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CHAPTER 1

Introduction

1.1 Introduction to sampling

In this material world, the information are available in its large volume and frequently ob-
tained according to surveyor’s specifications. A sampling method is a procedure of choos-
ing a part of the population in a manner that the selected sample represents the population
characteristics, including the variability between population units. The sample is expressed
as closely as the size of the sample allows, so that accurate estimates of population charac-
ters can be obtained from the sample. For qualitative or quantitative data collection, data on
a finite set or subset of units are used in sampling or sample survey. A sample survey is an
essential data collection criterion for fulfilling the requirements. Surveys vary in different
situations and are handled in various fields such as government sector, industry, physical
sciences, economical, etc. With some statistical analysis, they are used as the science and
art of controlling and measuring reliability. Sampling are especially helpful in providing

data about the target population when
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(1) It is required that results present with maximum accuracy or with a fixed budget

including a minimum number of units in a fixed degree of reliability.

(i) The units for the characteristic have significant variance.

(iii)) We cannot calculate an accurate count of the population because it would be too

expensive and too destructive.

(iv) The investigation is broad in nature and the population is not fully identified.

(v) There are also restricted resources (time, money and other resources).

The purpose of sampling methods is to extract the maximum possible, reliable information
about the population under study, save time, increase chances of accuracy. They only deal
with large populations and helpful for inaccessible populations and other resources. Any
statistical survey aims to obtain information about a population that is a group of units
defined according to objective of the survey. The sample surveys recent evolutions have
proved that the sampling methodologies provide realistic and reliable results for planned

scientific surveys.

1.1.1 Census v/s Sampling

A census is that in which all the population units are studied. Furthermore, data collected
through the census is not without errors. They may be experimental or response errors and
errors due to nonresponse. It may take more effort, time, and cost to collect information for
a large population in census surveys. In the sampling method, we choose a part of the pop-
ulation in a way that contributes a sample representative of the population. A sample must
be such that all characteristics of the population, including the variability within popula-
tion units are followed in the sample as close to the sample size. So, that reliable estimates
of the population characters can be formed from the sample. On the other hand, if the

population is not finite, resources are limited, then sampling is the only method that gives
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the necessary information about the population under study. Cochran (1977) defined the

principal advantages of sampling over census as “reduced cost”, “greater speed”, “greater

scope” and ‘“‘greater accuracy’.

1.2 Sampling techniques

In sampling theory, various sampling designs are available for various situations and the
nature of the population. A primary sampling method is simple random sampling (SRS),
which is the easiest method compared to other sampling methods. In this sampling, the
sample is drawn unit by unit with an equal probability of selection for each unit at each

draw. Sampling is divided into two classes.

(1) Sampling with replacement: In with replacement sampling (WR sampling), all the
population units are accessible for choice at each draw since the drawn unit is replaced

before the next draw.

(i) Sampling without replacement: In without replacement sampling (WOR), the unit is

once chosen is not considered for encouraging choices.

WOR sample contains more information about the population as compared to a WR sam-
ple. Other types of sampling methods can be viewed as modifications of SRS. Some other

essential sampling designs are used from time to time for different situations as
(1) Stratified random sampling
(i1) Cluster sampling

(1i1) Systematic sampling

(iv) Two Stage sampling

(v) Sub sampling or Multistage sampling etc.
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1.2.1 Stratified random sampling

In stratified random sampling, the population size N units with heterogeneity are parti-
tioned into L non-overlapping and specific groups that make internally homogeneous as
far as possible. These are called strata, and independent simple random samples of prede-
termined sizes are drawn from each stratum to estimate the overall population parameters.
Stratified schemes are beneficial for survey techniques and are commonly used by govern-
ment sectors, private sectors, industry, economics, health-related issues, gated buildings,
applied statistics or other inaccessible areas. Owing to the economy and its efficacy, strati-
fied random sampling is the most preferred sampling design used for obtaining information

from heterogeneous populations.

There are several reasons for stratification. The principal ones are the following:
(i) Gain in the precision of the estimate.
(i1) Administrative convenience.

(ii1) Sampling problems may vary in various parts of the population. In these strata, dif-

ferent sampling plans may be used.

(iv) If data of known precision are for specific subdivisions, these subdivisions may be

treated as a “population” in their own right.

The practical implementation of stratified random sampling needs the solution to the fol-

lowing three fundamental problems.

(i) Determine the optimum number of strata.

(i1) Determine the optimum strata boundaries.

(iii) Determine if the optimum sample sizes from various strata.
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Notations in stratified random sampling

In the stratified random sampling, with the study of the properties of estimates from a

stratified sample and some notations are given for 4/ stratum which is given as

Nj : Stratum size
np Sample size
fn= ]nvz : Sampling fraction
N :
W, = AU Stratum weight
N
Vi Value of the /" unit
_ 1 M
Yp=— Stratum mean
_ 1 1
Yh=—""2_Yhi Sample mean
Mhi=|
I y: Y S i
h— m (yhl - h) tratum variance
i=1
- ﬁ‘, (vhi — Sample vari
h= Yhi —Yn) ample variance
np— 1
1 L N,

L
Y = ]VZ thi: ZWthI
h=1i=1 h=1

Overall population mean

L
Vg = Z Wiy, Stratified sample mean
h=1

V() = Z (i ! >W252 Sampling variance

st = nh Nh h*-h

v (1 1N\oo . . _
V(i) =Y, P W;ss, Unbiased estimate of V (¥, ).

h=1 h h

This thesis assumes that the population under study is already stratified into L strata. The
detailed observe of all these sampling designs are beyond the extent of this thesis. Since
stratified random sampling is the maximum broadly utilized sampling layout, in this the-
sis, the emphasis is on the optimization problems appearing in univariate and multivariate

stratified random sampling and their solutions through mathematical programming problem
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(MPP) or other advanced techniques.

1.2.2 Allocation problems in stratified random sampling

Determining the sample sizes from numerous strata is known as allocation and several
varieties of allocations are available. The generally famous of them are Equal, Propor-
tional, and Optimum allocations. Among these allocations, the optimum allocation is the

best.
Equal allocation
The subsample sizes are equivalent in this allocation, for the W stratum, i.e.,

np=n/L; h=1,2,...,L.

This approach is used when there is insufficient knowledge about the strata standard devi-

ations and the strata sizes are not given or approximately equivalent.

Proportional allocation

Due to its simplicity, this is the most commonly used allocation. Bowley (1926) had first
suggested the proportional allocation. Even if the standard deviations Sj, or their approx-
imation s, are not available, it can be easily used. The allocation of a given total sample

size of n to various strata is proportional to the size of the strata, i.e.,

I’lhOCNh (1.2.1)

or
np = KNh, (122)

where K is the constant of proportionality. Now taking the sum of all relevant strata on

both sides of the equation (I.2.2), we have

n=KN
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and value of K =n/N. After putting value of K in equation (1.2.1), we have the proportional

allocation for A" stratum is given as
np = I’lWh.

Optimum allocation

The variance of the calculation for the fixed cost is minimized, or the cost for fixed variance
i1s minimized in optimum allocation. If the cost is linear, from the form C = ¢+ Zizlchnh,
where cq and c;, are the overhead and measurement cost per-unit in the stratum A", respec-
tively, then the optimum allocation is handled by

nWiSi/ \/n

np = s h=1,2
Y nWiSh/\/Ch

g hig ey

L.

Tschuprow (1923)) first gave the optimum allocation for fixed total sample size but the out-
come remained unknown. Further, Neyman (1934) rediscovered the result for optimum
allocation. Later on, Stuart (1954), was used Cauchy Schwarz inequality to work out op-
timal allocation under more general conditions. For further details, interested readers may

view Cochran (1977) and Sukhatme er al. (1984).

1.2.3 Multivariate stratified random sampling design

In multivariate stratified sampling, several characteristics are defined on each population
unit. The optimum allocation for one characteristic will not be optimum for other charac-
teristics. Thus, the problem of allocation becomes more complex. The problem of sample
allocation in multivariate stratified sampling has drawn the author’s attention for a long
time, starting apparently with Neyman (1934). In such circumstances, a compromise cri-
terion is required to an optimum allocation for all the characteristics in some sense. Since
these are based on a compromise criterion, such allocations are referred to as compromise

allocations in multivariate stratified sampling literature.
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1.2.4 Allocation problems in multivariate stratified random sampling design: com-
promise allocations

The problem of allocation is complex in multivariate stratified sampling due to the contra-

dictory existence of the characteristics. An allocation that is optimal for all characteristics

in some sense is necessary in such situations to define a compromising criterion. Yates

(1960) suggested the idea for evaluation population means when fixed cost criterion be

achieved by minimizing the weighted sum of sampling variances of the estimated sampling

means.

Cochran (1963)) proposed the average of individual optimum allocations for various char-
acteristics. Chatterjee (1967) worked out a compromise allocation by reducing the amount
of the proportional increases in variances due to the use of non optimum allocations and
assumed the evaluation costs for the different characteristics in a given stratum. Kokan
(1963) described the convex programming formulation to the problem of allocation for
multivariate stratified sampling. An analytical solution to this convex programming prob-
lem was developed by Kokan and Khan (1967). They demonstrated how the sample al-
location problem could be presented as a convex programming problem in other designs,
such as two-stage sampling, double sampling and response errors. Soland (1967) also dealt
with the case of multivariate stratified sampling, where prior knowledge is required on the
unknown stratum mean of all variants. He discussed and formulated the stratification prob-
lem suggested by Dantzig (1953) as a nonlinear programming problem (NLPP) and then
formulated other multivariate stratified sampling problems so that nonlinear programming
can solve. Ericson (1970) acknowledged the problem of minimizing the posterior variance
of the total population average subject to total budgetary constraint. Also addressed the
situation when estimating more than one population characteristics defined on the basis of
the strata are sufficiently identical in terms of the various characteristics. Dantzig (1977)

gave an integer solution to this problem. Ahsan (1978) described the multivariate alloca-
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tion problem where prior knowledge on the unknown within stratum means of p characters
is available with known parameters in terms of a multivariate normal distribution. Ahsan
and Khan (1982) tackled this problem by taking into account the subsequent variances of
population means when multipurpose sampling. Sukhatme et al. (1984) attained the com-
promise allocation by minimizing the sum of variances under linear cost constraints for
characteristics of p. Khan et al. (1997) considered the problem of resolving the optimum
compromise allocation as an NLPP and Jahan et al. (2001)) used the technique of dynamic
programming (DP) to work out compromise allocations. Many authors who worked on this
issue are Millr et al. (2007), Khan et al. (2008]), Ansari et al. (2009), Khan et al. (2011),
Varshney et al. (2012, 2015, 2017), Khowaja et al. (2013), Shafiullah. et al. (2015)), Haseen
et al. (2016), Raghav et al. (2017), Ansari et al. (2018) and others, used different compro-

mise criterion to solve such allocation problems for different situations.

1.3 Integer allocation

Integer sample sizes are required for practical purposes. The easiest way to work out with
integer sample sizes is to round off the non integer sample sizes to the relative integer val-
ues. Generally, the rounded-off values work well, as the variance capabilities are uniform
at the optimum stage (see Cochran (1977)), and feasibility also maintained for large sample
sizes. In multivariate stratified random sampling, rounded off integer solution may fail to
give a nearly optimal result for small sample sizes. They might also violate the cost con-
straint if the various strata measurement costs are high (see Khan et al. (1997)). In such
situations, in the formulation, the integer restrictions will also be imposed as additional

constraints and make acquiring compromise allocations more complex.

1.4 Problem of nonresponse

If a census is conducted with a large population, several errors occur that can not be su-

pervised adequately. While in an adequately designed sample survey, the estimation of the
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margin of error is possible to predict, and hence a decision can be made about the accuracy
of results. Generally, two types of errors, which occur during sampling, have been rec-
ognized in actual practice in the estimators, first one is “sampling errors”, and the other is
“nonsampling errors”. Sampling errors arise due to sampling techniques. The nonsampling
errors may occur at any stage of the survey, beginning from the planning until completing
the survey report, incomplete returns in mailed questionnaires, inaccurate measurement,
recording observations, and respondents. Nonsampling errors are of four types, such as

nonresponse errors, measurement errors, tabulation errors and computational errors.

In the case of nonresponse, the estimation of the parameter of interest under traditional sam-
pling techniques results in significant bias, as some units do not respond, thus not covering
the target population as the sampling strategy implies. Nonresponse was first discussed by
Hansen and Hurwitz (1946)) with a mailed questionnaire. The method proposed by Hansen
and Hurwitz produces an unbiased estimator of population mean and problem deal with
deterministic nonresponce model. In order to improve the response rate, El-badry (1956)
generalized the technique of Hansen Hurwitz’s by sending large amount of questionnaires
to all groups that had not replied. Subsequently, other authors have worked on nonresponse

theory as Srinath (1971)), Singh and Singh (1979, |1985), and others.

1.5 Optimization

For finding out the best solution under some circumstances, optimization is the best tool
for finding them. For designing, constructing and maintaining any framework, designers
get to make different technology and administrative choices at a few stages. Optimization
can be characterized as finding the conditions that give the most extreme or least value of
a function. The first stage of optimization defines decision variables for required benefits,
efforts and collected other relevant data. The second stage continues the process by analyz-

ing the mathematical model and selecting the appropriate mathematical programming for
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finding the best solution and the third stage consists of finding an optimal solution with the

computer’s help.

The idea of optimization had been developed in the 18" century. Many authors namely,
Newton, Lagrange, and Cauchy have worked on optimization problems and found inno-
vative differential calculus techniques for applications in physics and geometry. However,
they provided solutions in some basic situations, which are practically acceptable. The
problem of optimization solved in recent years appeared to get more complicated. The
most remarkable example of the rapid growth of optimization techniques appeared with
Bellman’s implementation of DP in 1957 and Pontryagin’s maximum theory in 1958. The
methods solved the problems of optimum dynamic system operation. Many mathemati-
cians have been interested in developing mathematical programming techniques to solve
the problem of maximizing or minimizing multiple variables over the last 50 years. Opti-
mization includes a wide variety of cases and implementations. Some common examples of
optimization that occur in practice are an economic problem, commercial problem, aerody-
namics and science of engineering, etc. Most of the issues in studying production processes

and manufacturing facilities can be reduced to optimization.

1.6 Mathematical programming problems

Mathematical programming consists of the maximization or minimization of decision vari-
ables called the objective function and restricted by several constraints in equations and
inequalities. These problems may exist in different fields, for example, management sci-
ences, numerical analysis, engineering sciences, economics, agriculture, statistical analy-
sis, sample surveys, reliability, etc. The formulation of such problems aims to find the best
solution among all possible solutions under limited sources for competing activities. These
activities may be expressed as a set of constraints defined by the nature of the problem

under study.
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The mathematical model of the problem may be represented as

Minimize (or Maximize) Z = f(x)

subject to gi(x) [<,=,>]bisi=1,2,....m

and x>0,
where one of the signs [<,=,>] holds for each i. X' = (x1,x2,...,x,) is the vector of
decision variables and b;; i = 1,2,...,m are the right hand side values. f(x) and g;(x), (i =
1,2,...,m) are functions of x1,x,...,x, and restrictions in x > 0 are called non-negativity
restrictions. Since the maximization of f(x) is equivalent to minimization of [— f(x)], hence

the MPP may be taken as either a maximization problem or minimization problem. The

MPPs may be categorized into two classes:

e Linear programming problem (LPP) - when all involved functions are linear in an

MPP.

e Nonlinear programming problem (NLPP) - when at least one of the involved func-

tions is nonlinear.

