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CHAPTER 1

Introduction

1.1 Introduction to sampling

In this material world, the information are available in its large volume and frequently ob-

tained according to surveyor’s specifications. A sampling method is a procedure of choos-

ing a part of the population in a manner that the selected sample represents the population

characteristics, including the variability between population units. The sample is expressed

as closely as the size of the sample allows, so that accurate estimates of population charac-

ters can be obtained from the sample. For qualitative or quantitative data collection, data on

a finite set or subset of units are used in sampling or sample survey. A sample survey is an

essential data collection criterion for fulfilling the requirements. Surveys vary in different

situations and are handled in various fields such as government sector, industry, physical

sciences, economical, etc. With some statistical analysis, they are used as the science and

art of controlling and measuring reliability. Sampling are especially helpful in providing

data about the target population when
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(i) It is required that results present with maximum accuracy or with a fixed budget

including a minimum number of units in a fixed degree of reliability.

(ii) The units for the characteristic have significant variance.

(iii) We cannot calculate an accurate count of the population because it would be too

expensive and too destructive.

(iv) The investigation is broad in nature and the population is not fully identified.

(v) There are also restricted resources (time, money and other resources).

The purpose of sampling methods is to extract the maximum possible, reliable information

about the population under study, save time, increase chances of accuracy. They only deal

with large populations and helpful for inaccessible populations and other resources. Any

statistical survey aims to obtain information about a population that is a group of units

defined according to objective of the survey. The sample surveys recent evolutions have

proved that the sampling methodologies provide realistic and reliable results for planned

scientific surveys.

1.1.1 Census v/s Sampling

A census is that in which all the population units are studied. Furthermore, data collected

through the census is not without errors. They may be experimental or response errors and

errors due to nonresponse. It may take more effort, time, and cost to collect information for

a large population in census surveys. In the sampling method, we choose a part of the pop-

ulation in a way that contributes a sample representative of the population. A sample must

be such that all characteristics of the population, including the variability within popula-

tion units are followed in the sample as close to the sample size. So, that reliable estimates

of the population characters can be formed from the sample. On the other hand, if the

population is not finite, resources are limited, then sampling is the only method that gives

2
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the necessary information about the population under study. Cochran (1977) defined the

principal advantages of sampling over census as “reduced cost”, “greater speed”, “greater

scope” and “greater accuracy”.

1.2 Sampling techniques

In sampling theory, various sampling designs are available for various situations and the

nature of the population. A primary sampling method is simple random sampling (SRS),

which is the easiest method compared to other sampling methods. In this sampling, the

sample is drawn unit by unit with an equal probability of selection for each unit at each

draw. Sampling is divided into two classes.

(i) Sampling with replacement: In with replacement sampling (WR sampling), all the

population units are accessible for choice at each draw since the drawn unit is replaced

before the next draw.

(ii) Sampling without replacement: In without replacement sampling (WOR), the unit is

once chosen is not considered for encouraging choices.

WOR sample contains more information about the population as compared to a WR sam-

ple. Other types of sampling methods can be viewed as modifications of SRS. Some other

essential sampling designs are used from time to time for different situations as

(i) Stratified random sampling

(ii) Cluster sampling

(iii) Systematic sampling

(iv) Two Stage sampling

(v) Sub sampling or Multistage sampling etc.
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1.2.1 Stratified random sampling

In stratified random sampling, the population size N units with heterogeneity are parti-

tioned into L non-overlapping and specific groups that make internally homogeneous as

far as possible. These are called strata, and independent simple random samples of prede-

termined sizes are drawn from each stratum to estimate the overall population parameters.

Stratified schemes are beneficial for survey techniques and are commonly used by govern-

ment sectors, private sectors, industry, economics, health-related issues, gated buildings,

applied statistics or other inaccessible areas. Owing to the economy and its efficacy, strati-

fied random sampling is the most preferred sampling design used for obtaining information

from heterogeneous populations.

There are several reasons for stratification. The principal ones are the following:

(i) Gain in the precision of the estimate.

(ii) Administrative convenience.

(iii) Sampling problems may vary in various parts of the population. In these strata, dif-

ferent sampling plans may be used.

(iv) If data of known precision are for specific subdivisions, these subdivisions may be

treated as a “population” in their own right.

The practical implementation of stratified random sampling needs the solution to the fol-

lowing three fundamental problems.

(i) Determine the optimum number of strata.

(ii) Determine the optimum strata boundaries.

(iii) Determine if the optimum sample sizes from various strata.
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Notations in stratified random sampling

In the stratified random sampling, with the study of the properties of estimates from a

stratified sample and some notations are given for hth stratum which is given as

Nh : Stratum size

nh : Sample size

fh =
nh

Nh
: Sampling fraction

Wh =
Nh

N
: Stratum weight

yhi : Value of the ith unit

Y h =
1

Nh

Nh

∑
i=1

yhi : Stratum mean

yh =
1
nh

nh

∑
i=1

yhi : Sample mean

S2
h =

1
Nh−1

Nh

∑
i=1

(
yhi−Y h

)2 : Stratum variance

s2
h =

1
nh−1

nh

∑
i=1

(yhi− yh)
2 : Sample variance

Y =
1
N

L

∑
h=1

Nh

∑
i=1

yhi =
L

∑
h=1

WhY h : Overall population mean

yst =
L

∑
h=1

Whyh : Stratified sample mean

V (yst) =
L

∑
h=1

(
1
nh
− 1

Nh

)
W 2

h S2
h : Sampling variance

v(yst) =
L

∑
h=1

(
1
nh
− 1

Nh

)
W 2

h s2
h : Unbiased estimate of V (yst).

This thesis assumes that the population under study is already stratified into L strata. The

detailed observe of all these sampling designs are beyond the extent of this thesis. Since

stratified random sampling is the maximum broadly utilized sampling layout, in this the-

sis, the emphasis is on the optimization problems appearing in univariate and multivariate

stratified random sampling and their solutions through mathematical programming problem
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(MPP) or other advanced techniques.

1.2.2 Allocation problems in stratified random sampling

Determining the sample sizes from numerous strata is known as allocation and several

varieties of allocations are available. The generally famous of them are Equal, Propor-

tional, and Optimum allocations. Among these allocations, the optimum allocation is the

best.

Equal allocation

The subsample sizes are equivalent in this allocation, for the hth stratum, i.e.,

nh = n/L; h = 1,2, . . . ,L.

This approach is used when there is insufficient knowledge about the strata standard devi-

ations and the strata sizes are not given or approximately equivalent.

Proportional allocation

Due to its simplicity, this is the most commonly used allocation. Bowley (1926) had first

suggested the proportional allocation. Even if the standard deviations Sh or their approx-

imation sh are not available, it can be easily used. The allocation of a given total sample

size of n to various strata is proportional to the size of the strata, i.e.,

nh ∝ Nh (1.2.1)

or
nh = KNh, (1.2.2)

where K is the constant of proportionality. Now taking the sum of all relevant strata on

both sides of the equation (1.2.2), we have

n = KN
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and value of K = n/N. After putting value of K in equation (1.2.1), we have the proportional

allocation for hth stratum is given as

nh = nWh.

Optimum allocation

The variance of the calculation for the fixed cost is minimized, or the cost for fixed variance

is minimized in optimum allocation. If the cost is linear, from the form C = c0+∑
L
h=1chnh,

where c0 and ch are the overhead and measurement cost per-unit in the stratum hth, respec-

tively, then the optimum allocation is handled by

nh =
nWhSh/

√
ch

∑
L
h=1 nWhSh/

√
ch

; h = 1,2, . . . ,L.

Tschuprow (1923) first gave the optimum allocation for fixed total sample size but the out-

come remained unknown. Further, Neyman (1934) rediscovered the result for optimum

allocation. Later on, Stuart (1954), was used Cauchy Schwarz inequality to work out op-

timal allocation under more general conditions. For further details, interested readers may

view Cochran (1977) and Sukhatme et al. (1984).

1.2.3 Multivariate stratified random sampling design

In multivariate stratified sampling, several characteristics are defined on each population

unit. The optimum allocation for one characteristic will not be optimum for other charac-

teristics. Thus, the problem of allocation becomes more complex. The problem of sample

allocation in multivariate stratified sampling has drawn the author’s attention for a long

time, starting apparently with Neyman (1934). In such circumstances, a compromise cri-

terion is required to an optimum allocation for all the characteristics in some sense. Since

these are based on a compromise criterion, such allocations are referred to as compromise

allocations in multivariate stratified sampling literature.
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1.2.4 Allocation problems in multivariate stratified random sampling design: com-
promise allocations

The problem of allocation is complex in multivariate stratified sampling due to the contra-

dictory existence of the characteristics. An allocation that is optimal for all characteristics

in some sense is necessary in such situations to define a compromising criterion. Yates

(1960) suggested the idea for evaluation population means when fixed cost criterion be

achieved by minimizing the weighted sum of sampling variances of the estimated sampling

means.

Cochran (1963) proposed the average of individual optimum allocations for various char-

acteristics. Chatterjee (1967) worked out a compromise allocation by reducing the amount

of the proportional increases in variances due to the use of non optimum allocations and

assumed the evaluation costs for the different characteristics in a given stratum. Kokan

(1963) described the convex programming formulation to the problem of allocation for

multivariate stratified sampling. An analytical solution to this convex programming prob-

lem was developed by Kokan and Khan (1967). They demonstrated how the sample al-

location problem could be presented as a convex programming problem in other designs,

such as two-stage sampling, double sampling and response errors. Soland (1967) also dealt

with the case of multivariate stratified sampling, where prior knowledge is required on the

unknown stratum mean of all variants. He discussed and formulated the stratification prob-

lem suggested by Dantzig (1953) as a nonlinear programming problem (NLPP) and then

formulated other multivariate stratified sampling problems so that nonlinear programming

can solve. Ericson (1970) acknowledged the problem of minimizing the posterior variance

of the total population average subject to total budgetary constraint. Also addressed the

situation when estimating more than one population characteristics defined on the basis of

the strata are sufficiently identical in terms of the various characteristics. Dantzig (1977)

gave an integer solution to this problem. Ahsan (1978) described the multivariate alloca-
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tion problem where prior knowledge on the unknown within stratum means of p characters

is available with known parameters in terms of a multivariate normal distribution. Ahsan

and Khan (1982) tackled this problem by taking into account the subsequent variances of

population means when multipurpose sampling. Sukhatme et al. (1984) attained the com-

promise allocation by minimizing the sum of variances under linear cost constraints for

characteristics of p. Khan et al. (1997) considered the problem of resolving the optimum

compromise allocation as an NLPP and Jahan et al. (2001) used the technique of dynamic

programming (DP) to work out compromise allocations. Many authors who worked on this

issue are Millr et al. (2007), Khan et al. (2008), Ansari et al. (2009), Khan et al. (2011),

Varshney et al. (2012, 2015, 2017), Khowaja et al. (2013), Shafiullah. et al. (2015), Haseen

et al. (2016), Raghav et al. (2017), Ansari et al. (2018) and others, used different compro-

mise criterion to solve such allocation problems for different situations.

1.3 Integer allocation

Integer sample sizes are required for practical purposes. The easiest way to work out with

integer sample sizes is to round off the non integer sample sizes to the relative integer val-

ues. Generally, the rounded-off values work well, as the variance capabilities are uniform

at the optimum stage (see Cochran (1977)), and feasibility also maintained for large sample

sizes. In multivariate stratified random sampling, rounded off integer solution may fail to

give a nearly optimal result for small sample sizes. They might also violate the cost con-

straint if the various strata measurement costs are high (see Khan et al. (1997)). In such

situations, in the formulation, the integer restrictions will also be imposed as additional

constraints and make acquiring compromise allocations more complex.

1.4 Problem of nonresponse

If a census is conducted with a large population, several errors occur that can not be su-

pervised adequately. While in an adequately designed sample survey, the estimation of the
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margin of error is possible to predict, and hence a decision can be made about the accuracy

of results. Generally, two types of errors, which occur during sampling, have been rec-

ognized in actual practice in the estimators, first one is “sampling errors”, and the other is

“nonsampling errors”. Sampling errors arise due to sampling techniques. The nonsampling

errors may occur at any stage of the survey, beginning from the planning until completing

the survey report, incomplete returns in mailed questionnaires, inaccurate measurement,

recording observations, and respondents. Nonsampling errors are of four types, such as

nonresponse errors, measurement errors, tabulation errors and computational errors.

In the case of nonresponse, the estimation of the parameter of interest under traditional sam-

pling techniques results in significant bias, as some units do not respond, thus not covering

the target population as the sampling strategy implies. Nonresponse was first discussed by

Hansen and Hurwitz (1946) with a mailed questionnaire. The method proposed by Hansen

and Hurwitz produces an unbiased estimator of population mean and problem deal with

deterministic nonresponce model. In order to improve the response rate, El-badry (1956)

generalized the technique of Hansen Hurwitz’s by sending large amount of questionnaires

to all groups that had not replied. Subsequently, other authors have worked on nonresponse

theory as Srinath (1971), Singh and Singh (1979, 1985), and others.

1.5 Optimization

For finding out the best solution under some circumstances, optimization is the best tool

for finding them. For designing, constructing and maintaining any framework, designers

get to make different technology and administrative choices at a few stages. Optimization

can be characterized as finding the conditions that give the most extreme or least value of

a function. The first stage of optimization defines decision variables for required benefits,

efforts and collected other relevant data. The second stage continues the process by analyz-

ing the mathematical model and selecting the appropriate mathematical programming for
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finding the best solution and the third stage consists of finding an optimal solution with the

computer’s help.

The idea of optimization had been developed in the 18th century. Many authors namely,

Newton, Lagrange, and Cauchy have worked on optimization problems and found inno-

vative differential calculus techniques for applications in physics and geometry. However,

they provided solutions in some basic situations, which are practically acceptable. The

problem of optimization solved in recent years appeared to get more complicated. The

most remarkable example of the rapid growth of optimization techniques appeared with

Bellman’s implementation of DP in 1957 and Pontryagin’s maximum theory in 1958. The

methods solved the problems of optimum dynamic system operation. Many mathemati-

cians have been interested in developing mathematical programming techniques to solve

the problem of maximizing or minimizing multiple variables over the last 50 years. Opti-

mization includes a wide variety of cases and implementations. Some common examples of

optimization that occur in practice are an economic problem, commercial problem, aerody-

namics and science of engineering, etc. Most of the issues in studying production processes

and manufacturing facilities can be reduced to optimization.

1.6 Mathematical programming problems

Mathematical programming consists of the maximization or minimization of decision vari-

ables called the objective function and restricted by several constraints in equations and

inequalities. These problems may exist in different fields, for example, management sci-

ences, numerical analysis, engineering sciences, economics, agriculture, statistical analy-

sis, sample surveys, reliability, etc. The formulation of such problems aims to find the best

solution among all possible solutions under limited sources for competing activities. These

activities may be expressed as a set of constraints defined by the nature of the problem

under study.
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The mathematical model of the problem may be represented as

Minimize (or Maximize) Z = f (x)

subject to gi(x) [≤,=,≥]bi ; i = 1,2, . . . ,m

and x≥ 0,

where one of the signs [≤,=,≥] holds for each i. x′ = (x1,x2, . . . ,xn) is the vector of

decision variables and bi; i = 1,2, . . . ,m are the right hand side values. f (x) and gi(x), (i =

1,2, . . . ,m) are functions of x1,x2, . . . ,xn and restrictions in x≥ 0 are called non-negativity

restrictions. Since the maximization of f (x) is equivalent to minimization of [− f (x)], hence

the MPP may be taken as either a maximization problem or minimization problem. The

MPPs may be categorized into two classes:

• Linear programming problem (LPP) - when all involved functions are linear in an

MPP.

• Nonlinear programming problem (NLPP) - when at least one of the involved func-

tions is nonlinear.

An NLPP is more challenging to solve in comparison to LPP for apparent reasons. Like

the simplex method for LPP, there is no single method to solve every NLPP. Appropri-

ate techniques are evolved by exploiting some unique characteristics of a distinct NLPP.

Depending upon the situation of the involved functions and restrictions on the decision

variables, an MPP can be further be placed in one or more of the following categories

arranged below:

(i) Integer programming problem

(ii) Multiobjective programming problem

(iii) Chance constrained programming problem
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(iv) Stochastic programming problem, etc.

Integer programming problem

In integer optimization problems (to be maximized or minimized), we assume that the se-

lection of variables as non fractional or discrete values and integer problems can be usually

be restricted or unrestricted with some constraints. The objective and constraint functions

can be linear and nonlinear. An integer problem is determined as linear if, through relaxing

the integer restriction on the variables, the resulting functions are strictly linear.

Multiobjective programming problem

Multiobjective programming is a multicriteria decision-making field that has to do with

MPPs involving several objective functions to be optimized at once. Multiobjective opti-

mization has been applied in many scientific areas, including engineering, economics, and

logistics, where optimal decisions must be made in the face of trade-offs.

Chance constrained programming problem

Chance constrained programming was first proposed by Charnes and Cooper (1963) as

a method for solving optimization problems under uncertainty. Some constraints may be

deterministic in a stochastic programming problem, and the remainder may include random

elements. On the other hand, in a chance programming problem, the set of constraints does

not necessarily exist, but it holds at some point with the given probabilities. As such, we

are given a set of probability measures that indicate the extent of the random constraints

being violated.

Stochastic programming problem

It refers to the problem of mathematical programming, which includes assessing relative

risks and uncertainties in various alternatives of choice for management decisions. It deals
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with situations where stochastic (or random or probabilistic) variables represent some or all

of the problem’s parameters, rather than deterministic quantities. The values of the random

variable can be varied according to its nature and form of a problem. For example, concrete

strength has to be taken as a random variable in the design of concrete structures because

the compressive strength of concrete varies considerably from sample to sample. Any

machined component’s actual dimension must be taken as a random variable in mechanical

systems design because the dimension may be anywhere within a specified tolerance range.

Likewise, in aircraft and rocket design, the actual loads acting on the vehicle depend on the

prevailing atmospheric conditions at the launch date, which can not be predicted accurately

in advance.

Therefore, the loads in these flight vehicle’s configuration must be regarded as random

variables. The stochastic optimization problem is also abbreviated as a stochastic linear

or nonlinear problem, depending on the nature of the equations involved (in terms of ran-

dom variable’s) in the problem. The basic concept is used to solve the stochastic problem

and turn the stochastic problem into an equivalent deterministic problem using standard

techniques like linear, geometric, dynamic, nonlinear programming.

Lexicographic goal programming, Fuzzy programming technique, Particle swarm opti-

mization (PSO), Genetic algorithm (GA), Goal programming problem, DP and many more

are useful for computational techniques to solve different MPPs forms. Some optimization

techniques are discussed below.

Lexicographic goal programming technique

In this technique, the objective functions are arranged according to their importance by

the designer. The optimal solution is then achieved by the objective functions beginning

with the most important one and continuing order according to the importance of objective

functions. Target subscriptions show not only the target function number but also aim

14



Introduction

priorities.

The essential objective function is reduced after ordering, according to the original con-

straints. Suppose this problem has a particular solution that is the solution to the entire

problem of multiobjective optimization. Otherwise, the second most critical objective fea-

ture would be reduced. Now a new constraint is introduced, in addition to the initial con-

straints. This new constraint ensures that the most relevant objective function conserves its

optimum value. If this problem has a unique solution, then the initial problem is solved.

Otherwise, the cycle continues, as mentioned above. Fishburn (1974) critically discusses

the lexicographic orders, utilities, and decision Rule.

Fuzzy programming technique

Fuzzy programming methodology is used in this study to find an optimal solution for prob-

lems of the multivariate sample survey. The definition of fuzzy set theory was first intro-

duced by Zadeh (1965), and Zimmermann (1978) proposed the fuzzy approach to solving

multiobjective problems. He showed that efficient solutions are obtained from fuzzy linear

programming. Narasimhan (1980) and Ignizio (1982) had explored and improved the use

of goal programming in a fuzzy set theory to solve multiobjective problems.

In the real world, problems are generally vague and not well defined. To overcome such

problems in real life, fuzzy mathematical programming was developed. The fuzzy concept

is used to describes the goals and constraints in MPP and understand the degree of decision-

makers expectations.

Particle swarm optimization

The PSO, defined by Kennedy and Eberhart (1995), is a stochastic optimization technique

based on a population. PSO’s development aimed to emulate cooperative foraging living

organisms and social behaviors such as birds, fish, bees, etc. Several striking PSO charac-
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teristics make it an excellent evolutionary metaheuristic. In PSO, the population is called

a swarm and any variable of the swarm is knows as PSO particles. The particles of the

swarm head in the search space have a limited speed, so as to reach the desired goal.

Using their cognitive and collective ability the search particles are able to adjust their best

position and the best position so far explored by a swarm, respectively. Kennedy and

Eberhart (1995) developed an equation (1.6.1) to modify each particle’s velocity and thus

modified the individual particle’s position according to this modified velocity in equation

(1.6.2).

Vp(t) =Vp(t−1)+C1 ∗ rand(.)∗ (Xbest
p −Xp(t−1))

+C2 ∗ rand(.)∗ (Xbest
s −Xp(t−1))

(1.6.1)

Xp(t) = Xp(t−1)+Vp(t), (1.6.2)

where, Vp(t) ∈ [Vmin,Vmax] represents individual particle velocity (p = 1,2, . . . ,N) at tth

iteration. C1 and C2, respectively, denote particle cognitive and collaborative ability, called

coefficients of acceleration. Rand (.) is a random value between 0 and 1. Xp represents the

particle position p, best of Xbest
p and best of Xbest

s are used to denote the best location (up

to tth iterations) found so far for an individual particle and the entire swarm (global best),

respectively.

Genetic algorithm

The GA is the most widely used to solve optimization problems. This algorithm was ini-

tially invented in 1895 from Darwinian evolutionary theory and was first implemented at

Michigan University by Holland (1975). According to this theory, organisms that are more

environmentally adaptable, survive. Information transmitted from each generation to the

next generation is contained in chromosomes, thus transmitting inherited properties.

In this algorithm, the better population is combined according to the principle of survival
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of the best, and this solution will be repeated more often in the next generation depending

on the suitability of each solution. This process will continue to reach an optimal solu-

tion.

1.6.1 Mathematical programming problems in sample survey

In many decision-making problems, sample surveys, environmental, social, economic, and

technical areas have more than one multiple objective functions. It is important to mention

that various goals are always unmeasurable and in conflict with each other in optimization

problems. The problem of obtaining statistical information on population characteristics

can be formulated as an optimization problem of minimizing the cost of the survey subject

to the restriction that the loss of accuracy is within the prescribed limit or, in turn, min-

imizing the loss of accuracy subject to the limitation that the cost of the survey remains

within the budget. The compromise allocation was obtained by Ghufran et al. (2012) when

the cost function is assumed quadratic and random. Also, Varshney et al. (2012) worked

out compromise allocation by using a quadratic cost function for large sample size in the

estimation of more than one parameters in stratified sampling with a fixed budget, and

Haseen et al. (2012) suggested a fuzzy approach for solving double sampling design in the

presence of nonresponse. Raghav et al. (2014) has discussed the various multiobjective

optimization techniques in multivariate stratified sample surveys in case of nonresponse.

Shafiullah. et al. (2014) introduced nonresponse using quadratic cost function by fuzzy

geometric programming technique. Muhammad et al. (2015) formulated the allocation

problem as a multiobjective multivariate nonlinear programming problem and worked out

compromise allocation for the fixed Gamma cost function. Haseen et al. (2016) discussed

the problem of nonresponse in multiobjective stochastic multivariate stratified sampling.

The fundamental paper by Charnes et al. (1955) presented the application of mathematical

programming to statistics. Wagner (1959) suggested solving the problem through the dual

approach. Other areas of application of mathematical programming in statistics developed
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simultaneously by several authors.

Generally, one best allocation for one item is not best for other allocations. We use some

compromise criterion in a survey with numerous items until there is a strong correlation

between items. If useful empirical data are available, we compute the individually opti-

mum allocation and see to what extent there is disagreement. Chatterjee (1967) suggested

an alternative compromise allocation to choose the nh by minimizing the average of the

proportional increases in variance, taken over the variables, which is given as

nh =

n

√
p
∑
j=1

n′jh
2

L
∑

h=1

√
p
∑
j=1

n′jh
2

.

If j denotes a variable, the value of nh is determined as above, where n′jh is the optimum

sample size in stratum h for variable j.

Individual optimum values differ only slightly. In some surveys, the optimum allocations

vary so much that the above criterion does not work for individual variates. Some other

principle is a requirement to obtain the allocation to be used. Yates (1960) suggested two

useful principles. The one is applying to surveys with a specified purpose, in which the

loss can be measured in terms of money or utility due to an error of a known value in an

estimation. With p variates and quadratic loss functions, it may be appropriate to represent

the total expected loss as the weighted sum of the variances of the estimated population

means or total. For the means, we have

L =
p

∑
j=1

a jV (y jst) =
p

∑
j=1

a j

L

∑
h=1

W 2
h S2

jh

(
1
nh
− 1

Nh

)
,

where S2
jh is the variance of the jth variate in the stratum h (h = 1,2, . . . ,L) and a j ≥ 0

is weight assigned to jth variable such that
p
∑
j=1

a j = 1. After interchanging the order of
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summation, we get

L =
L

∑
h=1

W 2
h

nh

(
p

∑
j=1

a jS2
jh

)
− 1

N

L

∑
h=1

Wh

(
p

∑
j=1

a jS2
jh

)
.

With a linear function for the costs of sampling, we have

C = c0 +
L

∑
h=1

chnh.

The value of nh is obtained by minimizing the product of (C− c0) and the term in L (the

term containing nh), by using Cauchy-Schwartz inequality,

nh ∝
Wh√

ch

√√√√ p

∑
j=1

a jS2
jh.

The proportionality constant is found out by satisfying the given L or C constraint. For

particular, suppose that the value of L is defined and that it is possible to ignore the term

finite population correction (fpc). We have

nh = n
(WhAh/

√
ch)

L
∑

h=1
(WhAh/

√
ch)

,

where Ah =

√
p
∑
j=1

a jS2
jh.

The required total sample size is

n =
1
L

(
L

∑
h=1

WhAh√
ch

)(
L

∑
h=1

WhAh
√

ch

)
.

In the second principle, the required variance Vj is specified for every variate. For popula-

tion means, we have

L

∑
h=1

W 2
h S2

jh

nh
−

L

∑
h=1

WhS2
jh

N
≤Vj; j = 1,2, . . . , p.

