoparticles of 10 nm diameter. These reports led
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Buongiorno and Hu6 to suggest the possibility of using
nanofluids in advanced nuclear systems. Another applica-
tion of the nanofluid flow is in the delivery of nano-drug
as suggested by Kleinstreuer et al.7

Khanafer et al.8 reported an increase in concentration
of suspended nanoparticles, is to increase in heat trans-
fer in Cu-water nanofluids in a two-dimensional rectan-
gular enclosures. Ballistic nature of heat transport within
nanoparticles by Keblinski and Cahill9 and thermal lag-
ging in nanoparticles with a large surface area to volume
ratio by Vadász.10 A comprehensive review of heat trans-
port in nanofluids is due to Eastman et al.11 In spite of
several reported studies, it is a fact that no satisfactory
explanation could be found so far, for abnormal enhance-
ment in the thermal conductivity and viscosity of the fluid
due to the presence of nano-particles. Abu-Nada et al.12

reported the enhancement of heat transfer in nanofluids at
higher values of the Rayleigh number in comparison to
clear fluid. Buongiorno13 has given an extensive study to
account for the unusual behavior of nanofluids based on
inertia, Brownian diffusion thermophoresis, diffusiophore-
sis, Magnus effects, fluid drainage and gravity settling, and
proposed a model incorporating the effects of Brownian
diffusion and the thermophoresis. With the help of these
equations, studies were conducted by Kim et al.,14 Tzou15

and Nield and Kuznetsov.16�17

Bhaduria and Agarwal18 studied nonlinear thermal insta-
bility in a horizontal porous layer saturated by a nanofluid.
Agarwal and Bhaduria19 studied thermal instability in a
rotating porous layer saturated by a nanofluid for top
and bottom-heavy suspension for Darcy model. Chand
and Rana20 studied the onset of thermal convection in
a rotating nanofluid saturated porous medium. Bound-
ary and internal heat source effects on the onset of
Darcy-Brinkman convection in a porous layer saturated by
nanofluid was studied by Yadav et al.21 No study in the
above literature is available in which the work has been
carried out under modulation. Recently Umavathi22 studied
temperature modulation, gravity modulation by Pranesh
et al.,23 of convection in a nanofluid saturated porous
medium, using linear stability analysis with Venezian24

approach. Bhadauria and Kiran25 investigated g-jitter
effects on thermal convection. Bhaduria and Kiran26 inves-
tigated heat transfer in nonofluid saturate porous medium
under gravity modulation using truncated Fourier series
model. This is first model which presents g-jitter effects on
nanofluid convection. It is found that modulation enhances
or diminishes heat transfer in the medium depending on
amplitude and frequency of modulation. The similar mode
was extended for viscoelastic nanofluids by Kiran27 Linear
as well as non-linear study for Rayleigh-Bènard convection
in a nanofluid under thermal non-equilibrium with new
boundary condition is studied by Agarwal et al.28 Nield
and Kuznetsov29 has been done a tremendous work in the
area of throughflow subjecting to another revised bound-
ary conditions, where they consider the fact that the total

nanoparticle flux is the sum of diffusive, convective and
thermophoretic terms. Since the particles are transported
in the fluid phase only, and so, the intrinsic velocity is
involved in the convective terms. Puneet and Agarwal30

studied the thermal instability of a binary nanofluid satu-
rated porous medium in presence of rotation.
The heat and mass transfer characteristic for MHD

threedimensional water-based nanofluid due to an expo-
nentially stretching sheet subjected to a magnetic field is
presented by Baag and Mishra.31 Three types of nanofluid,
namely Cu-water, Al2O3-water and TiO2-water is studied.
The governing nonlinear partial differential equations are
reduced into ordinary differential equations by employing
similarity variables and then solved numerically by Runge-
Kutta method along with shooting technique. The effects
of various physical parameters on the flow, heat and mass
profiles are presented graphically. The rotational effects
on two competent nanofluid saturating porous medius is
investigated by Puneet and Shilpi.32 The porus medium
of Darcy model and the nanofluid incorporates the effects
of Brownian motion and thermophoresis. Thermorheolog-
ical effect on the onset of convection in a horizontal
nanofluid layer heated from below is studied for rigid-
rigid, freefree and rigidfree boundaries by incorporating
the effects of Brownian motion and thermophoresis by
Shivakumara et al.33 It is found that stability characteris-
tics of the system are strongly dependent on the viscosity
parameter while the viscosity of nanofluid is allowed to
vary exponentially with temperature. The uniform vertical
magnetic field effect on thermal convection in a nanofluid
saturated porous medium is investigated for more realistic
boundary conditions by Chand and Rana.35 The onset of
convection under magnetic fiels is presented using linear
stability analysis based upon normal mode technique.
It appears that all of the above studies deal with the case

of uniform heating from below, and the case of internal
heating has been largely neglected. There are numerous
situations of great practical importance where the material
offers its own source of heat. It is due to the internal heat-
ing of the earth that there exists a thermal gradient between
the interior and exterior of the earth’s crust, saturated
by multi-components fluids, which helps convective flow,
thereby transferring the thermal energy towards the surface
of the earth. Therefore, the role of internal heat genera-
tion becomes very important in several applications that
include geophysics, reactor safety analyses, metal waste
form development for spent nuclear fuel, fire and combus-
tion studies, and storage of radioactive materials. However,
there are relatively very few studies available in which
the effect of internal heating on convective flow has been
investigated. Some of these studies are: Bhattacharya and
Jena,35 Tasaka and Takeda36 and Bhadauria et al.37 and
Srivastava et al.38

Internal heating in porous media or gravity modula-
tion of the system or a combination of both can be used
as effective mechanism to control the convective flow

2 J. Nanofluids, 5, 1–12, 2016
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by suppressing or advancing it. However, to the best of
authors’ knowledge, there is no study available in the lit-
erature in which the effect of vertical vibrations on the
Darcy-Bénard convection in a nanofluid has been studied
under internal heating effect using linear and nonlinear
analysis. It is with this motive that we have made linear
and nonlinear analysis of thermal instability in a nanofluid
saturated porous medium under gravity modulation, and
studied the effect of internal heating on the system. We
follow Venezian approach for linear theory, and five mode
Lorenz model for nonlinear theory, and in the process sta-
bility is discussed, heat and mass transport quantified in
terms of Nusselt numbers.