An NLPP is more challenging to solve in comparison to LPP for apparent reasons. Like
the simplex method for LPP, there is no single method to solve every NLPP. Appropri-
ate techniques are evolved by exploiting some unique characteristics of a distinct NLPP.
Depending upon the situation of the involved functions and restrictions on the decision
variables, an MPP can be further be placed in one or more of the following categories

arranged below:
(1) Integer programming problem
(11)) Multiobjective programming problem

(ii1)) Chance constrained programming problem

12
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(iv) Stochastic programming problem, etc.

Integer programming problem

In integer optimization problems (to be maximized or minimized), we assume that the se-
lection of variables as non fractional or discrete values and integer problems can be usually
be restricted or unrestricted with some constraints. The objective and constraint functions
can be linear and nonlinear. An integer problem is determined as linear if, through relaxing

the integer restriction on the variables, the resulting functions are strictly linear.

Multiobjective programming problem

Multiobjective programming is a multicriteria decision-making field that has to do with
MPPs involving several objective functions to be optimized at once. Multiobjective opti-
mization has been applied in many scientific areas, including engineering, economics, and

logistics, where optimal decisions must be made in the face of trade-offs.

Chance constrained programming problem

Chance constrained programming was first proposed by Charnes and Cooper (1963) as
a method for solving optimization problems under uncertainty. Some constraints may be
deterministic in a stochastic programming problem, and the remainder may include random
elements. On the other hand, in a chance programming problem, the set of constraints does
not necessarily exist, but it holds at some point with the given probabilities. As such, we
are given a set of probability measures that indicate the extent of the random constraints

being violated.

Stochastic programming problem

It refers to the problem of mathematical programming, which includes assessing relative

risks and uncertainties in various alternatives of choice for management decisions. It deals
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with situations where stochastic (or random or probabilistic) variables represent some or all
of the problem’s parameters, rather than deterministic quantities. The values of the random
variable can be varied according to its nature and form of a problem. For example, concrete
strength has to be taken as a random variable in the design of concrete structures because
the compressive strength of concrete varies considerably from sample to sample. Any
machined component’s actual dimension must be taken as a random variable in mechanical
systems design because the dimension may be anywhere within a specified tolerance range.
Likewise, in aircraft and rocket design, the actual loads acting on the vehicle depend on the
prevailing atmospheric conditions at the launch date, which can not be predicted accurately

in advance.

Therefore, the loads in these flight vehicle’s configuration must be regarded as random
variables. The stochastic optimization problem is also abbreviated as a stochastic linear
or nonlinear problem, depending on the nature of the equations involved (in terms of ran-
dom variable’s) in the problem. The basic concept is used to solve the stochastic problem
and turn the stochastic problem into an equivalent deterministic problem using standard

techniques like linear, geometric, dynamic, nonlinear programming.

Lexicographic goal programming, Fuzzy programming technique, Particle swarm opti-
mization (PSO), Genetic algorithm (GA), Goal programming problem, DP and many more
are useful for computational techniques to solve different MPPs forms. Some optimization

techniques are discussed below.

Lexicographic goal programming technique

In this technique, the objective functions are arranged according to their importance by
the designer. The optimal solution is then achieved by the objective functions beginning
with the most important one and continuing order according to the importance of objective

functions. Target subscriptions show not only the target function number but also aim
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priorities.

The essential objective function is reduced after ordering, according to the original con-
straints. Suppose this problem has a particular solution that is the solution to the entire
problem of multiobjective optimization. Otherwise, the second most critical objective fea-
ture would be reduced. Now a new constraint is introduced, in addition to the initial con-
straints. This new constraint ensures that the most relevant objective function conserves its
optimum value. If this problem has a unique solution, then the initial problem is solved.
Otherwise, the cycle continues, as mentioned above. Fishburn (1974) critically discusses

the lexicographic orders, utilities, and decision Rule.

Fuzzy programming technique

Fuzzy programming methodology is used in this study to find an optimal solution for prob-
lems of the multivariate sample survey. The definition of fuzzy set theory was first intro-
duced by Zadeh (1965), and Zimmermann (1978)) proposed the fuzzy approach to solving
multiobjective problems. He showed that efficient solutions are obtained from fuzzy linear
programming. Narasimhan (1980) and Ignizio (1982) had explored and improved the use

of goal programming in a fuzzy set theory to solve multiobjective problems.

In the real world, problems are generally vague and not well defined. To overcome such
problems in real life, fuzzy mathematical programming was developed. The fuzzy concept
is used to describes the goals and constraints in MPP and understand the degree of decision-

makers expectations.

Particle swarm optimization

The PSO, defined by Kennedy and Eberhart (1995)), is a stochastic optimization technique
based on a population. PSO’s development aimed to emulate cooperative foraging living

organisms and social behaviors such as birds, fish, bees, etc. Several striking PSO charac-
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teristics make it an excellent evolutionary metaheuristic. In PSO, the population is called
a swarm and any variable of the swarm is knows as PSO particles. The particles of the

swarm head in the search space have a limited speed, so as to reach the desired goal.

Using their cognitive and collective ability the search particles are able to adjust their best
position and the best position so far explored by a swarm, respectively. Kennedy and
Eberhart (1995) developed an equation (I.6.1)) to modify each particle’s velocity and thus
modified the individual particle’s position according to this modified velocity in equation

(11.6.2)).

Vp(t) =Vp(t — 1)+ Cy #rand(.) = (X2 — X, (t — 1))
(1.6.1)
+Cyxrand () * (X2 — X, (t — 1))

X,(t) = X, (1 — 1)+ V,(¢), (1.6.2)

where, V,(¢) € [Viin, Vinax] represents individual particle velocity (p = 1,2,...,N) at "
iteration. C1 and C,, respectively, denote particle cognitive and collaborative ability, called
coefficients of acceleration. Rand (.) is a random value between 0 and 1. X, represents the
particle position p, best of Xllj’“t and best of X”**' are used to denote the best location (up
to ' iterations) found so far for an individual particle and the entire swarm (global best),

respectively.

Genetic algorithm

The GA is the most widely used to solve optimization problems. This algorithm was ini-
tially invented in 1895 from Darwinian evolutionary theory and was first implemented at
Michigan University by Holland (1975). According to this theory, organisms that are more
environmentally adaptable, survive. Information transmitted from each generation to the

next generation is contained in chromosomes, thus transmitting inherited properties.

In this algorithm, the better population is combined according to the principle of survival
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of the best, and this solution will be repeated more often in the next generation depending
on the suitability of each solution. This process will continue to reach an optimal solu-

tion.

1.6.1 Mathematical programming problems in sample survey

In many decision-making problems, sample surveys, environmental, social, economic, and
technical areas have more than one multiple objective functions. It is important to mention
that various goals are always unmeasurable and in conflict with each other in optimization
problems. The problem of obtaining statistical information on population characteristics
can be formulated as an optimization problem of minimizing the cost of the survey subject
to the restriction that the loss of accuracy is within the prescribed limit or, in turn, min-
imizing the loss of accuracy subject to the limitation that the cost of the survey remains
within the budget. The compromise allocation was obtained by Ghufran ez al. (2012) when
the cost function is assumed quadratic and random. Also, Varshney et al. (2012) worked
out compromise allocation by using a quadratic cost function for large sample size in the
estimation of more than one parameters in stratified sampling with a fixed budget, and
Haseen et al. (2012)) suggested a fuzzy approach for solving double sampling design in the
presence of nonresponse. Raghav et al. (2014) has discussed the various multiobjective
optimization techniques in multivariate stratified sample surveys in case of nonresponse.
Shafiullah. et al. (2014) introduced nonresponse using quadratic cost function by fuzzy
geometric programming technique. Muhammad ef al. (2015) formulated the allocation
problem as a multiobjective multivariate nonlinear programming problem and worked out
compromise allocation for the fixed Gamma cost function. Haseen et al. (2016) discussed
the problem of nonresponse in multiobjective stochastic multivariate stratified sampling.
The fundamental paper by Charnes et al. (1955) presented the application of mathematical
programming to statistics. Wagner (1959) suggested solving the problem through the dual

approach. Other areas of application of mathematical programming in statistics developed
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simultaneously by several authors.

Generally, one best allocation for one item is not best for other allocations. We use some
compromise criterion in a survey with numerous items until there is a strong correlation
between items. If useful empirical data are available, we compute the individually opti-
mum allocation and see to what extent there is disagreement. Chatterjee (1967) suggested
an alternative compromise allocation to choose the n;, by minimizing the average of the

proportional increases in variance, taken over the variables, which is given as

If j denotes a variable, the value of nj, is determined as above, where n’jh is the optimum

sample size in stratum 4 for variable j.

Individual optimum values differ only slightly. In some surveys, the optimum allocations
vary so much that the above criterion does not work for individual variates. Some other
principle is a requirement to obtain the allocation to be used. Yates (1960) suggested two
useful principles. The one is applying to surveys with a specified purpose, in which the
loss can be measured in terms of money or utility due to an error of a known value in an
estimation. With p variates and quadratic loss functions, it may be appropriate to represent
the total expected loss as the weighted sum of the variances of the estimated population

means or total. For the means, we have
p B )4 L yeo 1 1
L=Y aV(Fu)=) a;j ) W;Si (— - ]7) ,
' j=1  h=1 h

J=1 "t

where Sih is the variance of the j’h variate in the stratum & (h = 1,2,...,L) and a; > 0

p
is weight assigned to j* variable such that ¥ a j = 1. After interchanging the order of
j=1
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summation, we get
L w2 L p
W 1
Z ! Z aJS N Z Wi Z ajsih .
h=1 h=1 j=1

With a linear function for the costs of sampling, we have

L
C=co+ Z cpny,.
h=1

The value of ny is obtained by minimizing the product of (C — ¢¢) and the term in L (the

term containing ny), by using Cauchy-Schwartz inequality,

The proportionality constant is found out by satisfying the given L or C constraint. For
particular, suppose that the value of L is defined and that it is possible to ignore the term

finite population correction (fpc). We have

(WaAn/+\/Cn)
h)::l (WrAn/~\/<h)

np—=—n

where A, = le a;S _]h
The required total sample size is

(£ ()

In the second principle, the required variance V; is specified for every variate. For popula-

tion means, we have

2 2

L

h=1

)

h=1

SV]’ j:1727"'7p
np

The inequality sign “<” is used to achieve the most economical allocation that may provide

variances smaller than the desired V;; j = 1,2,..., p.
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In this approach the cost C is to be minimized subject to tolerances V;; j = 1,2,...,p and
0 < n;, < N;,. Hence the problem becomes NLPP. The solution algorithms were given by
Hartley and Hocking (1963), Chatterjee (1966), Zukhovitsky and Avdeyeva (1966), Kokan
and Khan (1967), Huddleston et al. (1970), Cochran (1977) and Sukhatme et al. (1984)
worked out compromise allocations in stratified random sampling. For a notion of sam-
pling optimization, Diaz-Garcia and Garay Tapia (2007) discussed in details. Bakhshi et
al. (2010) found the optimal sample numbers with a probabilistic cost constraint. The allo-
cation problem was formulated by Khan ez al. (2011)) as a multiobjective stochastic convex
programming problem and a compromise solution achieved by using the approximation
technique of Chebychev. Varshney et al. (2011) workout an allocation by minimizing the
trace of the variance-covariance matrix of the estimator of the population mean. The ran-
domness of multiobjective multivariate stratified sample surveys was explored by Ali et al.
(2013a)) and the compromise allocation was derived using various multiobjective optimiza-
tion techniques. Some other authors such as Khan and Ali (2014)), Haseen et al. (2015),

Varshney et al. (2017) and Haq et al. (2020) also discussed this concept.

1.7 Reliability

From World War 11, reliability theory has been broadly developed over the years with a sig-
nificant defense personnel contribution. According to the Aeronautical (1994), reliability
is the probability that a system will perform satisfactorily for at least a given period under

stated conditions. The reliability of an item at time ¢ is denoted as

R(t)=1—F(t) =Pr(T >1t) for t > 0.

R(z) is the probability that the item does not fail in the time interval (0,7]. It has the

following characteristics:

(1) R(0) =1, since the device is assumed operable at t = 0.
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(ii) R(e0) =0, since no device can work.
(i11) R(T) is a non increasing function between 0 and 1.

A system’s reliability may be optimized subject to the resource constraints to determine the
optimum number of redundant elements for each level provided that the reliability of every
element is known. There are many strategies available in the literature to solve problems in
different situations. A basic algorithm for solving the redundant optimization problem was
developed by Misra (1972)). Lientz (1974) applied a probabilistic approach for allocating
components by using a conditional enumeration to maximize the system reliability subject
to cost constraint for the given component reliability value. The same technique described
for reliability optimization problems were also used by McLeavey and McLeavey (1976).
A detailed study of the literature on the reliability maximization of redundant systems re-
veals that many researchers have illustrated the system reliability optimization problems
obtained using different techniques with an essential significant cost constraint under con-

sideration.

Availability

Availability is a success criteria for devices that can be repaired. This technology combines
with both the reliability and maintainability aspects of a system. Availability is the possi-
bility of a system not being out of operation or not in need of repair when it is needed. The
range of availability lies between O to 1. In general, when the device is not available, then
availability as equally to reliability, because of the increased costs and inconvenient. There

are two significant differences in reliability and availability, which are as follows:

(1) Reliability is an interval function, whereas availability is an point function at a given

time.

(i) The reliability function prevents a system’s failure within the specified time period,
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but the availability function does not depend on such constraints.

1.7.1 Mathematical programming problems in reliability

Reliability is used to assess system structures and significant design measures in many in-
dustrial environments, such as telecommunication and manufacturing facilities. The design
of such hardware systems may be formulated as a reliability optimization problem. Such
problems aim to either maximize reliability, availability, and performance or minimize the
cost. In a real-life system, data is uncontrollable and unavoidable in some situations and
always not give a precise result. Therefore, to handle the inaccurate data, the MPPs may be
used to formulate the optimization problems and the appropriate decision may be taken by

using the proper mathematical programming technique.

The problems of the reliability optimization in various system designs has been reported
by Tillman et al. (1980), Sasaki and Shingai (1983), Chern and Jan (1986)), Misra (1986),
Sung and Cho (2000), Kuo et al. (2001), etc. Prasad and Kuo (2000) focused on reliability
design using three principles: system configuration, problem category, and optimization
techniques. Out of these three criteria of research classification, system configuration, and
optimization approaches are still evolving research areas in optimal reliability design of
sophisticated systems. Some authors also utilized the fuzzy technique in reliability opti-
mization problems, such as Huang (1997) formulated the problem with multiple objectives
of series system reliability by using a fuzzy concept. Mahapatra and Roy (2006) worked on
the reliability of series and complex systems under the cost constraint with generalized tri-
angular fuzzy numbers, and Mahapatra and Roy (2009) discussed the reliability for a series
and parallel system using the triangular intuitionistic fuzzy concept. Mahapatra and Roy
(2011) analyzed the reliability and cost model for series system with a fuzzy parametric

geometric approach.