The inequality sign “≤” is used to achieve the most economical allocation that may provide

variances smaller than the desired Vj; j = 1,2, . . . , p.
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In this approach the cost C is to be minimized subject to tolerances Vj; j = 1,2, . . . , p and

0 ≤ nh ≤ Nh. Hence the problem becomes NLPP. The solution algorithms were given by

Hartley and Hocking (1963), Chatterjee (1966), Zukhovitsky and Avdeyeva (1966), Kokan

and Khan (1967), Huddleston et al. (1970), Cochran (1977) and Sukhatme et al. (1984)

worked out compromise allocations in stratified random sampling. For a notion of sam-

pling optimization, Díaz-García and Garay Tapia (2007) discussed in details. Bakhshi et

al. (2010) found the optimal sample numbers with a probabilistic cost constraint. The allo-

cation problem was formulated by Khan et al. (2011) as a multiobjective stochastic convex

programming problem and a compromise solution achieved by using the approximation

technique of Chebychev. Varshney et al. (2011) workout an allocation by minimizing the

trace of the variance-covariance matrix of the estimator of the population mean. The ran-

domness of multiobjective multivariate stratified sample surveys was explored by Ali et al.

(2013a) and the compromise allocation was derived using various multiobjective optimiza-

tion techniques. Some other authors such as Khan and Ali (2014), Haseen et al. (2015),

Varshney et al. (2017) and Haq et al. (2020) also discussed this concept.

1.7 Reliability

From World War II, reliability theory has been broadly developed over the years with a sig-

nificant defense personnel contribution. According to the Aeronautical (1994), reliability

is the probability that a system will perform satisfactorily for at least a given period under

stated conditions. The reliability of an item at time t is denoted as

R(t) = 1−F(t) = Pr(T ≥ t) for t ≥ 0.

R(t) is the probability that the item does not fail in the time interval (0, t]. It has the

following characteristics:

(i) R(0) = 1, since the device is assumed operable at t = 0.
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(ii) R(∞) = 0, since no device can work.

(iii) R(T) is a non increasing function between 0 and 1.

A system’s reliability may be optimized subject to the resource constraints to determine the

optimum number of redundant elements for each level provided that the reliability of every

element is known. There are many strategies available in the literature to solve problems in

different situations. A basic algorithm for solving the redundant optimization problem was

developed by Misra (1972). Lientz (1974) applied a probabilistic approach for allocating

components by using a conditional enumeration to maximize the system reliability subject

to cost constraint for the given component reliability value. The same technique described

for reliability optimization problems were also used by McLeavey and McLeavey (1976).

A detailed study of the literature on the reliability maximization of redundant systems re-

veals that many researchers have illustrated the system reliability optimization problems

obtained using different techniques with an essential significant cost constraint under con-

sideration.

Availability

Availability is a success criteria for devices that can be repaired. This technology combines

with both the reliability and maintainability aspects of a system. Availability is the possi-

bility of a system not being out of operation or not in need of repair when it is needed. The

range of availability lies between 0 to 1. In general, when the device is not available, then

availability as equally to reliability, because of the increased costs and inconvenient. There

are two significant differences in reliability and availability, which are as follows:

(i) Reliability is an interval function, whereas availability is an point function at a given

time.

(ii) The reliability function prevents a system’s failure within the specified time period,
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but the availability function does not depend on such constraints.

1.7.1 Mathematical programming problems in reliability

Reliability is used to assess system structures and significant design measures in many in-

dustrial environments, such as telecommunication and manufacturing facilities. The design

of such hardware systems may be formulated as a reliability optimization problem. Such

problems aim to either maximize reliability, availability, and performance or minimize the

cost. In a real-life system, data is uncontrollable and unavoidable in some situations and

always not give a precise result. Therefore, to handle the inaccurate data, the MPPs may be

used to formulate the optimization problems and the appropriate decision may be taken by

using the proper mathematical programming technique.

The problems of the reliability optimization in various system designs has been reported

by Tillman et al. (1980), Sasaki and Shingai (1983), Chern and Jan (1986), Misra (1986),

Sung and Cho (2000), Kuo et al. (2001), etc. Prasad and Kuo (2000) focused on reliability

design using three principles: system configuration, problem category, and optimization

techniques. Out of these three criteria of research classification, system configuration, and

optimization approaches are still evolving research areas in optimal reliability design of

sophisticated systems. Some authors also utilized the fuzzy technique in reliability opti-

mization problems, such as Huang (1997) formulated the problem with multiple objectives

of series system reliability by using a fuzzy concept. Mahapatra and Roy (2006) worked on

the reliability of series and complex systems under the cost constraint with generalized tri-

angular fuzzy numbers, and Mahapatra and Roy (2009) discussed the reliability for a series

and parallel system using the triangular intuitionistic fuzzy concept. Mahapatra and Roy

(2011) analyzed the reliability and cost model for series system with a fuzzy parametric

geometric approach.

Ben-Daya et al. (2000) and Osaki (2002) obtained different models of reliability and main-
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tenance and explored their best solutions, and applied them to various systems. Reliability

has expanded its scope across other sectors in recent years, thus functioning as an integral

element of quality within its structure and development cycle. To preserve the reliability

of complex systems at a higher level, the structural design of the system or system com-

ponents demands greater reliability, or both are simulated. Many authors have recently

focused on the theory of reliability, such as Moghaddam et al. (2008), Ali et al. (2013b),

Gruber et al. (2013), Zhou et al. (2015), Alam (2016), Gupta et al. (2016), Kumar and Garg

(2016), Loganathan and Gandh (2016), Ardakan et al. (2017), Fallahnezhad and Najafian

(2017), Ghnimi et al. (2017), Kim and Kim (2017), Kakkar et al. (2019), Mousavi et al.

(2019), Zhiyuan et al. (2019), and Li et al. (2020).

In Reliability, the MPP is to maximize the system reliability may be formulated as

Maximize R = Rsys

subject to hi j(x)≤ B; i = 1,2, . . . ,N, j = 1,2, . . . ,Mi

Mi

∑
j=1

xi j ≥ 1; ∀ i = 1,2, . . . ,N

and xi j ≥ 0; ∀ i = 1,2, . . . ,N, j = 1,2, . . . ,Mi,

(1.7.1)

where N is the number of subsystems, Mi is the number of design alternative in subsystem

i, and xi j is the number of components of design alternative j in stage i. R and Rsys represent

the objective function and overall reliability of the system, respectively. We consider that

B is total available amount of budget and hi j(x) is a functions of x.
Mi
∑
j=1

xi j represents the

multiple choice constraint and xi j defines the decision variables. The objective function of

the problem is to find all decision variable’s values for which the objective function under

the given constraints may be maximized.

The problem of the system reliability has been defined by Taghizadeh and Hafezi (2012),

Yusuf (2014), Rao and Naikan (2014) and several other authors. A multiobjective redun-

dancy allocation problem has been determine by Khalili-Damghani et al. (2014) adopting a
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decision support system and multiple constraints under fuzziness. Reliability optimization

problems have been investigated by some other authors such as Gupta et al. (2016), Kumar

and Garg (2016), Salah and Temraz (2019), Ivezic et al. (2019), and Mellal et al. (2020)

etc.

The real-life situations, such as projects and case studies, may be formulated as MPPs, and

a solution may be worked out by using the appropriate optimization technique.

1.8 Some statistical distributions

Several distributions have been proposed for the use of lifetime analysis. We have con-

sidered some distributions in the present work, namely exponential, Gamma, Weibull, and

normal distributions. A brief description of the distributions used in this thesis is given

below. We start with an expository description of exponential distribution, which enjoys

the most widely used model in lifetime analysis and reliability.

1.8.1 Exponential distribution

The exponential distribution is the most commonly used continuous probability distribution

in modeling reliability and life testing analysis. In several various environments, exponen-

tial distribution exists, as with radioactive or particle decays or the time among events in a

Poisson process where events are constantly appearing.

The exponential distribution with parameter λ, the probability density function (pdf) is

given as

f (x) = λexp(−λx), λ≥ 0. (1.8.1)

The distribution is supported for variable x on the interval [0,∞).
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1.8.2 Gamma distribution

Gamma distribution is the most popular distribution for analyzing lifetime data. These

distributions possess both scale and shape parameters and can be quite flexible in analyzing

any positive real data. The pdf of Gamma distribution is given by

f (x;λ,k) =
λ(λx)(k−1)exp(−λx)

Γ(k)
, λ≥ 0, k ≥ 0,

where λ and k are scale and shape parameters, respectively and variable x on the interval

[0,∞).

A Gamma distribution arises naturally in the processes for which the waiting times between

the Poisson distributed events are relevant and a general form of statistical distribution

related to beta distribution. Gamma distribution is taken from the Poisson assumptions, the

number of events happens in a time interval of t, at a rate of λ is given by

P(r) =
(λt)te−λt

r!
, λ≥ 0.

Probability that there are at least k events happen at a time t, as defined below

F(t) =
∞

∑
r=k

P(r) =
∫ t

0

λkz(k−1)e−λz

(k−1)!
dz,

where the integral is placed by a summation. The time distribution for the first event’s oc-

currence follows an exponential distribution, and a sum of exponential distribution follows

Gamma distribution. In queuing theory, the Gamma distribution for an λ which assumes

integer values is known as the Erlang distribution.

1.8.3 Weibull distribution

Weibull distribution is a positive real-valued continuous probability distribution that de-

scribes in probability theory and statistics area. It is named given by Swedish mathemati-

cian Waloddi Weibull and given detail in the article wide applicability (1951). Whereas,
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it was first developed by Fréchet (1928) and utilized by Rosin and Rammler (1933) to

describe a particle size distribution.

The pdf of the Weibull distribution with parameters r, θ and γ is given by

f (x;r,θ,γ) =
r (x− γ)(r−1)

θr exp
(
−
(

x− γ

θ

)r)
, x > γ, r > 0, θ≥ 0,

(1.8.2)

where r and θ are shape and scale parameters, respectively and γ is a location parameter.

The Weibull distribution is a suitable model for numerous problems, and it is an extensively

used distribution in reliability and survival analysis due to its various shapes of the hazard

rate function. For more details, the interested reader may refer Hallinan (1993), Horst

(2008) etc.

1.8.4 Normal distribution

One of the most important continuous probability distributions in the entire statistics field

is the normal distribution because it fits many natural phenomena, such as heights, blood

pressure, measurement error, and IQ scores. The normal distribution was first appeared in

1733 as an approximation to the probability for sums of binomially distributed quantities

to lie between two values when Abraham de Moivre communicated it to some of his con-

temporaries. A search by Daw and Pearson (1972) confirmed that several copies of this

note had been bound up with library copies of De Moivre’s miscellanea analytica, printed

in 1733 or later. The normal distribution has been named after various scientists, including

Laplace and Gauss. Kac (1975) recalled that it has also been named after Quetelet and

Maxwell.

The normal distribution is often referred to as the Gaussian distribution in honor of Karl

Friedrich Gauss, who derived the equation of a normal pdf. As with any probability dis-

tribution, the normal distribution parameters define its shape and probabilities entirely and
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have two parameters, the mean and standard deviation, and do not have just one form.

However, the shape changes based on the parameter values.

The pdf of a normal random variable X is given by

f
(
x; µ, σ

2)= 1
σ
√

2π
exp
(
−(x−µ)2

2σ2

)
, µ ∈ R, σ

2 > 0,

where µ and σ2 are location and scale parameters, respectively and x lies between the real

numbers. The constants µ, σ, and σ2 are respectively, the mean, standard deviation, and

variance of the normal distribution.

1.9 Problems discussed in subsequent chapters

The summary of the thesis presented in six chapters and followed in the sequel outlining

the contents chapter by chapter.

In Chapter 1, provide a primary reading material to equip the reader for understanding

the problems discussed in the following chapters. Although the topics considered have not

been discussed in detail, it is attempted to provide sufficient references so that interested

readers can look into the references to have complete knowledge of the topics. Finally, we

provided the motivation and summary of the present work.

The Chapter 2, deals with the problem of nonresponse theory, which Hansen and Hur-

witz (1946) initially introduce. The nonresponse problem is solved using the Gamma cost

function and comparison by existing compromise allocations with the proposed method.

The numerical illustration by lexicographic goal programming technique for the practical

utility of the method. This problem is based on my published research work Varshney

and Mradula (2019) and published in the Journal of Statistical Computation and Simula-

tion.

In Chapter 3, we study a procedure for determining the optimum stratum boundaries and
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sample size with a nonlinear fixed cost function for each stratum. In health surveys, these

auxiliary variables normally characterize positively skewed distributions from the Gaus-

sian distribution families such as Weibull, Gamma, Log-normal, etc. Thus, this research

investigates if the proposed parametric based mathematical programming approach for de-

termining the optimum stratum boundaries yields a gain in efficiency over other methods.

This research also tries to determine if the proposed method works for skewed distribu-

tions such as the exponential and Weibull distribution when both real and simulated data

sets are used in the mathematical programming problem formulation of the stratification

problem.

The Chapter 4, deals with stochastic programming under some probabilistic conditions

and multivariate stratified sampling as a stochastic multiobjective nonlinear programming

problem by using of a nonlinear cost function which is prudent by introducing the labour

cost as part of the total cost of a survey. The stochastic nonlinear programming problem is

solved using the chance constraint and modified E-model methods, and a solution is found

out by fuzzy goal programming problem, and Lagrange’s methods. Here also, a comparison

study is made. This problem is based on my accepted research work in the Journal of King

Saud University - Science.

In Chapter 5, we study the ratio type estimators where the population mean is unknown,

but the population median of study variable is known, and use of auxiliary information for

improving the precision of estimates of the population mean or total. The problem is for-

mulated in two parts,

(i) with linear cost function and solved using the integer programming technique and La-

grange multiplier technique and numerical illustration for the method’s practical utility.

This part is based on my published research work Mradula et al. (2019) and published in

the Journal of Communications in Statistics - Simulation and Computation.

(ii) With nonlinear cost function and solved it using integer programming problem with
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MATLAB software.

A comparative study of different other estimators has been made.

In Chapter 6, the availability and cost function of a series-parallel system containing a mul-

tiobjective model under a fixed time environment. The evolution of the solution methods

has been discussed with an illustration using particle swarm optimization. The proposed

method then compared with different existing optimization techniques such as genetic algo-

rithm and goal programming technique and results show the effectiveness of the proposed

approach in terms of availability and a profound reduction in the cost maintenance with

system time. We use simulation studies by using R software to evaluate the availability and

determine the cost function by MATLAB.
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CHAPTER 2

Compromise allocation in multivariate stratified
sampling design in the presence of nonresponse

with Gamma cost function

2.1 Introduction

To obtain maximum information from different characteristics defined on each unit of the

population, the homogeneity within population units will not remain there. Stratified sam-

pling is considered as the best suited sampling design in comparison to other available

designs. The optimum allocation determines the size of the sample to be taken from each

stratum of the population. It is determined by minimizing either the variance of the es-

timate for a fixed cost of the survey or the cost of the survey for fixed variance of the

estimate. Tschuprow (1923) and Neyman (1934) derived the formula for optimum alloca-

tion to estimate population mean for univariate case. Cochran (1977) and Sukhatme et al.

(1984) discussed optimum allocation in stratified random sampling. To obtain maximum

information from different characteristics defined on each unit of the population, the strat-

ified sample survey converts into its multivariate case and termed as multivariate stratified
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sample survey in sampling literature. In multivariate stratified sample survey, an optimum

allocation of any characteristic may not be remained optimum for other characteristics.

Kokan and Khan (1967) formulated the problem of allocation for multivariate case by min-

imizing the cost of enumerating all the characteristics, defined on each unit, of a survey for

desired precisions on various characters in a convex programming problem.

Usually, in sample surveys, when more than one characteristic are defined, optimum alloca-

tion of one characteristic may not be optimum for others. In such situations, a compromise

criterion is needed to get an allocation, which may be near-optimum to other characteris-

tics in some sense, for all characteristics, and such allocation is termed as “compromise

allocation” in sampling literature. Many authors Dalenius (1957), Yates (1960), Chatter-

jee (1968), Khan et al. (1997), Shafiullah. et al. (2014), Ali et al. (2015), Varshney et al.

(2015), Haseen et al. (2016), Raghav et al. (2017), Varshney et al. (2017), Ansari et al.

(2018) and others, worked out for by defining new estimators or used existing estimators

in different situations for multivariate case.

In multivariate stratified sample surveys, when the required information is not obtained

from selected units of the population, the situation becomes nonresponse. The extent of

nonresponse depends on various factors such as the type of the target population, time of

the survey, and type of the survey. To solve the nonresponse problem in stratified sampling,

each stratum is further divided into two mutually exclusive and exhaustive groups, i.e.,

one of the respondents and other nonrespondents. Hansen and Hurwitz (1946) constructed

the estimator for the population mean by considering these two groups. They derived the

expression of variance and worked out the optimum sampling fraction for the nonrespon-

dents. For fixed linear cost function, Varshney et al. (2011, 2012), formulated the problem

of nonresponse and worked out compromise allocation for a multivariate stratified sam-

ple survey. In this chapter, the problem of obtaining compromise allocation is discussed

for multivariate stratified sample survey and fixed nonlinear cost function in the presence
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of nonresponse. If labour time is considered in the given cost function, the cost function

may not remain linear. The lexicographic goal programming technique is used to solve the

problem of allocation to determine sample sizes of respondent and nonrespondent groups.

The numerical examples are included to illustrate the practical utility of the method.

In this chapter, the compromise allocations are worked out for multivariate stratified pop-

ulations in nonresponse under the Gamma cost function. The contents of this chapter is

based on my published research work Varshney and Mradula (2019).

2.2 Formulation of the problem

In multivariate stratified sample survey it is assumed that the population is divided into

L strata to maintain homogeneity within strata and p characteristics are defined on each

population unit. For the hth stratum, Nh, Wh = Nh/N, Y h and S2
h; where h = 1,2, . . . ,L

denote the stratum size, stratum weight, stratum mean and stratum variance, respectively.

Furthermore, hth stratum is divided into two mutually exclusive and exhaustive groups;

one for respondents of size Nh1 and other group for nonrespondents of size Nh2 = N−Nh1.

Obviously the true values of Nh1 and Nh2 and/or their estimates are not known prior to the

sample observations.

For the given sample of size n such that n = ∑
L
h=1 nh, let nh denotes the size of sample

which is selected randomly from hth stratum of the population. Also, out of nh units, nh1

units belong to the group of respondents and the remaining nh2 = nh−nh1 units belong to

the group of nonrespondents. To overcome the problem of nonresponse, a second attempt

was made and subsamples of sizes

rh = nh2/kh; h = 1,2, . . . ,L, (2.2.1)

are drawn from nonrespondents groups, where kh ≥ 1 and 1/kh represents the sampling

fraction among nonrespondents in the hth stratum. The unbiased estimates of Nh1 and Nh2
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may be taken as N̂h1 = nh1Nh/nh and N̂h2 = nh2Nh/nh, respectively.

Using Hansen-Hurwitz technique, an estimator of stratum mean Y jh for jth characteristic

in the hth stratum is given by

y jh(w) =
nh1y jh1 +nh2y jh2(rh)

nh
, (2.2.2)

where y jh1 and y jh2(rh)
; j = 1,2, . . . , p denote the sample means based on nh1 units of

respondents and rh units of subsample of nonrespondents group respectively for the hth

stratum.

It can be seen that y jh(w) is an unbiased estimate of the stratum mean Y jh of the hth stratum

for the jth characteristic with a variance

V (y jh(w)) =

(
1
nh
− 1

Nh

)
S2

jh +
W 2

h2S2
jh2

rh
−

Wh2S2
jh2

nh
, (2.2.3)

where S2
jh is the stratum variance of jth characteristic in the hth stratum; j = 1,2, . . . , p and

h = 1,2, . . . ,L given as

S2
jh =

1
Nh−1

Nh

∑
i=1

(y jhi−Y jh)
2,

where y jhi denotes the value of the ith unit of the hth stratum for jth characteristic and

Y jh = ∑
Nh
i=1 y jhi/Nh is the stratum mean of y jhi.

S2
jh2 is the stratum variance of jth characteristic in the hth stratum; j = 1,2, . . . , p and h =

1,2, . . . ,L given as

S2
jh2 =

1
N̂h2−1

N̂h2

∑
i=1

(y jhi−Y jh2)
2,

Y jh2 = ∑
N̂h2
i=1 y jhi/N̂h2 is the stratum mean of y jhi and Wh2 = Nh2/Nh is the stratum weight

of nonrespondent in hth stratum.

An unbiased estimate of overall population mean Y j of the jth characteristic is given
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by

y j(w) =
L

∑
h=1

Why jh(w).

The variance of y j(w) will be given as

V (y j(w)) =
L

∑
h=1

W 2
h V (y jh(w)).

After ignoring fpc, it is given by

V (y j(w)) =
L

∑
h=1

W 2
h

(
S2

jh−Wh2S2
jh2

)
nh

+
L

∑
h=1

W 2
h W 2

h2S2
jh2

rh

=Vj ; j = 1,2, . . . , p. (2.2.4)

The inclusion of cost of measuring various sampling units in survey may be considered

as the problem of sample allocation of multivariate stratified sample survey. Khan et al.

(2008) and Varshney et al. (2011) discussed the method by minimizing the variability of

estimator for fixed cost function given as

C =
L

∑
h=1

(ch0 + ch1Wh1)nh +
L

∑
h=1

ch2rh,

where C denotes total budget available for a survey, ch0 per-unit cost of making first attempt,

ch1 is the per-unit cost for nh units from respondent group and ch2 is the per-unit cost for rh

units from nonrespondent group.

It is important to determine a true functional form of the cost function so that the appro-

priate form should be considered. In most of the situations, the per-unit measurement cost,

travel cost within strata, reward to respondent and nonrespondent, and labour cost are im-

portant factors for a survey, where reward given to a respondent and nonrespondent may

reflect the preciousness of the respondent’s and non-respondent’s view point, availability,
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approachability, time, etc., and labour cost may be multiple of time units consumed to col-

lect the data from the respondents and nonrespondents units. If the time period, is specified

with rate λ for obtaining the information from the sample, follows an exponential distri-

bution (Hogg and Craig (1978), Krysan et al. (1994) and Ross (2009)), then probability

distribution function of time is approximated by the expression f (x) = λe−λx, ∀ x > 0 and

λ = 1/(average time). For the hth stratum, the sum of independently identically distributed

(i.i.d.) random variables follows Gamma distribution with parameters (nh,λ). Therefore

the time for collecting the information from all strata follows Gamma function with the

parameters (∑L
h=1 nh,λ).

Muhammad et al. (2015) used the following cost function, with Gamma function for con-

sidering labour time, which is given as

C′ =
L

∑
h=1

c′hnh +
L

∑
h=1

thnδ +ω

∫
∞

0
tλe−λt (λt)∑

L
h=1 nh−1

(∑L
h=1 nh−1)!

dt,

where C′ = C− c0, c′h unit cost along with reward paid to respondents in stratum h, t is

time taken by the interviewer, δ represents the effect of travel within strata, and Gamma

function represents the effect of labour cost. c′h = ch + rh, where rh is reward paid within

the h stratum, equally to all nh units and ω is the cost of unit time.

The aggregate expected cost for labour time may be taken as by using the following ex-

pression for different choices of λ which may be estimated by using the methods given in

Hogg and Craig (1978) and Ross (2009).

ω

L

∑
h=1

E (Th) = ω

L

∑
h=1

(∫
∞

0
tλe−λt (λt)∑

L
h=1 nh−1

(∑L
h=1 nh−1)!

dt

)

= ω

L

∑
h=1

nh

λ
.

In the view of above costs, the following cost function may be considered as
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C0 =
L

∑
h=1

(ch0 + ch1Wh1)nh +
L

∑
h=1

ch2rh +ω1

L

∑
h=1

nh

λ1
+ω2

L

∑
h=1

rh

λ2
, (2.2.5)

where C0 = C− c0 denotes total budget available for a survey, ω1 denotes the cost of unit

time at first attempt, ω2 denotes the cost of unit time at second attempt and 1
λ1

, 1
λ2

are

average times for labour individual during the collection of information from sample nh

and subsample rh units respectively.

2.3 Solution using a lexicographic goal programming approach

For the lexicographic goal programming approach (Díaz-García and Cortez (2006)), the

order for variances of characteristics is taken, according to their importance, where the

most important characteristic is preferred first. Thus the problem becomes the estimation

of p - variances in the order V1,V2, . . . ,Vp. At the first stage of the solution, the following

integer nonlinear programming problem (INLPP) has been obtained.

Minimize V1

subject to
L

∑
h=1

(ch0 + ch1Wh1)nh +
L

∑
h=1

ch2rh +ω1

L

∑
h=1

nh

λ1
+ω2

L

∑
h=1

rh

λ2
≤C0

2≤ nh ≤ Nh, 2≤ rh ≤ n̂h2

and nh, rh are integers; h = 1,2, . . . ,L.
(2.3.1)

Let V 0
1 be the optimum value of V1 and x1 ≥ 0 is the increase in V 0

1 for not using the

optimum value of the variance for particular characteristic, such that V1−V 0
1 ≤ x1.

At the second stage, the following INLPP will be given as

Minimize V2 + x1

subject to V1− x1 ≤V 0
1

(2.3.2)
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L

∑
h=1

(ch0 + ch1Wh1)nh +
L

∑
h=1

ch2rh +ω1

L

∑
h=1

nh

λ1
+ω2

L

∑
h=1

rh

λ2
≤C0

x1 ≥ 0, 2≤ nh ≤ Nh, 2≤ rh ≤ n̂h2

and nh, rh are integers; h = 1,2, . . . ,L.

Continuing in this manner, at the pth stage, the final solution will be obtained by solving

the following INLPP:

Minimize Vp +
p−1

∑
j=1

x j

subject to Vj− x j ≤V 0
j ; j = 1,2, . . . , p−1

L

∑
h=1

(ch0 + ch1Wh1)nh +
L

∑
h=1

ch2rh +ω1

L

∑
h=1

nh

λ1
+ω2

L

∑
h=1

rh

λ2
≤C0

x j ≥ 0; j = 1,2, . . . , p−1

2≤ nh ≤ Nh, 2≤ rh ≤ n̂h2

and nh, rh are integers; h = 1,2, . . . ,L,
(2.3.3)

where x j ≥ 0; j = 1,2, . . . , p− 1 are goal variables whose values are to be determined.

These variables will give the minimum possible increases in the variances of p character-

istics. V 0
j ; j = 1,2, . . . , p denote the variances under individual optimum allocation for

fixed cost for jth characteristic. The solutions of these p - INLPPs are obtained by using

MATLAB.