2. MATHEMATICAL FORMULATION
We consider a porous layer saturated by nanofluid, con-
fined between two horizontal boundaries, respectively at
z = 0 and z = d, heated from below and cooled from
above. The boundaries are impermeable and perfectly ther-
mally conducting. The porous layer is extended infinitely
in x and y-directions, and z-axis is taken vertically upward
with the origin at the lower boundary. In addition, the local
thermal equilibrium between the fluid and solid has been
considered, thus the heat flow has been described using
one equation model. Th and Tc are the temperatures at
the lower and upper walls respectively such that Th > Tc.
Employing the Oberbeck-Boussinesq approximation, the
governing equations to study the thermal instability in a
nanofluid saturated porous medium are:13�39�40

� ·vD = 0 (1)
�f

�p

�vD
��

+�p

=−�

K
vD + �	�p+ 
1−	���
1−

T −Tc�����g (2)

�
�T

��
+vD ·�T

= �T �
2T +�p


�c�p


�c�f

[
DB�	 ·�T + DT

Tc
�T ·�T

]

+Q
T −Tc� (3)

�	

��
+ 1

�p
vD ·�	=DB�

2	+ DT

Tc
� 2T (4)

�g = g0
1+ � cos
�����k (5)

where vD is the Darcy velocity. The physical variables
have their usual meanings, given in nomenclature. We sup-
pose that the upper and lower boundaries are both imper-
meable. We also assume that the temperature and the
volumetric fraction of the nanoparticles are constant on the
boundaries, and one has thermal equilibrium there.39 Thus,
the boundary conditions are as:18�19�25�26

v= 0� T = Th� 	= 	0 at z= 0 (6)

v= 0� T = Tc� 	= 	1 at z= d (7)

o x

y

z

heating

cooling

porous medium

Boussnesq nanofluid saturate
porous medium

T Tc Z d

T Th
Z 0

g t g0 1 cos

Fig. 1. A sketch of the physical problem.

where nanoparticle concentration 	1 at upper plate is
greater than nanoparticle concentration 	0 at lower plate.
The dimensionless variables are considered as given
below:


x∗� y∗� z∗�= 
x� y� z�/d� �∗ = ��T /�d
2


u∗� v∗�w∗�= 
u� v�w�d/�T � p∗ = pK/��T

	∗ = 	−	0

	1−	0

and T ∗ = T −Tc
Th−Tc

where �T = km/
�c�f , � = 
�cp�m/
�cp�f . The non-
dimensionalized governing equations along with boundary
conditions are (after dropping the asterisk for simplicity)

� ·v= 0 (8)

1

Va

�v
��

=−�p−v−gm 
Rm−Ra T +Rn	� êz (9)

�T

��
+v ·�T = 
� 2+Ri�T + NB

Le
�	 ·�T

+ NANB

Le
�T ·�T (10)

1

�

�	

��
+ 1

�p
v ·�	= 1

Le
� 2	+ NA

Le
� 2T (11)

v= 0� T = 1� 	= 0 at z= 0 and

v= 0� T = 0� 	= 1 at z= 1
(12)

where gm = 
1 + � cos
�t��. The non-dimensionlized
parameters in the above equations are given in nomencla-
ture, NA is the modified diffusivity ratio, which is similar
to the Soret parameter that arises in cross diffusion in ther-
mal instability.

2.1. Conduction State
At the basic state, the nanofluid is assumed to be at rest,
therefore the quantities at the basic state will vary only in
z-direction, and are given by:

v= 0� p = pb
z�� T = Tb
z�� 	= 	b
z� (13)
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Substituting Eq. (13) in Eqs. (10) and (11), we get:

d2Tb
dz2

+RiTb+
NB

Le

d	b

dz

dTb
dz

+ NANB

Le

(
dTb
dz

)2

= 0 (14)

Using order magnitude analysis, Tzou15�16 showed that the
second and third terms in Eq. (14) are small, and hence
we have:

d2Tb
dz2

+RiTb = 0�
d2	b

dz2
= 0 (15)

The boundary conditions for solving Eq. (15) can be
obtained from Eq. (12) as:

Tb = 1� 	b = 0 at z= 0 (16)

Tb = 0� 	b = 1 at z= 1 (17)

Solving the Eq. (15), subject to the conditions, Eqs. (16)
and (17), we obtain:

Tb =
sin

√
Ri
1− z�

sin
√
Ri

(18)

	b = z (19)

2.2. Perturbed State/Dimensionless
Governing Equations

We now superimpose perturbations on the basic state given
in Eq. (13):

v= v′� p = pb +p′� T = Tb +T ′� 	= 	b+	′ (20)

Substituting the above expression (20) in Eqs. (8)–(11) and
using the expressions (18) and (19), eliminating the pres-
sure and introducing the stream functions, we obtain:25�26

1

Va

�

��

� 2��+� 2�=

(
Rn

�	

�x
−Ra

�T

�x

)
gm�k (21)

−�Tb
�z

��

�x
−
� 2+Ri�T =−�T

��
+ �
��T �

�
x�z�
(22)

− 1
�p

��

�x
−NA

Le
� 2T = 1

Le
� 2	− 1

�

�	

��
+ 1
�p

�
��	�

�
x�z�
(23)

3. LINEAR STABILITY
Here we study the linear stability analysis considering
marginal and over-stable states. To perform linear stabil-
ity analysis we neglect nonlinear term in Eqs. (21) to (23)
thus we get linear system of equations.

1
Va

�

��

� 2��+� 2� =

(
Rn

�	

�x
−Ra

�T

�x

)
gm�k (24)

−�Tb
�z

��

�x
− 
� 2+Ri�T =−�T

��
(25)

− 1
�p

��

�x
− NA

Le
� 2T = 1

Le
� 2	− 1

�

�	

��
(26)

Eliminating T and 	 from Eqs. (24) to (26) after elimina-
tion process we get single equation for � in the form(

1
Va

�

��
+1

)(
� 2+Ri− �

��

)(
1
Le

� 2− 1
�

�

��

)
� 2�

=− �2

�x2
Rn

[
1
�p

(
� 2+Ri− �

��

)
− NA

Le
� 2 �Tb

�z

]
gm�

+Ra
�2

�x2

[(
1
Le

� 2− 1
�

�

��

)
�Tb
�z

]
gm� (27)

3.1. Method of Solution
We obtain the perturbation technique to obtain eigen func-
tions � and eigen values Ra by introducing a small per-
turbation parameter �.23�24⎧⎨

⎩
� = �0+ ��1+ �2�2+· · ·
Ra= Ra0+ �2Ra2+· · ·

(28)

Substituting the Eq. (28) into Eq. (27) and equating like
powers of � on both sides, we get:

L�0=0 (29)

L�1=Rn
�2

�x2

[
− 1
�p

(
� 2+Ri− �

��

)
+NA

Le
� 2 �Tb

�z

]

×�0cos
���+Ra0

�2

�x2

[(
1
Le

� 2− 1
�

�

��

)
�Tb
�z

]

×�0cos
��� (30)

L�2=Rn
�2

�x2

[
− 1
�p

(
� 2+Ri− �

��

)
+NA

Le
� 2 �Tb

�z

]

×�1cos
���+ �2

�x2

[(
1
Le

� 2− 1
�

�

��

)
�Tb
�z

]

×
Ra0�1cos
���+Ra2�0� (31)

where

L =
(

1
Va

�

��
+1

)(
� 2+Ri− �

��

)(
1
Le

� 2− 1
�

�

��

)
� 2

− �2

�x2
Rn

[
− 1

�p

(
� 2+Ri− �

��

)
+ NA

Le
� 2 �Tb

�z

]

−Ra0

�2

�x2

[(
1
Le

� 2− 1
�

�

��

)
�Tb
�z

]
(32)

3.2. Zeroth Order System
We now assume the marginally stable solutions for
Eq. (29) in the form

�0 = sin
�x� sin
�z� (33)

Since � is independent of y therefore � is the wave num-
ber in x direction, the corresponding eigen values are
given by

Ra0 =
(
�2
�2−Ri�
4�2−Ri�

4�2�2

)

−Rn

(
Le
�2−Ri�
4�2−Ri�

�p4�2�2
+NA

)
(34)
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where �2 = �2+�2. In the absence of internal heat, the
expression of Ra0 similar with the result of Umavathi.22

We note that Ra0 attains its critical value, Ra0c at �= � .