Ben-Daya et al. (2000) and Osaki (2002]) obtained different models of reliability and main-
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tenance and explored their best solutions, and applied them to various systems. Reliability
has expanded its scope across other sectors in recent years, thus functioning as an integral
element of quality within its structure and development cycle. To preserve the reliability
of complex systems at a higher level, the structural design of the system or system com-
ponents demands greater reliability, or both are simulated. Many authors have recently
focused on the theory of reliability, such as Moghaddam er al. (2008)), Ali et al. (2013b),
Gruber et al. (2013), Zhou et al. (2015), Alam (2016), Gupta et al. (2016), Kumar and Garg
(2016), Loganathan and Gandh (2016), Ardakan et al. (2017), Fallahnezhad and Najafian
(2017), Ghnimi et al. (2017), Kim and Kim (2017, Kakkar et al. (2019), Mousavi et al.

(2019), Zhiyuan et al. (2019), and Li et al. (2020).

In Reliability, the MPP is to maximize the system reliability may be formulated as
Maximize R = Ryy;
subject to hij(x) < B; i=12,....N, j=12,....M;

M; (1.7.1)
Y x>, Vi=1,2,....,N
j=1

and xij > 0; Vi=1,2,....N, j=1,2,.... M,
where N is the number of subsystems, M; is the number of design alternative in subsystem
i, and x;; is the number of components of design alternative j in stage i. R and Ry, represent
the objective function and overall reliability of the system, respectively. We consider that
B is total available amount of budget and £;;(x) is a functions of x. %1 x;j represents the
=
multiple choice constraint and x;; defines the decision variables. The objective function of

the problem is to find all decision variable’s values for which the objective function under

the given constraints may be maximized.

The problem of the system reliability has been defined by Taghizadeh and Hafezi (2012),
Yusuf (2014), Rao and Naikan (2014) and several other authors. A multiobjective redun-

dancy allocation problem has been determine by Khalili-Damghani ez al. (2014) adopting a
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decision support system and multiple constraints under fuzziness. Reliability optimization
problems have been investigated by some other authors such as Gupta et al. (2016), Kumar
and Garg (2016), Salah and Temraz (2019), Ivezic et al. (2019), and Mellal et al. (2020)

etc.

The real-life situations, such as projects and case studies, may be formulated as MPPs, and

a solution may be worked out by using the appropriate optimization technique.

1.8 Some statistical distributions

Several distributions have been proposed for the use of lifetime analysis. We have con-
sidered some distributions in the present work, namely exponential, Gamma, Weibull, and
normal distributions. A brief description of the distributions used in this thesis is given
below. We start with an expository description of exponential distribution, which enjoys

the most widely used model in lifetime analysis and reliability.

1.8.1 Exponential distribution

The exponential distribution is the most commonly used continuous probability distribution
in modeling reliability and life testing analysis. In several various environments, exponen-
tial distribution exists, as with radioactive or particle decays or the time among events in a

Poisson process where events are constantly appearing.

The exponential distribution with parameter A, the probability density function (pdf) is

given as

F(x)  =Xexp(—Ax), A>0. (1.8.1)

The distribution is supported for variable x on the interval [0, o).
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1.8.2 Gamma distribution

Gamma distribution is the most popular distribution for analyzing lifetime data. These
distributions possess both scale and shape parameters and can be quite flexible in analyzing

any positive real data. The pdf of Gamma distribution is given by

M(Ax) "~ Dexp(—Ax)

oA k) = 0 ,

A>0, k>0,

where A and k are scale and shape parameters, respectively and variable x on the interval

[0,22).

A Gamma distribution arises naturally in the processes for which the waiting times between
the Poisson distributed events are relevant and a general form of statistical distribution
related to beta distribution. Gamma distribution is taken from the Poisson assumptions, the

number of events happens in a time interval of ¢, at a rate of A is given by

t,—M\
P(r) = —(M)rf )

Probability that there are at least k events happen at a time ¢, as defined below

o t kkz(kfl)esz
F(t)= P(r) = / dz ’
where the integral is placed by a summation. The time distribution for the first event’s oc-
currence follows an exponential distribution, and a sum of exponential distribution follows

Gamma distribution. In queuing theory, the Gamma distribution for an A which assumes

integer values is known as the Erlang distribution.

1.8.3 Weibull distribution

Weibull distribution is a positive real-valued continuous probability distribution that de-
scribes in probability theory and statistics area. It is named given by Swedish mathemati-

cian Waloddi Weibull and given detail in the article wide applicability (1951). Whereas,

25



Introduction

it was first developed by Fréchet (1928) and utilized by Rosin and Rammler (1933) to

describe a particle size distribution.

The pdf of the Weibull distribution with parameters r, 0 and 'y is given by

(1) . r
f(X;l"7e,'Y) :%CXP(— (%Y) )7 X>'Y,r>0,620,

(1.8.2)

where r and 0 are shape and scale parameters, respectively and 7y is a location parameter.
The Weibull distribution is a suitable model for numerous problems, and it is an extensively
used distribution in reliability and survival analysis due to its various shapes of the hazard
rate function. For more details, the interested reader may refer Hallinan (1993), Horst

(2008)) etc.

1.8.4 Normal distribution

One of the most important continuous probability distributions in the entire statistics field
is the normal distribution because it fits many natural phenomena, such as heights, blood
pressure, measurement error, and IQ scores. The normal distribution was first appeared in
1733 as an approximation to the probability for sums of binomially distributed quantities
to lie between two values when Abraham de Moivre communicated it to some of his con-
temporaries. A search by Daw and Pearson (1972) confirmed that several copies of this
note had been bound up with library copies of De Moivre’s miscellanea analytica, printed
in 1733 or later. The normal distribution has been named after various scientists, including
Laplace and Gauss. Kac (1975) recalled that it has also been named after Quetelet and

Maxwell.

The normal distribution is often referred to as the Gaussian distribution in honor of Karl
Friedrich Gauss, who derived the equation of a normal pdf. As with any probability dis-

tribution, the normal distribution parameters define its shape and probabilities entirely and
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have two parameters, the mean and standard deviation, and do not have just one form.

However, the shape changes based on the parameter values.

The pdf of a normal random variable X is given by

1 —(x—y)z)
2 2
X, u, 6°) = ex , €eR, 0°>0,
f(x: u, 6%) T p( S5 u

where p and 6 are location and scale parameters, respectively and x lies between the real
numbers. The constants u, ¢, and o2 are respectively, the mean, standard deviation, and

variance of the normal distribution.

1.9 Problems discussed in subsequent chapters

The summary of the thesis presented in six chapters and followed in the sequel outlining

the contents chapter by chapter.

In Chapter 1, provide a primary reading material to equip the reader for understanding
the problems discussed in the following chapters. Although the topics considered have not
been discussed in detail, it is attempted to provide sufficient references so that interested
readers can look into the references to have complete knowledge of the topics. Finally, we

provided the motivation and summary of the present work.

The Chapter 2, deals with the problem of nonresponse theory, which Hansen and Hur-
witz (1946) initially introduce. The nonresponse problem is solved using the Gamma cost
function and comparison by existing compromise allocations with the proposed method.
The numerical illustration by lexicographic goal programming technique for the practical
utility of the method. This problem is based on my published research work Varshney
and Mradula (2019) and published in the Journal of Statistical Computation and Simula-

tion.

In Chapter 3, we study a procedure for determining the optimum stratum boundaries and
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sample size with a nonlinear fixed cost function for each stratum. In health surveys, these
auxiliary variables normally characterize positively skewed distributions from the Gaus-
sian distribution families such as Weibull, Gamma, Log-normal, etc. Thus, this research
investigates if the proposed parametric based mathematical programming approach for de-
termining the optimum stratum boundaries yields a gain in efficiency over other methods.
This research also tries to determine if the proposed method works for skewed distribu-
tions such as the exponential and Weibull distribution when both real and simulated data
sets are used in the mathematical programming problem formulation of the stratification

problem.

The Chapter 4, deals with stochastic programming under some probabilistic conditions
and multivariate stratified sampling as a stochastic multiobjective nonlinear programming
problem by using of a nonlinear cost function which is prudent by introducing the labour
cost as part of the total cost of a survey. The stochastic nonlinear programming problem is
solved using the chance constraint and modified E-model methods, and a solution is found
out by fuzzy goal programming problem, and Lagrange’s methods. Here also, a comparison
study is made. This problem is based on my accepted research work in the Journal of King

Saud University - Science.

In Chapter 5, we study the ratio type estimators where the population mean is unknown,
but the population median of study variable is known, and use of auxiliary information for
improving the precision of estimates of the population mean or total. The problem is for-
mulated in two parts,

(i) with linear cost function and solved using the integer programming technique and La-
grange multiplier technique and numerical illustration for the method’s practical utility.
This part is based on my published research work Mradula ez al. (2019) and published in
the Journal of Communications in Statistics - Simulation and Computation.

(ii) With nonlinear cost function and solved it using integer programming problem with
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MATLAB software.

A comparative study of different other estimators has been made.

In Chapter 6, the availability and cost function of a series-parallel system containing a mul-
tiobjective model under a fixed time environment. The evolution of the solution methods
has been discussed with an illustration using particle swarm optimization. The proposed
method then compared with different existing optimization techniques such as genetic algo-
rithm and goal programming technique and results show the effectiveness of the proposed
approach in terms of availability and a profound reduction in the cost maintenance with
system time. We use simulation studies by using R software to evaluate the availability and

determine the cost function by MATLAB.
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CHAPTER 2

Compromise allocation in multivariate stratified
sampling design in the presence of nonresponse
with Gamma cost function

2.1 Introduction

To obtain maximum information from different characteristics defined on each unit of the
population, the homogeneity within population units will not remain there. Stratified sam-
pling is considered as the best suited sampling design in comparison to other available
designs. The optimum allocation determines the size of the sample to be taken from each
stratum of the population. It is determined by minimizing either the variance of the es-
timate for a fixed cost of the survey or the cost of the survey for fixed variance of the
estimate. Tschuprow (1923) and Neyman (1934) derived the formula for optimum alloca-
tion to estimate population mean for univariate case. Cochran (1977) and Sukhatme et al.
(1984) discussed optimum allocation in stratified random sampling. To obtain maximum
information from different characteristics defined on each unit of the population, the strat-

ified sample survey converts into its multivariate case and termed as multivariate stratified
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sample survey in sampling literature. In multivariate stratified sample survey, an optimum
allocation of any characteristic may not be remained optimum for other characteristics.
Kokan and Khan (1967) formulated the problem of allocation for multivariate case by min-
imizing the cost of enumerating all the characteristics, defined on each unit, of a survey for

desired precisions on various characters in a convex programming problem.

Usually, in sample surveys, when more than one characteristic are defined, optimum alloca-
tion of one characteristic may not be optimum for others. In such situations, a compromise
criterion is needed to get an allocation, which may be near-optimum to other characteris-
tics in some sense, for all characteristics, and such allocation is termed as “compromise
allocation” in sampling literature. Many authors Dalenius (1957)), Yates (1960), Chatter-
jee (1968), Khan et al. (1997), Shafiullah. e al. (2014)), Ali et al. (2015), Varshney et al.
(2015), Haseen et al. (2016), Raghav et al. (2017)), Varshney et al. (2017)), Ansari et al.
(2018) and others, worked out for by defining new estimators or used existing estimators

in different situations for multivariate case.

In multivariate stratified sample surveys, when the required information is not obtained
from selected units of the population, the situation becomes nonresponse. The extent of
nonresponse depends on various factors such as the type of the target population, time of
the survey, and type of the survey. To solve the nonresponse problem in stratified sampling,
each stratum is further divided into two mutually exclusive and exhaustive groups, i.e.,
one of the respondents and other nonrespondents. Hansen and Hurwitz (1946) constructed
the estimator for the population mean by considering these two groups. They derived the
expression of variance and worked out the optimum sampling fraction for the nonrespon-
dents. For fixed linear cost function, Varshney et al. (2011, 2012)), formulated the problem
of nonresponse and worked out compromise allocation for a multivariate stratified sam-
ple survey. In this chapter, the problem of obtaining compromise allocation is discussed

for multivariate stratified sample survey and fixed nonlinear cost function in the presence
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of nonresponse. If labour time is considered in the given cost function, the cost function
may not remain linear. The lexicographic goal programming technique is used to solve the
problem of allocation to determine sample sizes of respondent and nonrespondent groups.

The numerical examples are included to illustrate the practical utility of the method.

In this chapter, the compromise allocations are worked out for multivariate stratified pop-
ulations in nonresponse under the Gamma cost function. The contents of this chapter is

based on my published research work Varshney and Mradula (2019).

2.2 Formulation of the problem

In multivariate stratified sample survey it is assumed that the population is divided into
L strata to maintain homogeneity within strata and p characteristics are defined on each
population unit. For the h" stratum, Ny, W), = N, /N, Y and Sﬁ; where h = 1,2,...,L
denote the stratum size, stratum weight, stratum mean and stratum variance, respectively.
Furthermore, 4" stratum is divided into two mutually exclusive and exhaustive groups;
one for respondents of size N,; and other group for nonrespondents of size Ny = N — Ny.
Obviously the true values of N, and Ny, and/or their estimates are not known prior to the

sample observations.

For the given sample of size n such that n = 2221 ny, let n, denotes the size of sample
which is selected randomly from W stratum of the population. Also, out of nj, units, nj;
units belong to the group of respondents and the remaining nyy = nj; — ny; units belong to
the group of nonrespondents. To overcome the problem of nonresponse, a second attempt

was made and subsamples of sizes
rh:nhz/kh; h:1,2,...,L, (221)

are drawn from nonrespondents groups, where k, > 1 and 1/kj, represents the sampling

fraction among nonrespondents in the h" stratum. The unbiased estimates of Nj,; and Ny
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may be taken as Ny = ny,1Nj,/ny and Ny = njoNy, /ny,, respectively.

Using Hansen-Hurwitz technique, an estimator of stratum mean Y jn for j characteristic

in the 4" stratum is given by

_ Rp1Yjnt +0R2Y jn2(r,)
Vinw) =~ (22.2)

where y 1 and yj5(,,); J = 1,2,...,p denote the sample means based on ny; units of
respondents and r;, units of subsample of nonrespondents group respectively for the A"

stratum.

It can be seen thaty ,,) is an unbiased estimate of the stratum mean Y j; of the I stratum

for the j' characteristic with a variance

PRV 2
1 1 2 WinSio WS
V(; =|———]5 — 223
Ol (”h Nh) it Th n, (223
where S;h is the stratum variance of j'* characteristic in the 4" stratum; j=1,2,...,p and

h=1,2,...,L given as
@2 1 Y. )2
n = m;(yﬂn —Y )%,
where y;,; denotes the value of the i"* unit of the " stratum for j'* characteristic and
Y= Z?/:”] ¥jni/ Ny is the stratum mean of y jp;.