2.4 Numerical illustration

The following three numerical examples are presented to illustrate the use of lexicographic

goal programming approach. The values of S2
jh2 and S2

jh are not available in general.

Let us assume the value of S2
jh2/S2

jh is constant and given as 0.25 for j = 1,2, . . . , p and

h = 1,2, . . . ,L. However, these ratios may vary from stratum to stratum and from charac-

teristic to characteristic. So it may be handled accordingly. The cost for a unit time of

labour is denoted by ω (say 100,150, etc. per hour per individual may be considered).
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For time, the estimates of Gamma function
∫

∞

0 λe−λt (λt)∑
L
h=1 nh−1

(∑L
h=1 nh−1)!

dt may be replaced by ex-

pected time ∑
L
h=1 E(Th) = ∑

L
h=1

nh
λ

for different values of λ, to collect information from

respondent and nonrespondent units (say 15 minutes, 20 minutes, etc., on average from an

individual).

Example 1. Consider a population of size N = 3850 divided into four strata and two char-

acteristics. The following data are from Khan et al. (2008). The values of Nh, S2
1h, S2

2h, Wh1,

Wh2, ch0, ch1 and ch2 are given in Table 2.1. The total cost C0 of the survey is fixed as 5000

units.

Table 2.1: Data with four strata and two characteristics

h Nh S2
1h S2

2h Wh1 Wh2 ch0 ch1 ch2
1 1214 4817.72 8121.15 0.70 0.30 1 2 3
2 822 6251.26 7613.52 0.80 0.20 1 3 4
3 1028 3066.16 1456.40 0.75 0.25 1 4 5
4 786 6207.25 6977.72 0.72 0.28 1 5 6

For the first stage, the INLPP given by equation (2.3.1) with the given values, is formulated

as

Minimize V1 =
443.0974013

n1
+

270.715638
n2

+
204.9419482

n3

+
240.6056486

n4
+

10.7780449
r1

+
2.849638294

r2

+
3.415699137

r3
+

5.070828722
r4

subject to 2.4n1 +3.4n2 +4n3 +4.6n4 +3r1 +4r2 +5r3 +6r4

+25(n1 +n2 +n3 +n4)+25(r1 + r2 + r3 + r4)≤ 5000

2≤ n1 ≤ N1, 2≤ r1 ≤ n̂12

2≤ n2 ≤ N2, 2≤ r2 ≤ n̂22

2≤ n3 ≤ N3, 2≤ r3 ≤ n̂32

2≤ n4 ≤ N4, 2≤ r4 ≤ n̂42

and n1, n2, n3, n4, r1, r2, r3, r4 are integers.
(2.4.1)
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The solution of INLPP given in (2.4.1) is obtained by using MATLAB, for characteristic

j = 1, given as

n∗1,1 = 50, n∗1,2 = 37, n∗1,3 = 32, n∗1,4 = 35, r∗1,1 = 8, r∗1,2 = 4, r∗1,3 = 4, r∗1,4 = 5,

with minimum value of the objective function that is variance V1 as V ∗1 = 33.3852.

For the second stage, the INLPP given in (2.3.2) may be formulated as

Minimize V2 =
746.921876

n1
+

329.7093584
n2

+
97.34568757

n3
+

270.4706345
n4

+
18.16836996

r1
+

3.470624826
r2

+
1.622428126

r3

+
5.700241329

r4
+ x1

subject to
443.0974013

n1
+

270.715638
n2

+
204.9419482

n3
+

240.6056486
n4

+
10.7780449

r1
+

2.849638294
r2

+
3.415699137

r3

+
5.070828722

r4
− x1 ≤ 33.3852,

2.4n1 +3.4n2 +4n3 +4.64 +3r1 +4r2 +5r3 +6r4

+25(n1 +n2 +n3 +n4)+25(r1 + r2 + r3 + r4)≤ 5000

x1 ≥ 0, 2≤ n1 ≤ N1, 2≤ r1 ≤ n̂12

2≤ n2 ≤ N2, 2≤ r2 ≤ n̂22

2≤ n3 ≤ N3, 2≤ r3 ≤ n̂32

2≤ n4 ≤ N4, 2≤ r4 ≤ n̂42

and n1, n2, n3, n4, r1, r2, r3, r4 are integers.
(2.4.2)

The optimal solution provided by MATLAB for the INLPP, given in (2.4.2), is given

as

n∗2,1 = 54, n∗2,2 = 38, n∗2,3 = 27, n∗2,4 = 35, r∗2,1 = 8, r∗2,2 = 4, r∗2,3 = 4, r∗2,4 = 5,
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x∗1 = 0.3516,

with minimum value of the objective function that is variance V1 and V2 as V ∗1 = 33.7368

and V ∗2 = 38.8776, respectively. The optimal values of the sampling fractions among non-

respondents are given as

k∗h =Wh2n∗h/r∗h, h = 1,2,3,4.

1/k∗1 = 0.4938272, 1/k∗2 = 0.5263158, 1/k∗3 = 0.5925926, 1/k∗4 = 0.5102041.

For this example, the total sample size of the first phase sampling is n = 154 and for second

phase of sampling is r = 21.

Example 2. The data, given in Table 2.2, for three strata and two characteristics, are taken

from the population of size N = 200. The total available budget is fixed as 1000 units.

Table 2.2: Data for three strata and two characteristics

h Nh S2
1h S2

2h Wh1 Wh2 ch0 ch1 ch2
1 60 4 9 0.70 0.30 1 2 3
2 90 16 4 0.80 0.20 1 3 4
3 50 196 289 0.75 0.25 1 4 5

For this example, at the first stage, the following INLPP is to be solved

Minimize V1 =
0.333

n1
+

3.0780
n2

+
11.48438

n3
+

0.0081
r1

+
0.0324

r2
+

0.1914062
r3

subject to 2.4n1 +3.4n2 +4n3 +3r1 +4r2 +5r3

+25(n1 +n2 +n3)+25(r1 + r2 + r3)≤ 1000

2≤ n1 ≤ N1, 2≤ r1 ≤ n̂12

2≤ n2 ≤ N2, 2≤ r2 ≤ n̂22

(2.4.3)
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2≤ n3 ≤ N3, 2≤ r3 ≤ n̂32

and n1, n2, n3, r1, r2, r3 are integers.

The solution of the above INLPP obtained by using MATLAB for j = 1 is given as

n∗1,1 = 3, n∗1,2 = 9, n∗1,3 = 16, r∗1,1 = 2, r∗1,2 = 2, r∗1,3 = 2,

with minimum value of the objective function that is variance V1 as V ∗1 = 1.2867.

For the second stage, the problem is formulated as

Minimize V2 =
0.74925

n1
+

0.7695
n2

+
16.93359

n3
+

0.333
r1

+
0.0081

r2

+
0.2822266

r3
+ x1

subject to
0.333

n1
+

3.0780
n2

+
11.48438

n3
+

.0081
r1

+
.0324

r2

+
0.1914062

r3
− x1 ≤ 0.8388,

2.4n1 +3.4n2 +4n3 +3r1 +4r2 +5r3

+25(n1 +n2 +n3)+25(r1 + r2 + r3)≤ 1000

x1 ≥ 0, 2≤ n1 ≤ N1, 2≤ r1 ≤ n̂12

2≤ n2 ≤ N2, 2≤ r2 ≤ n̂22

2≤ n3 ≤ N3, 2≤ r3 ≤ n̂32

and n1, n2, n3, r1, r2, r3 are integers.

(2.4.4)

The solution provided by MATLAB is

n∗2,1 = 3, n∗2,2 = 7, n∗2,3 = 18, r∗2,1 = 2, r∗2,2 = 2, r∗2,3 = 2, x∗1 = 0.0180,

with minimum value of the objective function that is variance V1 and V2 as V ∗1 = 1.3047

and V ∗2 = 1.4727, respectively.

Example 3. In this example the data of Sukhatme et al. (1984) is taken for five strata and

three characteristics with total available budget of 10000 units.
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Table 2.3: Data for five strata and three characteristics

h Nh S2
1h S2

2h S2
3h Wh1 Wh2 ch0 ch1 ch2

1 395 12 56 41.3 0.75 0.25 1 4 6
2 382 80 2132 23.1 0.65 0.35 1 6 7
3 439 1113 565 10.9 0.70 0.30 1 7 9
4 368 84 355 11.5 0.75 0.25 1 9 11
5 416 247 68 38.8 0.72 0.28 1 11 12

For the first stage, we have to solve the problem

Minimize V1 =
0.4388203

n1
+

2.663113
n2

+
49.60277

n3
+

2.66616
n4

+
9.938173

n5

+
0.002437891

r1
+

0.08937845
r2

+
1.206554

r3
+

0.044436
r4

+
0.2094497

r5

subject to 4n1 +4.9n2 +5.9n3 +7.75n4 +8.92n5 +6r1 +7r2 +9r3 +11r4

+12r5 +25(n1 +n2 +n3 +n4 +n5)

+25(r1 + r2 + r3 + r4 + r5)≤ 10000

2≤ n1 ≤ N1, 2≤ r1 ≤ n̂12

2≤ n2 ≤ N2, 2≤ r2 ≤ n̂22

2≤ n3 ≤ N3, 2≤ r3 ≤ n̂32

2≤ n4 ≤ N4, 2≤ r4 ≤ n̂42

2≤ n5 ≤ N5, 2≤ r5 ≤ n̂52

and n1, n2, n3, n4, n5, r1, r2, r3, r4, r5 are integers.
(2.4.5)

The solution of the above INLPP may be obtained by using MATLAB and is given as

n∗1,1 = 13, n∗1,2 = 32, n∗1,3 = 138, n∗1,4 = 31, n∗1,5 = 59, r∗1,1 = 2, r∗1,2 = 6,

r∗1,3 = 20, r∗1,4 = 4, r∗1,5 = 8,

with minimum value of the objective function that is variance V1 as V ∗1 = 0.83892.
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For the second stage, the following problem may be formulated as given as

Minimize V2 =
2.047828

n1
+

70.97196
n2

+
25.1802

n3
+

11.2677
n4

+
2.736015

n5

+
0.03413047

r1
+

2.381936
r2

+
0.6124914

r3
+

0.187795
r4

+
0.05766226

r5
+ x1

subject to
0.4388203

n1
+

2.663113
n2

+
49.60277

n3
+

2.66616
n4

+
9.938173

n5

+
0.002437891

r1
+

0.08937845
r2

+
1.206554

r3
+

0.044436
r4

,

+
0.2094497

r5
− x1 ≤ 0.8388

4n1 +4.9n2 +5.9n3 +7.75n4 +8.92n5 +6r1 +7r2 +9r3

+11r4 +12r5 +25(n1 +n2 +n3 +n4 +n5)

+25(r1 + r2 + r3 + r4 + r5)≤ 10000

x1 ≥ 0, 2≤ n1 ≤ N1, 2≤ r1 ≤ n̂12

2≤ n2 ≤ N2, 2≤ r2 ≤ n̂22

2≤ n3 ≤ N3, 2≤ r3 ≤ n̂32

2≤ n4 ≤ N4, 2≤ r4 ≤ n̂42

2≤ n5 ≤ N5, 2≤ r5 ≤ n̂52

and n1, n2, n3, n4, n5, r1, r2, r3, r4, r5 are integers.
(2.4.6)

The INLPP (2.4.6) gives the following solution by using MATLAB

n∗2,1 = 17, n∗2,2 = 93, n∗2,3 = 92, n∗2,4 = 38, n∗2,5 = 36, r∗2,1 = 2, r∗2,2 = 16,

r∗2,3 = 14, r∗2,4 = 5, r∗2,5 = 5, x∗1 = 0.2418,

with minimum value of the objective function that is variance V2 as V ∗2 = 2.0274, respec-

tively.
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For the third stage, there is need to solve the following INLPP

Minimize V3 =
1.510273

n1
+

0.7689739
n2

+
0.4857774

n3
+

0.36501
n4

+
1.561138

n5

+
0.02517122

r1
+

0.02580803
r2

+
0.01181621

r3
+

0.0060835
r4

+
0.03290141

r5
+ x1 + x2

subject to
0.4388203

n1
+

2.663113
n2

+
49.60277

n3
+

2.66616
n4

+
9.938173

n5

+
0.002437891

r1
+

0.08937845
r2

+
1.206554

r3
+

0.044436
r4

+
0.2094497

r5
− x1 ≤ 0.8388

2.047828
n1

+
70.97196

n2
+

25.1802
n3

+
11.2677

n4
+

2.736015
n5

+
0.03413047

r1
+

2.381936
r2

+
0.6124914

r3
+

0.187795
r4

+
0.05766226

r5
− x2 ≤ 2.0274

4n1 +4.9n2 +5.9n3 +7.75n4 +8.92n5 +6r1 +7r2 +9r3

+11r4 +12r5 +25(n1 +n2 +n3 +n4 +n5)

+25(r1 + r2 + r3 + r4 + r5)≤ 10000

x1 ≥ 0, x2 ≥ 0, 2≤ n1 ≤ N1, 2≤ r1 ≤ n̂12

2≤ n2 ≤ N2, 2≤ r2 ≤ n̂22

2≤ n3 ≤ N3, 2≤ r3 ≤ n̂32

2≤ n4 ≤ N4, 2≤ r4 ≤ n̂42

2≤ n5 ≤ N5, 2≤ r5 ≤ n̂52

and n1, n2, n3, n4, n5, r1, r2, r3, r4, r5 are integers.
(2.4.7)

The INLPP (2.4.7) gives the following solution provided by MATLAB is

n∗3,1 = 23, n∗3,2 = 73, n∗3,3 = 100, n∗3,4 = 36, n∗3,5 = 46, r∗3,1 = 2, r∗3,2 = 13,
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r∗3,3 = 15, r∗3,4 = 2, r∗3,5 = 7, x∗1 = 0.1439, x∗2 = 0.00141,

with minimum value of the objective function and variances are V1, V2 and V3 as V ∗1 =

0.9823649, V ∗2 = 2.028786 and V ∗3 = 0.1482332, respectively. The corresponding trace

value V ∗1 +V ∗2 +V ∗3 = 3.159384.

2.5 Some other methods to workout compromise allocation

In this section a study is carried out to compare the proposed allocation with compromise

allocations suggested by others as follows:

2.5.1 Cochran’s averaged allocation

Cochran (1977) proposed the character wise average of the individual optimum allocations
as the compromise allocation. In the existence of nonresponse with Gamma cost function
this allocation is reformulated as

nh =
1
p

p

∑
j=1

C0

√
W 2

h

(
S2

jh−Wh2S2
jh2

)
/(ch0 + ch1Wh1 +ω1/λ1)

∑
L
h=1

√
W 2

h

(
S2

jh−Wh2S2
jh2

)
(ch0 + ch1Wh1 +ω1/λ1)+∑

L
h=1WhWh2S2

jh2

√
ω2/λ2 + ch2

(2.5.1)

rh =
1
p

p

∑
j=1

C0WhWh2S jh2/
√

ch2

∑
L
h=1

√
W 2

h

(
S2

jh−Wh2S2
jh2

)
(ch0 + ch1Wh1 +ω1/λ1)+∑

L
h=1WhWh2S2

jh2

√
ω2/λ2 + ch2

;

(2.5.2)

h = 1,2, . . . ,L; j = 1,2, . . . , p.

2.5.2 Chatterjee’s averaged allocation

Chatterjee (1968) proposed the compromise allocation by minimizing the sum of relative
increases in the minimum variances in the estimates. For nonresponse, this allocation, with
Gamma cost function, reformulated as

nh =
C0

√
∑

p
j=1 n02

jh

∑
L
h=1 (ch0 + ch1Wh1 +ω1/λ1)

√
∑

p
j=1 n02

jh +∑
L
h=1 ch2 +ω2/λ2

√
∑

p
j=1 r02

jh

(2.5.3)
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rh =
C0

√
∑

p
j=1 r02

jh

∑
L
h=1 (ch0 + ch1Wh1 +ω1/λ1)

√
∑

p
j=1 n02

jh +∑
L
h=1 ch2 +ω2/λ2

√
∑

p
j=1 r02

jh

; (2.5.4)

h = 1,2, . . . ,L; j = 1,2, . . . , p,

where n0
jh and r0

jh denote the individual optimum allocations for jth characteristic, respec-

tively.

2.5.3 Khan et al. (2008) compromise allocation

Khan et al. (2008) proposed the compromise allocation by minimizing the weighted sum
of the variances with Gamma cost function is reformulated as

nh =
C0

√
W 2

h

(
A2

h−Wh2B2
h

)
/(ch0 + ch1Wh1 +ω1/λ1)

∑
L
h=1

√
W 2

h

(
A2

h−Wh2B2
h

)
(ch0 + ch1Wh1 +ω1/λ1)+∑

L
h=1WhWh2Bh

√
ω2/λ2 + ch2

(2.5.5)

rh =
C0WhWh2Bh/

√
ch2 +ω2/λ2

∑
L
h=1

√
W 2

h

(
A2

h−Wh2B2
h

)
(ch0 + ch1Wh1 +ω1/λ1)+∑

L
h=1WhWh2Bh

√
ω2/λ2 + ch2

,

(2.5.6)

where A2
h = ∑

p
j=1 a jS2

jh and B2
h = ∑

p
j=1 a jS2

jh2; h = 1,2, . . . ,L; j = 1,2, . . . , p.

2.5.4 Minimizing trace allocation

Sukhatme et al. (1984) obtained by minimizing the trace of variance-covariance matrix of
estimator used. This compromise allocation is reformulated as

nh =
C0

√
W 2

h

(
A2

h−Wh2B2
h

)
/(ch0 + ch1Wh1 +ω1/λ1)

∑
L
h=1

√
W 2

h

(
A2

h−Wh2B2
h

)
(ch0 + ch1Wh1 +ω1/λ1)+∑

L
h=1WhWh2Bh

√
ω2/λ2 + ch2

(2.5.7)

rh =
C0WhWh2Bh/

√
ch2 +ω2/λ2

∑
L
h=1

√
W 2

h

(
A2

h−Wh2B2
h

)
(ch0 + ch1Wh1 +ω1/λ1)+∑

L
h=1WhWh2Bh

√
ω2/λ2 + ch2

,

(2.5.8)
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where A2
h = ∑

p
j=1 S2

jh and B2
h = ∑

p
j=1 S2

jh2; h = 1,2, . . . ,L; j = 1,2, . . . , p.

Table 2.4: Allocations with trace values and cost incurred for example 1

S.No Allocations n1 n2 n3 n4 r1 r2 r3 r4 Trace Cost
1 Minimizing Trace 54 37 26 34 8 4 3 5 73.9552 4875.8
2 Khan et al. Allocation 54 37 26 34 8 4 3 5 73.9552 4875.8
3 Cochran Allocation 55 38 27 35 7 4 3 4 73.6677 4931.2
4 Chatterjee Allocation 55 38 27 35 8 4 3 5 72.2673 4990.2
5 Proposed Allocation 54 38 27 35 8 4 4 5 72.2482 4992.8

2.6 Discussion

In this chapter, the problem is formulated as INLPP with fixed Gamma cost function. To

obtain its solution, a lexicographic goal programming approach is used to provide the best

solution. Tables 2.4, 2.5 and 2.6 show the comparison of the proposed allocation with other

compromise allocations. Table 2.4 shows that the allocations obtained by minimizing trace

and Khan et al. (2008) have the same trace value while the proposed allocation gives the

minimum trace value compared to all other allocations. Table 2.5 shows that all other al-

locations are not advisable in comparison to the proposed allocation even these allocations

have the minimum trace value but violate the cost constraint. Table 2.6 shows that the allo-

cations obtained by minimizing trace and Khan et al. (2008) have the same trace value and

cost. Cochran’s allocation gives a higher trace value, while Chatterjee’s allocation violates

the cost constraint with a minimum trace value. The proposed allocation gives the solution

by utilizing the maximum cost as possible in comparison to others.

Tables 2.7, 2.8 and 2.9 give the percentage increase in the variances when individual opti-

mum allocations and proposed allocation are used for all characteristics. It can be seen that

the percentage increase in the variances by proposed allocation is considerably less than

the percentage increase when the individual optimum allocation for one characteristic is

used for all characteristics.
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Table 2.7: Percentage increase in the variances when individual optimum for one characteristic is
used for all characteristics (example 1)

Characteristics Percentage increase in the variances
1 2 Proposed

1 0 2.0186 1.0532
2 1.0094 0 0.9126

Table 2.8: Percentage increase in the variances when individual optimum for one characteristic is
used for all characteristics (example 2)

Characteristics Percentage increase in the variances
1 2 Proposed

1 0 6.4044 1.3988
2 1.3959 0 1.2374

Table 2.9: Percentage increase in the variances when individual optimum for one characteristic is
used for all characteristics (example 3)

Characteristics Percentage increase in the variances
1 2 3 Proposed

1 0 94.7409 41.6681 15.508
2 28.0618 0 22.4040 7.3134
3 15.4577 14.1215 0 5.6085

2.7 Conclusion

On the basis of the comparative study carried out in Section 2.5, it may be concluded

that the proposed allocation is suitable for working out a usable compromise allocation for

multivariate stratified surveys with the Gamma cost function.
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CHAPTER 3

On determination of optimum strata boundaries in
sample surveys

3.1 Introduction

Many researchers adopted stratified random sampling to obtain the required information in

every field of study , that is, health related studies, market shares related studies in business,

etc. Many studies arrange individuals into convivial strata of socio-economic elements. Let

the population under study is stratified into L strata and the number of units in each stratum

is Nh (h = 1,2, . . . ,L) such that the total of population units be N = ∑
L
h=1 Nh. The main

objective to construct the strata boundaries is to control homogeneity internally. That is,

the stratum variances S2
h may be minimized as possible. If the study variable’s distribu-

tion is known, then the optimum stratum boundaries (OSB) may be obtained by dividing

the range of the distribution at various possible points between the range. The problem of

OSB was discussed by Dalenius (1950). He considered the study variable as a stratifica-

tion variable and constructed minimal equations to obtain OSB. But, these equations may

not be explained clearly due of their implicit nature. The problem of determining OSB is
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discussed by many authors, some of them are Dalenius and Gurney (1951), Mahalanobis

(1952), Hansen et al. (1953), Dalenius and Hodges (1959), Sethi (1963), Unnithan (1978),

Lavallée and Hidiroglou (1988), Hedlin (2000), etc. Unnithan (1978) suggested an itera-

tive procedure that needs a suitable initial solution for the skewed population. Lavallée and

Hidiroglou (1988) discussed an algorithm to construct stratum boundaries for a power al-

located (applying an exponential value q, where 0 < q < 1, to the stratum population value

under Neyman allocation to allow for a sufficient spread of the sample allocation) stratified

sample. Later on, Hidiroglou and Srinath (1993) presented a more general form of the algo-

rithm. After Lavallée and Hidiroglou’s algorithm, a modified algorithm that incorporated

the different relationships between the stratification and study variables were proposed by

Sweet and Sigman (1998) and Rivest (2002). There are various other algorithms discussed

in the literature, for example, Niemiro (1999) suggested the use of a random search ap-

proach, and Nelder and Mead (1965) used the simplex technique for stratification (Lednick

and Wieczorkowski (2003)). Later on, Kozak (2004) discussed a modified arbitrary search

technique. Gunning and Horgan (2004) proposed another method for stratification, primar-

ily based on a geometric progression. This strategy was studied with three other techniques,

Dalenius and Hodges (1959), Ekman (1959), and Lavallée and Hidiroglou (1988), which

expressed that the geometric progression technique is efficient than Horgan (2006). The

usefulness of Gunning and Horgan’s geometric progression technique was compared, and

it has shown that the geometric progression approach is much less efficient than Lavallée

and Hidiroglou’s method. Several stratification techniques have been suggested by Laval-

lée (1988), Khan et al. (2002), Khan et al. (2005, 2015), Kozak et al. (2007), etc., when

the distributions of the study variables are known. They constructed the problems of de-

termining OSB as the optimization problems, and solved by using DP. The DP technique

was first proposed by Bühler and Deutler (1975), to solve the OSB problems. Khan et al.

(2009) worked on the OSB problem in health surveys by using auxiliary variables, and
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many other authors also solved OSB problems such as Reddy et al. (2016), Danish et al.

(2017), Danish (2018), Hidiroglou and Kozak (2018), Danish et al. (2019a,b), Reddy and

Khan (2019) and Zhanga et al. (2020). Moreover, some authors solved the multiobjective

NLPP with fixed linear and nonlinear cost functions. For example Varshney et al. (2012,

2015, 2017) and Ansari et al. (2018), etc. Recently, Haq et al. (2020) also discussed the

solution of multiobjective NLPP.

In this chapter, a procedure is discussed to solve the OSB problem and sample size with a

nonlinear fixed cost function for each stratum is determined. The application of the pro-

posed method is given with empirical investigations using real and simulated data sets.

Generally, in health surveys with the help of auxiliary variables, we identify positively

skewed distributions which are considered into the family of Gaussian distribution such as

Weibull, Gamma, Log-normal, etc. Thus in this chapter, the problem is formulated as an

NLPP for determining the OSB, which shows a gain in efficiency over other methods as

defined in the literature. The proposed method is discussed for the exponential and Weibull

distribution using real and simulated data sets for the NLPP. This NLPP is solved by min-

imizing the coefficients of variation (CV) of unknown population parameters. Since the

formulated NLPP may be defined as a multistage decision problem, therefore it is solved

by using suitable mathematical programming technique. After getting OSBs, they are used

to compute each stratum’s sample size with a fixed nonlinear cost function. A numerical

example with a real data set of skewed population, where the auxiliary variables follow ex-

ponential and Weibull distributions, is presented to illustrate the proposed procedure. Also,

using a simulated data set, a comparative study is included with some other methods.

3.2 Formulation of the OSB problem as an NLPP

Let the population be stratified into L strata and the estimation of the population mean of

the study variable is needed. Let x0 and xL be the lowest and upper values of the study
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variable in the population. Then the problem of optimum stratification can be described as

to find the intermediate stratum boundaries x1 ≤ x2 ≤ ·· · ≤ xL−1 such that the variance of

the stratified sample mean given as

x̄st =
L

∑
h=1

Whx̄h,

and variance is given as

V (x̄st) =
L

∑
h=1

(
1
nh
− 1

Nh

)
W 2

h σ
2
h, (3.2.1)

where σ2
h is the stratum variance for the hth stratum, h = 1,2, . . . ,L. If fpc is ignored, then

equation (3.2.1) restated as

V (x̄st) =
L

∑
h=1

W 2
h σ2

h
nh

. (3.2.2)

In this chapter, the square of the coefficient of variation instead of variance is suggested to

use because it is unit free and also has positive value. Thus, the square of the coefficient of

variation may be defined as

(CV )2 =
1

X2

L

∑
h=1

W 2
h σ2

h
nh

, (3.2.3)

where

CV =
SD(x̄st)

X

(CV )2 =
V (x̄st)

X2 .