3.3. First Order System
Using Eq. (33) in Eq. (30) we have,

L�1 = Rn�2

[(
Ri−�2

�p
+ NA

Le
I1�

2

)
cos
���

+ �

�p
sin
���

]
sin
�x� sin
�z�

+Ra0�
2I1

[(
�2

Le
cos
���− �

�
sin
���

)]

× sin
�x� sin
�z� (35)

where I1 = ∫ 1
0

∫ �/�

0 
�Tb/�z� sin
2
�x� sin2
�z�dx dz =

−
�3/��/
4�2−Ri�. The solution of the homogeneous
equation corresponding to the Eq. (35), one must have a
term which is orthogonal to sin
�x� sin
�z�. Note that
we already apply the theory of minimal Rayleigh number
therefore right hand side of Eq. (35) is complete orthogo-
nal function to sin
�x� sin
�z�. Using (32) we find that

L�sin
�z�exp
i�x−i����=L
��sin
�z�exp
i�x−i��� (36)

where L
��= A+ iB

A=�2

(
�2

�

(
1+ �2−Ri

Va

)
+ �4

LeVa

)

+Rn�2

(
�2−Ri

�p
− NA

Le
I1�

2

)

−Ra0�
2 1
Le

I1�
2− �4

Le

(
�2−Ri

)

B =�

[
Ra0�

2 I1
�
−Rn

�2

�p
+ �2

�

(
�2−Ri−�2

Va

)

+ �4

Le

(
1+ �2−Ri

Va

)]
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Fig. 2. Ra2 versus � for different values of Ri.
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Fig. 3. Ra2 versus � for different values of NA.

Hence we obtain �1, by inverting the operator L in the
following form

�1 = Re

[
L∗
��

�L
���2 F1
�� sin
�x� sin
�z�

]
(37)

where L∗
�� is the complex conjugate of L
��.

F1
�� = Rn�2

{(
Ri−�2

�p
+ NA

Le
I1�

2

)
cos
���+ �

�p
sin
���

}

+Ra0�
2I1

{(
�2

Le
cos
���−�

�
sin
���

)}

3.4. Second Order System
From the Eq. (31) we get:

L�2 =
[
Ra0�

2I1
�2

Le
−Rn�2

(
�2−Ri

�p
− NA

Le
I1�

2

)]

×�1 cos
���+
[
Ra0�

2 1
�
−Rn

�2

�p

]

× 
�1 cos
����′ +Ra2�
2I1

�2

Le
�0 (38)

We will not solve the Eq. (38), but using this equation
we determine Ra2. For the existence of a solution of the

NA = 1, Ri = 4, Le = 10,  γ = 10, Va = 10
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Fig. 4. Ra2 versus � for different values of Rn.
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Fig. 5. Ra2 versus � for different values of Le.

Eq. (38), it is necessary that, the steady part of its right
hand side must orthogonal to sin
�x� sin
�z�. This gives,

∫ 1

0

∫ �/�

0

[{
Ra0�

2I1
�2

Le
−Rn�2

(
�2−Ri

�p
− NA

Le
I1�

2

)}

×�1 cos
���+
{
Ra0�

2 1
�
−Rn

�2

�p

}

× 
�1 cos
����′ +Ra2�
2I1

�2

Le
�0

]

× sin
�x� sin
�z�dx dz (39)

where the upper bar denotes the time average.

Ra2 = −
(
LeA�2

[
Ra0I1

�2

Le
−Rn

(
�2−Ri

�p
− NA

Le
I1�

2

)]2)

×
2I1�
2
A2+B2��−1 (40)

4. NONLINEAR STABILITY
Assuming Fourier expressions (following the studies of
Bhadauria and Agarwal,18 Agarwal et al.44) for the phys-
ical variables such as stream function, temperature and
nanoparticle fraction, a local nonlinear stability analysis
is performed. We take the modes 
1�1� for stream func-
tion, and 
0�2� and 
1�1� for temperature and nanoparticle
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Fig. 6. Ra2 versus � for different values of �.
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Fig. 7. Ra2 versus � for different values of Va.

concentration, thus using a severely truncated represen-
tation of Fourier series for stream function, temperature
and nanoparticle concentration.41�42 This study will help in
understanding the physics of the problem with minimum
mathematical expressions. Further, the results can be used
as starting point to generalize it for full nonlinear prob-
lem. Also, it is to be noted that the effect of nonlinearity is
to distort the temperature and concentration fields through
the interaction of � and T , and � and 	 respectively. As
a result a component of the form sin
2�z� will be gen-
erated. Therefore the minimal expression which describes
the finite amplitude convection is of the form

� = A11
�� sin
�x� sin
�z� (41)

T = B11
�� cos
�x� sin
�z�+B02
�� sin
2�z� (42)

	= C11
�� cos
�x� sin
�z�+C02
�� sin
2�z� (43)

where the amplitudes A11
��, B11
��, B02
��, C11
�� and
C02
�� are functions of time and to be determined. Substi-
tuting Eqs. (41)–(43) in Eqs. (21)–(23), taking the orthog-
onality condition with the eigenfunctions associated with
the considered minimal mode, we get:

dA11
��

d�
= Va

�2
��
1+ � cos
�t��

× �RnC11
��−RaB11
���−�2A11
��� (44)
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Fig. 8. Nu versus � for different values of Va.
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Fig. 9. Nu	 versus � for different values of Va.

dB11
��

d�
=−

[
4�2a


4�2−Ri�
A11
��+ 
�2−Ri�B11
��

+��A11
��B02
��

]
(45)

dB02
��

d�
= ��

2
A11
��B11
��− 
4�2−Ri�B02
�� (46)

1

�

dC11
��

d�
=−

[
�

�p
A11
��+

1

Le
�2C11
��

+ ��

�p
A11
��C02
��+

NA

Le
�2B11
��

]
(47)

1
�

dC02
��

d�
= ��

2�p
A11
��C11
��

− 4�2

Le
�C02
��+NAB02
��� (48)

The above system of simultaneous autonomous ordinary
differential equations can be subsequently solved numeri-
cally using Mathematica NDSolve.

5. HEAT AND NANOPARTICLE
CONCENTRATION TRANSPORT

The thermal Nusselt number, Nu
�� is defined as

Nu
�� = Heat transport by 
conduction+ convection�
Heat transport by conduction

= 1+
[ ∫ 2�/�c

0 
�T /�z�dx∫ 2�/�c

0 
�Tb/�z�dx

]
z=0

(49)
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Fig. 10. Nu versus � for different values of Ri.
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Fig. 11. Nu	 versus � for different values of Ri.

Substituting Eqs. (18) and (42) in Eq. (49), we get

Nu
��= 1−2�B02
�� (50)

The nanoparticle concentration Nusselt number, Nu	
�� is
defined similar to the thermal Nusselt number.