S?hz is the stratum variance of j* characteristic in the 4’ stratum; j=1,2,...,p and h =

1,2,...,L given as

2 1 %( v 2
S =c——) =Y ),
j R —1 &L

A

Y = fo] Yjhi /Ny is the stratum mean of y jhi and Wyo = Njp /N, is the stratum weight

of nonrespondent in 4" stratum.

An unbiased estimate of overall population mean 7j of the j'* characteristic is given
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by
L
Vit = 2o Wa )
h=1
The variance of y;(,,) will be given as

L
Vi) = ¥ WiV nn)-

—V;; j=12,...,p. (2.2.4)

The inclusion of cost of measuring various sampling units in survey may be considered
as the problem of sample allocation of multivariate stratified sample survey. Khan et al.
(2008) and Varshney et al. (2011) discussed the method by minimizing the variability of
estimator for fixed cost function given as
L L
C=Y (cho+ecmWa)np+ Y crarn,
h=1 h=1
where C denotes total budget available for a survey, cjo per-unit cost of making first attempt,

cp1 18 the per-unit cost for ny, units from respondent group and ¢y is the per-unit cost for ry,

units from nonrespondent group.

It is important to determine a true functional form of the cost function so that the appro-
priate form should be considered. In most of the situations, the per-unit measurement cost,
travel cost within strata, reward to respondent and nonrespondent, and labour cost are im-
portant factors for a survey, where reward given to a respondent and nonrespondent may

reflect the preciousness of the respondent’s and non-respondent’s view point, availability,
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approachability, time, etc., and labour cost may be multiple of time units consumed to col-
lect the data from the respondents and nonrespondents units. If the time period, is specified
with rate A for obtaining the information from the sample, follows an exponential distri-
bution (Hogg and Craig (1978)), Krysan et al. (1994) and Ross (2009)), then probability
distribution function of time is approximated by the expression f(x) = e ™ Vx> 0and
A = 1/(average time). For the h*" stratum, the sum of independently identically distributed
(i.i.d.) random variables follows Gamma distribution with parameters (n;,A). Therefore
the time for collecting the information from all strata follows Gamma function with the

parameters ():%:] np, A).

Muhammad et al. (2015) used the following cost function, with Gamma function for con-
sidering labour time, which is given as
Lo
C = i chpnn + i thns—kw/wt?ue_;"(}i)m—lnhl ,
h=1 h=1 0 (= — 1!

where C' = C — ¢y, ¢}, unit cost along with reward paid to respondents in stratum A, ¢ is
time taken by the interviewer, & represents the effect of travel within strata, and Gamma
function represents the effect of labour cost. c;l = ¢y, + rp,, where ry, 1s reward paid within

the & stratum, equally to all n, units and ® is the cost of unit time.

The aggregate expected cost for labour time may be taken as by using the following ex-
pression for different choices of A which may be estimated by using the methods given in

Hogg and Craig (1978) and Ross (2009).

L L o YE np—1
oY E()=0Y) / e PP,
h=1 =1 \/0 Xy mp—1)!
L

ny,
—0Y) 2.
L5

In the view of above costs, the following cost function may be considered as
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L L L L
ny rp
Co = Z (cno + cnt Wit )ny + Z Cpath + M1 Z . + Z %’ (2.2.5)
h=1 h=1 h=1""1 h=1"2

where Cy = C — ¢ denotes total budget available for a survey, ®; denotes the cost of unit
time at first attempt, @, denotes the cost of unit time at second attempt and 7%1’ %2 are
average times for labour individual during the collection of information from sample ny,

and subsample r;, units respectively.

2.3 Solution using a lexicographic goal programming approach

For the lexicographic goal programming approach (Diaz-Garcia and Cortez (2006))), the
order for variances of characteristics is taken, according to their importance, where the
most important characteristic is preferred first. Thus the problem becomes the estimation
of p - variances in the order V1,V;,...,V,. At the first stage of the solution, the following

integer nonlinear programming problem (INLPP) has been obtained.

Minimize Vi
L L Loy Lo
subject to Z (cno + cntWhi )y + Z Chalp + M1 Z — t+m Z — <G
h=1 h=1 h=1 A h=1 A2

2<np <Ny, 2<rp <ip
and ny, ry are integers; h=1,2,... L.

(2.3.1)

Let Vlo be the optimum value of V| and x; > 0O is the increase in Vl0 for not using the
optimum value of the variance for particular characteristic, such that V| — VIO < xi.
At the second stage, the following INLPP will be given as

Minimize Vo +x;

(2.3.2)
subject to Vi—-x1 < Vlo
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~

L L L
np rn
Y (chotcnWa)nn+ Y crorn+ o1 ), =40 ) 2+ < Co
=1 h=1 h=1 A h=1 Ay

x120,2<n, <Ny, 2<r, <ip

=

and ny, rp are integers; h=1,2,... L.
Continuing in this manner, at the p" stage, the final solution will be obtained by solving

the following INLPP:

p—1
Minimize Vy + Z X;j
Jj=1

subject to Vj—ijVJQ;j:I,Z,...,p—l
L

L L
Y (cho+ Wi+ Y crorn+ o1 Y
=1 h=1 h=1

x;j>0,j=12,...,p—1

@+®2ir—h<co
A h:17‘2_

2<n, <Ny, 2<r, <y

and ny, ry are integers; h=1,2,...,L,
(2.3.3)

where x; > 0; j=1,2,...,p— 1 are goal variables whose values are to be determined.
These variables will give the minimum possible increases in the variances of p character-
istics. VJQ; j=1,2,...,p denote the variances under individual optimum allocation for
fixed cost for j' characteristic. The solutions of these p - INLPPs are obtained by using

MATLAB.

2.4 Numerical illustration

The following three numerical examples are presented to illustrate the use of lexicographic
goal programming approach. The values of S?hz and S?h are not available in general.
Let us assume the value of S?hz / S%h is constant and given as 0.25 for j =1,2,...,p and
h=1,2,...,L. However, these ratios may vary from stratum to stratum and from charac-
teristic to characteristic. So it may be handled accordingly. The cost for a unit time of

labour is denoted by ® (say 100,150, etc. per hour per individual may be considered).
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For time, the estimates of Gamma function [;°Ae™

(7\1)):%:1 "h—
(Zﬁ:l np— 1)

1
!dt may be replaced by ex-

pected time YX | E(T,) = ¥, 5t for different values of A, to collect information from

respondent and nonrespondent units (say 15 minutes, 20 minutes, etc., on average from an

individual).

Example 1. Consider a population of size N = 3850 divided into four strata and two char-

acteristics. The following data are from Khan et al. (2008). The values of N, S%h, S%h, Wi,

Wi2, cho, cn1 and cjp are given in Table 2.1 The total cost Cy of the survey is fixed as 5000

units.

Table 2.1: Data with four strata and two characteristics

h N S5 53, Wit Wi co ¢ cw2
1 1214 4817.72 8121.15 0.70 0.30 1 2 3
2 822 6251.26 7613.52 0.80 0.20 1 3 4
3 1028 3066.16 1456.40 0.75 025 1 4 5
4 786 6207.25 6977.72 0.72 028 1 5 6

For the first stage, the INLPP given by equation (2.3.1)) with the given values, is formulated

as

443.0974013

270.715638

204.9419482

Minimize V| =

ni

n3

240.6056486  10.7780449  2.849638294
+ + +

n4

A

rn

3.415699137  5.070828722
+ +

r3

r4

subject to 24n1+3.4ny +4n3+4.6n4 +3r1 +4r, +5r3 + 614

—|—25(I’11 +ny —l—n3+n4)+25(r1 +r+r3 —|—r4) < 5000

2<n <N, 2<r <ip
2<n <N, 2<r<ip
2<n3<N3, 2<r3<ip
2<n4 <Ngy 2<rs<igp
and ni, ny, N3, n4, ry, ra, r3, r4 are integers.
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The solution of INLPP given in (2.4.1) is obtained by using MATLAB, for characteristic

j =1, given as
* * * * * * * *
n171:50, n172:37, n1,3:32, n174:35, r1,1:8, 7'172:4, 7’173:4, r1’4:5,

with minimum value of the objective function that is variance V; as V|" = 33.3852.

For the second stage, the INLPP given in (2.3.2)) may be formulated as

e 746.921876  329.7093584 97.34568757 270.4706345
Minimize V, = + + +

ni np nj3 n4
18.16836996 3.470624826 1.622428126
+ + +
r rn r3
5.700241329
+—+x
T4
. 443.0974013 270.715638 204.9419482 240.6056486
subject to + + +
ni ny n3 ng
10.7780449  2.849638294 3.415699137
+ + +
rl y) r3
5.070828722
+ —— —x1 <33.3852,
r4
2.4n1 +3.4ny +4n3 +4.64+3r; +4ry+5r3+ 614
—|—25(I’l1 +ny+n3 +n4) —|—25(}”1 +ry+r3 —|—r4) < 5000
x12>0,2<m <Ny, 2<r <
2<m <N, 2<n<ip
2<n3<N;3, 2<r3<ix
2<n4 <Ny, 2<ry4<iig
and ny, np, n3, n4, ry, rp, r3, rq4 arc integers.

(2.4.2)

The optimal solution provided by MATLAB for the INLPP, given in (2.4.2)), is given

as

* * * * X k * .
n271 :547 }’l272 = 38, n273 :27, n2’4 :35, 7"271 = 8, r272 :47 r273 :4, I"274 :5,
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x} = 0.3516,

with minimum value of the objective function that is variance Vi and V, as V" = 33.7368
and V' = 38.8776, respectively. The optimal values of the sampling fractions among non-

respondents are given as
ky, = Wiony, /1, h=1,2,3,4.

1/k} =0.4938272, 1/k} = 0.5263158, 1/k = 0.5925926, 1/k; = 0.5102041.

For this example, the total sample size of the first phase sampling is n = 154 and for second

phase of sampling is r = 21.

Example 2. The data, given in Table for three strata and two characteristics, are taken

from the population of size N = 200. The total available budget is fixed as 1000 units.

Table 2.2: Data for three strata and two characteristics

Ny S5, S5, W Wi oo c
60 4 9 070 0.30
9 16 4 0.80 0.20
50 196 289 0.75 025

=
—_

W o ==
—_ =
AW
wn w2
[\®)

For this example, at the first stage, the following INLPP is to be solved

0.333 3.0780 11.48438 0.0081
Minimize V) = + + +

ni ny n3 r1
0.0324  0.1914062
+ +
r r3
subject to 2.4n1 4+ 3.4ny +4n3 4+ 3r; +4r, + 513

(2.4.3)
+25(n1 “+ny +n3) —1—25(1”1 +r2+r3) < 1000

2<n <Ny, 2<r<ip

2<n; <Ny, 2<r<ifp
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2<n3<N;, 2<r3<im
and ni, n, N3, ri, ry, r3 are integers.

The solution of the above INLPP obtained by using MATLAB for j =1 is given as
n?l = 37 nT’z = 9, nT73 = 16, rik_‘l = 27 rT72 = 2, 7"773 = 2,

with minimum value of the objective function that is variance V; as V" = 1.2867.

For the second stage, the problem is formulated as

0.74925 0.7695 16.93359 0.333 0.0081
+ + + +
ni np n3 r )
0.2822266
_|_—
r3
0.333 3.0780 11.48438 .0081 .0324
+ + + +
n ny nj3 r rn

0.1914062
L 01914062 8388,

r3

Minimize V, =

+ X1

subject to

2.4n1 +3.4ny +4ns3 +3r1 +4r, +5r3 (2.4.4)
+25(n; +n2+n3) +25(r1 +r2 +r3) < 1000

x120,2<n <N, 2<r <hp

2<m <N, 2<n<ip

2<m3<N3, 2<r3<i3

and ni, ny, N3, ri, ry, r3 are integers.

The solution provided by MATLAB is

7’131 = 3, I’l;z = 7, n;:)) = 18, r;l = 2, ”'572 = 2, r§’3 = 2, XT = 00180,
with minimum value of the objective function that is variance V| and V, as V" = 1.3047
and V; = 1.4727, respectively.

Example 3. In this example the data of Sukhatme ef al. (1984) is taken for five strata and

three characteristics with total available budget of 10000 units.
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Table 2.3: Data for five strata and three characteristics

N, ST, Sy Sy W Wi oo cm o
395 12 56 413 0.75 0.25 1 4 6
382 80 2132 23.1 0.65 0.35 1 6 7
439 1113 565 109 0.70 0.30 1 7 9
1
1

368 8 355 115 0.75 0.25 9 11
416 247 68 38.8 0.72 0.28 11 12

N A W =S

For the first stage, we have to solve the problem

0.4388203 2.663113 49.60277 2.66616 9.938173
+ + + +
ni na nj3 n4 ns
0.002437891 0.08937845 1.206554  0.044436
+ + + +
ry rmn r3 r4
n 0.2094497

s

Minimize V| =

subject to dn1 +4.9n+59n34+7.75n4 +8.92n5 +6r1 +Try +9r3+ 111y
+ 12r5 4+ 25(ny +ny 4+ n3 +ng + ns)
+25(r1 +r2+r3+ra+rs) < 10000
2<m <Ny, 2<r<nn
2<m <N, 2<n<ip
2<n3<N3, 2<r3<i3p
2<n4 <Ngyy 2<r4<1ig
2<ns<Ns5, 2<rs<is
and ni, na, N3, N4, Ns, ry, 12, 13, r4, rs are integers.
(2.4.5)
The solution of the above INLPP may be obtained by using MATLAB and is given as

* * * * * * *
nl,l = 13, l’l172 = 32, l’l173 = 138, I’l174 = 31, n1’5 = 59, rl’l = 2, r172 = 67

] * *
r173:207 r174:4, r175:8,

with minimum value of the objective function that is variance V; as V" = 0.83892.
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For the second stage, the following problem may be formulated as given as

2.047828 70.97196 25.1802 11.2677 2.736015
+ + + +
ni np n3 nyg ns
0.03413047 2.381936 0.6124914 0.187795
+ + + +
rl rn r3 T4
0.05766226
S
rs
0.4388203 2.663113 49.60277 2.66616 9.938173
+ + + +
ni np n3 nyg ns
0.002437891 0.08937845 1.206554 0.044436
+ + + +
ri r r3 r4

0.2094497
+ 0.2094457 —x1 <0.8388

s

Minimize V, =

+x1

subject to

Y

4ny+4.9n, 4+ 5.9n3 4+ 7.75n4 + 8.92n5 4+ 611 +7r, + 9r3
+ 1y + 12r5 +25(ny +ny +n3 +ng +ns)
+25(r1 +r2+r3+ra+rs) < 10000
x120,2<n <N, 2<rn<in
2<np <N, 2<nr<ip
2<nm3<N3, 2<r3<in3
2<ng <Ngy 2<r4<1ig
2<ns<Ns5, 2<rs<is
and ni, ny, N3, N4, N5, i, ra, r3, r4, rs are integers.
(2.4.6)
The INLPP (2.4.6) gives the following solution by using MATLAB

* * * * * * *
I’l271 = 17, n2’2 = 93, n273 == 92, n2’4 == 38, I’l275 = 36, rz’l = 2, r272 = 167

r3=14,13,=5,135=5, x] = 0.2418,

with minimum value of the objective function that is variance V5 as V5" = 2.0274, respec-

tively.
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For the third stage, there is need to solve the following INLPP

1.510273 0.7689739 0.4857774 0.36501 1.561138
+ + + +
n ny n3 n4 ns
0.02517122 0.02580803 0.01181621 0.0060835
+ + + +
rl rn r3 74
0.03290141
bt
rs
0.4388203 2.663113 49.60277 2.66616 9.938173
+ + + +
ni nj n3 n4 ns
0.002437891 0.08937845 1.206554 0.044436
+ + + +
1 ) 3 74

0.2094497
| 02094497 8388
rs

2.047828 70.97196 25.1802 11.2677 2.736015
+ + + +
nj n n3 n4 ns
0.03413047 2.381936  0.6124914 0.187795
+ + + +

r rn r3 ry4

0.05766226
— —x2 <2.0274
rs

4ny +4.9n, 4+ 5.9n3 4+ 7.75n4 + 8.92n5 4+ 6r1 +7r, + 9r3

Minimize V3 =

+x1+x2

subject to

+ 1lrg+ 12rs +25(ny + np + n3 +ng + ns)
+25(r1+ra+r3+ra+rs) < 10000
x120,020,2<n <N, 2<rn<in

2<mp <Ny, 2<n<ip

2<n3<N;3, 2<r3<im

2<n4 <Ny, 2<r4<iigp

2<ns<Ns, 2<rs<is

and ni, na, N3, N4, Ns, ry, 12, 13, r4, rs are integers.
2.4.7

The INLPP gives the following solution provided by MATLAB is

n;l = 23, l’l;z = 73, n§’3 = 100, n§74 = 367 n;S = 46, r)3k_‘1 = 2, r§72 = 13,
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ri3=1513,=2,r35="7, x] =0.1439, x5 = 0.00141,

with minimum value of the objective function and variances are Vi, V, and V3 as V| =
0.9823649, V,* = 2.028786 and V3 = 0.1482332, respectively. The corresponding trace

value V| + V5 + V5" = 3.159384.