In a stratified sample survey for the total cost of the survey, the basic cost function may be

considered as (Cochran (1977))

C = c0 +
L

∑
h=1

chnh,
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or

C− c0 =C0 =
L

∑
h=1

chnh,

where C0 denotes the budget needed for measuring the units to conduct a survey, ch is per-

unit measurement cost to measure all p characteristics for the hth stratum, nh is the sample

size of units selected from the hth stratum and c0 is the overhead cost amount. In practi-

cal conditions the travel cost within the stratum may be suggested, then the cost function

becomes nonlinear. Beardwood et al. (1959) showed that the travel cost of approaching nh

units within stratum may be taken as th
√

nh. By adding this cost component, the total cost

C of the survey is given by

C = c0 +
L

∑
h=1

chnh +
L

∑
h=1

th
√

nh,

or

C0 =C− c0 =
L

∑
h=1

chnh +
L

∑
h=1

th
√

nh, (3.2.4)

where th
√

nh is the travel cost for hth stratum. The cost capacity in equation (3.2.4) is now

quadratic in
√

nh.

A method of constructing OSB for strata is needed for study variable for getting substantial

gains in the precision of the estimates. Let f (y) be the probability density function of the

auxiliary variable y. The problem of determining the OSB is then equivalent to finding the

L− 1 intermediate points x1 ≤ x2 ≤ ·· · ≤ xL−1 in the interval [x0,xL] such that equation

(3.2.2) is minimum. Let xL− x0 = d.

The values of Wh and σh in equation (3.2.2) are obtained as

Wh =
∫ xh

xh−1

f (y)dy (3.2.5)
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σ
2
hλ

=
1

Wh

∫ xh

xh−1

y2 f (y)dy−µ2
hλ
, (3.2.6)

where µhλ =
1

Wh

∫ xh

xh−1

y f (y)dy (3.2.7)

and (xh−1, xh) are the boundaries of hth stratum.

When the distribution of f (y) function is known, then using equations (3.2.5) to (3.2.7)

could be expressed as a the function of xh and xh−1 only.

Let fh (xh,xh−1) =
1

X2

(
W 2

h σ2
h

nh

)
. Then, the problem of determination of OSB can be ex-

pressed as the optimization problem which is given as

Minimize
L

∑
h=1

fh (xh,xh−1)

subject to C = c0 +
L

∑
h=1

chnh +
l

∑
h=1

th
√

nh

a = x0 ≤ x1 ≤ x2 ≤ ·· · ≤ xL−1 ≤ xL = b

and lh ≥ 0; h = 1,2, . . . ,L,

(3.2.8)

where a is the minimum value of all lower bounds of the study variable and b is the maxi-

mum value of all upper bounds of the study variable and lh = xh−xh−1; h = 1,2, . . . ,L and

lh ≥ 0 denotes the range or the width of the hth stratum.

Range of the distribution is expressed as a function of stratum width

L

∑
h=1

lh =
L

∑
h=1

xh− xh−1 = b−a = xL− x0 = d. (3.2.9)

The hth stratification point xh; h = 1,2, . . . ,L can be defined as

xh = xh−1 + lh.

Substituting equation (3.2.9) as a constraint, the algorithm can be defined as the problem
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of determining optimum strata widths (OSW) l1, l2, . . . , lL and written as

Minimize
L

∑
h=1

fh (xh,xh−1)

subject to C = c0 +
L

∑
h=1

chnh +
l

∑
h=1

th
√

nh

(3.2.10)

L

∑
h=1

lh = d

and lh ≥ 0; h = 1,2, . . . ,L.

Since x0 is initial value. Then initial term, f1 (l1,x0) = f1 (x0 + l1,x0) in the objective func-

tion of equation (3.2.10) is a function of l1 only. If l1 is known, the second term f2 (l2,x1)

will become a function of l2 alone and so on. The objective function and constraints of the

MPP (3.2.10) are separable, therefore, any suitable mathematical programming technique

may be used to solve the MPP (3.2.10). The MPP may be expressed as a function of lh

which may be given as

Minimize
L

∑
h=1

fh (lh)

subject to C = c0 +
L

∑
h=1

chnh +
l

∑
h=1

th
√

nh

L

∑
h=1

lh = d

and lh ≥ 0; h = 1,2, . . . ,L.

(3.2.11)

3.3 The solution procedure

The MPP (3.2.11) is a multistage decision problem where the objective function and con-

straints may be expressed as separable functions of lh, so the DP technique may be applica-

ble to solve the formulated problem. Using this technique, a multivariable problem may be

decomposed into stages, and each stage will be converted into a single variable subprob-

lem. The DP technique is implemented by solving a recursive equation based on Bellman’s

principle of optimality.
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The kth subproblem of (3.2.11) which involves first k(≤ L) strata may be formulated as

Minimize
k

∑
h=1

fh (lh)

subject to C = c0 +
k

∑
h=1

chnh +
k

∑
h=1

th
√

nh

k

∑
h=1

lh = dk

and lh ≥ 0; h = 1,2, . . . ,k,

(3.3.1)

where dk ≤ d is the total width for k strata. Also, if we put k = L then dk = d and the

transformation functions are used as

dk = l1 + l2 + . . .+ lk

dk−1 = l1 + l2 + . . .+ lk−1 = dk− lk

dk−2 = l1 + l2 + . . .+ lk−2 = lk−1− lk−1

...

d2 = l1 + l2 = d3− l3

d1 = l1 = d2− l2.

(3.3.2)

If f (k,dk) denotes the minimum value of the objective function of (3.3.1), then

f (k,dk) = min

[
k

∑
h=1

fh (lh)|
k

∑
h=1

lh = dk and lh ≥ 0; h = 1,2, . . . ,k

]
. (3.3.3)

By using the following recurrence relation, the minimum value of the objective function of

(3.2.11) may be obtained

f (k,dk) = min
0≤lk≤dk

[ fk (lk)+ f (k−1,dk− lk)] , 2≤ k ≤ L (3.3.4)

and consequently, the required solution to the problem.
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3.4 Numerical example

In this section, the numerical illustrations are placed to express the proposed technique’s

application to the real and simulated data sets for different populations. The OSBs are

obtained with a nonlinear cost function.

3.4.1 Real data set

For this numerical illustration, the data from a hospital are considered, as taken by Khan

et al. (2009). The population of size N = 393 and number of beds is 1000. For the whole

population with auxiliary variable y, a common model may be easily available for estima-

tion purposes. Strata formation may be initiated by ordering the units from low to high

values based on an auxiliary variable. A model is required with

EM (xh) = yT
h β, VM (xh) = σ

2yγ

h, (3.4.1)

in most of the populations, for 0 ≤ γ ≤ 2. Valliant et al. (2000) defined a model which is

given as

EM (xh) = β0 +βγ/2yγ/2
h +βγy

γ

h. (3.4.2)

In equation (3.4.2), the fitted model is quadratic. Here the number of patients discharged is

denoted by x and the number of beds y is considered to be best for the model γ = 2. The R2

value for this model is 0.855 and estimated parameters are highly significant. A probability

plot of the number of beds (y) is obtained to determine the distribution of y.

To identify the distribution of f (y), a relative histogram of y is plotted and in Figure 3.1

(a), it has shown that the distribution of y follows the right-skewed distribution. This dis-

tribution has some similar properties as that of exponential and Weibull distributions. It

may be seen that the probability plot of y, in Figure 3.1 (b), shows that the points are clus-

tered around a straight line, which enables us that it may be considered as exponential and
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Weibull distributions. The MLE method is used to estimate the parameters; the minimum

and maximum values for exponential and Weibull distributions are given in Table 3.1. The

total amount available for conducting the survey is assumed to be C = 800 units and cost

values as given in Table 3.3.

Figure 3.1: Histogram and probability plot for exponential and Weibull distributions using a real
data set

(a) (b)

Table 3.1: Parametric values for real data

Parameters Exponential Weibull
Shape 1.18198
Scale 0.0036 280.349
Location 9.35936
Minimum 10 10
Maximum 986 986

3.4.2 Simulated data sets

For exponential and Weibull distributions with auxiliary and study variables, the simu-

lated data sets were randomly generated using R software. The size of each population

is taken as 1000 units. In this data set, a weak relationship appears between y and x for
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predictive power in its regression models given in equations (3.4.1) and (3.4.2) for γ = 2.

The R2 value for exponential distribution is 0.00342829 and for Weibull distribution is

0.0002398003. The parametric values for exponential and Weibull distributions are esti-

mated using R software and given in Table 3.2. The total amount available for conducting

the survey is assumed to be C = 1500 units and cost values as given in Table 3.3.

Table 3.2: Parametric values for simulated data

Parameters Exponential Weibull
Shape 0.7510
Scale 0.069724 0.1713
Location 6.5001
Minimum 0.01286 6.65001
Maximum 132.19440 96.4011

Table 3.3: Cost values for real and simulated data sets

h 1 2 3 4 5
ch 2 3 4 5 6
th 1 1.5 2 2.5 3

3.4.3 Determination of OSB under exponential distribution

Let the stratification variable y follows the exponential distribution with parameter λ ≥ 0

and it is given as

f (y) = λexp(−λy), 0≤ y < ∞ (3.4.3)

In most of the cases, the populations’ sizes are often finite, so it is assumed that the most

considerable value of y in the population is D, that is, 0≤ y≤ D. here y0 = 0 and yL = D.

Using equations (3.2.5) to (3.2.7), it may be written as

Wh = exp(−λxh−1)(1− exp(−λlh)) (3.4.4)

µh =

(
xh−1 +

1
λ

)
(1− exp(−λlh))− lh exp(−λlh)

1− exp(−λlh)
(3.4.5)
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and σ
2
h =

1
λ2 (1− exp(−λlh))

2− l2
h exp(−λlh)

(1− exp(−λlh))
2 , (3.4.6)

by using equations (3.4.4) to (3.4.6), the problem of OSB may be expressed as

Minimize
1

X2

L

∑
h=1

exp(−λxh−1)
2 (1−exp(−λlh))

2

λ2 − l2
h exp(−λlh)

nh

subject to C = c0 +
L

∑
h=1

chnh +
l

∑
h=1

th
√

nh

L

∑
h=1

lh = d

and lh ≥ 0; h = 1,2, . . . ,L.

(3.4.7)

3.4.4 Determination of OSB under Weibull distribution

The Weibull distribution with three parameters is continuous probability distribution. It

may be frequently used as a model in life testing. Due to its moderate skewness nature, it

may be used in fitting of distributions of different nature. By substituting different values

for shape parameter, the distribution may be converted into the exponential distribution, the

Rayleigh distribution and the normal distribution. If the stratification variable y follows the

Weibull distribution on the interval [x0,xL] with parameters θ, γ, and r. Then the probability

density function is given as

f (y;r,θ,γ) =
r (y− γ)(r−1)

θr exp
(
−
(

y− γ

θ

)r)
; y≥ γ, r > 0, θ > 0,

−∞ < γ < ∞,

(3.4.8)

where r and θ are shape and scale parameters, respectively and γ is a location parameter.

By using the equations (3.2.5) to (3.2.7), the expression of W 2
h σ2

h for Weibull distribution
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may be expressed as

θ
2
Γ

(
2
r
+1
)[

exp
(
−(xh−1− γ)

θ

)r

− exp
(
−(xh−1 + lh− γ)

θ

)r]
×[

Ǫ
(

2
r
+1,

(
(xh−1− γ)

θ

)r)
− Ǫ

(
2
r
+1,

(
(xh−1 + lh− γ)

θ

)r)]
−
{

θΓ

(
1
r
+1
)[

Ǫ
(

1
r
+1,

(
(xh−1− γ)

θ

)r)
− Ǫ

(
1
r
+1,

(
(xh−1 + lh− γ)

θ

)r)]}2

.

(3.4.9)

With the help of equation (3.4.9), the OSB problem may be expressed for Weibull distribu-
tion given as

Minimize
θ2

X2 Γ

(
2
r
+1
) L

∑
h=1

[
exp
(
−(xh−1− γ)

θ

)r

− exp
(
−(xh−1 + lh− γ)

θ

)r]
×[

Ǫ
(

2
r
+1,

(
(xh−1− γ)

θ

)r)
− Ǫ

(
2
r
+1,

(
(xh−1 + lh− γ)

θ

)r)]
−
{

θΓ

(
1
r
+1
)[

Ǫ
(

1
r
+1,

(
(xh−1− γ)

θ

)r)
− Ǫ

(
1
r
+1,

(
(xh−1 + lh− γ)

θ

)r)]}2

subject to C = c0 +
L

∑
h=1

chnh +
L

∑
h=1

th
√

nh

L

∑
h=1

lh = d

and lh ≥ 0; h = 1,2, . . . ,L.
(3.4.10)

Table 3.4: Exponential distribution with real data

Strata Proposed Method Cumulative Method Geometric Method LH Kozak Method
OSB nh CV OSB nh CV OSB nh CV OSB nh CV

2 377.719 267 0.00043291 310 199 0.00043538 99.297 16 0.0010732 14.5 360 0.00057049
95 140 263 33

3 216.95 149 0.00022775 210 126 0.00032987 46.198 6 0.00059169 205.2 131 0.00023137
488.92 86 460 150 213.428 45 465.47 83

63 27 166 74
4 185.093 141 0.00014855 160 113 0.00016941 31.511 4 0.00042105 140.13 83 0.00014648

382.081 73 310 45 99.297 10 302.8 59
736.488 42 510 38 312.90 52 514.27 46

26 57 108 54
5 115.687 73 0.00011856 110 68 0.00012116 25.048 3 0.00032521 114.11 59 0.000121401

208.877 93 260 65 62.741 4 244.24 50
174.045 25 410 30 157.15 17 374.37 27
176.35 19 560 16 393.642 55 556.56 26
301.041 67 43 72 47
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Table 3.5: Exponential distribution with simulated data

Strata Proposed Method Cumulative Method Geometric Method LH Kozak Method
OSB nh CV OSB nh CV OSB nh CV OSB nh CV

2 23.2897 454 0.00048208 65.43828 694 0.00070949 1.303848 2 0.00139678 .03 3 0.00120285
181 26 487 486

3 13.9933 176 0.00026155 43.62552 663 0.00059483 .2796179 2 0.00125505 11.76 203 0.00026845
32.8972 164 87.25104 41 6.079797 27 29.39 159

150 3 342 140
4 9.6428 177 0.00017333 32.71914 636 0.0004931 .1294893 3 0.000829234 6.62 94 0.00019243

21.7705 115 65.43828 51 1.303847 2 17.64 114
42.1427 102 98.15742 5 13.12863 92 35.26 96

64 2 212 103
5 8.4737 152 0.00016307 26.17531 577 0.0003586 .0815897 5 0.00068524 5.3 66 0.00016535

19.1287 102 52.35063 72 .5176423 2 12.35 54
36.2957 95 78.52594 12 3.284159 8 22.92 67
84.1627 69 104.7013 3 20.8362 155 40.55 55

86 2 100 69

Table 3.6: Weibull distribution with real data

Strata Proposed Method Cumulative Method Geometric Method LH Kozak Method
OSB nh CV OSB nh CV OSB nh CV OSB nh CV

2 465.512 291 .0021 310 187 0.002290 99.297 22 0.002806 14.5 2.0035 0.0044
79 148 259 273.25

3 299.728 185 .0019 210 109 0.001934 46.198 5 0.002544 205.2 93.9993 0.0028
637.57 96 460 95 213.428 55 465.47 102.974

37 76 159 77.5834
4 235.158 121 .0018 160 65 0.001865 31.511 4 0.002445 140.13 52.1677 0.0022

478.879 89 310 59 99.297 15 302.8 63.3189
731.023 46 510 55 312.901 67 514.27 56.9886

23 54 96 54.9677
5 194.761 84 .0017 110 33 0.001821 25.048 2 0.002385 114.11 35.0316 0.0021

386.268 76 260 55 62.741 6 244.24 47.0952
583.957 46 410 43 157.154 23 374.37 38.8307
784.408 26 560 28 393.642 53 556.56 36.2760

18 39 66 39.8578

Table 3.7: Weibull distribution with simulated data

Strata Proposed Method Cumulative Method Geometric Method LH Kozak Method
OSB nh CV OSB nh CV OSB nh CV OSB nh CV

2 29.67701 514 0.00236 38.44711 703 0.002692 25.05165 585.4197 0.0024 6.5 124 0.0032
143 20 96.7097 403

3 21.59541 390 0.00190 25.63140 616 0.002125 15.97831 428.7157 0.0020 12.49 321 0.0023
54.25821 222 51.26281 73 39.27732 178.4842 22.48 129

2 2 14.6174 104
4 18.67781 313 0.00180 19.22355 503 0.002005 12.76081 337.6088 0.0018 9.5 231 0.0023

36.88421 219 38.44711 124 25.05165 153.6615 15.49 107
78.12591 37 57.67066 15 49.18068 73.9587 25.98 90

3 2.0087 2 64
5 13.20081 165 0.00130 15.37884 420 0.00196 11.1503 330.1481 0.0014 8.9 246 0.0017

19.73321 132 30.75768 144 19.12728 121.5897 12.49 37
32.22961 85 46.13653 35 32.81101 59.0490 18.49 31
55.16961 70 61.51537 3 56.28416 31.6042 28.08 71

2 2 2 56
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3.4.5 Relative efficiency

The relative efficiency (R.E.) of the proposed method with other methods, as discussed,

may be computed as

R.E. =
CV Other

CV Proposed
×100.

Table 3.8: R.E. of proposed method w.r.t other methods for exponential distribution with real and
simulated data sets

Strata R.E. for real data set R.E. for simulated data set
Cumulative Geometric LH Kozak Cumulative Geometric LH Kozak

2 100.571 247.904 131.780 147.173 289.740 249.513
3 144.839 259.798 101.589 227.425 479.851 102.638
4 114.042 283.439 98.607 284.489 478.413 111.019
5 102.193 274.299 102.396 219.906 420.212 101.398

Table 3.9: R.E. of proposed method w.r.t other methods for Weibull distribution with real and
simulated data sets

Strata R.E. for real data set R.E. for simulated data set
Cumulative Geometric LH Kozak Cumulative Geometric LH Kozak

2 109.047 133.619 209.524 114.068 101.695 135.593
3 101.789 133.895 147.368 111.842 105.263 121.053
4 103.611 135.833 122.222 111.389 100.000 127.778
5 107.118 140.294 123.529 150.769 107.692 130.769

3.5 Conclusion

The proposed method determines the OSB for the population with a nonlinear cost function,

which provides optimum sample size for each stratum. Tables 3.4 and 3.6 represent the

OSB, sample sizes, and CV values for the real data set, and Tables 3.5 and 3.7 represent the

OSB, sample sizes, and CV values for the simulated data set for exponential and Weibull

distributions. Figures 3.2 and 3.3 show that if the number of strata increases, then the CVs

decrease. The CVs of the estimate, calculated by the proposed method for the distributions,
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as discussed, are lower than the CVs obtained by other methods. Therefore the precision

of the estimates of parameters of the study variables is maximum for the proposed method.

Hence, the determination of the OSB may be formulated as an MPP that minimizes the

CV of the estimated population parameter. The solution procedure is implemented through

MATLAB and R software.

In this chapter the integer restrictions on allocations are also suggested for obtaining the

sample size and OSB for each stratum by using the real and simulated data sets and to

explore the application of the proposed method for the nonlinear cost function. This chap-

ter also presents the results obtained by the cumulative method, geometric method, and

Lavallée and Hindiroglou’s method to carry out a comparative study and this study helps to

promote the application of the proposed technique. The R.E. of the proposed method over

other methods are presented in Tables 3.8 and 3.9 where one can see the substantial gains

by the proposed method over all other three methods in both real and simulated data sets

for both distributions.
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Figure 3.2: CV for exponential distribution for real and simulated data sets
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Figure 3.3: CV for Weibull distribution for real and simulated data sets
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CHAPTER 4

On multivariate-multiobjective stratified sampling
design under probabilistic environment: a fuzzy

programming technique

4.1 Introduction

In many real-life practices, the populations may vary in their accessibility. Some parts

of the population may be in remote locations, gated buildings or other inaccessible areas.

Then the choice of sampling design affects the results of the survey. For such situations,

stratified sampling seems to be the best choice of the sampling technique. For obtaining

detailed information about the characteristics of the population, a multivariate stratified

sample survey is carried out by splitting the population into L strata. It is assumed that all

the p characteristics are defined in each unit of the population. The estimation of unknown

population means of p characteristics is required and may be carried out using the NLPP.

Cochran (1977) has been shown that the individual optimum allocation of one character

may not remain optimum for others. A compromise criterion may be required to obtain

the best allocation, which helps in getting precise information about population parame-
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ters. Therefore the allocation based on some compromised criterion is called compromise

allocation in multivariate stratified sampling design.

Most of the authors (Neyman (1934), Kokan and Khan (1967), Chatterjee (1968), Ah-

san (1975-1976), Khan et al. (1997), Semiz (2004), Kozak (2006), Varshney et al. (2012,

2015), Fatima et al. (2014), Muhammad et al. (2015), Muhammad and Husain (2017)) dis-

cussed the problems of allocation and worked out compromise allocation in multivariate

stratified sample surveys. A compromise allocation is obtained either by suggesting differ-

ent compromise criteria or using the suggested criteria under different conditions, i.e. in

the availability of auxiliary information, presence of nonresponse, etc. In many sampling

designs, the stratum variances are not known in advance but may be estimable. From the

deterministic point of view, such problems may be formulated as NLPPs. However, if the

nature of the estimated variances is also considered, it will be an additional restriction to

the problem, and therefore the compromise allocation may not be obtained easily. For such

situations, the Stochastic Nonlinear Programming Problem (SNLPP) may help to work out

the required compromise allocation to obtain sufficient information about population pa-

rameters (See (Charnes and Cooper (1963), Prékopa (1978), Díaz-García and Garay Tapia

(2007), Kozak and Wang (2010), Haseen et al. (2016))). Díaz-García and Ramos-Quiroga

(2014) discussed and provided results by solving SNLPPs with a fixed linear cost func-

tion. The concept of fuzzy set theory has been discussed by Zadeh (1965) and Bellman

and Zadeh (1970). They utilized the fuzzy approach for dynamic issues. The idea of the

fuzzy set was given by Zimmermann (1978) to convert the multiobjective linear program-

ming problem into a single objective linear programming problem. Some authors discussed

fuzzy programming methods (See (Gupta et al. (2013), Ali and Hasan (2014), Varshney et

al. (2017), Haq et al. (2020)). Fuzzy programming is one of many available optimization

models that deals with an optimization problem under uncertainty. The technique is flex-

ible and thus helps decision-makers have a better understanding of their problems. This
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model can be applied when situations are not clearly defined and thus have uncertainty. In

other words, if an exact value is not critical to the problem. Fuzzy programming has been

studied and applied recently by several authors in different areas (Elsisi (2019a,b, 2020),

Fakhrzad and Goodarzian (2019), Fathollahi-Fard et al. (2020), Lu et al. (2020), Elsisi and

Soliman (2021), Goodarzian and Hosseini-Nasab (2021)).

Under the probabilistic environment, the use of the nonlinear cost function is proposed by

considering the labour cost as part of the survey’s total cost. In this chapter, the compro-

mise criterion is suggested for determining the compromise allocation for a multiobjective-

multivariate stochastic nonlinear programming problem for the fixed cost in the probabilis-

tic situation. The solution procedure is also given to solve the formulated problem by using

an appropriate nonlinear programming technique.

In Section 4.2, the notations and formulation of the problem are given. The formulated

problems’ solutions are suggested using two deterministic approaches: modified E-model

and chance constraints in Section 4.3. In the modified E-model formulation, the solu-

tion strategy is recommended by utilizing a fuzzy goal programming technique. For the

chance constraints model, the solutions are obtained using Lagrange multiplier and inte-

ger nonlinear programming techniques. Section 4.4, the numerical illustration is discussed

by considering the Iris data set, and the data set is obtained by simulation carried out by

the software R. The formulated problem is solved through the modified E-model approach

and chance constraints technique. The solution procedures are suggested by utilizing fuzzy

goal programming problem, Lagrange multiplier method and integer nonlinear program-

ming problem. MATLAB software is used to solve the formulated NLPPs. A comparative

study is included by considering some other allocations, as discussed in Section 4.4.1.1,

with the proposed allocation. Finally, the conclusion has been made for using the proposed

technique in Section 4.5.
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4.2 Framework of the problem

Assuming a population of N units that is partitioned into strata of sizes N1,N2, . . . ,NL units

such that ∑
L
h=1 Nh = N.

For hth stratum, the following notations are introduced as follows

Nh : Stratum size

Wh =
Nh

N
: Stratum weight

nh : Sample size

yhi : Observational value of ith stratum unit/stratum

sample

Y h =
1

Nh

Nh

∑
i=1

yhi : Stratum mean

yh =
1
nh

nh

∑
i=1

yhi : Sample mean

S2
h =

1
Nh−1

Nh

∑
i=1

(
yhi−Y h

)2 : Stratum mean square

s2
h =

1
nh−1

nh

∑
i=1

(yhi− yh)
2 : Sample mean square.

Furthermore,

Y = 1
N ∑

L
h=1 ∑

Nh
i=1 yhi =

1
N ∑

L
h=1 NhY h =∑

L
h=1WhY h : Describes the overall population mean.

If the estimated value of Y is needed, then the stratified sample mean

yst =
L

∑
h=1

Whyh,

gives an unbiased estimate for Y with the sampling variance

V (yst) =
L

∑
h=1

W 2
h S2

h
nh
−

L

∑
h=1

WhS2
h

N
.

In a multivariate stratified population where p characteristics are given on each popula-
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tion element, then the p population means Y j; j = 1,2, . . . , p are to be estimated. Since

the individual optimum allocation may not be optimum for other characteristics. Let y jhi

denotes the value obtained from ith element in hth stratum having jth characteristic and

Y jh =
1

Nh
∑

Nh
i=1 y jhi be the stratum mean of y jhi. Then the sample means for all characteris-

tics in hth stratum are calculated by

y jh =
1
nh

nh

∑
i=1

y jhi; j = 1,2, . . . , p.