Nu	
�� = 
1−2�C02
���+NA
1−2�B02
��� (51)

6. RESULTS AND DISCUSSION
The increasing effect of thermal conductivity are impor-
tant in improving the heat transfer behavior of fluids.
In this scenario it is also important to regulate heat transfer.
A number of other variables also play key roles. For exam-
ple, the heat transfer coefficient for convection depends
on many physical quantities related to the fluid or the
geometry of the system through which the fluid is flowing.
This geometry of the flow ultimate cause of flow models
and its external applied modulations too. These quantities
include constitutional properties of the fluid such as its
thermal conductivity, density, specific heat, and viscosity,
along with system parameters such as diameter and length,
modulation parameters and average fluid velocity. There-
fore, it is important to measure the heat transfer perfor-
mance of nanofluids directly under flow conditions. With
this concept the present article investigate such a parame-
ters which control heat transfer fluctuations in the medium.
Especially the effect of modulation and internal heating of

γ = 0.8, 1.0

Va = 1, Ri = 1, NA = 1, Le = 10,
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Fig. 12. Nu versus � for different values of �.
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Fig. 13. Nu	 versus � for different values of �.

the medium on heat and concentration transport is inves-
tigated. Linear and nonlinear models being considered to
see both onset and transport phenomenon in the medium.
The linear stability solutions obtained Venezian approach.
The expressions for the critical Rayleigh number for differ-
ent realistic values of the non dimensional parameters such
as Lewis number, concentration Rayleigh number, Vadász
number, heat capacity ratio, internal Rayleigh number and
modified diffusivity ratio are computed, and the results are
depicted in Figures 2–7.
The Darcy model was employed for the porous medium

while considering top heavy porus layer. A linear theory
has been investigated by Umavathi,22 concerning temper-
ature modulation, Pranesh et al.23 performed gravity mod-
ulation using Venezian model.24 It is well known that, we
make a nonlinear theory to analyze heat/mass transport,
which is not possible by linear stability theory. Moreover
external regulations of convection is important in the study
of thermal instability, therefore, the gravity modulation
is considered for either enhancing or inhibiting the con-
vective heat/mass transport as is required by a real life
application. According to Buongiorno,13 for most of the
nanofluids investigated so far with Le is large, but as per
Bhadauria and Agarwal18 and Umavathi,22 we have con-
sidered Le = 10. The reason behind this may be to get
proper results corresponding to the parameters of nonlinear
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Fig. 14. Nu versus � for different values of Rn.
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Fig. 15. Nu	 versus � for different values of Rn.

model. The effect of gravity modulation on heat/mass
transport has been depicted in Figures 8–23. The following
parameters Va, Rn, NA, Le, �, � and � are occurred in
the present study, and influence the convective heat/mass
transport. The first five parameters are related to the porous
layer and the next two parameters concern the modulation.
Because of small amplitude of modulation, the values of
� are considered to be small. Further, the gravity modula-
tion assumed to be of low frequency, as at low range of
frequencies, the effect of frequency on onset of convec-
tion as well as on heat/mass transport is maximum. The
coefficient of heat transport, i.e., thermal Nusselt num-
ber and the coefficient of nanoparticle concentration trans-
port, i.e., concentration Nusselt number are calculated as
functions of time and other parameters of the system.
The obtained results are depicted in the Figures 8–23 for
Nu
�� and Nu	
�� versus time � . In the figures, the val-
ues of Nu
�� and Nu	
�� start with 1 and 2 respectively,
and remains constant for a quite some time, showing the
conduction state. Then the values of Nu
�� and Nu	
��
increase as time passes, thus showing that the convection
is taking place. These values oscillates and then approach
constant values thus showing that the steady state has been
achieved.
Let us present results corresponding to linear stability,

for this we have derived correction in Rayleigh number

Le = 10, 15
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Fig. 16. Nu versus � for different values of Le.
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Fig. 17. Nu versus � for different values of NA.

as a function modulation frequency. It is examined that,
how this correction Rayleigh number Ra2 affected by
the modulation frequency �. Figure 2 presents result
corresponding to Ri, as Ri increases, �Ra2� decreases.
The increment in Ri implies entropy of the system will
increase. Thus, increase in Ri destabilizes the system.
Figure 3 is the plot of Ra2 versus � for different values
of modified diffusivity ratio NA. Upon increasing the value
of NA signifies that thermophoresis effect will increase, in
result the value of �Ra2� decreases, thus destabilize the sys-
tem. The Figure 4 show the effect of Rn. An increment in
Rn represents an increment in concentration of suspended
nanoparticles. We find that upon increasing Rn, the values
of �Ra2� increases and thereby it stabilizes the system. This
means that the fluids with suspended nanoparticles are
more helpful to stabilization by modulation than ordinary
fluids. Figure 5 is the plot of Ra2 versus � for different
values of Lewis number Le. We find from the figure that
as Le increases �Ra2� increases and thus stabilizes the sys-
tem. From the Figure 6 we observed that, for certain range
of modulation frequency as � increases Ra2 increases but
out of that range, the effect is reverse. Which shows � has
duel effect on thermal instability. For higher value of �
the variation in heat capacity ratio is small and hence it
stabilizes the system. Figure 7 is the plot of Ra2 versus �
for different values of Vadász number Va. It is observed
that effect of Vadász number is similar to �. From the
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Fig. 18. Nu	 versus � for different values of Le.
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Fig. 19. Nu	 versus � for different values of NA.

above one may conclude that, the system destabilizes for
lower values of � and stabilizes for larger values of �.
The results of the present model may be compared with
the studies of Umavathi,22 Pranesh et al.23 and Bhadauria
et al.25�26

Now let us discuss the results related to nonlinear
system. From the Figures 8 and 9, we find that ini-
tially when time � is small, the vibrations become of
high amplitudes as the value of Va increases, and so
thermal Nusselt (Nu) and concentration Nusselt numbers
(Nu	) increase, thus increasing the rate of heat and mass
(nanoparticle concentration) transport. But at large val-
ues of time � , the vibrations become smaller and sub-
sequently the values of Nu and Nu	 approach steady
state values showing the system achieved it saturating
stage. From the Figures 10 and 11, we observe that, the
effect of internal Rayleigh number Ri is to enhance the
heat/mass transport. This confirms the results obtained
by Bhadauria et al.,37 where internal heating of the sys-
tem enhances the heat transfer. Also, we observed from
the Figures 12 and 23 that the rates of mass transfer
are more than the rate of heat transfer across the porous
medium.
However, from the Figures 12 and 13, we find that as

the value of thermal capacity ratio � increases, the val-
ues of thermal Nusselt and concentration Nusselt numbers
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Fig. 20. Nu versus � for different values of �.
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Fig. 21. Nu versus � for different values of �.

decrease, thus decreasing the rate of heat and mass
transport. Further, the influence of concentration Rayleigh
number Rn on both thermal and concentration Nusselt
number is found to enhance the heat and mass transport as
given in Figures 14 and 15, which is due to the fact that
the nanoparticle concentration is more at the top. From the
Figures 16 and 17 it is found that effect of Le and NA

do not have significant effect on heat transport since these
two parameters are related to nanofluid and conforms the
results of Bhadauria et al.18�25�26 On the contrary in the
case of concentration Nusselt number, the effect of Le and
NA enhances mass transfer upon increasing them given in
the Figures 18 and 19. The above corresponding results
may be compared with the studies of Agarwal et al.28 and
Puneet et al.30�32