2.5 Some other methods to workout compromise allocation

In this section a study is carried out to compare the proposed allocation with compromise

allocations suggested by others as follows:

2.5.1 Cochran’s averaged allocation

Cochran (1977) proposed the character wise average of the individual optimum allocations
as the compromise allocation. In the existence of nonresponse with Gamma cost function
this allocation is reformulated as

CO\/WhZ ]h WhZS]hz)/(Ch0+Ch1Wh1+OJ1/7»1)

p e
=yE \/th (th - thS?hz) (cho+ Wit + o1 /M) + Xh_ | WiWi2S%07/ @2 /A2 + cn2

(2.5.1)
" CoWnWiaSjn2/\/Ch2 '
p b

= 1 Y- \/W2 - thSﬁhz) (cn0 + e Wi + 01 /M) + Xy WaWiaS3, /@2 /A + e
(2.5.2)

2.5.2 Chatterjee’s averaged allocation

Chatterjee (1968)) proposed the compromise allocation by minimizing the sum of relative
increases in the minimum variances in the estimates. For nonresponse, this allocation, with

Co\/X0_ 17,
= (25.3)
Yot (eno + emWan + @1 /M) /X] = 1n1h+2h 1cm2+ /Aoy /X = ﬂ?h
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Co\/X5_, 1Y,
n=— S o (2.54)
Yot (cno+cnWat + 1 /M) /X0 G+ iy cna+ @2 /A [XS_, 1
h=12,... L j=12,....p,

where n(;h and r?h denote the individual optimum allocations for j** characteristic, respec-

tively.

2.5.3 Kbhan et al. (2008) compromise allocation

Khan et al. (2008) proposed the compromise allocation by minimizing the weighted sum
of the variances with Gamma cost function is reformulated as

Co \/th (A7 —WiB3) /(cho + cmi Wi + @1 /M)

ny =
Yio \/th (A2 —WinB2) (cno + cmWat + @1 /A1) + X5y WaWiBi/02/A2 + ¢
(2.5.5)

Y CoWnWi2Bi/~/cma + /Ay

Yiio \/th (A2 —WiB2) (o + cnWit + @1 /A1) + Xy WaWia By /@2 /M2 + cio
(2.5.6)

where A2 = ;’ZlajsﬁhandB%:zj.’zlajsghz; h=1,2,....L; j=1,2,....p.

2.5.4 Minimizing trace allocation

Sukhatme et al. (1984) obtained by minimizing the trace of variance-covariance matrix of
estimator used. This compromise allocation is reformulated as

C()\/th (A% — thB%) /(ChO + Wi + 031/7\.1)

ny =
o \/th (A2 —WinB2) (cno+ cm Wit + @1 /A1) + Xhiy WaWioBy/02/A2 + ¢
(2.5.7)

Y CoWnWi2Bi/~/cma + 2 /Ay

Yo \/th (A2 —WinB2) (cno + cmi Wit + @1 /A1) + Xhiey WaWio B/ 02/A2 + ¢
(2.5.8)
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where A7 :Z‘;ZIS% and B; 22?215?},2; h=12,....L; j=1,2,....p.

Table 2.4: Allocations with trace values and cost incurred for example 1

S.No Allocations NG Ny N3 N4 I ry 13 14 Trace Cost
1 Minimizing Trace 54 37 26 34 8 4 3 5 739552 4875.8
2 Khan et al. Allocation 54 37 26 34 8 4 3 5 739552 4875.8
3 Cochran Allocation 55 38 27 35 7 4 3 4 73.6677 4931.2
4 Chatterjee Allocation 55 38 27 35 8 4 3 5 722673 4990.2
5 Proposed Allocation 54 38 27 35 8 4 4 5 722482 4992.8

2.6 Discussion

In this chapter, the problem is formulated as INLPP with fixed Gamma cost function. To
obtain its solution, a lexicographic goal programming approach is used to provide the best
solution. Tables[2.4][2.5]and[2.6|show the comparison of the proposed allocation with other
compromise allocations. Table[2.4]shows that the allocations obtained by minimizing trace
and Khan et al. (2008) have the same trace value while the proposed allocation gives the
minimum trace value compared to all other allocations. Table [2.5|shows that all other al-
locations are not advisable in comparison to the proposed allocation even these allocations
have the minimum trace value but violate the cost constraint. Table shows that the allo-
cations obtained by minimizing trace and Khan et al. (2008) have the same trace value and
cost. Cochran’s allocation gives a higher trace value, while Chatterjee’s allocation violates
the cost constraint with a minimum trace value. The proposed allocation gives the solution

by utilizing the maximum cost as possible in comparison to others.

Tables and give the percentage increase in the variances when individual opti-
mum allocations and proposed allocation are used for all characteristics. It can be seen that
the percentage increase in the variances by proposed allocation is considerably less than
the percentage increase when the individual optimum allocation for one characteristic is

used for all characteristics.
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Table 2.7: Percentage increase in the variances when individual optimum for one characteristic is
used for all characteristics (example 1)

Characteristics Percentage increase in the variances

1 2 Proposed
1 0 2.0186 1.0532
1.0094 0 0.9126

Table 2.8: Percentage increase in the variances when individual optimum for one characteristic is
used for all characteristics (example 2)

Characteristics Percentage increase in the variances

1 2 Proposed
1 0 6.4044 1.3988
2 1.3959 0 1.2374

Table 2.9: Percentage increase in the variances when individual optimum for one characteristic is
used for all characteristics (example 3)

Characteristics Percentage increase in the variances
1 2 3 Proposed
1 0 94.7409 41.6681  15.508
2 28.0618 0 22.4040 7.3134
3 15.4577 14.1215 0 5.6085

2.7 Conclusion

On the basis of the comparative study carried out in Section [2.5] it may be concluded
that the proposed allocation is suitable for working out a usable compromise allocation for

multivariate stratified surveys with the Gamma cost function.
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CHAPTER 3

On determination of optimum strata boundaries in
sample surveys

3.1 Introduction

Many researchers adopted stratified random sampling to obtain the required information in
every field of study , that is, health related studies, market shares related studies in business,
etc. Many studies arrange individuals into convivial strata of socio-economic elements. Let
the population under study is stratified into L strata and the number of units in each stratum
is N (h=1,2,...,L) such that the total of population units be N = ):i‘:lNh. The main
objective to construct the strata boundaries is to control homogeneity internally. That is,
the stratum variances S% may be minimized as possible. If the study variable’s distribu-
tion is known, then the optimum stratum boundaries (OSB) may be obtained by dividing
the range of the distribution at various possible points between the range. The problem of
OSB was discussed by Dalenius (1950). He considered the study variable as a stratifica-
tion variable and constructed minimal equations to obtain OSB. But, these equations may

not be explained clearly due of their implicit nature. The problem of determining OSB is
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discussed by many authors, some of them are Dalenius and Gurney (1951), Mahalanobis
(1952), Hansen et al. (1953), Dalenius and Hodges (1959), Sethi (1963)), Unnithan (197/8]),
Lavallée and Hidiroglou (1988)), Hedlin (2000), etc. Unnithan (1978)) suggested an itera-
tive procedure that needs a suitable initial solution for the skewed population. Lavallée and
Hidiroglou (1988) discussed an algorithm to construct stratum boundaries for a power al-
located (applying an exponential value g, where 0 < g < 1, to the stratum population value
under Neyman allocation to allow for a sufficient spread of the sample allocation) stratified
sample. Later on, Hidiroglou and Srinath (1993) presented a more general form of the algo-
rithm. After Lavallée and Hidiroglou’s algorithm, a modified algorithm that incorporated
the different relationships between the stratification and study variables were proposed by
Sweet and Sigman (1998) and Rivest (2002). There are various other algorithms discussed
in the literature, for example, Niemiro (1999) suggested the use of a random search ap-
proach, and Nelder and Mead (1965) used the simplex technique for stratification (Lednick
and Wieczorkowski (2003)). Later on, Kozak (2004} discussed a modified arbitrary search
technique. Gunning and Horgan (2004)) proposed another method for stratification, primar-
ily based on a geometric progression. This strategy was studied with three other techniques,
Dalenius and Hodges (1959), Ekman (1959)), and Lavallée and Hidiroglou (1988), which
expressed that the geometric progression technique is efficient than Horgan (2006). The
usefulness of Gunning and Horgan’s geometric progression technique was compared, and
it has shown that the geometric progression approach is much less efficient than Lavallée
and Hidiroglou’s method. Several stratification techniques have been suggested by Laval-
1ée (1988)), Khan et al. (2002)), Khan et al. (2005, 2015)), Kozak et al. (2007)), etc., when
the distributions of the study variables are known. They constructed the problems of de-
termining OSB as the optimization problems, and solved by using DP. The DP technique
was first proposed by Biihler and Deutler (1975), to solve the OSB problems. Khan et al.

(2009) worked on the OSB problem in health surveys by using auxiliary variables, and
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many other authors also solved OSB problems such as Reddy et al. (2016), Danish et al.
(2017), Danish (2018)), Hidiroglou and Kozak (2018]|), Danish et al. (2019a,b)), Reddy and
Khan (2019) and Zhanga et al. (2020). Moreover, some authors solved the multiobjective
NLPP with fixed linear and nonlinear cost functions. For example Varshney et al. (2012,
2015, 2017) and Ansari et al. (2018), etc. Recently, Haq et al. (2020) also discussed the

solution of multiobjective NLPP.

In this chapter, a procedure is discussed to solve the OSB problem and sample size with a
nonlinear fixed cost function for each stratum is determined. The application of the pro-
posed method is given with empirical investigations using real and simulated data sets.
Generally, in health surveys with the help of auxiliary variables, we identify positively
skewed distributions which are considered into the family of Gaussian distribution such as
Weibull, Gamma, Log-normal, etc. Thus in this chapter, the problem is formulated as an
NLPP for determining the OSB, which shows a gain in efficiency over other methods as
defined in the literature. The proposed method is discussed for the exponential and Weibull
distribution using real and simulated data sets for the NLPP. This NLPP is solved by min-
imizing the coefficients of variation (CV) of unknown population parameters. Since the
formulated NLPP may be defined as a multistage decision problem, therefore it is solved
by using suitable mathematical programming technique. After getting OSBs, they are used
to compute each stratum’s sample size with a fixed nonlinear cost function. A numerical
example with a real data set of skewed population, where the auxiliary variables follow ex-
ponential and Weibull distributions, is presented to illustrate the proposed procedure. Also,

using a simulated data set, a comparative study is included with some other methods.

3.2 Formulation of the OSB problem as an NLPP

Let the population be stratified into L strata and the estimation of the population mean of

the study variable is needed. Let xop and x; be the lowest and upper values of the study
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variable in the population. Then the problem of optimum stratification can be described as
to find the intermediate stratum boundaries x| < xp < --- < x7_1 such that the variance of

the stratified sample mean given as
L
X =) Wik,
h=1
and variance is given as

_ A
V(xst):Z(—— >Wh i (3.2.1)

i\ Ny

where G% is the stratum variance for the 4" stratum, & = 1,2, ..., L. If fpc is ignored, then

equation (3 restated as

S'I\J

(3.2.2)

L
xst Z

In this chapter, the square of the coefficient of variation instead of variance is suggested to
use because it is unit free and also has positive value. Thus, the square of the coefficient of

variation may be defined as

1 L 2
_—Z h (3.2.3)
X =
where
cv — SPUs)
X
(CV)* = V(_’Z“).
X

In a stratified sample survey for the total cost of the survey, the basic cost function may be

considered as (Cochran (1977))

L
C=co+ Z chiy,
h=1
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or
L
C—co=Cy= ZChﬂ}n
h=1
where Cy denotes the budget needed for measuring the units to conduct a survey, cy, is per-
unit measurement cost to measure all p characteristics for the 4 stratum, ny, is the sample
size of units selected from the A" stratum and cy is the overhead cost amount. In practi-
cal conditions the travel cost within the stratum may be suggested, then the cost function
becomes nonlinear. Beardwood ef al. (1959) showed that the travel cost of approaching ny,
units within stratum may be taken as #;,/n;,. By adding this cost component, the total cost

C of the survey is given by

L L
C=co+ Y cimn+ Y tw/mp,
=1 =1

or

L L
Co=C—co= Y camp+ Y twy/mp, (3.2.4)
h=1 h=1

where 1;,,/n;, is the travel cost for " stratum. The cost capacity in equation (3.2.4)) is now

quadratic in /ny,.

A method of constructing OSB for strata is needed for study variable for getting substantial
gains in the precision of the estimates. Let f(y) be the probability density function of the
auxiliary variable y. The problem of determining the OSB is then equivalent to finding the
L — 1 intermediate points x; < xp < --- < xz_ in the interval [xp,xz] such that equation
(3.2.2) is minimum. Let x; —x¢ =d.

The values of W, and 6, in equation (3.2.2) are obtained as

W= [ r)dy (3.2.5)

Xh—1
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1 r*n
O = — / YV F)dy — 1, (3.2.6)
Wi Jx,
1 Xn
where pup= g [ 3f0)dy (3.2.7)
Xp—1

and (x;_1, x) are the boundaries of 4" stratum.