For jth characteristic, an unbiased estimate of the overall population mean Y j is given by

y jst and is expressed by

y jst = ∑
L
h=1Why jh,

with its sampling variance

V (y jst) = ∑
L
h=1

W 2
h S2

jh
nh
−∑

L
h=1

WhS2
jh

N ,

where S2
jh is the stratum variance of jth characteristics in hth stratum for j = 1,2, . . . , p,

h = 1,2, . . . ,L and can be calculated by

S2
jh =

1
Nh−1

Nh

∑
i=1

(
y jhi−Y jh

)2
.

For a multivariate stratified sample survey, the linear cost function may be considered for

the overall budget of the survey (Cochran (1977)) and may be expressed as

C = c0 +
L

∑
h=1

chnh,

or

C− c0 =C0 =
L

∑
h=1

chnh,

where C0 denotes the cost to measure all sampling units in all strata, ch is the per-unit

measurement cost of measuring p characteristics on the selected unit in hth stratum, nh

is the hth stratum sample size and c0 is the overhead cost to conduct the survey. If the
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travel cost within the stratum come into consideration, then the cost function may not have

remained linear. Beardwood et al. (1959) suggested the nonlinear cost function for this

case. They showed that the distance between n arbitrarily dispersed points is proportional

to
√

n. The nonlinear cost function, which includes travel costs, may be expressed as

C = c0 +
L

∑
h=1

chnh +
L

∑
h=1

th
√

nh,

or

C0 =C− c0 =
L

∑
h=1

chnh +
L

∑
h=1

th
√

nh, (4.2.1)

where th
√

nh is the travel cost incurred for hth stratum. The cost function defined by (4.2.1)

is quadratic in
√

nh.

Practically, some other cost factors may be considered, like costs on the reward to respon-

dents, labour costs, etc. Whenever the interviewers want to collect detailed information

from the selected respondents, there will be a requirement for more human resources that

may be available for a specified time. For these prerequisites, the labour costs may be used

for conducting the survey, and therefore the cost function may be expressed as

C0 =C− c0 =
L

∑
h=1

chnh +
L

∑
h=1

th
√

nh +ω

L

∑
h=1

E (Th) , (4.2.2)

where ω indicates the cost of labour for a unit time and ∑
L
h=1 E (Th) indicates the accumu-

lated labour time to obtain information from all strata. Since the labour time is available

with respect to time for sampling units within a stratum and follows an exponential distri-

bution with rate λ and the pdf for time may be given as f (x) = λe−λx; x > 0 and value of

λ = 1/(average time). To approach nh units in hth stratum, the labour time has Gamma dis-

tribution with parameters (nh,λ). Subsequently, the distribution of labour time to measure

all sampling units within the stratum follows Gamma distribution with (∑L
h=1 nh,λ) (Ross

(2009)). Hence the expected labour time for all strata may be computed as for various
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values of λ (Muhammad and Husain (2017)).

L

∑
h=1

E (Th) =
L

∑
h=1

(∫
∞

0
tλe−λt (λt)nh−1

(nh−1)!
dt
)

=
L

∑
h=1

(
1

(nh−1)!

∫
∞

0
tλe−λt(λt)nh−1dt

)
=

L

∑
h=1

nh

λ
.

The problem may be formulated in two ways by using a deterministic approach, and the

solution is obtained either by minimizing the variance V (y jst) for a fixed cost or by mini-

mizing the cost of the survey with variances of specified limits. Therefore two optimization

problems may be described as

Minimize V (y jst); j = 1,2, . . . , p simultanously

subject to
L

∑
h=1

chnh +
L

∑
h=1

th
√

nh +ω

L

∑
h=1

nh

λ
≤C0

2≤ nh ≤ Nh

and nh are integers; h = 1,2, . . . ,L.

(4.2.3)

and

Minimize
L

∑
h=1

chnh +
L

∑
h=1

th
√

nh +ω

L

∑
h=1

nh

λ

subject to V (y jst)≤V j
0 , j = 1,2, . . . , p

2≤ nh ≤ Nh

and nh are integers; h = 1,2, . . . ,L,

(4.2.4)

respectively.

If the true values of S2
jh are unknown, then they may be computed through a starter test or

the values of past events if they are given (see Kozak (2006)).
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4.3 Determination of identical probabilistic sampling variances and
cost

If S2
jh are considered as random variables, then the problems defined in (4.2.3) and (4.2.4)

become SNLPPs. These problems may be converted into their equivalent deterministic

problems. Several techniques, like modified E-model, E-model, V-model, chance con-

straints, etc., are available to solve the deterministic problems (see Charnes and Cooper

(1963)). In this chapter, modified E-model and chance constraints methods are used to

convert the problems into the deterministic form.

4.3.1 Determination of probabilistic sampling variance through modified E-model

Consider the following formulated SNLPP for jth characteristic which is given as

Minimize V (y jst)

subject to
L

∑
h=1

chnh +
L

∑
h=1

th
√

nh +ω

L

∑
h=1

nh

λ
≤C0

2≤ nh ≤ Nh

and nh are integers; h = 1,2, . . . ,L, j = 1,2, . . . , p,

(4.3.1)

where

V (y jst) =
L

∑
h=1

W 2
h S2

jh

nh
−

L

∑
h=1

WhS2
jh

N
,

and S2
jh are random variables.

By considering the limiting distribution of S2
jh (see Melaku (1986), Díaz-García and Garay

Tapia (2007)), let us define a random variable ζh which has an asymptotic normal distribu-

tion with mean E(ζh) and variance V (ζh).

For jth characteristic, ζ jh is defined for multivariate case and is given as

ζ jh =
1

nh−1

nh

∑
i=1

(
y jhi−Y jh

)2
,
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where y jhi denotes the value of the ith unit in hth stratum for jth characteristic and Y jh =

N−1
h ∑

Nh
i=1 y jhi is stratum mean for hth stratum. The random variable ζ jh has an asymptotic

normal distribution with mean E(ζ jh) and variance V (ζ jh). These are given as

E(ζ jh) =
nh

nh−1
S2

jh

and

V (ζ jh) =
nh

(nh−1)2

[
C4

y jh− (S2
jh)

2
]
,

respectively, where C4
y jh is the fourth mean moment and can be calculated by the following

expression

C4
y jh =

1
Nh

Nh

∑
i=1

(
y jhi−Y jh

)4 ; h = 1,2, . . . ,L, j = 1,2, . . . , p.

Let us define s2
jh which may be given as

s2
jh = ζh−

nh

nh−1
(
y jh−Y jh

)2
,

where

nh

nh−1
→ 1

and

(
y jh−Y jh

)2→ 0 in probability form.

Then, the sample variance s2
jh has normal asymptotical distribution

s2
jh

a−→ N(E(ζ jh),V (ζ jh)).

It has also seen that the objective function in (4.3.1) is a linear function of s2
jh. Therefore
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the objective function also follows normal distribution with mean and variance, which are

given as

E(V̂ (y jst)) = E

(
L

∑
h=1

W 2
h s2

jh

nh
−

L

∑
h=1

Whs2
jh

N

)

=
L

∑
h=1

W 2
h S2

jh

nh−1
−

L

∑
h=1

Wh

N

(
nh

nh−1

)
S2

jh

(4.3.2)

and

V (V̂ (y jst))

=V

(
L

∑
h=1

W 2
h s2

jh

nh
−

L

∑
h=1

Whs2
jh

N

)

=
L

∑
h=1

W 4
h

nh (nh−1)2

(
C4

y jh− (S2
jh)

2
)
−

L

∑
h=1

W 2
h

N2

[
nh

(nh−1)2

(
C4

y jh− (S2
jh)

2
)]

,

(4.3.3)

respectively.

Therefore, by using the modified E-model technique, the objective function may be rede-

fined as

f j(nh) = k1E
(

V̂ (y jst)
)
+ k2

√
V (V̂ (y jst)) ,

where k1 and k2 are non-negative constants such that k1 + k2 = 1. The values of k1 and k2

will show the existence of the expectation and variance of V̂ (y jst). Hence, the equivalent

deterministic NLPP to the SNLPP for jth characteristic given in (4.3.1), may be formulated

as

Minimize f j(nh)

subject to
L

∑
h=1

chnh +
L

∑
h=1

th
√

nh +ω

L

∑
h=1

nh

λ
≤C0

2≤ nh ≤ Nh

and nh are integers; h = 1,2, . . . ,L, j = 1,2, . . . , p,

(4.3.4)
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where

f j(nh) =k1

[
L

∑
h=1

W 2
h S2

jh

nh−1
−

L

∑
h=1

WhS2
jh

N

(
nh

nh−1

)]

+ k2

[
L

∑
h=1

W 4
h

nh (nh−1)2

(
C4

y jh− (S2
jh)

2)− L

∑
h=1

W 2
h

N2

(
nh

(nh−1)2

(
C4

y jh− (S2
jh)

2))]1/2

.

Since the objective function includes the values of the population variance S2
jh, but these

values are unknown in general, in that case, the sample variance s2
jh may be used. There-

fore, the equivalent deterministic NLPP defined in (4.3.4) may be given as

Minimize f j(nh) = k1

[
L

∑
h=1

W 2
h s2

jh

nh−1
−

L

∑
h=1

Whs2
jh

N

(
nh

nh−1

)]

+ k2

[
L

∑
h=1

W 4
h

nh (nh−1)2

(
C4

y jh− (s2
jh)

2)− L

∑
h=1

W 2
h

N2

(
nh

(nh−1)2

(
C4

y jh− (s2
jh)

2))]1/2

subject to
L

∑
h=1

chnh +
L

∑
h=1

th
√

nh +ω

L

∑
h=1

nh

λ
≤C0

2≤ nh ≤ Nh

and nh are integers; h = 1,2, . . . ,L, j = 1,2, . . . , p.
(4.3.5)

The NLPP given in (4.3.5) may be extended as multiobjective - INLPP (MINLPP) for

multivariate stratified sampling designs as given as

Minimize [ f1(nh), f2(nh), . . . , fp(nh)]

subject to
L

∑
h=1

chnh +
L

∑
h=1

th
√

nh +ω

L

∑
h=1

nh

λ
≤C0

2≤ nh ≤ Nh

and nh are integers; h = 1,2, . . . ,L.

(4.3.6)

4.3.1.1 Solution procedure by using the fuzzy goal programming technique

To solve the MINLPP given in (4.3.6), the fuzzy goal programming technique may be

applied for multivariate sampling design. Since no technique is developed to solve multi-

objective formulation of INLPP, in that case, the problem may be converted into a single

objective problem by using suitable criterion. For such a case, the fuzzy goal programming
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technique may be used and applied by using following steps.

Stage 1: To get the solution of the MINLPP, a problem of single objective function is to be

required by ignoring the remaining objective functions of other characteristics to work out

the optimum solution for each characteristic as an ideal solution.

Stage 2: The step-1, is repeated for all characteristics, and p - optimum solution are ob-

tained to give the optimum values of objective functions ( f1, f2, . . . , fp).

Stage 3: To compute the payoff matrix, the ideal solutions will give the upper and lower

values for each objective function by defining U j and L j for jth objective function; j =

1,2, . . . , p.

These values are computed as

U j = Max
{

f1(n∗1h), f2(n∗2h), . . . , fp(n∗ph)
}

and

L j = Min
{

f1(n∗1h), f2(n∗2h), . . . , fp(n∗ph)
}
,

where f j(n∗jh) is the optimum value of the objective function for the jth characteristic with

optimum allocation n∗jh.

Stage 4: The membership function may be defined as

µ j(n jh) =


0 if f j(n jh)≥U j
U j(n jh)− f j(n jh)

U j(n jh)−L j(n jh)
if L j ≤ f j(n jh)≤U j

1 if f j(n jh)≤ L j

,

where µ j(n jh) is a strictly monotonic decreasing function with respect to the solution

n jh, h = 1,2, . . . ,L.
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Consider the variable ξ j which is defined as

ξ j =
U j(n jh)− f j(n jh)

U j(n jh)−L j(n jh)
.

Stage 5: By max-min method, we have Max [Min(ξ1,ξ2, . . . ,ξp)], then

Maximize ξ

subject to ξ1 ≥ ξ

ξ2 ≥ ξ

...

ξp ≥ ξ,

where ξ = Min
j

{
µ j(n( jh)); j = 1,2, . . . , p

}
.

Finally, the mathematical programming formulation for the problem (4.3.6) is to be solved

by using fuzzy goal programming as follows

Maximize ξ

subject to f1−ξ(U1−L1)≥ L1

f2−ξ(U2−L2)≥ L2

...

fp−ξ(Up−Lp)≥ Lp

L

∑
h=1

chnh +
L

∑
h=1

th
√

nh +ω

L

∑
h=1

nh

λ
≤C0

and ξ ∈ [0,1], nh are integers; h = 1,2, . . . ,L.

(4.3.7)

4.3.2 Determination of probabilistic sampling cost through chance constraints

In this section, the SNLPP is considered for minimizing the total cost of survey for a given

bound to the estimated variance of the mean. This bound may be specified with tolerance
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limits for estimated variances of the estimates. This SNLPP may be formulated as

Minimize
L

∑
h=1

chnh +
L

∑
h=1

th
√

nh +ω

L

∑
h=1

nh

λ

subject to P
[
V̂ (y jst)≤V j

0

]
≥ p0 ; j = 1,2, . . . , p

2≤ nh ≤ Nh

and nh are integers; h = 1,2, . . . ,L,

(4.3.8)

where

V̂ (y jst) =
L

∑
h=1

W 2
h s2

jh

nh
−

L

∑
h=1

Whs2
jh

N
.

Also V j
0 ≥ 0 and p0 is a predetermined probability such that 0≤ p0 ≤ 1.

Since s2
jh follows an asymptotic normal distribution with mean E(ζ jh) and variance V (ζ jh).

Then the estimated V̂ (y jst) in (4.3.8) also follows asymptotic normal distribution with the

mean and variance defined in (4.3.2) and (4.3.3), respectively. After standardizing the

function of the V̂ (y jst) in (4.3.8), it may be re-expressed as

P

V̂ (y jst)−E
{

V̂ (y jst)
}√

V
{

V̂ (y jst)
} ≤

V j
0 −E

{
V̂ (y jst)

}√
V
{

V̂ (y jst)
}
≥ p0,

where

p0 = φ

V j
0 −E

{
V̂ (y jst)

}√
V
{

V̂ (y jst)
}
 ,

and φ(·) represents the function of standard normal distribution. If e denotes the value of

random variable that follows standard normal distribution such that φ(e) = p0, with these

conditions, the inequality may be expressed as

φ

V j
0 −E

{
V̂ (y jst)

}√
V
{

V̂ (y jst)
}
≥ φ(e).
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Therefore,

E
{

V̂ (y jst)
}
+ e
√

V
{

V̂ (y jst)
}
−V j

0 ≤ 0.

The equivalent deterministic NLPP for SNLPP in (4.3.8) may be given as

Minimize
L

∑
h=1

chnh +
L

∑
h=1

th
√

nh +ω

L

∑
h=1

nh

λ

subject to E
{

V̂ (y jst)
}
+ e
√

V
{

V̂ (y jst)
}
−V j

0 ≤ 0 ; j = 1,2, . . . , p

2≤ nh ≤ Nh

and nh are integers; h = 1,2, . . . ,L,
(4.3.9)

where

E
{

V̂ (y jst)
}
+ e
√

V
{

V̂ (y jst)
}
=

[
L

∑
h=1

W 2
h S2

jh

nh−1
−

L

∑
h=1

WhS2
jh

N

(
nh

nh−1

)]

+ e

[
L

∑
h=1

W 4
h

nh (nh−1)2

(
C4

y jh− (S2
jh)

2)− L

∑
h=1

W 2
h

N2

(
nh

(nh−1)2

(
C4

y jh− (S2
jh)

2))]1/2

.

(4.3.10)

The expression in (4.3.10) population variances S2
jh and these values remain not known in

advance. Then s2
jh may be substituted in place of S2

jh. Hence the equivalent deterministic

NLPP for (4.3.8) may be given as

Minimize
L

∑
h=1

chnh +
L

∑
h=1

th
√

nh +ω

L

∑
h=1

nh

λ

subject to E
{

V̂ (y jst)
}
+ e
√

V
{

V̂ (y jst)
}
−V j

0 ≤ 0 ; j = 1,2, . . . , p

2≤ nh ≤ Nh

and nh integers; h = 1,2, . . . ,L,
(4.3.11)

where

E
{

V̂ (y jst)
}
+ e
√

V
{

V̂ (y jst)
}
=

[
L

∑
h=1

W 2
h s2

jh

nh−1
−

L

∑
h=1

Whs2
jh

N

(
nh

nh−1

)]

+ e

[
L

∑
h=1

W 4
h

nh (nh−1)2

(
C4

y jh− (s2
jh)

2)− L

∑
h=1

W 2
h

N2

(
nh

(nh−1)2

(
C4

y jh− (s2
jh)

2))]1/2

.

(4.3.12)
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4.4 Application

A population of size N = 9500, with three strata and two characteristics are taken and

obtained by carrying out a simulation of 150 observations of Iris data. Iris data set is

available in the domain of Software R. These observations are divided into three strata

where two characteristics (that is, length and width of a leaf of a particular species of

flower) are measured on each unit of the population. The population units for three strata

of sizes 3000,3000 and 3500, respectively are generated by the simulation of Iris data using

the software R and the values of s2
jh and C4

y jh are computed and reported in Table 4.1. The

values of ch, th, ω and λ are assumed for numerical illustration accordingly and given in

Table 4.1. The total cost for conducting the survey is taken as 1000 units.

Table 4.1: Three strata information with two characteristics

h Nh s2
1h s2

2h C4
y1h C4

y2h ch th ω λ

1 3000 0.01523817 0.02037975 0.00068061 0.001217395 2 1 100 20
2 3000 0.06898021 0.00957083 0.01434982 0.000268493 3 2 100 20
3 3500 0.16608490 0.01080517 0.08426042 0.000349415 3 3 100 20

4.4.1 Solution for modified E-model by fuzzy goal programming technique

Without loss of generality, k1 = k2 = 0.5 is taken. For the given numeric values, given in

Table 4.1, the formulations of the NLPP for both characteristics are given as
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The ideal solution for each problem is obtained by solving independently by using for both

characteristics are worked out as given below

n11 = 18, n12 = 37, n13 = 67, with f1 = 0.00034712,

n21 = 54, n22 = 33, n23 = 40, with f2 = 0.00005878.

After getting ideal solutions, the pay off matrix may be computed and given in Table

4.2.

Table 4.2: Payoff matrix using the ideal solutions

f1 f2

n∗1h 0.00034712 0.00010331
n∗2h 0.00047683 0.00005878

The upper and lower bounds of each objective function may be given as

f l
1 = 0.00034712, f u

1 = 0.00047683,

f l
2 = 0.00005878, f u

2 = 0.00010331.

Therefore, the values of L j and U j are obtained as

L j = Min
j

f j(n∗jh) = 0.000058780 and U j = Max
j

f j(n∗jh) = 0.00047683.

Let µ1(n1h) and µ2(n2h) be the fuzzy membership function of the objective functions f j(n jh);

j = 1,2 and they are used for developing a membership function for both characteristics

as

µ1(n1h) =


0 if f1(n1h)≥ 0.00047683
0.00047683− f1(n1h)

0.00013 if 0.00034712≤ f1(n1h)≤ 0.00047683

1 if f1(n1h)≤ 0.00034712
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µ2(n2h) =


0 if f2(n2h)≥ 0.00010331
0.00010331− f2(n2h)

0.00004453 if 0.000058780≤ f2(n2h)≤ 0.00010331

1 if f2(n2h)≤ 0.000058780

.

By using the max-min addition operator, the objective function is revised as

Maximize
{

7.274210973−
(

f1(n1h)

0.00013
+

f2(n2h)

0.00004453

)}
.

So as to maximize the above problem with subject to constraints as formulated as

Maximize ξ

subject to f1− .00012971ξ≥ 0.00034712

f2− .00004453ξ≥ 0.00005878

2n1 +3n2 +3n3 +
√

n1 +2
√

n2 +3
√

n3+

5(n1 +n2 +n3)≤ 1000

2≤ n1 ≤ N1

2≤ n2 ≤ N2

2≤ n3 ≤ N3

and ξ ∈ [0,1], n1, n2, n3 are integers.

Using MATLAB the optimal solution to the above problem is obtained as

ξ = 0.1890, n1 = 33, n2 = 35, n3 = 56, with variances V (y jst); j = 1,2 under the proposed

allocation given as

V (y1st) = 0.000638635, V (y2st) = 0.000114102.

Therefore, the trace will be

V (y1st)+V (y2st) = 0.00075274.

Where,
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f1 = 0.5
[

0.00151959
(n1−1)

+
0.00687891
(n2−1)

+
0.02254338
(n3−1)

− 0.00481210n1

9500(n1−1)
− 0.02178320n2

9500(n2−1)
− 0.06118920n3

9500(n3−1)

]
+0.5

[0.000004459
(n1−1)2n1

+
0.00009538
(n2−1)2n2

+
0.00104419
(n3−1)2n3

− 0.00004472n1

95002(n1−1)2

− 0.00095649n2

95002(n2−1)2 −
0.00769289n3

95002(n3−1)2

] 1
2

f2 = 0.5
[

0.00203233
(n1−1)

+
0.00095443
(n2−1)

+
0.00146663
(n3−1)

− 0.00643571n1

9500(n1−1)
− 0.00302237n2

9500(n2−1)
− 0.00398085n3

9500(n3−1)

]
+0.5

[ (0.00000797)
(n1−1)2n1

+
0.00000176
(n2−1)2n2

+
0.0000042865
(n3−1)2n3

− 0.00007998n1

95002(n1−1)2

− 0.00001764n2

95002(n2−1)2 −
0.00003158n3

95002(n3−1)2

] 1
2
.

4.4.1.1 Comparison with other allocations

In this section, a comparative study is carried out where the proposed method is compared

with some other well-defined methods of allocation. Some of these methods are as fol-

lows:

Proportional allocation

For the fixed cost of the survey, the proportional allocation may be obtained by substitut-

ing nh = nWh in the cost function and subsequently, stratum-wise allocations, which are

rounded off to nearest integers, may be obtained as

n1 = 40, n2 = 40, n3 = 46,

also the trace value, under proportional allocation, is computed as 0.0008066.

Cochran’s average allocation

Cochran (1977) suggested the compromise criterion by taking the average of the individual

optimum allocations n∗jh; h = 1,2, . . . ,L, j = 1,2, . . . , p. These allocations are obtained

by solving the individual NLPP for each characteristic; that is, for jth characteristic, the
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required NLPP may be formulated as

Minimize V (y jst) =
L

∑
h=1

W 2
h S2

jh

n jh

subject to
L

∑
h=1

chn jh +
L

∑
h=1

th
√

n jh +ω

L

∑
h=1

n jh

λ
≤C0

and n jh are integers, h = 1,2, . . . ,L, j = 1,2, . . . , p,

(4.4.3)

where n∗jh = (n∗j1,n
∗
j2, . . . ,n

∗
jL) denotes the individual optimum allocation to the jth charac-

teristic. Therefore Cochran’s compromise allocation is computed as

nh =
1
p

p

∑
j=1

n∗jh; h = 1,2, . . . ,L.

For the given numerical values, as given in Table 4.1, the compromise allocation suggested

by Cochran (1977) is worked out as n1 = 36, n2 = 35 n3 = 53. The variances for both

characteristics are calculated as V ∗(y1st) = 0.000664098 and V ∗(y2st) = 0.000111389 re-

spectively. Therefore the trace value is 0.00077549.

Sukhatme’s compromise allocation

This compromise allocation is obtained by optimizing the trace of the variance-covariance

matrix of the estimator. The solution to the following NLPP will give the desired compro-

mise allocation (Sukhatme et al. (1984)) and the formulation of the NLPP is given as

Minimize
p

∑
j=1

V (y jst) =
p

∑
j=1

L

∑
h=1

W 2
h S2

jh

nh

subject to
L

∑
h=1

chnh +
L

∑
h=1

th
√

nh +ω

L

∑
h=1

nh

λ
≤C0

and nh are integers, h = 1,2, . . . ,L, j = 1,2, . . . , p.

On the substitution of numerical values from Table 4.1, the solution is obtained as n1 =

25, n2 = 36 and n3 = 61 and therefore the trace value is calculated as 0.000753271. In

Table 4.3, it appears that the proposed allocation gives the least trace value compared to

that values obtained by other allocations.
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Table 4.3: Allocations with trace value and relative efficiency

S.No. Allocations Allocations Cost Trace R.E. w.r.t
Proportional
Allocation

n1 n2 n3 n
1 Proportional 40 40 46 126 1007.3 0.0008066 1.00000
2 Cochran 36 35 53 124 995.67 0.0007755 1.04010
3 Sukhatme 25 36 61 122 991.43 0.0007532 1.07089
4 Proposed 33 35 56 124 999.03 0.0007527 1.07155

Table 4.4: Percentage increase for all characteristics within the variances when the individual
optimum for one characteristic is used

Percentage increase in the variances
Characteristics 1 2 Proposed

1 0 0.31866816 0.014920487
2 0.55578140 0 0.229092349

Furthermore, the R.E. of proposed allocation with respect to proportional allocation is max-

imum among the others. Table 4.4 shows the percentage increase in both characteristics’

variances when the individual optimum allocation of one characteristic is used for both

characteristics, and the proposed allocation is utilized. The proposed allocation provides

lesser values of percentage increase in the variances with respect to individual allocations.

Table 4.5 shows the percentage increase in both characteristics’ variances when other allo-

cations are used instead of individual allocations. For the proposed allocation, these values

are minimum in comparison to others. Therefore it may be claimed that the suggested allo-

cation may be regarded as the best allocation. Based on the above discussion, the proposed

allocation works well in comparison to other allocations.