Let us now discuss the effect of amplitude and
frequency of modulation on heat and mass transfer.
Figures 20 and 21 show that, the effect of amplitude of
modulation � on heat and concentration transport is to
increase the values of Nu and Nu	 and hence enhances
the transport phenomena. Figures 22 and 23 show that,
upon increasing the value of modulation frequency is to
decrease heat and nanoparticle concentration upon increas-
ing Nu and Nu	, and hence stabilize the system. Thus, we
obtain the classical results as per Bhadauria and Kiran,25�26

Gresho and Sani.43 It is observed in most of the cases that
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Fig. 22. Nu versus � for different values of �.
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Fig. 23. Nu versus � for different values of �.

there is much effect of parameters on Nu and Nu	 at low
values of time, but less effect at large values of time, since
vibrations become smaller in magnitude, and disappears
as Nu, Nu	 reach steady state. Finally, the parameters
Va, Rn, � have destabilizing effects on the system, while
��� have stabilizing effects. The parameters NA�Le do
not show any effect on Nu, but increases the value of Nu	.
Also for heat/mass transfer results the reader may see the
studies of Bhaduria et al.26 and Kiran.27

7. CONCLUSIONS
We have investigated the effects of internal heating and
gravity modulation on Bénard-Darcy convection in a hor-
izontal porous layer saturated by a nanofluid, which is
heated from below and cooled from above. Incorporating
the effect of Brownian motion along with thermophore-
sis the linear and nonlinear theories being analyzed.
The following conclusions are drawn from the previous
analysis:
1. Low frequency of modulation show destabilization
effect but, high frequency stabilize the system for Va
and �.
2. The effect of internal heating is to increase (destabi-
lizes) the heat transport as well as nanoparticle concentra-
tion transport in the system.
3. Increment in concentration Rayleigh number Rn, mod-
ified diffusivity ratio NA and Lewis number Le increases
the effect of gravity modulation.
4. An increment in Va is to increase the values of Nu
��
and Nu	
�� at small values of time � but no effect at large
time � .
5. There is no significant effect of NA and Le on heat
transport.
6. Increasing Le, �, NA and Rn is to increase the
concentration Nusselt number, whereas an increase
in � decreases the same, and so the concentration
transport.
7. Gravity modulation can be used to regulate the sys-
tem effectively, whereas internal heating destabilize the
system.

10 J. Nanofluids, 5, 1–12, 2016

Bhadauria



Kiran et al. Thermal Convection in a Nanofluid Saturated Porous Medium with Internal Heating and Gravity Modulation

A
R
T
IC
LE

NOMENCLATURE

Latin Symbols Unit

DB Brownian diffusion
coefficient

m2/sec

DT Thermophoretic diffusion
coefficient

m2/sec

Da Darcy number, Da= �̄K

�d2

vD Darcy velocity m/sec

d Dimensional layer depth m

Ri Internal Rayleigh number,

Ri =
Qd2

�T

Rm Basic density Rayleigh
number,

Rm= ��p	0+�
1−	0��g0Kd

��T

Rn Concentration Rayleigh
number,

Rn= 
�p −��
	1−	0�g0Kd

��T

Le Lewis number, Le = �T

DB


x∗� y∗� z∗� Cartesian coordinates m

NA Modified diffusivity ratio,

NA = DT 
Th−Tc�

DBTc
	1−	0�
NB Modified particle-density

increment,

NB = 
�c�p
	1−	0�


�c�f
�g Modulated gravity field m/sec2

v Nanofluid velocity m/sec

Pr Pradtl number, Pr = �

�f �T

p Pressure kg/(m sec2)

T Temperature K

Th Temperature at the lower
wall

K

Tc Temperature at the upper
wall

K

km Thermal conductivity of
porous medium

W/mK

K Permeability of porous
medium

m2

Ra Thermal Rayleigh-Darcy
number,

Ra = �g0
Kd
Th−Tc�

��T

� Time sec

Va Vadász number, Va= �pPr

Da

Greek Symbols Unit

� Amplitude of
modulation

m


�c�m Effective heat capacity
of the porous
medium

J/kgK


�c�p Effective heat capacity
of the nanoparticle
material

J/kgK

�̄ Effective viscosity of
the porous medium

mPa s

�f Fluid density kg/m3

� Frequency of
modulation

sec−1


�c�f Heat capacity of the
fluid

J/kgK

� Horizontal wave
number

�p Nanoparticle mass
density

kg/m3

�p Porosity

 Proportionality factor K−1

� Viscosity of the fluid mPa sec
�T Effective thermal

diffusivity of the
fluid

m2/sec

� Heat capacity ratio

�c�m

�c�f

� Kinematic viscosity
�/�f

m4Pa sec/kg

	 Nanoparticle volume
fraction

� Stream function m2/sec

Subscripts

b Basic

Superscripts

∗ Dimensional variable
′ Perturbation variable

Operators

� 2 �2

�x2
+ �2

�y2
+ �2

�z2
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Convective Motion in Nanofluid Under Variable
Rotational Speed
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This article deals with linear stability analysis of the convective motion in nanofluid saturated porous
layer, under rotational speed modulation rotating about a vertical axis. The revised boundary condi-
tions are used as they are more realistic because the values of temperature at the boundaries can
be adjusted but not the concentration of nanoparticles, and so, the flux of nano-particle concen-
tration is assumed to be constant at the boundaries. G. Venezian, J. Fluid Mech. 35, 243 (1969)
approach has been adopted to execute the linear stability analysis. An alteration has been noticed
in the critical Rayleigh number due to rotational speed modulation. The obtain results are depicted
graphically, and discussed in details. It is observed that the modulated rotational speed inhibited to
the rate of advection for different values of the modulation frequency.

Keywords: Nanofluid, Nusselt Numbers, Perturbation Method, Rotational Speed Modulation.

1. INTRODUCTION
During the last two decades, the nanofluids (the suspen-
sions of nanometre size particles in the base fluid) are
being used as heat transfer media due to their smart ther-
mal conductivity over ordinary fluids as heat trafficking.
The presence of very little quantity of nanoparticles in base
fluids gives a drastic enhancement in the heat transfer char-
acteristics of the fluids. This virtue of nanofluids highly
depends on the thermo-physical properties of the base fluid
and the suspended nanoparticles. Industrial, commercial,
residential, medical and transportation are sectors where
nanofluids are widely used.

The main aim of using nanofluids is the better thermal
conductivity over regular fluid, which was first introduced
by Masuda et al.1 Choi2 was the first to propose the term
“nanofluid.” Das et al.3 reported 1–4% increment in the
effective thermal conductivity in alumina/water nanofluids
with 1–4% concentration of alumina. According to these
reports, Buongiorno and Hu4 suggested that the nanofluids
can be used in advanced nuclear systems as a coolant.

Vadász5 studied thermal lagging in nanoparticles to
improve the surface area to the same volume ratio. For
large amount of nanoparticles Wen and Ding6 suggested a
reduction in heat transfer in a nanofluid.

∗Author to whom correspondence should be addressed.