When the distribution of f(y) function is known, then using equations (3.2.5) to (3.2.7)

could be expressed as a the function of x; and x;,_ only.

22
Let fj (xp,xp-1) = % (W’;l—:h> Then, the problem of determination of OSB can be ex-

pressed as the optimization problem which is given as
L
Minimize Z In (Xp,xp—1)
h=1

L l
subjectto C=co+ Y. chmp+ Y. thy/Mh (3.2.8)
h=1 h=1 o

a=x0<x1<x<--<xp1<x=0>b
and L>0,h=1,2,...,L,
where a is the minimum value of all lower bounds of the study variable and b is the maxi-
mum value of all upper bounds of the study variable and I, = x;, —x;,_1; h=1,2,...,L and

I, > 0 denotes the range or the width of the 4" stratum.

Range of the distribution is expressed as a function of stratum width
L L
Zlh:th—xh_lzb—a:xL—xozd. (3.2.9)
h=1 h=1
The A" stratification point x;; &= 1,2, ..., L can be defined as
Xp =Xxp—1 +1.

Substituting equation (3.2.9) as a constraint, the algorithm can be defined as the problem
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of determining optimum strata widths (OSW) [y, 1, ..., and written as

L
Minimize Z In (xp,xp—1)
h=1

. , (3.2.10)
subjectto C =co+ Z cpnp, + Z th/1
h=1 h=1
L
Y l,=d
h=1
and lL,>0, h=1,2,... L.

Since xy is initial value. Then initial term, f (I1,x0) = f1 (xo +11,X0) in the objective func-
tion of equation (3.2.10) is a function of /; only. If /; is known, the second term f; (I, x1)
will become a function of /; alone and so on. The objective function and constraints of the
MPP (3.2.10) are separable, therefore, any suitable mathematical programming technique
may be used to solve the MPP (3.2.10). The MPP may be expressed as a function of /,

which may be given as
L
Minimize Z In(ln)
h=1

L /
subjectto C=co+ Z cpny + Z tha/ny,

h=1 h=1 (3.2.11)
L
Y l,=d
h=1
and lL>0,h=1,2,...,L.

3.3 The solution procedure

The MPP (3.2.T1) is a multistage decision problem where the objective function and con-
straints may be expressed as separable functions of /;,, so the DP technique may be applica-
ble to solve the formulated problem. Using this technique, a multivariable problem may be
decomposed into stages, and each stage will be converted into a single variable subprob-
lem. The DP technique is implemented by solving a recursive equation based on Bellman’s

principle of optimality.
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The k™" subproblem of (3.2.11) which involves first k(< L) strata may be formulated as

k
Minimize ) fj, (In)
h=1

k k
subjectto C =co+ Z cpny + Z /Ny
=1

h=1 h 3.3.1)
k
Y lh=dy
h=1
and L>0;, h=1,2,... k,

where d; < d is the total width for k strata. Also, if we put kK = L then dy = d and the

transformation functions are used as
di=lLh+hLh+...+1
di1=L+bh—+... v 1=dr— I

dir=h+b+...+hk2=L 11—
(3.3.2)

dh=h+h=d3—13
di=l=d— 1.

If f (k,d)) denotes the minimum value of the objective function of (3.3.1)), then

k k
flk,d)=min | Y fu(ly)] Y ly=drand ;> 0; h=1,2,....k|. (3.3.3)
h=1 h=1

By using the following recurrence relation, the minimum value of the objective function of

(3.2.11)) may be obtained

f(kvdk) :Ognl}{lgdk[fk(lk)—i—f(k_ ludk_lk)]v 2<k<L (334)

and consequently, the required solution to the problem.
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3.4 Numerical example

In this section, the numerical illustrations are placed to express the proposed technique’s
application to the real and simulated data sets for different populations. The OSBs are

obtained with a nonlinear cost function.

3.4.1 Real data set

For this numerical illustration, the data from a hospital are considered, as taken by Khan
et al. (2009). The population of size N = 393 and number of beds is 1000. For the whole
population with auxiliary variable y, a common model may be easily available for estima-
tion purposes. Strata formation may be initiated by ordering the units from low to high

values based on an auxiliary variable. A model is required with

Ey (xi) = ¥ B, Vi (xn) = 6%y, (3.4.1)

in most of the populations, for 0 <y < 2. Valliant et al. (2000) defined a model which is

given as

Epy (xn) = Bo+ By/zyl/ > Byl (3.4.2)

In equation (3.4.2)), the fitted model is quadratic. Here the number of patients discharged is
denoted by x and the number of beds y is considered to be best for the model y = 2. The R?
value for this model is 0.855 and estimated parameters are highly significant. A probability

plot of the number of beds (y) is obtained to determine the distribution of y.

To identify the distribution of f(y), a relative histogram of y is plotted and in Figure
(a), it has shown that the distribution of y follows the right-skewed distribution. This dis-
tribution has some similar properties as that of exponential and Weibull distributions. It
may be seen that the probability plot of y, in Figure (b), shows that the points are clus-

tered around a straight line, which enables us that it may be considered as exponential and

58



On determination of optimum strata boundaries...

Weibull distributions. The MLE method is used to estimate the parameters; the minimum

and maximum values for exponential and Weibull distributions are given in Table 3.1} The

total amount available for conducting the survey is assumed to be C = 800 units and cost

values as given in Table [3.3]

Figure 3.1: Histogram and probability plot for exponential and Weibull distributions using a real
data set
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Table 3.1: Parametric values for real data

Parameters Exponential Weibull
Shape 1.18198
Scale 0.0036  280.349
Location 9.35936
Minimum 10 10
Maximum 986 986

3.4.2 Simulated data sets

= Exponential
= Weibull

For exponential and Weibull distributions with auxiliary and study variables, the simu-

lated data sets were randomly generated using R software. The size of each population

is taken as 1000 units. In this data set, a weak relationship appears between y and x for
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predictive power in its regression models given in equations (3.4.1)) and (3.4.2) for y=2.
The R? value for exponential distribution is 0.00342829 and for Weibull distribution is
0.0002398003. The parametric values for exponential and Weibull distributions are esti-
mated using R software and given in Table[3.2] The total amount available for conducting

the survey is assumed to be C = 1500 units and cost values as given in Table[3.3]

Table 3.2: Parametric values for simulated data

Parameters Exponential Weibull

Shape 0.7510
Scale 0.069724  0.1713
Location 6.5001
Minimum 0.01286 6.65001

Maximum 132.19440 96.4011

Table 3.3: Cost values for real and simulated data sets

h 1 2 3 4 5
ch 34 5 6
tn 1 15 2 25 3

3.4.3 Determination of OSB under exponential distribution
Let the stratification variable y follows the exponential distribution with parameter A > 0
and it is given as

f()  =2Xexp(—Ay), 0<y<eo (3.4.3)

In most of the cases, the populations’ sizes are often finite, so it is assumed that the most
considerable value of y in the population is D, that is, 0 <y < D. here yo = 0 and y; = D.

Using equations (3.2.5) to (3.2.7), it may be written as

Wy = exp(—Ax;—1) (1 —exp(—2Aly)) (3.4.4)

(w14 7) (1 —exp(=Ady)) — lyexp (—Aly)
Hh = 1 —exp (—Aly) (3:4-5)
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A (1= exp (=M))* — B exp (-\h)

and ol = , (3.4.6)
(1—exp(—Ay))*
by using equations (3.4.4)) to (3.4.6), the problem of OSB may be expressed as
2
1 & exp ()P RIS exp (<)
Minimize - Z
X" h=1 "
L i
subjectto C=co+ Z Ccpny, + Z th/1
= = (3.4.7)
L
Y lh=d
h=1
and lh>0, h=1,2,...,L.

3.4.4 Determination of OSB under Weibull distribution

The Weibull distribution with three parameters is continuous probability distribution. It
may be frequently used as a model in life testing. Due to its moderate skewness nature, it
may be used in fitting of distributions of different nature. By substituting different values
for shape parameter, the distribution may be converted into the exponential distribution, the
Rayleigh distribution and the normal distribution. If the stratification variable y follows the
Weibull distribution on the interval [xo,x;] with parameters 6, y, and r. Then the probability

density function is given as

(=1 o r
f(y’r7e7'y) :%exp(— (%) ), yZ’Y,r>0,9>0,

—oo JY <o,
(3.4.8)

where r and 0 are shape and scale parameters, respectively and 7y is a location parameter.

By using the equations (]3.2.5[) to (]3.2.7[), the expression of thci for Weibull distribution

61



On determination of optimum strata boundaries...

may be expressed as

er ()BT el
o () of2 o (45-0))
feClolo (S1)) ol (S

(3.4.9)

With the help of equation (3.4.9)), the OSB problem may be expressed for Weibull distribu-

tion given as
L _ r _ r
y [exp<_(xhle Y)) _exp<_(xhl‘;lh Y)) ] "

(7)) oon( )
oo o(ton(5)) ol () )

L L
subjectto C =co+ Z cpny + Z th/mn
h=1

0> _[2
Minimize —I° < +1

h=1
L
Y lh=d
h=1
and L>0,h=1,2,...,L.
Table 3.4: Exponential distribution with real data
Strata Proposed Method Cumulative Method Geometric Method LH Kozak Method
0SB ny cv 0SB | m, cv 0SB n cv 0SB ny cv
2 371.719 267 0.00043291 310 199 0.00043538 99.297 16 0.0010732 14.5 360 0.00057049
95 140 263 33
3 216.95 149 0.00022775 210 126 0.00032987 46.198 6 0.00059169 205.2 131 0.00023137
488.92 86 460 150 213.428 45 465.47 83
63 27 166 74
4 185.093 141 0.00014855 160 113 0.00016941 31511 4 0.00042105 140.13 83 0.00014648
382.081 73 310 45 99.297 10 302.8 59
736.488 42 510 38 312.90 52 514.27 46
26 57 108 54
5 115.687 73 0.00011856 110 68 0.00012116 25.048 3 0.00032521 114.11 59 0.000121401
208.877 93 260 65 62.741 4 244.24 50
174.045 25 410 30 157.15 17 374.37 27
176.35 19 560 16 393.642 55 556.56 26
301.041 67 43 72 47
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Table 3.5: Exponential distribution with simulated data

Strata Proposed Method Cumulative Method Geometric Method LH Kozak Method
OSB ny CV OSB ny, CV OSB ny CV OSB ny, CV
2 23.2897 454 0.00048208 65.43828 694 0.00070949 1.303848 2 0.00139678 .03 3 0.00120285
181 26 487 486
3 13.9933 176 0.00026155 43.62552 663 0.00059483 .2796179 2 0.00125505 11.76 203 0.00026845
32.8972 164 87.25104 41 6.079797 27 29.39 159
150 3 342 140
4 9.6428 177 0.00017333 32.71914 636 0.0004931 .1294893 3 0.000829234 6.62 94 0.00019243
21.7705 115 65.43828 51 1.303847 2 17.64 114
42.1427 102 98.15742 5 13.12863 92 35.26 96
64 2 212 103
5 8.4737 152 0.00016307 26.17531 571 0.0003586 0815897 5 0.00068524 53 66 0.00016535
19.1287 102 52.35063 72 5176423 2 12.35 54
36.2957 95 78.52594 12 3.284159 8 2292 67
84.1627 69 104.7013 3 20.8362 155 40.55 55
86 2 100 69
Table 3.6: Weibull distribution with real data
Strata Proposed Method Cumulative Method Geometric Method LH Kozak Method
OSB ny CV OSB ny CV OSB ny CV OSB ny CV
2 465.512 291 .0021 310 187 0.002290 99.297 22 0.002806 14.5 2.0035 0.0044
79 148 259 273.25
3 299.728 185 .0019 210 109 0.001934 46.198 5 0.002544 205.2 93.9993 0.0028
637.57 96 460 95 213.428 55 465.47 102.974
37 76 159 77.5834
4 235.158 121 .0018 160 65 0.001865 31.511 4 0.002445 140.13 52.1677 0.0022
478.879 89 310 59 99.297 15 302.8 63.3189
731.023 46 510 55 312.901 67 514.27 56.9886
23 54 96 54.9677
5 194.761 84 .0017 110 33 0.001821 25.048 2 0.002385 114.11 35.0316 0.0021
386.268 76 260 55 62.741 6 244.24 47.0952
583.957 46 410 43 157.154 23 374.37 38.8307
784.408 26 560 28 393.642 53 556.56 36.2760
18 39 66 39.8578

Table 3.7: Weibull distribution with simulated data

Strata Proposed Method Cumulative Method Geometric Method LH Kozak Method
OSB ny CV OSB ny CV OSB ny CV OSB ny CV
2 29.67701 514 0.00236 38.44711 703 0.002692 25.05165 585.4197 0.0024 6.5 124 0.0032
143 20 96.7097 403
3 21.59541 390 0.00190 25.63140 616 0.002125 15.97831 428.7157 0.0020 12.49 321 0.0023
54.25821 222 51.26281 73 39.27732 178.4842 2248 129
2 2 14.6174 104
4 18.67781 313 0.00180 19.22355 503 0.002005 12.76081 337.6088 0.0018 9.5 231 0.0023
36.88421 219 38.44711 124 25.05165 153.6615 15.49 107
78.12591 37 57.67066 15 49.18068 73.9587 25.98 90
3 2.0087 2 64
5 13.20081 165 0.00130 15.37884 420 0.00196 11.1503 330.1481 0.0014 8.9 246 0.0017
19.73321 132 30.75768 144 19.12728 121.5897 12.49 37
32.22961 85 46.13653 35 32.81101 59.0490 18.49 31
55.16961 70 61.51537 3 56.28416 31.6042 28.08 71
2 2 2 56

63




On determination of optimum strata boundaries...

3.4.5 Relative efficiency

The relative efficiency (R.E.) of the proposed method with other methods, as discussed,
may be computed as

RE. — CV other

= x 100.
CVProposed

Table 3.8: R.E. of proposed method w.r.t other methods for exponential distribution with real and
simulated data sets

Strata R.E. for real data set R.E. for simulated data set
Cumulative | Geometric | LH Kozak | Cumulative | Geometric | LH Kozak

2 100.571 247.904 131.780 147.173 289.740 249.513

3 144.839 259.798 101.589 227.425 479.851 102.638

4 114.042 283.439 98.607 284.489 478.413 111.019

5 102.193 274.299 102.396 219.906 420.212 101.398

Table 3.9: R.E. of proposed method w.r.t other methods for Weibull distribution with real and
simulated data sets

Strata R.E. for real data set R.E. for simulated data set
Cumulative | Geometric | LH Kozak | Cumulative | Geometric | LH Kozak

2 109.047 133.619 209.524 114.068 101.695 135.593

3 101.789 133.895 147.368 111.842 105.263 121.053

4 103.611 135.833 122.222 111.389 100.000 127.778

5 107.118 140.294 123.529 150.769 107.692 130.769

3.5 Conclusion

The proposed method determines the OSB for the population with a nonlinear cost function,
which provides optimum sample size for each stratum. Tables [3.4] and [3.6] represent the
OSB, sample sizes, and CV values for the real data set, and Tables [3.5|and [3.7|represent the
OSB, sample sizes, and CV values for the simulated data set for exponential and Weibull
distributions. Figures[3.2]and [3.3|show that if the number of strata increases, then the CVs

decrease. The CVs of the estimate, calculated by the proposed method for the distributions,
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as discussed, are lower than the CVs obtained by other methods. Therefore the precision
of the estimates of parameters of the study variables is maximum for the proposed method.
Hence, the determination of the OSB may be formulated as an MPP that minimizes the
CV of the estimated population parameter. The solution procedure is implemented through

MATLAB and R software.