Table 4.5: Percentage increase in the variances of different characteristics under individual
optimum allocation when different compromise allocations are used

Percentage increase when optimization is done with respect to the criteria
Characteristics Proportional Cochran Sukhatme Proposed

1 15.36391 9.441428 2.40957 0.014920487
2 3.225985 7.91908 27.73566 0.229092349
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4.4.2 Solution by chance constraints

When the cost of carrying out a sample survey is high and a specified limit on the vari-

ances are given, then this method may be used. With the specified values of V 1
0 = 0.00080

and V 2
0 = 0.00040, the value of e is 2.3263 such that φ(e) = p0 = 0.99. The equivalent

deterministic problem of SNLPP may be given as

Minimize
3

∑
h=1

chnh +
3

∑
h=1

th
√

nh +ω

3

∑
h=1

nh

λ

subject to
3

∑
h=1

W 2
h s2

1h
(nh−1)

−
3

∑
h=1

Whs2
1h

9500

(
nh

nh−1

)
+2.3263

[
3

∑
h=1

W 4
h

nh(nh−1)2

(
C4

y1h− (s2
1h)

2
)

−
3

∑
h=1

W 2
h

(9500)2

(
nh

(nh−1)2

(
C4

y1h− (s2
1h)

2
))]1/2

≤ 0.00080

3

∑
h=1

W 2
h s2

2h
(nh−1)

−
3

∑
h=1

Whs2
2h

9500

(
nh

nh−1

)
+2.3263

[
3

∑
h=1

W 4
h

nh(nh−1)2

(
C4

y2h− (s2
2h)

2
)

−
3

∑
h=1

W 2
h

(9500)2

(
nh

(nh−1)2

(
C4

y2h− (s2
2h)

2
))]1/2

≤ 0.00040

2≤ n1 ≤ N1

2≤ n2 ≤ N2

2≤ n3 ≤ N3

and n1, n2, n3 are integers.
(4.4.4)

The NLPP (4.4.4) solutions are obtained using MATLAB by the Lagrange multiplier tech-

nique and INLPP technique. The solutions are reported in Table 4.6.
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Table 4.6: Allocations with the incurred cost

S.No. Allocations Allocations Cost

n1 n2 n3 n
1 Lagrange multiplier (non integer) 12.97 52.74 61.33 127 1045.10
2 Lagrange multiplier (rounded) 13 53 61 127 1044.59
3 Lagrange multiplier (integer) 13 53 62 128 1052.78
4 Stochastic (non integer) 18.66 36.95 66.30 122 997.630
5 Stochastic (rounded) 19 37 66 122 997.890
6 Stochastic (integer) 19 38 65 122 997.870

Table 4.6 shows the use of the Lagrange multiplier technique and INLPP technique to min-

imize the survey’s total cost. If the continuous solution to the NLPP (4.4.4) is considered,

then the nonlinear programming technique is preferable to that of the Lagrange multiplier

technique. If the continuous solution is adjusted off to the closest whole number, then the

nonlinear programming technique provides the survey’s minimum cost. Furthermore, if

integer restriction is a must, then the use of a nonlinear programming technique is advis-

able.

4.5 Conclusion

In general, stratum variances’ true values may not be known in advance but may be esti-

mated. In this way, the problem is defined as a multivariate-multiobjective SNLPP in this

chapter. The formulated SNLPPs may be converted into their deterministic form using a

modified E- model and chance constraints techniques. The formulated problems’ solutions

may be computed either by minimizing the sampling variances for a fixed cost or mini-

mizing the cost for the fixed precision value of the variances of estimates. For numerical

illustration, the data are generated by conducting simulation using R, and the formulated

NLPPs may be solved by using MATLAB. The proposed compromise allocation provides

the best outcomes for the given numerical application than that obtained by other compro-

mise criteria, as discussed in this chapter. Furthermore, for large scale investigations, it is

vital to select the appropriate method for attaining the study’s objectives.
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CHAPTER 5

Efficient estimation of population parameter in
stratified random sampling design

5.1 Introduction

Tschuprow (1923) and Neyman (1934) discussed the procedure to workout an allocation

by minimizing the variance of the sample mean for a fixed linear cost function in stratified

random sampling to estimate the population parameters under study. Neyman (1934) used

a Lagrange multiplier technique to find the optimum sample size for univariate case. In

sampling theory, the use of auxiliary information for improving the precision of estimates

of the population parameters (that is mean or total) may be used. Cochran (1940) suggested

the use of ratio method of estimation if the correlation between y (study variable) and the

x (auxiliary variable) is positive (high). In the situation of negative correlation between

study and auxiliary variable, Robson (1957) and then Murthy (1964) suggested to use prod-

uct method of estimation. Many authors have used information on auxiliary variables such

as population mean, variance, kurtosis, skewness, etc., for estimating population mean and

variance of the study variable. Das and Tripathi (1978), Srivastava and Jhajj (1980), Isaki
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(1983), Prasad and Singh (1990), Singh and Kataria (1990), Ahmed et al. (2000), Kadilar

and Cingi (2006a,b), Gupta and Shabbir (2008) studied the population variance of study

variable by using population mean, variance, kurtosis and coefficient of variation of auxil-

iary variable in simple and stratified random sampling. Upadhyaya et al. (2011) worked on

ratio and product exponential type estimators under large sample approximations. Olufadi

and Kadilar (2014) estimated the population variance of interested variate in simple and

two-phase sampling using the variance of auxiliary variables and got interesting results.

In many practical situations, it has been observed that the population mean of the study

variable is unknown, however, the population median of the study variable may be used to

estimate population parameter. Median is easily available parameter without having exact

information on every unit of population. Therefore the use of the study variable’s median

may be a better choice to improve efficiency without increasing the total cost of the survey.

For the study of the modified ratio type estimators of population mean of the study vari-

able, one may refer to Kadilar and Cingi (2003), Tailor and Sharma (2009), Yan and Tian

(2010), Subramani and Kumarapandiyan (2012, 2013), Subramani (2013), Yadav et al.

(2014), Abid et al. (2016) and Yadav et al. (2016). Many authors have used regression and

product type estimators of population parameters for predictive estimation of population

parameters.

In this chapter, the ratio type estimators are proposed where the population mean is un-

known but the study variable’s population median is known. The problem is formulated

in a single objective NLPP with linear and nonlinear cost function and solved by using the

integer programming technique and Lagrange multiplier technique. The numerical illus-

tration with real data set and simulated data set also presented to its utility of the proposed

work.

This chapter is based on my research paper “Efficient estimation of population mean under

stratified random sampling with linear cost function" and published in Communications in
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Statistics - Simulation and Computation.

5.2 Efficient estimation with linear cost function

In this section the problem is formulated as an NLPP with linear cost function.

5.2.1 Introduction

Let the stratified random sampling where a population of size N is divided into L strata,

such that ∑
L
h=1 Nh = N, let for the hth stratum Nh, Y h, Mh, C2

yh, Cymh, C2
mh and ρh denote

the stratum size, stratum mean, stratum median, stratum correlation coefficient with study

variable, stratum correlation coefficient between study variable and median, stratum cor-

relation coefficient with median and correlation coefficient between X and Y respectively,

where h = 1,2, . . . ,L.

β1h =
Nh ∑

Nh
i=1
(
Xi−Xh

)
(Nh−1)(Nh−2)S3

xh
: Stratum coefficient of skewness of auxiliary variable

β2h =
Nh ∑

Nh
i=1
(
Xi−Xh

)
(Nh−1)(Nh−2)S3

xh
− 3(Nh−1)2

(Nh−2)(Nh−3)
: Stratum coefficient of kurtosis

of auxiliary variable

QDh =
Q3h−Q1h

2
: Stratum quartile deviation

Gh =
4

Nh−1

Nh

∑
i=1

(
2i−Nh−1

2Nh

)
Xi : Stratum gini’s mean difference

B(·) : Bias of the estimator

MSE(·) : Mean square error of the estimator

PRE(tpr j(st), t∗) =
MSE(t∗)

MSE(tpr j(st))
∗100 : Percentage relative efficiency (PRE) of

the estimator,

where t∗ is defined as comparative estimator in Section 5.2.3 and PRE of obtained with

respect to tpr j(st), for j = 1,2.
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5.2.2 Proposed estimator (tpr1(st))

Inspired by Srivastava (1967) and Subramani (2016), the ratio type estimator of population

mean using the information on population median of the study variable in stratified random

sampling is proposed and defined as

tpr1(st) =
L

∑
h=1

yh

[
1−bymhlog

(
mh

Mh

)]
. (5.2.1)

In order to study the properties of the proposed estimator, the following approximations

have been used

yh =
L

∑
h=1

Y h (1+ e0) , mh = Mh (1+ e1) , bymh =
symh

s2
mh

, symh = Symh (1+ e3) ,

s2
mh = S2

mh (1+ e2) , bymh =
Symh (1+ e3)

S2
mh (1+ e2)

,

such that,

E (e0) = 0, E (e1) =
Mh−Mh

Mh
=

Bias(mh)

Mh
, E
(
e2

0
)
= λhC2

yh, E
(
e2

1
)
= λhC2

mh,

E (e0e1) = λCymh, E (e1e2) = λh
µ21h

σymhMh
, E (e1e3) = λh

µ12h

σ2
mhMh

,

Bh =
Symh

S2
mh

=
MhY hCymh

M2
hC2

mh
=

Y hCymh

MhC2
mh

,

where

µrsh =
1

Nh

Nh

∑
i=1

(mih−Mh)
r (yih−Y h

)s
, Mh =

1
NhCnh

NCn

∑
i=1

mih,

mih is sample median of the ith sample for the hth stratum, respectively. h = 1,2, . . . ,L, i =

1,2, . . . ,NhCnh .
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Applying above approximations, the proposed estimator may be explicited as

tpr1(st) =
L

∑
h=1

yh

[
1−bymhlog

(
mh

Mh

)]
=

L

∑
h=1

Y h (1+ e0)

[
1−

Symh (1+ e3)

S2
mh (1+ e2)

log(1+ e1)

]
=

L

∑
h=1

Y h (1+ e0)
[
1−Bh (1+ e3)(1+ e2)

−1 (e1− e2
1/2+ . . .

)]
=

L

∑
h=1

Y h (1+ e0)
[
1−Bh (1+ e3)

(
e1− e1e2− e2

1/2
)]

=
L

∑
h=1

Y h
[
(1+ e0)−Bh (1+ e0)

(
e1− e1e2− e2

1/2+ e1e3
)]

=
L

∑
h=1

Y h
[
(1+ e0)−Bh

(
e1 + e0e1− e1e2 + e1e3− e2

1/2
)]
.

Now,

(
tpr1(st)−Y h

)
=

L

∑
h=1

Y h
[
e0−Bh

(
e1 + e0e1− e1e2 + e1e3− e2

1/2
)]
, (5.2.2)

taking expectations on both sides of equation (5.2.2), the bias of suggested estimator is

obtained as

B
(
tpr1(st)

)
= E

[
tst−Y h

]
B
(
tpr1(st)

)
= Y h

[
Bh

(
λhµ21h

σymhMh
+

1
2

λhC2
mh−

λhµ12h

σ2
mhMh

−λhCymh−
Bias(mh)

Mh

)]
.

From equation (5.2.2), up to approximation of order one, it may be written as

(
tpr1(st)−Y h

)2
=

L

∑
h=1

Y 2
h [e0−Bhe1]

2, (5.2.3)

taking expectations on both sides of equation (5.2.3), the MSE of suggested estimator is

obtained as
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E
(
tpr1(st)−Y h

)2
=

L

∑
h=1

Y 2
h
[
E
(
e2

0
)
+B2

hE
(
e2

1
)
−2BhE (e0e1)

]
=

L

∑
h=1

Y 2
h

[
λhC2

yh +B2
hλhC2

mh−2λhBhCymh

]
.

MSE
(
tpr1(st)

)
=

L

∑
h=1

Y 2
hλh

[
C2

yh +B2
hC2

mh−2BhCymh

]
,

where Bh = ∑
L
h=1

Symh

S2
mh
, λh =

Nh−nh
Nhnh

.

MSE
(
tpr1(st)

)
=

L

∑
h=1

Y 2
h

(
1
nh
− 1

Nh

)[
C2

yh +B2
hC2

m−2BhCymh

]
. (5.2.4)

Ignoring fpc factor in equation (5.2.4), we have,

MSE
(
tpr1(st)

)
=

L

∑
h=1

Y 2
h

1
nh

[
C2

yh +B2
hC2

mh−2BhCymh

]
. (5.2.5)

Cost function

Due to budget constraint, the cost of a survey is the major factor to workout sample alloca-

tions to various strata. Khan et al. (2008) introduced linear cost function and considered as

fixed total cost C0 of the survey in terms of a linear function of nh; h = 1,2, . . . ,L.

C0 =C− c0 =
L

∑
h=1

chnh, (5.2.6)

where ch is the per-unit cost of measurement of all the characteristics in the hth stratum;

h = 1,2, . . . ,L and c0 is the overhead cost for the survey.

In this chapter, the problem is formulated by minimizing MSE of the estimator for fixed

linear cost function given in (5.2.6). Then the optimization problem can be defined as
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Minimize MSE
(
tpr1(st)

)
subject to

L

∑
h=1

chnh ≤C0

2≤ nh ≤ Nh

and nh are integers; h = 1,2, . . . ,L.

(5.2.7)

Using the cost function, the MSE may now be given as

MSE
(
tpr1(st)

)
=

L

∑
h=1

Y 2
h

1
nh

[
C2

yh +B2
hC2

mh−2BhCymh

]
.

5.2.3 Some other estimators in sampling literature

In this section, some other estimators are discussed for the sake of comparison with the

proposed estimator.

Unbiased estimator (t0(st))

The most widely used estimator of population mean of the study variable, is given as

t0 = y =
1
n

n

∑
i=1

yi,

where y is sample mean and it is an unbiased estimator of population mean and up to first

order of approximation it is given by

V (t0) =
1− f

n
S2

y =
1− f

n
Y 2C2

y ,

where

Cy =
Sy

Y
, S2

y =
1

N−1

N

∑
i=1

(
Yi−Y

)2
, f =

n
N
.

To define unbiased estimator for stratified random sampling, the population is divided into
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L strata and it is defined as

t0(st) = yh =
nh

∑
i=1

1
nh

yih,

where sample mean is an unbiased estimator of population mean and up to first order of

approximation it is given by

V
(
t0(st)

)
=

L

∑
h=1

1− fh

nh
S2

yh =
L

∑
h=1

1− fh

nh
Y 2

hC2
yh,

where

Cyh =
Syh

Y h
, S2

yh =
Nh

∑
i=1

L

∑
h=1

1
Nh−1

(
Yih−Y h

)2
, fh =

nh

Nh
.

Subramani estimator (ts(st))

Subramani (2016) proposed the estimator by using population median of the study variable

and defined the ratio estimator for the population mean of the study variable which is given

as

ts = y
(

M
m

)
,

where M and m are the population and sample medians of study variable respectively. ts is

a biased estimator and its bias and the MSE, up to first order of approximation, are defined

as

B(ts) =
1− f

n
Y
[
C2

m−Cym−2RCym
]

and

MSE (ts) =
1− f

n
Y 2 [C2

y +R2C2
m−2RCym

]
,
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where

R =
Y
M
, S2

m =
1

N−1

N

∑
i=1

(mi−M)2 , Sym =
1

N−1

N

∑
i=1

(
yi−Y

)
(mi−M),

Cm =
Sm

M
, Cym =

Sym

Y M
.

By transforming the Subramani estimator into stratified random sampling for hth stratum.

It is defined as

ts(st) = yh

(
Mh

mh

)
,

where Mh is the population median, mh is sample median of study variable for hth stratum

respectively. Hence, ts(st) is a biased estimator and its bias and the MSE, up to first order

of approximation, are given as

B
(
ts(st)

)
=

L

∑
h=1

1− fh

nh
Y h
[
C2

mh−Cymh−2RhCymh
]

and

MSE
(
ts(st)

)
=

L

∑
h=1

1− fh

nh
Y 2

h

[
C2

yh +R2
hC2

mh−2RhCymh

]
,

where

Rh =
Y h

Mh
, Symh =

Nh

∑
i=1

L

∑
h=1

1
Nh−1

(
yih−Y h

)
(mih−Mh), S2

mh =
Nh

∑
i=1

L

∑
h=1

(mih−Mh)
2 ,

Cmh =
Smh

Mh
, Cymh =

Symh

Y hMh
; h = 1,2, . . . ,L.

Kadilar and Cingi estimators

Kadilar and Cingi (2004) proposed the ratio type estimators for simple random sampling

as shown in Table 5.1. We restructured these existing estimators into stratified random

sampling from simple random sampling, where population are divided into different strata
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h = 1,2, . . . ,L as given in Table 5.2.

Table 5.1: Kadilar and Cingi (2004) estimators for simple random sampling

Estimators Bias MSE Constant

t1 =
y+b

(
X− x

)
x

X B(t1) =
1− f

n
S2

x
Y R2

1 MSE (t1) = 1
n

[
R2

1S2
x +S2

y
(
1−ρ2

)]
R1 =

Y
X

t2 =
y+b

(
X− x

)
x+Cx

X +Cx B(t2) =
1− f

n
S2

x
Y R2

2 MSE (t2) = 1
n

[
R2

2S2
x +S2

y
(
1−ρ2

)]
R2 =

Y
X+Cx

t3 =
y+b

(
X− x

)
x+β2

X +β2 B(t3) =
1− f

n
S2

x
Y R2

3 MSE (t3) = 1
n

[
R2

3S2
x +S2

y
(
1−ρ2

)]
R3 =

Y
X+β2

t4 =
y+b

(
X− x

)
xβ2 +Cx

Xβ2 +Cx B(t4) =
1− f

n
S2

x
Y R2

4 MSE (t4) = 1
n

[
R2

4S2
x +S2

y
(
1−ρ2

)]
R4 =

Y β2
Xβ2+Cx

t5 =
y+b

(
X− x

)
xCx +β2

XCx +β2 B(t5) =
1− f

n
S2

x
Y R2

5 MSE (t5) = 1
n

[
R2

5S2
x +S2

y
(
1−ρ2

)]
R5 =

YCx
XCx+β2

t6 =
y+b

(
X− x

)
xCx +ρ

XCx +ρ B(t6) =
1− f

n
S2

x
Y R2

6 MSE (t6) = 1
n

[
R2

6S2
x +S2

y
(
1−ρ2

)]
R6 =

YCx
XCx+ρ

t7 =
y+b

(
X− x

)
xρ+Cx

Xρ+Cx B(t7) =
1− f

n
S2

x
Y R2

7 MSE (t7) = 1
n

[
R2

7S2
x +S2

y
(
1−ρ2

)]
R7 =

Y ρ

Xρ+Cx

t8 =
y+b

(
X− x

)
xβ2 +ρ

Xβ2 +ρ B(t8) =
1− f

n
S2

x
Y R2

8 MSE (t8) = 1
n

[
R2

8S2
x +S2

y
(
1−ρ2

)]
R8 =

Y β2
Xβ2+ρ

t9 =
y+b

(
X− x

)
xρ+β2

Xρ+β2 B(t9) =
1− f

n
S2

x
Y R2

9 MSE (t9) = 1
n

[
R2

9S2
x +S2

y
(
1−ρ2

)]
R9 =

Y ρ

Xρ+β2

t10 =
y+b

(
X− x

)
x+β1

X +β1 B(t10) =
1− f

n
S2

x
Y R2

10 MSE (t10) =
1
n

[
R2

10S2
x +S2

y
(
1−ρ2

)]
R10 =

Y
X+β1

t11 =
y+b

(
X− x

)
xβ1 +β2

Xβ1 +β2 B(t11) =
1− f

n
S2

x
Y R2

11 MSE (t11) =
1
n

[
R2

11S2
x +S2

y
(
1−ρ2

)]
R11 =

Y β1
Xβ1+β2

t12 =
y+b

(
X− x

)
x+G

X +G B(t12) =
1− f

n
S2

x
Y R2

12 MSE (t12) =
1
n

[
R2

12S2
x +S2

y
(
1−ρ2

)]
R12 =

Y
X+G
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t 1
(s

t)
=

y h
+

b h
( X

h
−

x h
)

x h
X

h
B
( t 1

(s
t)
) = ∑

L h=
1

1−
f h

n h
S2 xh Y

h
R

2 1h
M

SE
( t 1

(s
t)
) = ∑

L h=
1

1 n h

[ R
2 1h

S2 xh
+

S2 yh

( 1
−

ρ
2 h)]

R
1h

=
Y

h
X

h

t 2
(s

t)
=

y h
+

b
( X

h
−

x h
)

x h
+

C
xh

X
h
+

C
xh

B
( t 2

(s
t)
) = ∑

L h=
1

1−
f h

n h
S2 xh Y

h
R

2 2h
M

SE
( t 2

(s
t)
) = ∑

L h=
1

1 n h

[ R
2 2h

S2 xh
+

S2 yh

( 1
−

ρ
2 h)]

R
2h

=
Y

h
X

h+
C

xh

t 3
(s

t)
=

y h
+

b
( X

h
−

x h
)

x h
+

β
2h

X
h
+

β
2h

B
( t 3

(s
t)
) = ∑

L h=
1

1−
f h

n h
S2 xh Y

h
R

2 3h
M

SE
( t 3

(s
t)
) = ∑

L h=
1

1 n h

[ R
2 3h

S2 xh
+

S2 yh

( 1
−

ρ
2 h)]

R
3h

=
Y

h
X

h+
β

2h

t 4
(s

t)
=

y h
+

b
( X

h
−

x h
)

x h
β

2h
+

C
xh

X
hβ

2h
+

C
xh

B
( t 4

(s
t)
) = ∑

L h=
1

1−
f h

n h
S2 xh Y

h
R

2 4h
M

SE
( t 4

(s
t)
) = ∑

L h=
1

1 n h

[ R
2 4h

S2 xh
+

S2 yh

( 1
−

ρ
2 h)]

R
4h

=
Y

hβ
2h

X
hβ

2h
+

C
xh

t 5
(s

t)
=

y h
+

b
( X

h
−

x h
)

x h
C

xh
+

β
2h

X
hC

xh
+

β
2h

B
( t 5

(s
t)
) = ∑

L h=
1

1−
f h

n h
S2 xh Y

h
R

2 5h
M

SE
( t 5

(s
t)
) = ∑

L h=
1

1 n h

[ R
2 5h

S2 xh
+

S2 yh

( 1
−

ρ
2 h)]

R
5h

=
Y

hC
xh

X
hC

xh
+

β
2h

t 6
(s

t)
=

y h
+

b
( X

h
−

x h
)

x h
C

xh
+

ρ
h

X
hC

xh
+

ρ
h

B
( t 6

(s
t)
) = ∑

L h=
1

1−
f h

n h
S2 xh Y

h
R

2 6h
M

SE
( t 6

(s
t)
) = ∑

L h=
1

1 n h

[ R
2 6h

S2 xh
+

S2 yh

( 1
−

ρ
2 h)]

R
6h

=
Y

hC
xh

X
hC

xh
+

ρ
h

t 7
(s

t)
=

y h
+

b
( X

h
−

x h
)

x h
ρ

h
+

C
xh

X
hρ

h
+

C
xh

B
( t 7

(s
t)
) = ∑

L h=
1

1−
f h

n h
S2 xh Y

h
R

2 7h
M

SE
( t 7

(s
t)
) = ∑

L h=
1

1 n h

[ R
2 7h

S2 xh
+

S2 yh

( 1
−

ρ
2 h)]

R
7h

=
Y

hρ
h

X
hρ

h+
C

xh

t 8
(s

t)
=

y h
+

b
( X

h
−

x h
)

x h
β

2h
+

ρ
h

X
hβ

2h
+

ρ
h

B
( t 8

(s
t)
) = ∑

L h=
1

1−
f h

n h
S2 xh Y

h
R

2 8h
M

SE
( t 8

(s
t)
) = ∑

L h=
1

1 n h

[ R
2 8h

S2 xh
+

S2 yh

( 1
−

ρ
2 h)]

R
8h

=
Y

hβ
2h

X
hβ

2h
+

ρ
h

t 9
(s

t)
=

y h
+

b
( X

h
−

x h
)

x h
ρ

h
+

β
2h

X
hρ

h
+

β
2h

B
( t 9

(s
t)
) = ∑

L h=
1

1−
f h

n h
S2 xh Y

h
R

2 9h
M

SE
( t 9

(s
t)
) = ∑

L h=
1

1 n h

[ R
2 9h

S2 xh
+

S2 yh

( 1
−

ρ
2 h)]

R
9h

=
Y

hρ
h

X
hρ

h+
β

2h

t 1
0(

st
)
=

y h
+

b
( X

h
−

x h
)

x h
+

β
1h

X
h
+

β
1h

B
( t 1

0(
st
)) =

∑
L h=

1
1−

f h
n h

S2 xh Y
h

R
2 10

h
M

SE
( t 1

0(
st
)) =

∑
L h=

1
1 n h

[ R
2 10

hS
2 xh
+

S2 yh

( 1
−

ρ
2 h)]

R
10

h
=

Y
h

X
h+

β
1h

t 1
1(

st
)
=

y h
+

b
( X

h
−

x h
)

x h
β

1h
+

β
2h

X
hβ

1h
+

β
2h

B
( t 1

1(
st
)) =

∑
L h=

1
1−

f h
n h

S2 xh Y
h

R
2 11

h
M

SE
( t 1

1(
st
)) =

∑
L h=

1
1 n h

[ R
2 11

hS
2 xh
+

S2 yh

( 1
−

ρ
2 h)]

R
11

h
=

Y
hβ

1h
X

hβ
1h
+

β
2h

t 1
2(

st
)
=

y h
+

b
( X

h
−

x h
)

x h
+

G
h

X
h
+

G
h

B
( t 1

2(
st
)) =

∑
L h=

1
1−

f
n h

S2 xh Y
h

R
2 12

h
M

SE
( t 1

2(
st
)) =

∑
L h=

1
1 n h

[ R
2 12

hS
2 xh
+

S2 yh

( 1
−

ρ
2 h)]

R
12

h
=

Y
h

X
h+

G
h
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Cochran estimator(tcr(st))

Cochran (1940) proposed the ratio type estimator of population mean, which is given

as

tcr =
y
x

X ,

bias and the MSE, are defined as

B(tcr) = λY
(
C2

x −Cyx
)

and

MSE (tcr) = λY 2 (C2
y +C2

x −2ρCyCx
)
.

The Cochran (1940) estimator may also be used for stratified population which consists of

L strata. For hth stratum, it is defined as

tcr(st) =
yh

xh
Xh, h = 1,2, . . . ,L.

For L strata, tcr(st) is a biased estimator and its bias and the MSE, up to first order of

approximation, are given as

B
(
tcr(st)

)
=

L

∑
h=1

λhY h
(
C2

xh−Cyxh
)

and

MSE
(
tcr(st)

)
=

L

∑
h=1

λhY 2
h

(
C2

yh +C2
xh−2ρhCyhCxh

)
,

where C2
yh =

S2
yh

Y 2
h

is the coefficient of variation of variable yh, C2
xh =

S2
Xh

X2
h

is the coefficient of

variation of variable xh, and ρh =
Cyxh

CyhCxh
is the coefficient of correlation between yh and xh

for hth stratum.
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Bahl and Tuteja (tpe(st))

Bahl and Tuteja (1991) defined the product exponential type estimator for population mean

Y , which is given as

tpe = yexp
(

x−X
x+X

)
,

bias and the MSE of the estimator are given as

B(tpe) = λY
(

C2
x

8

)
(4K−1)

and

MSE (tpe) = λY 2
(

C2
y +

1
4

C2
x (1+4K)

)
,

where K = ρ
Cx
Cy

.