Buongiorno7 develop a model for convective motion
in nanofluids incorporating the effects of thermophore-
sis and Brownian diffusion. Further Nield and Kuznetsov8

was revisited this problem based on convective motion
in nanofluid for different types of non-dimensional
parameters. Also Nield and Kuznetsov9 and Chand and
Rana10 investigated the heat transfer mechanism in porous
medium for different configuration. A study has been per-
formed for the onset of convection in a rotating fluid layer
under temperature modulation by Rauscher and Kelly.11

Rotation speed modulation was the similar concept of
the temperature-gravity modulation, but this is rare in
literature. The effect of temperature modulation on the
Rayleigh-Bénard instability and the effect of rotational
speed modulation in the Taylor-Couette instability have
been studied theoretically and experimentally by Walsh
and Donnelly.12 The most of studies, related with the rotat-
ing porous media saturated with a nanofluid, were rectified
by Agarwal et al.,13 Bhadauria and Agarwal14 and Chand
and Rana.10

Recently, Nield and Kuznetsov15 in their revised model
adopted a new set of boundary conditions, where it was
assumed that at the boundaries nanoparticle flux is zero,
and the nanoparticle fraction adjusts accordingly. Due to
the absence of two opposing forces oscillatory mode of
convection was ruled out. Agarwal16 studied the convective
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motion in a porous layer saturated by a nanofluid rotat-
ing about z-axis, additional with new boundary condi-
tions for nanoparticle fraction. Similar work has been done
by Yadav et al.17 for free–free, rigid–rigid and free-rigid
boundaries. Linear as well as nonlinear stability analysis
has been performed by Agarwal et al.18 for the case of
thermal non-equilibrium with same boundary conditions.
The present article is concerning with the study of the

effect of rotational speed modulation on thermal insta-
bility in a porous medium saturated by a nanofluid and
in place of fixed nanopartical fraction boundary condi-
tions, the thermo-nanopartical flux boundary conditions
have been introduced. The impact of the different param-
eters such as ����Pr� Ta�Rn�Le�NA�NB� �, and Da on
thermal instability has been studied, and the modification
in the critical Rayleigh number due to rotational speed
modulation has been investigated. The physical behavior
of these parameters has been depicted graphically.

2. GOVERNING EQUATION
Consider an infinite extent nanofluid saturated porous
layer, having H distance apart heated from below. The
boundaries are assumed to be impermeable and perfectly
thermally conducting, the system is rotating periodically
about z-axis with angular velocity � while the z-axis is
extending vertically upward. The Coriolis effect has been
taken into account by including the Coriolis force term
in the momentum equation. In addition, the local thermal
equilibrium between the fluid and solid has been con-
sidered, in addition to the Oberbeck-Boussinesq approx-
imation has been employed, the governing equations to
study the thermal instability in a nanofluid-saturated rotat-
ing porous medium are15

� · vD = 0

�f

�

	vD
	t

+�p

= 
� 2vD − 


K
vD + 2�f

�
vD ×�

+���p+ 
1−����
1−�
T −Tc�����g (1)


�c�f


�c�p

(
	T

	t
+ v ·�T

)

= �m


�c�p
� 2T +

[
DB��+ DT

Tc
�T

]
��T

	�

	t
+ v ·��= DB�

2�+ DT

Tc
� 2T

The Darcy velocity is denoted by vD� Th and TC are
the temperatures at the lower and upper walls respectively,
such that Th > TC . The considered rotational speed, which
is varying sinusoidally with respect to time, is defined as:

�=�0
1+� cos
�t��k̂ (2)

In Eq. (1), both Brownian transport and thermophoresis
coefficients are time-independent. Let the temperature and
flux of the nanoparticles to be constant at the boundaries,
the boundary conditions are taken as

v = 0� T = Th� DB

	�

	z
+ DT

Tc

	T

	z
= 0� at z= 0 (3)

v = 0� T = Tc� DB

	�

	z
+ DT

Tc

	T

	z
= 0� at z=H (4)

The dimensionless variables are considered as given
below:


x∗� y∗� z∗�= 
x� y� z�

H
� 
u∗� v∗�w∗�= 
u� v�w�H

�T

�

t∗ = t
�T

�H2
� p∗ = p

K


�T

� �∗ = �−�0

�0

and T ∗ = T −Tc
Th−Tc

where �T = �m/
�c�f �� = 
�cp�m/
�cp�f ��0 is refer-
ence value for nanoparticle volume fraction. The non-
dimensionalized governing equations along with boundary
conditions are (after dropping the asterisk for simplicity)

� · v = 0 (5)

Da

Pr
	v

	t
= −�p+ v+Da� 2v− 
Rm−RaT +Rn���k

+√
Ta
1+� cos
�t��
v× k̂� (6)

	T

	t
+ v ·�T = � 2T + NB

Le
�� ·�T + NANB

Le
�T ·�T (7)

1
�

	�

	t
+ 1

�
v ·��= 1

Le
� 2�+ NA

Le
� 2T (8)

v = 0� T = 1�
	�

	z
+NA

	T

	z
= 0� at z= 0

v = 0� T = 0�
	�

	z
+NA

	T

	z
= 0� at z= 1

⎫⎪⎪⎬
⎪⎪⎭

(9)

The non-dimensionlized parameters in the above equa-
tions are as given below,

Rn= 
�p −�f �gKH�0


�T

�

Rm= ��p�0−�f 
1−�0��gKH


�T

�

Ra= �f g�KH
Th−Tc�


�T

� Le = �T

DB

�

NA = DT 
Th−Tc�

DBTc�0

� NB =
�
�c�p


�c�f
�0�

Pr = 
�
�c�m
�f �m

� Ta=
(
2K�0

��

)2

� Da= 
K


H2
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2.1. Basic Solution
At the basic state the nanofluid is assumed to be at rest,
and hence, the temperature and nanoparticle volume frac-
tion vary in z-direction only. Therefore we have

v = 0� p = pB
z�� T = Tb
z�� �= �B
z� (10)

Using Eq. (10), Eqs. (7) and (8) reduce to

d2Tb
dz2

+ NB

Le

d�b

dz

dTb
dz

+ NANB

Le

(
dTb
dz

)2

= 0 (11)

d2�b

dz2
+NA

d2Tb
dz2

= 0 (12)

After integrating Eq. (12), subject to the boundary condi-
tion Eq. (9), we obtain

d�b

dz
+NA

dTb
dz

= 0 (13)

Using Eq. (13), Eq. (11) reduces to

d2Tb
dz2

= 0 (14)

The solutions of Eqs. (13) and (14) subject to the boundary
condition (9) are as follows

Tb = 1− z (15)

�b = �0+NAz (16)

2.2. Stability Analysis
We now slightly perturb the all physical quantities on the
basic state as given below:

v = v′� p = pB +p′� T = Tb+T ′� �= �B +�′

(17)

substituting the expressions (17) into the Eqs. (5)–(9), and
using (15) and (16), we obtain

� · v′ = 0 (18)

(
Da

Pr
	

	t
−Da� 2+1

)
v′ = −�p′ +RaT ′k̂

−Rn�k̂+√
Ta
1+� cos
�t��

×
v′ × k̂� (19)

	T ′

	t
+ dTb

dz
+ v′ ·�T ′

= � 2T ′ + NB

Le

NA�
T

′ +Tb� ·�
T ′ +Tb�

+�
T ′ +Tb� ·�
�′ +�b�� (20)

1
�

	�′

	t
+ 1

�

d�b

dz
w′ + 1

�
v′ ·��′ = 1

Le
� 2�′ + NA

Le
� 2T ′ (21)

v′ = 0� T ′ = 0�
	�′

	z
+NA

	T ′

	z
= 0� at z= 0�

and at z= 1 (22)