In this chapter the integer restrictions on allocations are also suggested for obtaining the
sample size and OSB for each stratum by using the real and simulated data sets and to
explore the application of the proposed method for the nonlinear cost function. This chap-
ter also presents the results obtained by the cumulative method, geometric method, and
Lavallée and Hindiroglou’s method to carry out a comparative study and this study helps to
promote the application of the proposed technique. The R.E. of the proposed method over
other methods are presented in Tables [3.8] and [3.9| where one can see the substantial gains
by the proposed method over all other three methods in both real and simulated data sets

for both distributions.
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Figure 3.2: CV for exponential distribution for real and simulated data sets

CV for Exponential Distribution with Real Data CV for Exponential Distribution with Simulated Data
Methods Methods
3 3
Figure 3.3: CV for Weibull distribution for real and simulated data sets
CV for Weibull Distribution with Real Data CV for Weibull Distribution with Simulated Data
3 3

] 3
Strata Strata
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CHAPTER 4

On multivariate-multiobjective stratified sampling
design under probabilistic environment: a fuzzy
programming technique

4.1 Introduction

In many real-life practices, the populations may vary in their accessibility. Some parts
of the population may be in remote locations, gated buildings or other inaccessible areas.
Then the choice of sampling design affects the results of the survey. For such situations,
stratified sampling seems to be the best choice of the sampling technique. For obtaining
detailed information about the characteristics of the population, a multivariate stratified
sample survey is carried out by splitting the population into L strata. It is assumed that all
the p characteristics are defined in each unit of the population. The estimation of unknown
population means of p characteristics is required and may be carried out using the NLPP.
Cochran (1977) has been shown that the individual optimum allocation of one character
may not remain optimum for others. A compromise criterion may be required to obtain

the best allocation, which helps in getting precise information about population parame-
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ters. Therefore the allocation based on some compromised criterion is called compromise

allocation in multivariate stratified sampling design.

Most of the authors (Neyman (1934), Kokan and Khan (1967), Chatterjee (1968)), Ah-
san (1975-1976)), Khan et al. (1997), Semiz (2004), Kozak (2006), Varshney et al. (2012,
2015)), Fatima et al. (2014), Muhammad et al. (2015)), Muhammad and Husain (2017))) dis-
cussed the problems of allocation and worked out compromise allocation in multivariate
stratified sample surveys. A compromise allocation is obtained either by suggesting differ-
ent compromise criteria or using the suggested criteria under different conditions, i.e. in
the availability of auxiliary information, presence of nonresponse, etc. In many sampling
designs, the stratum variances are not known in advance but may be estimable. From the
deterministic point of view, such problems may be formulated as NLPPs. However, if the
nature of the estimated variances is also considered, it will be an additional restriction to
the problem, and therefore the compromise allocation may not be obtained easily. For such
situations, the Stochastic Nonlinear Programming Problem (SNLPP) may help to work out
the required compromise allocation to obtain sufficient information about population pa-
rameters (See (Charnes and Cooper (1963), Prékopa (1978)), Diaz-Garcia and Garay Tapia
(2007), Kozak and Wang (2010), Haseen et al. (2016))). Diaz-Garcia and Ramos-Quiroga
(2014) discussed and provided results by solving SNLPPs with a fixed linear cost func-
tion. The concept of fuzzy set theory has been discussed by Zadeh (1965) and Bellman
and Zadeh (1970). They utilized the fuzzy approach for dynamic issues. The idea of the
fuzzy set was given by Zimmermann (1978)) to convert the multiobjective linear program-
ming problem into a single objective linear programming problem. Some authors discussed
fuzzy programming methods (See (Gupta et al. (2013)), Ali and Hasan (2014), Varshney et
al. (2017), Haq et al. (2020)). Fuzzy programming is one of many available optimization
models that deals with an optimization problem under uncertainty. The technique is flex-

ible and thus helps decision-makers have a better understanding of their problems. This
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model can be applied when situations are not clearly defined and thus have uncertainty. In
other words, if an exact value is not critical to the problem. Fuzzy programming has been
studied and applied recently by several authors in different areas (Elsisi (2019albl 2020),
Fakhrzad and Goodarzian (2019), Fathollahi-Fard et al. (2020), Lu et al. (2020)), Elsisi and

Soliman (2021)), Goodarzian and Hosseini-Nasab (2021))).

Under the probabilistic environment, the use of the nonlinear cost function is proposed by
considering the labour cost as part of the survey’s total cost. In this chapter, the compro-
mise criterion is suggested for determining the compromise allocation for a multiobjective-
multivariate stochastic nonlinear programming problem for the fixed cost in the probabilis-
tic situation. The solution procedure is also given to solve the formulated problem by using

an appropriate nonlinear programming technique.

In Section 4.2] the notations and formulation of the problem are given. The formulated
problems’ solutions are suggested using two deterministic approaches: modified E-model
and chance constraints in Section 4.3] In the modified E-model formulation, the solu-
tion strategy is recommended by utilizing a fuzzy goal programming technique. For the
chance constraints model, the solutions are obtained using Lagrange multiplier and inte-
ger nonlinear programming techniques. Section4.4] the numerical illustration is discussed
by considering the Iris data set, and the data set is obtained by simulation carried out by
the software R. The formulated problem is solved through the modified E-model approach
and chance constraints technique. The solution procedures are suggested by utilizing fuzzy
goal programming problem, Lagrange multiplier method and integer nonlinear program-
ming problem. MATLAB software is used to solve the formulated NLPPs. A comparative
study is included by considering some other allocations, as discussed in Section #.4.1.1]
with the proposed allocation. Finally, the conclusion has been made for using the proposed

technique in Section 4.5}
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4.2 Framework of the problem

Assuming a population of N units that is partitioned into strata of sizes N1, N3, ..., Ny units
L
such that ), N, =N.

For /' stratum, the following notations are introduced as follows

N, : Stratum size
N, .
W, = ﬁh : Stratum weight
ny @ Sample size
yni - Observational value of i stratum unit/stratum
sample
_ 1 ]Vh
Yp=—) yn : Stratum mean
N i3
1 &
Y,=—) Yni : Sample mean
Mh i 21
2 1 v.\2
Sp=——=3Y (i—Yn)" : Stratum mean square
Ny—1454
1 & 5
57 = Z (yni—¥,)” : Sample mean square.

Furthermore,

Y=3Yi, Zﬁvz"l Yhi = % Lh_y No¥i = ¥k WY, : Describes the overall population mean.

If the estimated value of Y is needed, then the stratified sample mean
L
Yo = Y, Wil
h=1

gives an unbiased estimate for Y with the sampling variance

B L wﬂsZ L W@SZ
Vi) = 3 ey Ml

h=1 h=1

np

In a multivariate stratified population where p characteristics are given on each popula-
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tion element, then the p population means Yj; j=1,2,...,p are to be estimated. Since
the individual optimum allocation may not be optimum for other characteristics. Let y
denotes the value obtained from i element in A stratum having j* characteristic and

Y ih= Nih ):?Zl yjni be the stratum mean of y ;. Then the sample means for all characteris-

tics in A" stratum are calculated by
1 &
Yin=— Y Vinis J=1,2,...,p.
Mh =

For j'" characteristic, an unbiased estimate of the overall population mean Y j 18 given by
Yjs and is expressed by

-  _ vL W.y

yjst - Zh:l hyjh;

with its sampling variance

2¢2 2
V(_~ )_ L Wthh_ L WS
Yijst) = Ln=1 ", h=1 N
where S?h is the stratum variance of j* characteristics in A" stratum for j = 1,2,...,p,

h=1,2,...,L and can be calculated by
1

2 _ Y )
Sin= gy =1 & i = Vi)

For a multivariate stratified sample survey, the linear cost function may be considered for

the overall budget of the survey (Cochran (1977)) and may be expressed as

L
C=co+ ) chm,
h=1

or
L
C—co=Co=Y_ chmp,
h=1
where Cj denotes the cost to measure all sampling units in all strata, ¢, is the per-unit
measurement cost of measuring p characteristics on the selected unit in A stratum, ny,

is the A" stratum sample size and ¢ is the overhead cost to conduct the survey. If the
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travel cost within the stratum come into consideration, then the cost function may not have
remained linear. Beardwood et al. (1959) suggested the nonlinear cost function for this
case. They showed that the distance between n arbitrarily dispersed points is proportional

to v/n. The nonlinear cost function, which includes travel costs, may be expressed as

L L
C=co+ Zchnh—l— Zth\/n_h,
h=1 h=1
or
L L
Co=C—co= Y camp+ Y. tw/mp, (4.2.1)
h=1 h=1

where 1;,/n, is the travel cost incurred for 4" stratum. The cost function defined by (4.2.1))

is quadratic in \/ny,.

Practically, some other cost factors may be considered, like costs on the reward to respon-
dents, labour costs, etc. Whenever the interviewers want to collect detailed information
from the selected respondents, there will be a requirement for more human resources that
may be available for a specified time. For these prerequisites, the labour costs may be used

for conducting the survey, and therefore the cost function may be expressed as

L L L
Co=C—co= Y cpmp+ Y tn/m+ ) E(Ty), (4.2.2)
h=1 h=1 h=1

where ® indicates the cost of labour for a unit time and Z%:l E (Ty,) indicates the accumu-
lated labour time to obtain information from all strata. Since the labour time is available
with respect to time for sampling units within a stratum and follows an exponential distri-

_7"“; x > 0 and value of

bution with rate A and the pdf for time may be given as f(x) = Ae
A = 1/(average time). To approach ny, units in 4" stratum, the labour time has Gamma dis-
tribution with parameters (n;,A). Subsequently, the distribution of labour time to measure

all sampling units within the stratum follows Gamma distribution with (Y_, n;,1) (Ross

(2009)). Hence the expected labour time for all strata may be computed as for various
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values of A (Muhammad and Husain (2017)).
( / e det)
(np—1)!

°° —M np—1
e 1 / e ™ (M) dt>

L
Y E(Ty) =
=1

I
[ Mh I Mh I Mh

>| 3

The problem may be formulated in two ways by using a deterministic approach, and the
solution is obtained either by minimizing the variance V (y;) for a fixed cost or by mini-
mizing the cost of the survey with variances of specified limits. Therefore two optimization

problems may be described as
Minimize V(¥;y); j=1,2,...,p simultanously

L L L
. np
subject to cpny, + th/n,+ — < C

(4.2.3)
2<n, <N,
and ny are integers; h =1,2,... L.
and
Minimize Z cpny, + Z thy/np + @ Z —
subject to <V , =1,2,...,
J ( JS[) 0 J p (424)
2<n, <Ny
and ny are integers; h=1,2,... L,
respectively.

If the true values of S%h are unknown, then they may be computed through a starter test or

the values of past events if they are given (see Kozak (2006)).
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4.3 Determination of identical probabilistic sampling variances and

cost

If S?h are considered as random variables, then the problems defined in (#.2.3)) and (.2.4)

become SNLPPs. These problems may be converted into their equivalent deterministic

problems. Several techniques, like modified E-model, E-model, V-model, chance con-

straints, etc., are available to solve the deterministic problems (see Charnes and Cooper

(1963)). In this chapter, modified E-model and chance constraints methods are used to

convert the problems into the deterministic form.

4.3.1 Determination of probabilistic sampling variance through modified E-model

Consider the following formulated SNLPP for j'* characteristic which is given as

Minimize Vis)

L L L
subject to Z cpny, + Z thy/np + O Z Th
h=1 h=1

2<n, <N,

and ny are integers; h=1,2,...,

where

L
V(?jst) :;,Z] Z

and Szh are random variables.

ny h=1 N

2Q2 2
Wthh_ L Wthh

Y

(4.3.1)

By considering the limiting distribution of S;h (see Melaku (1986), Diaz-Garcia and Garay

Tapia (2007)), let us define a random variable {; which has an asymptotic normal distribu-

tion with mean E({;) and variance V().

For j'* characteristic, { jn 1s defined for multivariate case and is given as

1 &

th = —_1 Z ()’jhi —th)2>

= 1=
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where yjp; denotes the value of the i"* unit in A" stratum for j* characteristic and Y inh=
N, ! Zi.\’:h 1 Yjni 18 stratum mean for R stratum. The random variable { jn has an asymptotic

normal distribution with mean E(C;,) and variance V(;,). These are given as
np
E(Ljn) = ——=S%

and

np

V(Cjn) = =12 [C;‘jh - (Sih)z} ;

respectively, where C Vil is the fourth mean moment and can be calculated by the following
expression
AL — 4
Cyin= N Y jni—Yjn) sh=12,... L j=12,...p.

i=1

Let us define s?h which may be given as

Ch - (y]h Y )25

where

np

n—1

and
(y ih Y jh)z — 0 in probability form.

Then, the sample variance s%h has normal asymptotical distribution

It has also seen that the objective function in (4.3.1) is a linear function of s?h. Therefore
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the objective function also follows normal distribution with mean and variance, which are

given as
L W22 L Ws>
S h° jh 13 jh
B, = F (z n_y M
h=1 h =]
XL: thsih XL: Wi (
=1 SN
and
VIV(¥ju))
2.2 2
h=1 T - N
L 4 L
W ( 4 212
= Cyin— (Sin) ) -
};1 n, (nh . 1)2 yJ J Z
respectively.

4.3.2)

Therefore, by using the modified E-model technique, the objective function may be rede-

fined as

fi(m) = KE (Vj0) ) +kay/V (7 (3)

where k; and k; are non-negative constants such that k; + k> = 1. The values of k| and k;

will show the existence of the expectation and variance of ‘7(} jst). Hence, the equivalent

deterministic NLPP to the SNLPP for ' characteristic given in (4.3.1)), may be formulated

as

Minimize f j (np)

L
subject to Z cpny + Z thy/np + @ Z Ih Co

2<n, <N,

and ny are integers; h=1,2,...
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where

L 2¢2
VVthh

L WhSQ'h np
Film) =k [Z np—1 _hz::l Nj (nh—1>]

h=1

L W;—

Tl |y
= (g —1)?