The Bahl and Tuteja (1991) estimator may be used for stratified population which consists

of L strata. For hth stratum, it is defined as

tpe(st) = yhexp
(

xh−Xh

xh +Xh

)
,

For L strata, tpe(st) is a biased estimator and its bias and the MSE, up to first order of

approximation, are given by

B
(
tpe(st)

)
=

L

∑
h=1

λhY h

(
C2

xh
8

)
(4Kh−1)

and

MSE
(
tpe(st)

)
=

L

∑
h=1

λhY 2
h

(
C2

yh +
1
4

C2
xh (1+4Kh)

)
,

where Kh = ρh
Cxh
Cyh

; h = 1,2, . . . ,L.
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Bahl and Tuteja (tp(st))

Bahl and Tuteja (1991) proposed the ratio type estimator of population mean, which is

defined as

tp = y
x
X
.

The bias and the MSE of this estimator may be given as

B(tp) = λY KC2
x

and

MSE (tp) = λY 2 (C2
y +C2

x (1+2K)
)
,

The Bahl and Tuteja (1991) may be used for stratified population which consists of L strata.

For hth stratum, it is defined as

tp(st) = yh
xh

Xh
,

For L strata, tp(st) is a biased estimator and its bias and the MSE, up to first order of ap-

proximation, are given by

B
(
tp(st)

)
=

L

∑
h=1

λhY hKhC2
xh

and

MSE
(
tp(st)

)
=

L

∑
h=1

λhY 2
h

(
C2

yh +C2
xh (1+2Kh)

)
,

where Kh = ρh
Cxh
Cyh

; h = 1,2, . . . ,L.
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5.2.4 Formulation of the problem

To find out the efficient estimator of population parameter, among all estimators discussed

in this chapter, a comparative study may be required. This study may be carried out by

developing the problem of INLPP. For such problems, the MSE of the estimators, as dis-

cussed in this chapter, may be minimized for fixed linear cost function. The INLPP may be

formulated as

Minimize MSE (t∗)

subject to
L

∑
h=1

chnh ≤C0

2≤ nh ≤ Nh

and nh are integers; h = 1,2, . . . ,L.

(5.2.8)

where t∗ is one of the possible estimators, as defined in Section 5.2.3, whose MSE is to be

compared with others.

5.2.5 Numerical illustrations

In this section, the proposed estimator is applied to both real data set and simulated data

set. The simulated data set is generated by using the bivariate normal distribution. The

real data set is taken from India’s census is 2011, Lucknow, Uttar Pradesh which may be

accessed by the link http://censusindia.gov.in/2011census/dchb/0926_PART_B_

DCHB_LUCKNOW.pdf and relevant data with respect to characteristics correspond to the area

of certain villages and number of households which may be considered as study variable

and auxiliary variable respectively. The population is divided into four strata without over-

lapping. In this numerical illustration, the problem is solved by using integer programming

and Lagrange multiplier techniques. These computations are obtained by MATLAB and R

software. The data are summarized in Tables 5.3 and 5.4.
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Real data set

Table 5.3: Obtained results from real data for study variable (y) and auxiliary variable (x)

Population (N = 645, h = 4)
h Nh ∑

L
h=1 N1h ∑

L
h=1 N2h Y h Xh Myh Mxh C2

yh C2
xh ch

1 237 27548.01 35286 116.2363 148.886 116.810 145.0 0.3148490 0.367079 2
2 164 50446.83 66728 307.6026 406.878 292.295 389.5 0.1839708 0.133430 3
3 90 10401.43 13819 547.4437 727.316 548.770 723.0 1.6424440 1.357187 4
4 154 21198.79 37954 757.0996 1355.50 727.165 1319 4.7946940 10.31789 5

Table 5.4: Obtained results from real data for study variable (y) and auxiliary variable (x)
(Continue...)

Population (N = 645, h = 4)
h Cmyh Cmxh Cxyh Cymh Cxmh β1xh β2xh Gh QDh ρh

1 0.1455367 0.1729461 2853.599 0.2006495 0.2258169 0.6228215 2.573214 65.0334 44.1125 0.9962281
2 0.3040596 0.3861879 9002.096 0.1423751 0.1154959 1.757425 5.233497 122.087 77.85875 0.9955207
3 3.8489530 4.248597 1630.967 2.4950080 2.369188 0.2950488 1.639132 117.2344 85.21125 0.9783495
4 8.7804220 21.65683 44928.72 6.2031650 13.71308 0.6505419 2.13844 451.3315 291.4388 0.9614615

Solution by integer nonlinear programming technique

The formulated problem for proposed estimator, as given in (5.2.8), for the given data may

be written as

Minimize
516.4248

n1
+

11116.53
n2

+
7526.421

n3
+

240588.1
n4

subject to 2n1 +3n2 +4n3 +5n4 ≤ 400

2≤ n1 ≤ N1

2≤ n2 ≤ N2

2≤ n3 ≤ N3

2≤ n4 ≤ N4

and n1, n2, n3, n4 are integers.

(5.2.9)

The solution of the above problem is obtained by using MATLAB which is given as

n1 = 4, n2 = 16, n3 = 11, n4 = 60, with minimum value of the MSE is 5517.9.
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Solution by Lagrange multiplier technique

Lagrange multiplier technique may also be used to determine the optimum value of nh. For

this technique the Lagrange function φ is defined for proposed estimator which is given as

L = φ(nh,λ) =
L

∑
h=1

Y 2
h

1
nh

(
C2

yh +B2
hC2

mh−2BhCymh

)
+λ

(
L

∑
h=1

chnh−C0

)
,

(5.2.10)

where λ is a Lagrange multiplier.

δL
δnh

=
δ

δnh

(
L

∑
h=1

Y 2
h

1
nh

(
C2

yh +B2
hC2

mh−2BhCymh

)
+λ

(
L

∑
h=1

chnh−C0

))
= 0

gives

nh =

√√√√Y 2
h

(
C2

yh +B2
hC2

mh−2BhCymh

)
λch

(5.2.11)

and

δL
δλ

=
δ

δλ

(
Y 2

h
1
nh

(
C2

yh +B2C2
mh−2BhCymh

)
+λ

(
L

∑
h=1

chnh−C0

))
= 0

gives

√
λ =

√
Y 2

h

(
C2

yh +B2
hC2

mh−2BhCymh

)
ch

C0
. (5.2.12)

After putting the value of λ in equation (5.2.11), the value of nh is obtained as

nh =
C0

√
Y 2

h

(
C2

yh+B2
hC2

mh−2BCymh

)
ch

∑
4
h=1

√
Y 2
(

C2
yh +B2

hC2
mh−2BhCymh

)
ch

. (5.2.13)

By using real data values, the rounded off solution of the above problem is given as

n1 = 4, n2 = 16, n3 = 12, n4 = 59, with minimum value of the MSE is 5528.854.
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Similarly, these techniques may be applied to all discussed estimators and the values of nh :

h = 1,2,3 and 4 are obtained to calculate MSE for each estimator to provide a comparative

study for getting efficient estimation. These values are reported in Tables 5.5 and 5.6.

Table 5.5: The MSE and PRE of proposed and competing estimators for real data obtained by
integer programming technique with linear cost function

Population (N = 448, h = 4)
Allocations

Estimators n1 n2 n3 n4 MSE PRE
tpr1(st) 4 16 11 60 5517.9 100
ts(st) 2 12 25 52 23465 425.252
t0(st) 4 6 26 54 73791 1337.30
t1(st) 3 4 18 62 127370 2308.31
t2(st) 3 4 18 62 126830 2298.52
t3(st) 3 4 18 62 126830 2298.52
t4(st) 3 4 18 62 127010 2301.78
t5(st) 2 3 18 63 127100 2303.41
t6(st) 3 4 18 62 127090 2303.23
t7(st) 3 4 18 62 127200 2305.22
t8(st) 3 4 18 62 126810 2298.16
t9(st) 3 4 18 62 127260 2306.31
t10(st) 2 3 18 63 127100 2303.41
t11(st) 3 4 18 62 127220 2305.59
t12(st) 3 4 18 62 126430 2291.27
tcr(st) 2 2 11 69 15609 282.879
tp(st) 3 5 21 59 380750 6900.27
tpe(st) 4 5 23 57 196600 3562.95
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Table 5.6: The MSE and PRE of proposed and competing estimators for real data obtained by
Lagrange multiplier technique with linear cost function

Population (N = 448, h = 4)
Allocations

Estimators n1 n2 n3 n4 MSE PRE
tpr1(st) 4 16 12 59 5528.854 100
ts(st) 3 11 25 52 23423.96 423.667
t0(st) 3 5 26 55 73800.80 1334.83
t1(st) 3 4 18 62 127368.4 2303.70
t2(st) 3 4 18 62 126826.7 2293.90
t3(st) 3 4 18 62 126831.3 2293.98
t4(st) 3 4 18 62 127169.9 2300.11
t5(st) 3 4 18 62 126886.1 2294.98
t6(st) 3 4 18 62 127135.3 2299.48
t7(st) 3 4 18 62 127196.4 2300.59
t8(st) 3 4 18 62 126807.0 2293.55
t9(st) 3 4 18 62 127212.3 2300.88
t10(st) 3 4 18 62 126816.5 2293.72
t11(st) 3 4 18 62 127217.8 2300.97
t12(st) 3 4 18 62 126432.4 2286.77
tcr(st) 1 2 12 68 15656.06 283.170
tp(st) 3 4 22 59 379889.3 6871.03
tpe(st) 3 5 23 57 197436.8 3571.03

Simulated data set

A set of 2000 observations for X and Y is generated by using bivariate normal distribution

with parameters (µxh,σ
2
xh,ρh) and (µyh,σ

2
yh,ρh), respectively to carry out simulation study

for study variable and auxiliary variable and divided into four strata. For illustration pur-

poses discussed two methodologies which are an integer programming problem and other

Lagrange multiplier technique. The summary of simulated data is given in Tables 5.7 and

5.8.
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Integer programming technique

The minimum MSE with fixed linear cost function is obtained for simulated data set by

using the following NLPP

Minimize
3.832202

n1
+

4.01924
n2

+
4.139326

n3
+

4.139544
n4

subject to 2n1 +3n2 +4n3 +5n4 ≤ 400

2≤ n1 ≤ N1

2≤ n2 ≤ N2

2≤ n3 ≤ N3

2≤ n4 ≤ N4

and n1, n2, n3, n4 are integers.

(5.2.14)

The solution of the above problem is obtained as

n1 = 37, n2 = 31, n3 = 27, n4 = 25 with minimum value of the MSE which equals to 0.5520.

Lagrange multiplier technique

For the proposed estimator (tpr1(st)), the MSE is minimized for fixed linear cost function

by using Lagrange multiplier technique as discussed in Section 5.2.5. For the simulated

data set the values of nh; h = 1,2,3,4, by using (5.2.13), and MSE are obtained as

n1 = 37, n2 = 31, n3 = 27, n4 = 24, with minimum value of the MSE which equals to

0.552116.

To make a comparative study, both techniques are applied to all discussed estimators and

values of nh; h = 1,2,3,4 are obtained to calculate the values of MSE of all estimators for

efficient estimation. These values are calculated and given in Tables 5.9 and 5.10.

112



Efficient estimation of population parameter...

Table 5.9: The MSE and PRE of proposed and other estimators for simulated data set obtained by
integer programming techniques with linear cost function

Population (N = 2000, h = 4)
Allocations

Estimators n1 n2 n3 n4 MSE PRE
tpr1(st) 37 31 27 25 0.5520 100
ts(st) 39 33 27 23 1.0223 185.199
t0(st) 37 31 27 25 0.5521 100.018
t1(st) 39 30 28 24 0.5911 107.083
t2(st) 39 30 28 24 0.5910 107.065
t3(st) 36 32 28 24 0.5801 105.091
t4(st) 39 30 28 24 0.5911 107.083
t5(st) 39 30 28 24 0.5876 106.449
t6(st) 39 30 28 24 0.5910 107.065
t7(st) 39 30 28 24 0.5899 106.866
t8(st) 36 32 28 24 0.5796 105.000
t9(st) 39 30 28 24 0.5911 107.083
t10(st) 40 35 25 23 0.5877 106.467
t11(st) 36 32 28 24 0.5829 105.598
t12(st) 37 31 27 25 0.5901 106.902
tp(st) 37 31 27 25 2.1825 395.380
tpe(st) 37 31 27 25 1.2216 221.304
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Table 5.10: The MSE and PRE of different estimators with respect to tpr1(st) for simulated data
by Lagrange multiplier technique with linear cost function.

Population (N = 2000, h = 4)
Allocations

Estimators n1 n2 n3 n4 MSE PRE
tpr1(st) 37 31 27 24 0.552116 100
ts(st) 39 33 26 24 1.019755 184.699
t0(st) 37 31 27 25 0.552125 100.002
t1(st) 38 31 28 24 0.593895 107.567
t2(st) 38 31 28 24 0.589313 106.737
t3(st) 37 31 28 24 0.581235 105.274
t4(st) 38 31 28 24 0.589339 106.742
t5(st) 37 31 28 24 0.588761 106.637
t6(st) 38 31 28 24 0.593851 107.559
t7(st) 38 31 28 24 0.588188 106.533
t8(st) 37 31 28 24 0.580809 105.197
t9(st) 38 31 28 24 0.589415 106.755
t10(st) 40 34 26 23 0.583121 105.616
t11(st) 37 31 28 24 0.584033 105.781
t12(st) 37 31 27 25 0.590104 106.880
tp(st) 37 31 27 25 2.170241 393.077
tpe(st) 37 31 27 25 1.221595 221.257

5.3 Efficient estimation with nonlinear cost function

In this section, a ratio estimator for population median is suggested instead of a population

mean. The MSE of the suggested estimator is minimized for fixed nonlinear cost function

by formulating the problem as NLPP. The solution of the NLPP is also worked out by using

appropriate nonlinear programming technique.

5.3.1 Proposed estimator (tpr2(st))

Motivated by Subramani (2016), a ratio type estimator of population mean using the avail-

able information on population median is constructed. The proposed estimator is given as,

tpr2(st) =
L

∑
h=1

yh

[
1−Khlog

(
mh

Mh

)]
, (5.3.1)
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where Kh is a constant and is obtained by minimizing the MSE (tpr2(st)). To examine the

properties of the proposed estimator. The proposed estimator may be expressed as

tpr2(st) =
L

∑
h=1

yh

[
1−Khlog

(
mh

Mh

)]
=

L

∑
h=1

Y h (1+ e0) [1−Khlog(1+ e1)]

=
L

∑
h=1

Y h (1+ e0)
[
1−Kh

(
e1− e2

1/2+ . . .
)]

=
L

∑
h=1

Y h
[
(1+ e0)−Kh (1+ e0)

(
e1− e2

1/2+ . . .
)]
.

Ignoring the higher order terms more than two, it may be written as

tpr2(st) =
L

∑
h=1

Y h
[
(1+ e0)−Kh

(
e1− e2

1/2+ e0e1
)]
.

Now,

(
tpr2(st)−Y h

)
=

L

∑
h=1

Y h
[
e0−Kh

(
e1− e2

1/2+ e0e1
)]
. (5.3.2)

Taking expectations on both sides of equation (5.3.2), the bias of the proposed estimator

may be obtained as

B
(
tpr2(st)

)
= E

[
tpr2(st)−Y h

]
B
(
tpr2(st)

)
=

L

∑
h=1

Y h

[
Kh

(
1
2

λhC2
mh−

Bias(mh)

Mh
−λhCymh

)]
.

From equation (5.3.2), up to an approximation of order one, as given as

(
tpr2(st)−Y h

)2
=

L

∑
h=1

Y 2
h [e0−Khe1]

2. (5.3.3)

Taking expectations on both sides of the equation (5.3.3), the MSE of the proposed estima-

tor may be obtained as
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E
(
tpr2(st)−Y h

)2
=

L

∑
h=1

Y 2
h
[
E
(
e2

0
)
+K2

h E
(
e2

1
)
−2KhE (e0e1)

]
=

L

∑
h=1

Y 2
h

[
λhC2

yh +K2
h λhC2

mh−2λhKhCymh

]
=

L

∑
h=1

Y 2
hλh

[
C2

yh +K2
hC2

mh−2KhCymh

]

MSE
(
tpr2(st)

)
=

L

∑
h=1

Y 2
h

(
1
nh
− 1

Nh

)[
C2

yh +K2
hC2

mh−2KhCymh

]
(5.3.4)

Ignoring fpc in equation (5.3.4), we have

MSE
(
tpr2(st)

)
=

L

∑
h=1

Y 2
h

1
nh

[
C2

yh +K2
hC2

mh−2KhCymh

]
. (5.3.5)

To estimate the Kh which minimizes the MSE
(
tpr2(st)

)
is obtained by minimizing the

MSE
(
tpr2(st)

)
using the principle of maxima and minima. Hence,

MSE(tpr2(st))
∂Kh

= 0 gives

Kh =
L

∑
h=1

Cymh

C2
mh

.

Now, the minimum MSE will be

MSE
(
tpr2(st)

)
=

L

∑
h=1

Y 2
h

1
nh

[
C2

yh−
C2

ymh

C2
mh

]
. (5.3.6)

5.3.2 Some special cases of proposed estimator

Case -I: When Kh = 1 in equation (5.3.1). The proposed estimator becomes

tpr2(st) =
L

∑
h=1

yh

[
1− log

(
mh

Mh

)]
,

which is obtained by equation (5.3.1). The bias and MSE will be given as

B
(
tpr2(st)

)
=

L

∑
h=1

Y h

[(
1
2

λhC2
mh−

Bias(mh)

Mh
−λhCymh

)]
(5.3.7)
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and

MSE
(
tpr2(st)

)
=

L

∑
h=1

Y 2
h

1
nh

[
C2

yh +Cymh−2C2
ymh

]
. (5.3.8)

Case -II: When Kh = bymh in equation (5.3.1), the proposed estimator is reduced to equation

(5.2.1) and given as

tpr2(st) =
L

∑
h=1

yh

[
1−bymhlog

(
mh

Mh

)]
,

where bymh = ∑
L
h=1

symh

s2
mh

and the bias is given as

B
(
tpr2(st)

)
= Y hBh

(
λhµ21h

σymhMh
+

1
2

λhC2
mh−

λhµ12h

σ2
mhMh

−λhCymh−
Bias(mh)

Mh

)
.

(5.3.9)

The equation (5.3.9) may be rewritten as

B
(
tpr2(st)

)
= Y hBh

(
Ah +

1
2

λhC2
mh− Ih−λhCymh−M∗h

)
, (5.3.10)

where

E (e1e2) = λh
µ21h

σymhMh
= Ah, E (e1e3) = λh

µ12h

σ2
mhMh

= Ih,
Mh−Mh

Mh
= M∗h.

Therefore, the MSE will be given as

MSE
(
tpr2(st)

)
=

L

∑
h=1

Y 2
h

1
nh

[
C2

yh +B2
hC2

mh−2BhCymh

]
. (5.3.11)

5.3.3 Formulation of problem by using nonlinear cost function

If the strata’s travel costs to approach the sampling units are significant, then the cost func-

tion remains no linear. Beardwood et al. (1959) constructed that the length between n scat-

tered points is proportional to
√

n and the travel cost may be proportional to the distance
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traveled. Hence the cost function may be given as

C0 =
L

∑
h=1

chnh +
L

∑
h=1

th
√

nh,

where th
√

nh is the travel cost within hth stratum; h = 1,2, . . . ,L.

In this situation, the minimum MSE for the fixed nonlinear cost function may be obtained

by solving the following NLPP which may be formulated as

Minimize MSE
(
tpr2(st)

)
subject to

L

∑
h=1

chnh +
L

∑
h=1

th
√

nh ≤C0

2≤ nh ≤ Nh

and nh are integers; h = 1,2, . . . ,L.

(5.3.12)

5.3.4 Estimators under review

Many estimators of population mean have been given by different authors in the literature

for improved estimation. Some estimators have been developed using ratio and product ex-

ponential type estimators under large sample approximations. Section 5.2.3 has shown the

different estimators of population mean using auxiliary variable. These estimators are given

by under simple random sampling which are converted into stratified random sampling in

Section 5.2.3.

5.3.5 Efficiency comparison

Here the comparison of the suggested estimator with some other existing estimators men-

tioned in Section 5.2.3, is discussed. The suggested estimator perform well if it satisfies

the condition MSE (t∗)−MSE
(
tpr2(st)

)
> 0, this condition is applied to all other estimators

and the differences are calculated and tabulated in Table 5.11. MSE (t∗) denotes the MSE

of the compared estimators.
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Table 5.11: Estimators efficiency comparison table for nonlinear cost function

Estimators Condition Constant

t0(st) ∑
L
h=1

(
C2

ymh

C2
mh

)
> 0

tcr(st) ∑
L
h=1

(
C2

xh−2ρhCyhCxh +
C2

ymh

C2
mh

)
> 0

ts(st) ∑
L
h=1

(
R2

hC2
mh−2RhCymh +

C2
ymh

C2
mh

)
> 0 Rh =

Y h
Mh

t1(st) ∑
L
h=1

(
R2

1hX2
hC2

xh−Y 2
h

(
C2

yhρ2
h−

C2
ymh

C2
mh

))
> 0 R1h =

Y h
Xh

t2(st) ∑
L
h=1

(
R2

2hX2
hC2

xh−Y 2
h

(
C2

yhρ2
h−

C2
ymh

C2
mh

))
> 0 R2h =

Y h
Xh+Cxh

t3(st) ∑
L
h=1

(
R2

3hX2
hC2

xh−Y 2
h

(
C2

yhρ2
h−

C2
ymh

C2
mh

))
> 0 R3h =

Y h
Xh+β2h

t4(st) ∑
L
h=1

(
R2

4hX2
hC2

xh−Y 2
h

(
C2

yhρ2
h−

C2
ymh

C2
mh

))
> 0 R4h =

Y hβ2h
Xhβ2h+Cxh

t5(st) ∑
L
h=1

(
R2

5hX2
hC2

xh−Y 2
h

(
C2

yhρ2
h−

C2
ymh

C2
mh

))
> 0 R5h =

Y hCxh
XhCxh+β2h

t6(st) ∑
L
h=1

(
R2

6hX2
hC2

xh−Y 2
h

(
C2

yhρ2
h−

C2
ymh

C2
mh

))
> 0 R6h =

Y hCxh
XhCxh+ρh

t7(st) ∑
L
h=1

(
R2

7hX2
hC2

xh−Y 2
h

(
C2

yhρ2
h−

C2
ymh

C2
mh

))
> 0 R7h =

Y hρh
Xhρh+Cxh

t8(st) ∑
L
h=1

(
R2

8hX2
hC2

xh−Y 2
h

(
C2

yhρ2
h−

C2
ymh

C2
mh

))
> 0 R8h =

Y hβ2h
Xhβ2h+ρh

t9(st) ∑
L
h=1

(
R2

9hX2
hC2

xh−Y 2
h

(
C2

yhρ2
h−

C2
ymh

C2
mh

))
> 0 R9h =

Y hρh
Xhρh+β2h

t10(st) ∑
L
h=1

(
R2

10hX2
hC2

xh−Y 2
h

(
C2

yhρ2
h−

C2
ymh

C2
mh

))
> 0 R10h =

Y h
Xh+β1h

t11(st) ∑
L
h=1

(
R2

11hX2
hC2

xh−Y 2
h

(
C2

yhρ2
h−

C2
ymh

C2
mh

))
> 0 R11h =

Y hβ1h
Xhβ1h+β2h

t12(st) ∑
L
h=1

(
R2

12hX2
hC2

xh−Y 2
h

(
C2

yhρ2
h−

C2
ymh

C2
mh

))
> 0 R12h =

Y h
Xh+Gh

tpe(st) ∑
L
h=1

(
C2

xh

(
1+4K∗h

)
+4

C2
ymh

C2
mh

)
> 0 K∗h = ρh

Cxh
Cyh

tp(st) ∑
L
h=1

(
C2

xh

(
1+2K∗∗h

)
+

C2
ymh

C2
mh

)
> 0 K∗∗h = ρh

Cxh
Cyh

tpr1(st) ∑
L
h=1

(
B2

hC2
mh−2BhCymh +

C2
ymh

C2
mh

)
> 0 Bh =

Symh

S2
mh
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5.3.6 Numerical illustration based on real and simulated data

The following numerical example solved by the integer programming approach for NLPP.

For numerical study, we use the data set given in Section 5.2.5. Numerical illustration has

been carried out using integer programming using MATLAB. The total amount available

for conducting the survey is assumed to be C = 600 units with an expected overhead cost

c0 = 50 units. This gives C0 =C− c0 = 550 units.

Integer programming technique with real data set

We obtained the minimum MSE with fixed nonlinear cost function using real data. Then

the NLPP may be expressed as

Minimize
516.3346704

n1
+

11099.23291
n2

+
7523.589804

n3
+

236331.1066
n4

subject to 2n1 +3n2 +4n3 +5n4 +
√

n1 +1.5
√

n2 +2
√

n3 +2.5
√

n4 ≤ 550

2≤ n1 ≤ N1

2≤ n2 ≤ N2

2≤ n3 ≤ N3

2≤ n4 ≤ N4

and n1, n2, n3, n4 are integers.
(5.3.13)

The solution of NLPP (5.3.13) may be obtained as

n1 = 5, n2 = 22, n3 = 15, n4 = 75, with minimum value of the MSE is 4260.4.
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Table 5.12: The MSE and PRE of proposed and other estimators for real data set with nonlinear
cost function

Population (N = 2000,h = 4)
Allocations

Estimators n1 n2 n3 n4 MSE PRE
tpr2(st) 5 22 15 75 4260.4 100
ts(st) 3 14 33 66 18342 430.5230
t0(st) 4 7 33 70 57658 1353.347
t1(st) 3 4 25 79 99295 2330.650
t2(st) 3 4 25 79 99041 2324.688
t3(st) 2 4 23 81 99399 2333.091
t4(st) 3 4 25 79 99311 2331.025
t5(st) 3 4 25 79 99027 2324.359
t6(st) 3 4 25 79 99317 2331.166
t7(st) 3 4 25 79 99025 2324.312
t8(st) 3 4 25 79 99377 2332.574
t9(st) 3 4 25 79 99010 2332.960
t10(st) 3 4 25 79 99339 2331.682
t11(st) 3 4 25 79 98724 2317.247
t12(st) 3 4 25 79 60391 1417.496
tcr(st) 2 2 15 89 12077 283.4710
tp(st) 4 6 29 74 297530 6983.617
tpe(st) 4 6 29 74 153480 8936.954
tpr1(st) 5 22 15 75 4318.2 101.3570

Integer programming technique with simulated data set

We obtained the minimum MSE with fixed nonlinear cost function. Then the NLPP may

be reexpressed as

Minimize
3.760141

n1
+

3.990191
n2

+
4.128908

n3
+

4.131600
n4

subject to 2n1 +3n2 +4n3 +5n4 +
√

n1 +1.5
√

n2 +2
√

n3 +2.5
√

n4 ≤ 550

2≤ n1 ≤ N1

2≤ n2 ≤ N2

2≤ n3 ≤ N3

2≤ n4 ≤ N4

and n1, n2, n3, n4 are integers.
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(5.3.14)

The solution of the NLPP (5.3.14) may be obtained as

n1 = 46, n2 = 40, n3 = 35, n4 = 31 with minimum value of the MSE which equal to 0.4315.