The parameter Rm is absorbed in pressure term due to
hydrostatic equilibrium. The nanoparticle flux is assuming
zero at the boundaries indicates the absence of the two
opposing forces responsible for the occurrence of the oscil-
latory mode of convection, hence oscillatory convection
has been abdicated.
We consider the all physical quantities to be independent

of y for two-dimensional convective rolls, we introduce the
stream function � as u= 	�/	z, u= 	�/	z�w=−	�/	x,
and taking curl of the momentum equation twice to elim-
inate the pressure term, the system of nonlinear perturbed
equations is obtained as

−
(
Da

Pr
	

	t
−Da� 2+1

)2
	�

	x

=
(
Da

Pr
	

	t
−Da� 2+1

)
� 2
1 
RaT

′ −Rn��

+Ta
1+� cos
�t��2
	2

	z2
	�

	x
(23)

	T

	t
+ 	�

	x
= � 2T + 	
��T �

	
x� z�
(24)

1

�

	�

	t
− NA

�

	�

	x
= 1

Le
� 2�+ NA

Le
� 2T + 1

�

	
����

	
x� z�
(25)

� = 	2�

	z2
= 0� T = 0�

	�

	z
+NA

	T

	z
= 0 at z= 0�

and at z= 1 (26)

2.2.1. Linear Stability Analysis
The linear stability analysis is performed to bifurcate the
stability, instability region and the marginal states. For this,
we neglect nonlinear terms in Eqs. (23)–(25), thus we get
a linear system of equations

−
(
Da

Pr

	

	t
−Da� 2+1

)2
	�

	x

=
(
Da

Pr

	

	t
−Da� 2+1

)
� 2
1 
RaT

′ −Rn��

+Ta
1+� cos
�t��2
	2

	z2
	�

	x
(27)

	T

	t
+ 	�

	x
= � 2T + 	
��T �

	
x� z�
(28)

1
�

	�

	t
− NA

�

	�

	x
= 1

Le
� 2�+ NA

Le
� 2T + 1

�

	
����

	
x� z�
(29)

� = 	2�

	z2
= 0� T = 0�

	�

	z
+NA

	T

	z
= 0 at z= 0�

and at z= 1 (30)
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Eliminating T and � from Eqs. (27)–(29), we get a sin-
gle equation for � in the form and further we have(

	

	t
−� 2

)(
1
�

	

	t
− 1

Le
� 2

)

×
(
Da

Pr

	

	t
−Da� 2+1

)2

� 2w

= Ra

(
Da

Pr
	

	t
−Da� 2+1

)(
1
�

	

	t
− 1

Le
� 2

)
� 2
1w

+RnNA

(
Da

Pr
	

	t
−Da� 2+1

)

×
(
1
�

	

	t
−
(

1
Le

+ 1
�

)
� 2

)
� 2
1w+Ta

(
	

	t
−� 2

)

×
(
1

�

	

	t
− 1

Le
� 2

)

1+� cos
�t��2

	2w

	z2
(31)

The perturbation technique is applied to obtain eigen
functions w and the corresponding eigenvalues Ra by
introducing a small perturbation parameter � as follows24

w = w0+�w1+�2w2+· · ·
Ra= Ra0+�Ra1+�2Ra2+· · · (32)

Using expressions (32) into Eq. (31), and then equating
the like powers of � on both sides, we get

�0 � Lw0 = 0 (33)

�1 � Lw1

= Ra1

(
Da

Pr
	

	t
−Da� 2+1

)(
1
�

	

	t
− 1

Le
� 2

)

×� 2
1w0−2Ta

(
	

	t
−� 2

)(
1
�

	

	t
− 1

Le
� 2

)

× cos
�t�
	2

	z2
w0 (34)

�2 � Lw2

= Ra2

(
Da

Pr
	

	t
−Da� 2+1

)(
1
�

	

	t
− 1

Le
� 2

)

×� 2
1w0−Ta

(
	

	t
−� 2

)(
1
�

	

	t
− 1

Le
� 2

)

× cos2
�t�
	2

	z2
w0+Ra1

(
Da

Pr
	

	t
−Da� 2+1

)

×
(
1
�

	

	t
− 1

Le
� 2

)
� 2
1w1−2Ta

(
	

	t
−� 2

)

×
(
1
�

	

	t
− 1

Le
� 2

)
cos
�t�

	2

	z2
w1 (35)

where

L =
(
	

	t
−� 2

)(
1
�

	

	t
− 1

Le
� 2

)

×
(
Da

Pr
	

	t
−Da� 2+1

)2

� 2

−Ra

(
Da

Pr
	

	t
−Da� 2+1

)(
1
�

	

	t
− 1

Le
� 2

)
� 2
1

−RnNA

(
Da

Pr
	

	t
−Da� 2+1

)

×
(
1
�

	

	t
−
(

1
Le

+ 1
�

)
� 2

)
� 2
1 +Ta

(
	

	t
−� 2

)

×
(
1
�

	

	t
− 1

Le
� 2

)

1+� cos
�t��2

	2

	z2

In the following sections, the above system is solved for
different orders of �.
a. Lowest order system
Since, two dimensional dynamics is assumed to be inde-

pendent of y direction, so, we take w0 = sin
�x� sin
�z�
for the marginally stable solutions, and the corresponding
eigen values are obtained by using Eq. (33)

Ra0 =
(
�2
Da�2+1�2+Ta�2�2

�2
Da�2+1�

)
−RnNALe

(
1
Le

+ 1
�

)

(36)

where �2 = �2+�2.
b. First order system
We have

Lw1 = Ra1
Da�2+1�
(
�2

Le

)
�2w0

+2Ta�2
h1 cos
�t�−h2 sin
�t��w0 (37)

where h1 = 
�2/Le−�2/�� and h2 = �2�
1/Le− 1/��.
The solution of the homogeneous equation corresponding
to Eq. (37) must have a term orthogonal to null space of
operator L. Now, we apply the theory of minimal Rayleigh
number, taking Ra1 = 0, so that time dependent term on
right hand side of equation Eq. (35) is complete orthogonal
function to sin
�x� sin
�z�. Using w0 = sin
�x� sin
�z�,
we obtain

L�sin
�z� exp
i�x+i�t��= L
�� sin
�z� exp
i�x+i�t� (38)

where
L
��= S1+ iS2

S1 =
�2

Le

{

Da�2+1�

(
RnNALe

(
1
Le

+ 1
�

))

−�4
Da�2+1�2−Ta�2�2

}

+�2

{
Da2

Pr

�2

Le
+ 
Da�2+1�2

�2

�
+ Ta�2

�

+2�2
Da�2+1�
Da

Pr

(
1
Le

+ 1
�

)

−�2Da

Pr

(
Ra0

�
+ RnNA

�

)}
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S1 = �

[(
�4
Da�2+1�+Ta�2�2

)(
1
Le

+ 1
�

)

+2
Da

Pr
�6

Le
× 
Da�2+1�

−Ra0�
2

(

Da�2+1�

�

Da

Pr

�2

Le

)

−RnNA�
2

(
Da�2

Pr

(
1
Le

+ 1
�

)
+ 
Da�2+1�

�

)

×�2

{
Da2�2

Pr2

(
1
Le

+ 1
�

)
+2

Da

Pr

Da�2+1�

�

}]

Now, w1 is obtained by inverting the operator L term
by term as follows

w1 = 2Ta�2Re

[
L∗
��
�L
���2 �h1 cos
�t�

−h2 sin
�t�� sin
�x� sin
�z�

]
(39)

c. Second order system
From Eq. (35), we obtain

Lw2 = Ra2�
2
Da�2+1�

(
�2

Le

)
w0

+Ta�2

(
�4

Le
cos2
�t�+ �2

�
cos
2�t�

−2��2

(
1
Le

− 1
�

)
sin
2�t�

)
w0

+2Ta�2

[
H1

�4

Le
+
{
H2

(
�4

Le
− 4�2

�

)

+2H1�
2�

(
1
Le

− 1
�

)}
sin
2�t�

×
{
H1

(
�4

Le
− 4�2

�

)
+2H2�

2�

(
1

Le
− 1

�

)}

× cos
2�t�
]
w0 (40)

where

H1 = Ta�2Re

[
L∗
��
�L
���2 h1

]
�

H2 =−Ta�2Re

[
L∗
��
�L
���2 h2

]

We shall not solve Eq. (40), but use it to determine Ra2.
For the existence of the solution of Eq. (40), it is necessary
that the steady part of its right hand side is orthogonal to
sin
�x� sin
�z�, which yields

∫ 1

0

∫ �/�

0

[
Ra2�

2
Da�2+1�
(
�2

Le

)
w0+Ta�2

×
(
�4

Le
cos2
�t�+ �2

�
cos
2�t�

−2��2

(
1
Le

− 1
�

)
sin
2�t�

)
w0+2Ta�2

×
[
H1

�4

Le
+
{
H2

(
�4

Le
− 4�2

�

)
+2H1�

2�

(
1
Le

− 1
�

)}

× sin
2�t�
{
H1

(
�4

Le
− 4�2

�

)
+2H2�

2�

(
1
Le

− 1
�

)}

× cos
2�t�
]
w0

]
× sin
�x� sin
�z�dxdz= 0 (41)

where f 
t� denotes the time average of f 
t�. Simplifying
the above equation, we obtain

Ra2 =
Ta�2�2

2�2
Da�2+1�

[
1+2Ta�2

(
�4

Le
+ �2

�

)

×Re

[
L∗
��
�L
���2

]]
(42)

3. RESULTS AND DISCUSSION
In this article, we have studied the impact of rotational
speed modulation on the onset of convection and esti-
mated the heat transport in a nanofluid saturated porous
medium by means of a linear stability analysis. The rota-
tional speed modulation with revised boundary conditions
has been considered for either increasing or decreasing
the convective flow and heat transport as it is required in
many real life applications in different fields of sciences
and engineering.
The variation of the critical thermal Rayleigh number

Ra2 with frequency � for different values of parameters
is depicted in the Figures 2–9, it is found that the effect
of rotation speed modulation is less at low frequency as
the value of Ra2 is small. The value of Ra2 increases
for intermediate values of �, so the effect of modulation
is more at intermediate values of the frequency. Thus, at
intermediate values of the frequency, the onset of convec-
tion takes place a little late, and so the system is stabilized

Figure 1. A sketch is showing physical configuration of problem.
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Figure 2. Ra2 versus � for different values of Da.

Figure 3. Ra2 versus � for different values of Le.

more in this range of frequency. Further, as the frequency
� increases, the effect of modulation diminishes and dis-
appears altogether at very large values of �. These results
are compatible with the results of Venezian24 in which the
effect of thermal modulation at the boundaries has been
studied, and where the variation in the critical value of the
Rayleigh number due to temperature modulation becomes
almost zero at high frequencies.
Figure 2 is the plot of Ra2 versus � for different val-

ues of Darcy number Da. It shows that Ra2 decreases
as Da increases, therefore the critical Rayleigh number
decreases, and the onset of convective motion occur little
early. Thus the system becomes less stabilized on increas-
ing Da. Figure 3 shows the plot of Ra2 versus � for dif-
ferent values of Lewis number Le. It evident that as the
value of Lewis number increases, the correction to thermal

Figure 4. Ra2 versus � for different values of Rn.

Figure 5. Ra2 versus � for different values of NA.

Figure 6. Ra2 versus � for different values of Pr.

Rayleigh number decreases, so convective motion occur
at lower value of Ra2, thus system is less stabilized. But
this effect diminishes for the large number of frequency
of modulation. In Figure 4 we depict Ra2 versus � for
different values of nanoparticle Rayleigh number Rn. It
is clear that as Rn increases, the concentration of sus-
pended nanoparticles will increase, so the onset of con-
vection will take place at higher value of Ra2. Thus, we
find that an increment in Rn increases Ra2, thereby stabi-
lizes the system more. This means that the fluids with sus-
pended nanoparticles are more helpful to stabilization than
ordinary fluids. Figure 5 is the plot for Ra2 versus � for
different values of modified diffusivity ratio NA. Increase
in NA signifies that the thermophoresis effect will increase.
Now, when the thermophoresis effect increases, the onset
of convection will occour early and so Ra2 decreases as

Figure 7. Ra2 versus � for different values of � .
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Figure 8. Ra2 versus � for different values of Ta.

Figure 9. Ra2 versus � for different values of �.

NA increases, thus the system becomes less stabilizing.
Figure 6 depicts variation of Ra2 with � for different
values of the Prandtl Pr. This figure confirms that Ra2

decreases as Prandtl number increases, thus onset of con-
vection is advanced due to higher thermal conductivity. In
Figure 7, Ra2 versus � is shown for different values of
heat capacity ratio � . As there is no significant change
in the value of Ra2, on increasing heat capacity ratio,
therefore, the system is not much effected by this param-
eter. Figure 8 depicts Ra2 versus � for different values
of Taylor number Ta. It is evident that as Taylor number
increases, the correction in thermal Rayleigh number, Ra2

also increases, implying that the effect of an increment in
Ta is more stabilizing on the system. Figure 9 depicts the
plot of Ra2 versus � for different values of porosity �,
which confirms that as porosity of the system increases,
the thermal Rayleigh number also increases, so the con-
vective motion is little late, and the system is stabilized.

4. CONCLUSION
In this article, we have studied convective motion in a
horizontal porous layer saturated by a nanofluid, rotat-
ing about z-axis with time periodic angular velocity �.
Darcy-Brinkman model with more realistic boundary con-
ditions is considered, which intertwines the effects of
Brownian motion along with thermophoresis. The results
have been obtained in terms of thermal Rayleigh number.

The obtained results for the various parameters depicted
graphically. We have the following observations.
1. It is found that the rotational speed modulation can be
used to regulate the heat and mass transports effectively.
2. The new boundary conditions has significant role on
heat and mass transport due to this one can investigate
heat and mass transfer in naofluid in precise way.
3. The obtained outcome for the concentration Rayleigh
number Rn, Lewis number Le, modulation amplitude �,
heat capacity ratio � , modified diffusivity ratio NA and
Prandtl number Pr, is destabilizing for the system.
4. The effect of the porosity �, modulation frequency �,
Taylor number Ta, and Darcy number Da stabilize the
system.
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