Table 5.13: The MSE and PRE of proposed and other estimators for simulated data set by using
nonlinear cost function

Population (N = 2000, h = 4)
Allocations

Estimators n1 n2 n3 n4 MSE PRE
tpr2(st) 46 40 35 31 0.4315 100
ts(st) 50 42 33 30 0.8047 186.489
t0(st) 51 40 34 30 0.4354 100.904
t1(st) 51 40 34 30 0.4659 107.972
t2(st) 51 40 34 30 0.4658 107.949
t3(st) 48 41 36 29 0.4573 105.979
t4(st) 51 40 34 30 0.4659 107.972
t7(st) 51 40 34 30 0.4658 107.949
t8(st) 48 41 36 29 0.4650 107.764
t9(st) 48 41 36 29 0.4570 105.910
t10(st) 51 40 34 30 0.4659 107.972
t11(st) 51 43 33 29 0.4626 107.207
t12(st) 48 41 36 29 0.4594 106.466
tp(st) 51 40 34 30 1.7212 398.888
tpe(st) 51 40 34 30 0.9634 223.268
tpr1(st) 51 40 34 30 0.4354 100.904

5.3.7 Result

In this chapter the proposed estimators minimize the MSE of the estimators of population

parameters. In stratified random sampling, the ratio estimators have been developed using

the information of population median for the population mean of the study variable. The

proposed estimators are compared with other existing estimators of population parameters

with a linear and nonlinear cost function. The theoretical conditions are verified through

the numerical examples from real population and the data simulated from bivariate nor-

mal distribution. From Tables 5.5, 5.6, 5.9 and 5.10, it can be concluded that proposed
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estimator tpr1(st) is better than the others competing estimators of Subramani estimator

(2016), Unbiased estimator t0(st) and other estimators. From Figures 5.1, 5.2, 5.3 and 5.4,

the PRE indicates that the proposed estimator tpr1(st) outperforms the other comparative

estimators.

Thus, it may be observed that proposed estimator tpr2(st)’s MSE lesser than that of compet-

ing existing estimators as given in Tables 5.12 and 5.13. From Figures 5.5 and 5.6, the PRE

indicates that the proposed estimator tpr2(st) outperforms the other comparative estimators.

Also the proposed estimator tpr2(st) is more efficient than other estimators when they are

compared with non linear cost function.

5.4 Conclusion

The theoretical conditions are verified through the numerical examples from the real pop-

ulation and the data simulated from a bivariate normal distribution for proposed estimators

tpr1(st) and tpr2(st). Thus, it may be recommended that the proposed estimators may be used

for efficient estimation when auxiliary variable is given for both linear and nonlinear cost

functions. Hence the aim of achichievity maximum efficiency has fulfilled.
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Figure 5.1: PRE of tpr1(st) and other comparative estimators using a real data set for integer
programming problem

Figure 5.2: PRE of tpr1(st) and other comparative estimators using a real data set for Lagrange
multiplier method
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Figure 5.3: PRE of tpr1(st) and other comparative estimators using a simulated data set for integer
programming problem

Figure 5.4: PRE of tpr1(st) and other comparative estimators using a simulated data set for
Lagrange multiplier method
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Figure 5.5: PRE of tpr2(st) and other comparative estimators using a real data set for integer
programming problem

Figure 5.6: PRE of tpr2(st) and other comparative estimators using a simulated data set for integer
programming problem
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CHAPTER 6

On availability and cost function for maintenance
time of continuous operating series-parallel
systems using particle swarm optimization

6.1 Introduction

System reliability and availability play an essential role in many functional process, as

like industrial systems, power plants, cloud technology structures, telecommunication net-

works, manufacturing systems, etc. The availability of the system is considered as an

important factor for optimization design and preferably for high reliable components. A

higher reliability structural design of the system or system components are required to im-

prove the reliability of complicated systems at a higher level. This aim of the problem

is to increase the system’s availability under some constraints, such as time, weight, cost,

etc. Therefore, several studies have been carried out in this area. Cox (1962) has pro-

vided the conditions for a finite optimum solution and Barlow et al. (1965) found the best

solution to minimize the expected costs. Wang (1992) focused on the series-parallel sys-

tem and Painton and Campbell (1995) dealt with personal computer design in reliability
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optimization. Klutke et al. (1996) derived the availability by an exogenous random envi-

ronment for an inspected system. Also, they defined a relationship between remaining life,

deterioration and repair by the markovian method. One of the most influential factors in

availability evaluation is the failure rates of components. In the literature of availability,

there are two types of the failure rates of components are considered. One is the constant

failure rate and other is the time-dependent failure rate, which are based on lifetime dis-

tributions; eg. exponential distribution, Weibull distribution, etc. When the failure rates

of components are constant, it is straightforward to obtain the reliability function through

statistical and mathematical relations. According to the periodic inspection policy, Kiessler

et al. (2002) proposed the nonself announcing failures in which a Markov chain governs

the rate of deterioration for lifetime distribution. Cui and Xie (2005) carried two models,

one is considered when the system is taken to be as good as new after the end of the eval-

uation or repair, while the other is considered when no maintenance or corrective action

is required at the time of the inspection if the system is still running. Also, the state of

the system is assumed to be the same as before the inspection. Under the presumption of

random repair or replacement time, both models are presented. Several authors have been

worked on repairable series-parallel system such as Bris et al. (2003), EI-Damcese and

Temraz (2010), Ali et al. (2011) and Hu et al. (2012), etc. After that, Kumar et al. (2013)

and Kumar and Garg (2016) have been used the semi Markov approach to analyze the

steady-state availability of repairable mechanical systems with opportunistic maintenance.

Erkoyuncu et al. (2017) examined a process to estimate the performance which was based

on the support contract costs and attributed to corrective maintenance. Ivezic et al. (2019)

defined availability by the time coefficient, which includes the time state with a fuzzy ex-

pert model. After that Salah and Temraz (2019) used Markov models for availability and

reliability function when the failure, imperfect repair and replacement rates are available

in general case. Also, they presented a retrial system with mixed standby and unreliable
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repair facility for availability. In this strategy, Salah and Temraz (2019) obtained mean time

to failure of the system by using the Laplace transform technique. Moreover, Mellal et al.

(2020) has pointed out the cuckoo optimization technique for repairable systems to finding

out minimize the cost. They considered the constraint of the availability requirement and

involved three aspects as component failure rates, repair rates and redundancy allocation.

Further, Gao and Wang (2021) worked on the steady-state availability of the system for

general time distributions. Zheng et al. (2021) proposed the availability measures for smart

electric power grid systems and analyzed parametric sensitivities by using binary decision

diagrams for fault trees.

Many authors have been published the work on optimization problems with different tech-

niques. Sung and Cho (2000), Ben-Daya et al. (2000) and Osaki (2002) discussed various

reliability and maintenance models and shown their optimal approaches. Nourelfath et al.

(2012) proposed a combined method based on Markov processes, genetic algorithm and

universal moment generating function to calculate the availability of the multistate system.

Garg et al. (2014) provided a methodology to solve the multiobjective reliability optimiza-

tion model. In their study, the model parameters are considered imprecise in triangular

interval data. They converted the uncertain multiobjective optimization model to a deter-

ministic form and used PSO and genetic algorithm to solve these problems. Adhikary et al.

(2015) used a multiobjective genetic algorithm to solve a series-parallel system with a pre-

ventive maintenance (PM) scheduling model that does not provide PM with an off-working

time. This chapter proposed availability and cost model for series-parallel systems with

components periodically inspected and managed, subject to some maintenance strategy.

Our aim is to optimize the maintenance policy for each part of a program and maximiz-

ing the availability limit’s cost function. The solution procedures are explained by PSO

technique. A comparative study is also included by considering some other optimization

techniques.
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Many techniques are available to solve optimization problems, but PSO technique gives

the appropriate, convergent and feasible solutions, as compared to other techniques for this

problem. It is computationally inexpensive in terms of time, memory and speed. Due to

it’s flexibility, we are using PSO technique instead of other techniques. PSO is consid-

ered as a potential competitor to other promising techniques as genetic algorithm and goal

programming techniques etc. This chapter proposed availability and cost model for series-

parallel systems with components periodically inspected and managed, subject to some

maintenance strategy. The objective is to optimize the maintenance policy for each part of

a system and optimizing the availability limit’s cost function. The solution procedures are

utilizing by PSO technique. A comparative study has been included by considering some

other optimization techniques.

6.2 Problem formulation

6.2.1 Cost function

The cost model is motivated by Nakagawa (2005). This model aims to reduce the average

cost per-unit time and the cost of repaired or replaced units and failed units. Suppose each

unit has an identical failure distribution of F(t) with a finite mean and the cost of c2(< c1)

is accumulated for each unit that is transmitted without failure. In addition, let N1(T )

represent the number of failures occurring during (0, t] and N2(T ) represents the number of

non failed units occurring within (0, t]. So, the estimated cost within (0, t] is given by

c1E(N1(T ))+ c2E(N2(T )) = c1M(T )+ c2.

The period of one cycle is considered from one replacement to the next replacement. The

time and cost pairs are distributed independently and identically for each cycle and both
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have finite mean. So, for an infinite time, the estimated cost per-unit of time is

C(T ) = lim
T→∞

C(T )
T

=
Expected cost of cycle

Mean time of cycle
.

The expected cost rate is

C(T ) =
1
T
[c1M(T )+ c2] . (6.2.1)

Barlow et al. (1965) have established the policy of periodic replacement when period

kT (k = 1,2, . . .) is still replaced by a cycle but a failure does not replace and thus for

failure period the expected cost rate is

c3

T

∫ T−T0

0
G(t)dt, (6.2.2)

where c3 is downtime cost from a failure to its recognition.

By equations (6.2.1) and (6.2.2) the expected cost rate is

C(T0,T ) =
1
T

[
c1M(T )+ c2 + c3

∫ T−T0

0
G(t)dt

]
. (6.2.3)

The equation (6.2.3) is used for age replacement. In this case, the system is regularly

replaced at kT and repaired/replaced at the failed unit up to t.

Where, T is the total system time; c1 be the cost of replacement for a failed unit; c2 be the

cost of the planned replacement.

During the time cycle E(N1(T )) = M(T ) = ∑
∞
n=1 F(n)(T ) represents the mean number of

failures over the (0, t] (renewal function) and F(n)(T ) convolution of the n-fold lifetime

distribution.

F(n)(T ) =
∫ t

0
F(n−1)(t−u)dF(u), n = 1,2, . . . .
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6.2.2 Cost function for series-parallel system

The number of units in series-parallel system is specific. The independent and identically

exponential distribution is used for practical utility. The cost value with a fixed time period

is given as

C(T0,T ) =
1
T

[
c1M(T )+ c2 + c3

∫ T−T0

0
G(t)dt

]
.

Let F(t) = 1− exp(−λt), then

M(T ) =
∞

∑
n=1

F(n)(T ) =
∞

∑
n=1

[
1−

n−1

∑
i=0

(λt)i

i

]
exp(−λt).

When the unit is replaced only at failure at T → ∞, then M(T ) = T λ.

And value of

∫ T−T0

0
G(t)dt =

∫ T−T0

0
exp(−µt)dt,

or

∫ T−T0

0
G(t)dt =

1− exp(T0µ−T µ)
µ

.

Then,

C(T0,T ) =
1
T

[
T c1λi + c2 + c3

1− exp(T0µi−T µi)

µi

]
.

The system consists of n subsystems, connected in series and each subsystem i has mi

components, connected in parallel for i = 1,2, . . . ,n. Then the cost of the series-parallel

system is given as

Cs(T0,T ) =
n

∑
i=1

[(
1
T

[
T c1(i)λ(i)+ c2(i)+ c3(i)

1− exp
(
T0µ(i)−T µ(i)

)
µ(i)

])]
m(i).

(6.2.4)

133



On availability and cost function for maintenance...

6.2.3 Availability function

The n subsystems are considered that are connected in series, for i = 1,2, . . . ,n and each i

subsystem has mi parallel connected components. The parallel subsystem works by using

the standard series-parallel configuration when at least one of its components are operated

and the whole system operates if and only if all subsystems operate.

The components are independent in each subsystem i (i = 1,2, . . . ,n) and distributed iden-

tically and independently for failure and repair rate. The X failure rate is considered to be

independent and has an equal F(t) distribution with finite mean and the Y repair rate is also

independent and has an equal finite mean distribution of G(t). Let A(T ) be the availability

of the subsystem at time T . Then,

A(T ) =
E(Xk)

E(Xk)+E(Yk)
.

Many authors are worked on optimum PM such as Barlow et al. (1965), Nakagawa (2005)

and others. This model is similar to Nakagawa (2005), which describes the assumptions

of system repair and failure problem. If a device fails, it undergoes under maintenance

immediately and is restored to the operational state after repaired. Repair time is divided

into two parts; one is before time T having Y1 distribution. The repair time is independent

and has a finite mean G1(t). If a unit’s operating time is already known and its failure

rate rises over time, it might be prudent to maintain it at the time T preventively until its

operating time failure. Other repair time is after time T having distribution of Y2. Time

distribution of Y2 to PM completion time distribution is G2(t) with a finite mean, which

could be lower than the repair time of Y1. A new unit begins to work at t = 0. We describe

one process from the beginning of service until PM or repair is complete. Then the loss of

one cycle is meanwhile.

E
(
Y1I(X<T )+Y2I(X≥T )

)
=

F(T )
µ1

+
F(T )

µ2
,
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where Xk and Yk (k = 1,2, . . .) as referring to uptime and downtime and A(T ) is the likeli-

hood that the device will work at the time of T , respectively. Hence the availability of the

state is

A(T ) =
∫ T

0 F(T )dt∫ T
0 F(T )dt + F(T )

µ1
+ F(T )

µ2

.

Now, this model is defined as a series-parallel system. Let Ai j be the availability of the

component j ( j = 1,2, . . . ,mi) in subsystem i (i = 1,2, . . . ,n) and let Ai be the availability

of the subsystem i. That is Ai j and Ai can be expressed for series-parallel system, such

as

Ai = 1−
mi

∏
j=1

(
1−Ai j

)
.

The system consists of n subsystems connected in series and each i subsystem has com-

ponents of mi, connected in parallel to i = 1,2, . . . ,n. Subsystems are related in sequence,

then the system availability is

As(T ) =
n

∏
i=1

1−
(
1−Ai j

)mi.

Suppose failure and repair time follows an exponential distribution with different parame-

ters. Then the availability of the series-parallel system is given as

As(T ) =
n

∏
i=1

1−

1−
1−exp(−λiT )

T
1−exp(−λiT )

T + 1−exp(−µ1iT )
µ1i

+ 1−exp(−µ2iT )
µ2i

mi
 ,

or

As(T ) =
n

∏
i=1

1−

 1−exp(−µ1iT )
µ1i

+ 1−exp(−µ2iT )
µ2i

1−exp(−λiT )
T + 1−exp(−µ1iT )

µ1i
+ 1−exp(−µ2iT )

µ2i

mi
 .

It has been assumed that the time negligible for replaced at periodic times and at any time,

there is an unlimited supply of units available for replacement.
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6.2.4 Optimization model

To solve such problems, the optimization model of a system may be formulated. So, as

to maximize availability and minimize cost function during given time period. It may be

formulated as follows:

Maximize As(T )

minimize Cs(T0,T )

subject to As(T )≥WRV (A0)

Cs(T0,T )≤Cmax

Ts ≤ Tmax

and Tmax ≥ 0, A0 ≥ 0, Cmax ≥ 0, Cs(T0,T )≥ 0,

(6.2.5)

where As(T ) is the system availability at time T ; Cs(T0,T ) is the cost value at time T ; WRV

is the worst reliability value of the system; Cmax is the maximum allowable system cost; Ts

is the system time, and Tmax is the total maximum time.

6.3 Solution methods

This section has considered the problem that can be solved using the PSO technique as well

as some other existing optimization methods, which are mentioned below.

6.3.1 Particle swarm optimization

Recall that, as we explained in the introduction, the PSO technique is an optimization

technique. The PSO is introduced by Kennedy and Eberhart (1995) a population oriented

stochastic optimization technique. The flow chart of PSO technique is shown in Figure

6.1.
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Figure 6.1: PSO flow chart

Start

Input Data

Evaluate the fitness function

Calculate the fitness of the particle, aim for the optimum, calculate its fitness under the current iterative number.

Find the best solution

No

Yes

Modify particle velocity and position

Modify the weight coefficient

Output the optimal solution

Stop

6.3.2 Genetic algorithm

In introduction section it is discussed that genetic algorithm is the most widely used op-

timization technique and first implemented at Michigan University by Holland (1975). In

this algorithm, the better population is combined according to the principle of survival of

the best and this solution will be repeated more often in the next generation depending on

the suitability of each solution. This process will reach an optimal solution.
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Algorithm steps

Step 1: Create a random population, including n chromosome or initial solution.

Step 2: Establish in the population the fitness role of each chromosome.

Step 3: Building a new population-based on the selection of parent chromosomes by selec-

tive methods such as roulette wheel, match, random, competitive, etc.

Mentioning an absolute value for the likelihood of a crossover operator and then conducting

a combination procedure on parents to create offspring and assuming a specific value for

the mutation operator’s. Using this procedure into establish a new chromosome shift one

or more genes from parent’s chromosome.

Step 4: Replacing new offspring in the new population.

6.3.3 Goal programming problem

Goal programming is an efficient and feasible methodology which can be applicable to a

variety of targets in decision making problems. Charnes et al. (1968) developed goal pro-

gramming and appeared to be a commanding methodology to overcome decision-making

problems with multi-criteria. The goal is to minimize the variation between the successes

of objectives. For all the p functions, the problem can be reported separately as

Minimize Z1, Z2, . . . ,Zp

subject to As(T )≥WRV (A0)

Cs(T0,T )≤Cmax

Ts ≤ Tmax

and Tmax ≥ 0, A0 ≥ 0, Cmax ≥ 0, Cs(T0,T )≥ 0,

(6.3.1)

where

Z1 =Cs(T0,T ) =
1
T

[
c1M(T )+ c2 + c3

∫ T−T0

0
G(t)dt

]
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and

Z2 = As(T ) =
n

∏
i=1

1−

 1−exp(−µ1iT )
µ1i

+ 1−exp(−µ2iT )
µ2i

1−exp(−λiT )
T + 1−exp(−µ1iT )

µ1i
+ 1−exp(−µ2iT )

µ2i

mi
 .

By using on NLPP, find out the optimal value of Z∗j of Z j is given as

Minimize Z j, j = 1,2, . . . , p

subject to As(T )≥WRV (A0)

Cs(T0,T )≤Cmax

Ts ≤ Tmax

and Tmax ≥ 0, A0 ≥ 0, Cmax ≥ 0, Cs(T0,T )≥ 0.

(6.3.2)

Obviously, Z j ≥ Z∗j and Z j−Z∗j ≥ 0; j = 1,2, . . . , p would raise the cost because the in-

dividual optimal value are not used for the jth characteristics. According to the use of

compromise allocation, find the importance of the availability and cost function for each

characteristic, instead of the individual optimum allocation. Value of mi does not exceed

x j, where x j are the unknown goal variables (x j, j = 1,2, . . . , p).

To obtain these goals, mi must satisfy,

Z j−Z∗j ≤ x j; j = 1,2, . . . , p.

The value ∑
p
j=1 x j will give us the total increases in objective values by not using the indi-

vidual allocations. To solve the following goal programming problem

Minimize
p

∑
j=1

x j

subject to As(T )− x1 ≥ Z∗1

Cs(T0,T )− x2 ≤ Z∗2

Ts ≤ Tmax

and Tmax ≥ 0, A0 ≥ 0, Cmax ≥ 0, Cs(T0,T )≥ 0.
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6.4 Numerical study

For discussing the above techniques numerically, the data are simulated by using expo-

nential distribution using R software and information regarding the parameters has been

summaries in Table 6.2 with cost and time values. There is need to define optimal values of

several components and cost value in a series-parallel system. The problem is considered

as a multiobjective optimization model. It has two objective functions: first is to maxi-

mize the availability and second is to minimize the cost function. To solve such complex

problem, it can be divided into two groups:

(i) Weighted sum approach by assigning weights to each feature to turn the multiobjec-

tive issue into a single objective problem.

(ii) Optimize goal function with some constraints. The objective functions are trans-

formed as follows to a single objective function.

Minimize f (As,Cs) = 0.5
n

∑
i=1

[(
1
T

[
T c1(i)λ(i)+ c2(i)+ c3(i)

1− exp
(
T0µ(i)−T µ(i)

)
µ(i)

])]
m(i)

−0.5
n

∏
i=1

1−

 1−exp(−µ1iT )
µ1i

+ 1−exp(−µ2iT )
µ2i

1−exp(−λiT )
T + 1−exp(−µ1iT )

µ1i
+ 1−exp(−µ2iT )

µ2i

mi


subject to

n

∏
i=1

1−

 1−exp(−µ1iT )
µ1i

+ 1−exp(−µ2iT )
µ2i

1−exp(−λiT )
T + 1−exp(−µ1iT )

µ1i
+ 1−exp(−µ2iT )

µ2i

mi
≥WRV (A0)

n

∑
i=1

[(
1
T

[
T c1(i)λ(i)+ c2(i)+ c3(i)

1− exp
(
T0µ(i)−T µ(i)

)
µ(i)

])]
m(i) ≤Cmax

Ts ≤ Tmax

and Tmax ≥ 0, A0 ≥ 0, Cmax ≥ 0.
(6.4.1)

On using values of Table 6.2, we have solved the model (6.4.1) numerically and used

PSO technique to find out optimum solution. Also, we have solved the model (6.2.5),

using different optimization techniques, defined in Section 6.3 and obtained the optimum
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solution which summaries in Table 6.3. On the basis of these results, three different existing

optimization techniques are considered to solve the numerical illustration. On comparing

the results, it can be observed that the PSO technique has outperformed compare to other

techniques in terms of availability and cost value. Table 6.3 shows that all other techniques

are not advisable than the PSO algorithm, even goal programming problem has an equal

availability value but violates the cost constraint. Whereas genetic algorithm provides less

cost value than others and gives less availability. From Figure 6.2, it is easy to see that as

time increases, availability value decreases.

Table 6.2: Data simulation by R software from exponential distribution for different parameters

i λi µi µ1i µ2i c1i c2i c3i T (Hours)
1 1.78881239 5.4037288890 0.3756002 1.849384 2 1 3 1350
2 0.01090341 0.6290124455 0.2803815 1.442109 3 2 4 1350
3 0.09763477 6.4458548851 1.1246886 0.182228 4 3 5 1350
4 1.93698614 1.9918158221 2.7208015 0.546778 5 4 6 1350
5 0.27380822 0.2120789000 2.6440963 1.093491 6 5 7 1350

Table 6.3: Results for the series parallel system for availability A0 = 0.85 and Cs = 150

Methods (m1, m2, m3, m4, m5) As Cs

Particle swarm optimization (1, 5, 1, 1, 4) 0.9923 146.2646
Genetic algorithm (2, 1, 1, 4, 2) 0.9827 136.6990
Goal programming problem (1, 3, 3, 2, 3) 0.9923 153.8694

Figure 6.2: Availability v/s Time by PSO technique
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6.5 Statistical analysis

The t- test on genetic algorithm and goal programming with PSO technique are applied.

Assume the null hypothesis is that there is no difference in their population means and

populations have equal variances at the significance level of α = 0.05. It is carried out

by the pooled t -test for null hypothesis as given in Tables 6.4 and 6.5. It may be easily

seen that the testing for equality of variance and values of t-statistic are greater than t-

critical values. Also, p-value is less than the significance level α = 0.05. Thus, it may

be concluded that two types of means differ significantly. Since variance function value is

minimum for proposed PSO technique, so it may be considered as best in comparison to

other techniques and hence, this difference is statistically significant.

Table 6.4: t-test: two sample assuming equal variances for cost function

Genetic Goal PSO
algorithm programming technique

Mean 190.8586 152.3006 149.8492
Variance 755.3194 26.93697 3.43604
Observations 25 25 25
Pooled variance 379.0042 14.81299
Hypothesized mean difference 0 0
Degree of freedom 48 48
t statistic 7.339641 1.70581
P(T<=t) one-tail 1.11×10−9 0.047254
t critical one-tail 1.677224 1.677224

Table 6.5: t-test: two sample assuming equal variances for availability function

Genetic Goal PSO
algorithm programming technique

Mean 0.99630 0.988516 0.989245
Variance 5.86×10−6 5.53×10−6 2.59×10−6

Observations 25 25 25
Pooled variance 4.23×10−6 4.06×10−6

Hypothesized mean difference 0 0
Degree of freedom 48 48
t statistic 12.19585 1.87285
P(T<=t) one-tail 1.3×10−16 0.033593
t critical one-tail 1.677224 1.677224
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6.6 Conclusion

This chapter has proposed the multiobjective system availability optimization problem for

the continuous operating series-parallel system. For effective planning of scheduling, both

the availability and cost functions are to be considered simultaneously. The case study

shows that the model increases availability while decreases maintenance costs. Also, the

present model gives the best results when the problem is taken as multiobjective formu-

lation. Hence, on the basis of comparisons, made in Section 6.4, the study justifies that

the proposed model may improve availability and reduce maintenance costs by using the

PSO technique, which is not granted with other techniques at the points of availability and

costs. Comparatively, the PSO technique demonstrates the effective and efficient result for

global solutions with other optimization approaches. From statistical analysis, point a view

it may be easily seen that the variance of design availability and cost by PSO are minimum

as compared to others techniques. Thus, the PSO technique may be used by using pooled t

-test statistic.
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