(i Z ()<c},h <s§h>2)>] "

Since the objective function includes the values of the population variance S; , but these
values are unknown in general, in that case, the sample variance s?h may be used. There-

fore, the equivalent deterministic NLPP defined in (4.3.4) may be given as

L 2.2
Wsjh

Minimize f;(m) = ki | Y f iWhS?h< ny )
inimize (ny) = -
S\ ! h=1 np— 1 h=1 N np— 1

L 4 L w2 n 1/2
Lz(cﬁjh - (Sﬁh)z) - Z ng <(nh_hl)2(cfjh (s zh)2)>]

=1 (np — 1) h=1
L L L op
subject to cpny + th/ny, + ® — < C
] h; W h; WV M h; %S 0

2<n, <Ny

+ka

and ny are integers; h=1,2,....L, j=1,2,...,p.
(4.3.5)

The NLPP given in (4.3.5) may be extended as multiobjective - INLPP (MINLPP) for
multivariate stratified sampling designs as given as
Minimize  [fi(n), f2(nn), -, fp(nn)]

L L L m

subject to chip+ ) th/np+® ) —

j hg,l M hg,l n/ g 3 =

2<n, <N,

(4.3.6)

and ny are integers; h=1,2,... L.

4.3.1.1 Solution procedure by using the fuzzy goal programming technique

To solve the MINLPP given in {#.3.6), the fuzzy goal programming technique may be
applied for multivariate sampling design. Since no technique is developed to solve multi-
objective formulation of INLPP, in that case, the problem may be converted into a single

objective problem by using suitable criterion. For such a case, the fuzzy goal programming
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technique may be used and applied by using following steps.

Stage 1: To get the solution of the MINLPP, a problem of single objective function is to be
required by ignoring the remaining objective functions of other characteristics to work out

the optimum solution for each characteristic as an ideal solution.

Stage 2: The step-1, is repeated for all characteristics, and p - optimum solution are ob-

tained to give the optimum values of objective functions (fi, f2, ..., fp)-

Stage 3: To compute the payoff matrix, the ideal solutions will give the upper and lower

values for each objective function by defining U; and L; for j™" objective function; j =

These values are computed as

Uj = Max{ fi(nig), faln),- o Syl) }

and

Ly =Min{fi(n}s), £20133),. -+ Sy(iy) }

where f ](n;‘h) is the optimum value of the objective function for the j”* characteristic with

) . .
optimum allocation n ne

Stage 4: The membership function may be defined as

0 i £ () > U
U. g ) — f. ih .

i) = s ALy < fi(nm) < U;.
1 i £ () < L

where u;(nj,) is a strictly monotonic decreasing function with respect to the solution

njp, h=1,2,...,L.
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Consider the variable &; which is defined as

Stage 5: By max-min method, we have Max [Min(&;,&,...,Ep)], then
Maximize §&
subjectto & >§

&>¢

&p 2§,
where § = Mzn{y] in) Jj=12,. .,P}.
J
Finally, the mathematical programming formulation for the problem is to be solved
by using fuzzy goal programming as follows
Maximize &
subjectto  f1 —&(U,—Ly) > Ly
L=8&U—1y) > L,
(4.3.7)
f —&Up—Lp) 2 Lp
Zchnh+ Zth\/_+ ZL:I% Co

h= h—
and £ €[0,1], ny, are integers; h=1,2,...,L.

4.3.2 Determination of probabilistic sampling cost through chance constraints

In this section, the SNLPP is considered for minimizing the total cost of survey for a given

bound to the estimated variance of the mean. This bound may be specified with tolerance

79



On multivariate-multiobjective stratified...

limits for estimated variances of the estimates. This SNLPP may be formulated as

L L L
. np
M t oY 2
nimize ;;Chnh+h§'1 n/ I+ ]Z’l %
subject to P[V‘- <Vj] >po; j=12,...,
] Vi) <V | = pos J p 43.8)
2<n, <N,
and ny are integers; h=1,2,... L,

where

?(yjs» = Z N

=1 " h=1

Also Voj > 0 and py is a predetermined probability such that 0 < pg < 1.

Since sz.h follows an asymptotic normal distribution with mean E({,) and variance V (Cjp).
Then the estimated V(y jst) in (4.3.8) also follows asymptotic normal distribution with the

mean and variance defined in (4.3.2) and {#.3.3), respectively. After standardizing the

function of the V(y jst) in , it may be re-expressed as

?(ijf)_E{‘//\(yjst)} E{V y]st

\ V{‘A/(yjst)} \/ V{V yjst

P

where

e
V{V(yjst)}

and ¢(-) represents the function of standard normal distribution. If e denotes the value of

random variable that follows standard normal distribution such that ¢(e) = po, with these

conditions, the inequality may be expressed as

—E{V(yja)}

Vo
\/ V{v<yjst)}

> ¢(e)
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Therefore,

E{V(ja)} +e\/V{V(Fjs)} - Vi <0.

The equivalent deterministic NLPP for SNLPP in (4.3.8) may be given as

L L L
. np
Minimize cpny, + th/np,+o —
th W+ Y th/ng hg A

subject to E{?(yjst)} +e\/V{\7(ij,)} —Voj <0; j=1,2,...,p

2<n, <Ny
and ny are integers; h=1,2,... L,
4.3.9)
where
E{VE)}+e\V{VFEiu)) = Lil Z/%f?f hi W/;\f?h <nhni 1 >]
(4.3.10)

L L 1/2
; (Clin—(S5)°) ; (nh—l)(cffh (Sih)z)ﬂ -

The expression in (4.3.10) population variances S;h and these values remain not known in
advance. Then s?h may be substituted in place of S?h. Hence the equivalent deterministic

NLPP for (#.3.8) may be given as

L L L
. np
Minimize cpny, + th/np,+o —

subject to E{\A/(yjst)}+e\/V{\7(yjs,)} —Voj <0; j=12,....,p

2<n, <N,
and ny integers; h=1,2,...,L,
4.3.11)
where
~ L WhS?h L th?h np

E{VEu)} +e\/V{V(Fu)} = );,n,,—l h; N (nh_1>

; W]4 ) 2 . th . 4 2 12 4.3.12)
te hgl”h(”lhi_l)z (C}jh (S]h) )_};72 ((nh_l)z( yjh (S]h) ))]
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4.4 Application

A population of size N = 9500, with three strata and two characteristics are taken and
obtained by carrying out a simulation of 150 observations of Iris data. Iris data set is
available in the domain of Software R. These observations are divided into three strata
where two characteristics (that is, length and width of a leaf of a particular species of
flower) are measured on each unit of the population. The population units for three strata
of sizes 3000,3000 and 3500, respectively are generated by the simulation of Iris data using
the software R and the values of s?h and C;‘ p are computed and reported in Table The
values of ¢y, 1, ® and A are assumed for numerical illustration accordingly and given in

Table [d.1] The total cost for conducting the survey is taken as 1000 units.

Table 4.1: Three strata information with two characteristics

2 2 4 4

1 3000 0.01523817 0.02037975 0.00068061 0.001217395 2 1 100 20
2 3000 0.06898021 0.00957083 0.01434982 0.000268493 3 2 100 20
3 3500 0.16608490 0.01080517 0.08426042 0.000349415 3 3 100 20

4.4.1 Solution for modified E-model by fuzzy goal programming technique

Without loss of generality, k; = k; = 0.5 is taken. For the given numeric values, given in

Table the formulations of the NLPP for both characteristics are given as
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The ideal solution for each problem is obtained by solving independently by using for both

characteristics are worked out as given below

niy = 18, nip = 37, ny3 = 67, with f; = 0.00034712,

np1 = 54, nyy = 33, np3 =40, with f, = 0.00005878.

After getting ideal solutions, the pay off matrix may be computed and given in Table

4.2

Table 4.2: Payoff matrix using the ideal solutions

1 H
”Th 0.00034712 | 0.00010331
n;h 0.00047683 | 0.00005878

The upper and lower bounds of each objective function may be given as
ff =0.00034712, fi' =0.00047683,

£} =0.00005878, £ =0.00010331.

Therefore, the values of L; and U; are obtained as
L;j=Min fj(nj-h) = 0.000058780 and U; = Max fj(n;‘-h) = 0.00047683.
J J

Let 1 (n15) and 2 (n25,) be the fuzzy membership function of the objective functions f;(n;);

Jj = 1,2 and they are used for developing a membership function for both characteristics

as
0 if fi(m14) > 0.00047683
pi(nyp) = LOBTEE_filmi) £ 0.00034712 < fi (m14) < 0.00047683
1 if i (m14) < 0.00034712
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0 if f2(n2n) > 0.00010331
o (nyy) = QOIS L-Dolnan) i .000058780 < f2(nas) < 0.00010331.
1 if f2(n21) < 0.000058780

By using the max-min addition operator, the objective function is revised as

- fi(np) fa(nop)
Maximize {7.274210973 (0.000IS + 0.00004453 :

So as to maximize the above problem with subject to constraints as formulated as
Maximize &
subjectto  f; —.00012971& > 0.00034712

f2—.00004453E > 0.00005878

2ny +3ny +3n3 + /1 +2¢/ny +3/n3+

5 (nl +ny —|—n3) < 1000

and € €[0,1], ny, ny, n3 are integers.
Using MATLAB the optimal solution to the above problem is obtained as
€=0.1890, n; = 33, np = 35, n3 = 56, with variances V (¥, ); j = 1,2 under the proposed

allocation given as

V(¥14) = 0.000638635, V(¥,,) = 0.000114102.
Therefore, the trace will be

V(31g) +V(¥a) = 0.00075274.
Where,
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0.00151959  0.00687891  0.02254338  0.00481210n;  0.02178320n,  0.06118920n;
=0 " =) T m=1)  9500(m—1) 9500(m—1) 9500(113—1)}
0.000004459  0.00009538  0.00104419  0.00004472n,
(n1 — 1)2n1 + (}’lz — l)2n2 + (n3 — l)2n3 B 95002(111 — 1)2
0.000956497;  0.00769289n3 13
©95002(n— 1)2 95002(n3 — 1)2}

fi= 0.5{

+0.5

7 0 {0.00203233 0.00095443  0.00146663  0.00643571n;  0.00302237n; 0.00398085113}
2:

(ny —1) + (ny—1) + (n3—1)  9500(n; —1)  9500(n—1)  9500(n3 — 1)
(0.00000797)  0.00000176  0.0000042865  0.00007998n,
(n1 —1)2n +(n2—1)2n2+ (n3—1)2n3  9500%(n; —1)?
0.00001764n,  0.00003158n3 73
95002(ny — 1) 95002 (n3 — 1)2}

+0.5

4.4.1.1 Comparison with other allocations

In this section, a comparative study is carried out where the proposed method is compared
with some other well-defined methods of allocation. Some of these methods are as fol-

lows:

Proportional allocation

For the fixed cost of the survey, the proportional allocation may be obtained by substitut-
ing n, = nW,, in the cost function and subsequently, stratum-wise allocations, which are

rounded off to nearest integers, may be obtained as
ny =40, np =40, n3 = 46,
also the trace value, under proportional allocation, is computed as 0.0008066.

Cochran’s average allocation

Cochran (1977) suggested the compromise criterion by taking the average of the individual
optimum allocations nj‘.h; h=1,2,....L, j=1,2,...,p. These allocations are obtained

by solving the individual NLPP for each characteristic; that is, for j’h characteristic, the
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required NLPP may be formulated as

W S
Minimize V(¥;y) = Z
h=1 Tjh

. L L L njp (4.4.3)
subject to Z cpljp + Z th/Mjn + ® Z o <C
h=1 h=1 h=1

and njp are integers, h=1,2,...,L, j=1,2,...,p,
where njh = (n;fl,njfz, . ,njL) denotes the individual optimum allocation to the j* charac-

teristic. Therefore Cochran’s compromise allocation is computed as

1 p
==Y ny:h=1.2,.. L
|

For the given numerical values, as given in Table the compromise allocation suggested
by Cochran (1977) is worked out as ny = 36, n, = 35 n3 = 53. The variances for both
characteristics are calculated as V*(y,,,) = 0.000664098 and V*(¥,,,) = 0.000111389 re-

spectively. Therefore the trace value is 0.00077549.

Sukhatme’s compromise allocation

This compromise allocation is obtained by optimizing the trace of the variance-covariance
matrix of the estimator. The solution to the following NLPP will give the desired compro-

mise allocation (Sukhatme et al. (1984))) and the formulation of the NLPP is given as
4 p L thS
Minimize Z Vi) = Z Z
Jj=1 j=lh=1
L -
bject t t o)y — <C
subject to };chnm—}; n/In + hg’l 5, = Co
and ny are integers, h=1,2,...,L, j=1,2,....p
On the substitution of numerical values from Table [.1] the solution is obtained as n; =
25, np = 36 and n3 = 61 and therefore the trace value is calculated as 0.000753271. In
Table 4.3] it appears that the proposed allocation gives the least trace value compared to

that values obtained by other allocations.
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Table 4.3: Allocations with trace value and relative efficiency

S.No. Allocations Allocations Cost Trace R.E. w.r.t
Proportional
Allocation
ni ny n3 n

1 Proportional 40 40 46 126 1007.3 0.0008066 1.00000

2 Cochran 36 35 53 124 995.67 0.0007755 1.04010

3 Sukhatme 25 36 61 122 99143 0.0007532 1.07089

4 Proposed 33 35 56 124 999.03 0.0007527 1.07155

Table 4.4: Percentage increase for all characteristics within the variances when the individual
optimum for one characteristic is used

Percentage increase in the variances

Characteristics 1 2 Proposed
1 0 0.31866816 0.014920487
2 0.55578140 0 0.229092349

Furthermore, the R.E. of proposed allocation with respect to proportional allocation is max-

imum among the others. Table {.4] shows the percentage increase in both characteristics’

variances when the individual optimum allocation of one characteristic is used for both

characteristics, and the proposed allocation is utilized. The proposed allocation provides

lesser values of percentage increase in the variances with respect to individual allocations.

Table shows the percentage increase in both characteristics’ variances when other allo-

cations are used instead of individual allocations. For the proposed allocation, these values

are minimum in comparison to others. Therefore it may be claimed that the suggested allo-

cation may be regarded as the best allocation. Based on the above discussion, the proposed

allocation works well in comparison to other allocations.

Table 4.5: Percentage increase in the variances of different characteristics under individual
optimum allocation when different compromise allocations are used

Percentage increase when optimization is done with respect to the criteria

Characteristics  Proportional

Cochran

Sukhatme Proposed

1 15.36391
2 3.225985

9.441428 2.40957

7.91908

0.014920487
27.73566  0.229092349
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4.4.2 Solution by chance constraints

When the cost of carrying out a sample survey is high and a specified limit on the vari-

ances are given, then this method may be used. With the specified values of VO1 = 0.00080

and V7 = 0.00040, the value of e is 2.3263 such that ¢(e)

deterministic problem of SNLPP may be given as

3 3 3
.. np
Minimize cpny, + tha/nn+ —
hg, Al Zl /T h; 5

3 W2 2
subject to Z h 51

3 W;l-

+2.3263 L; P P (Ghi— h7?)
3 VV2 ny
__2: (9566)2 ((nh__1)2 (C§Uf_

9500

l’lh—l
3 4

W
+2.3263 L;l P P 5 (Chu— (534))

3 VV2 np
L (95(;10)2 ((nh —1)2 (C;Eh a

and ni, ny, n3 are integers.

_ i th%h ny
l’lh — 1 h—1 9500 np — 1

= po = 0.99. The equivalent

1/2
)2>)] < 0.00080

1/2
)2>)] < 0.00040

(4.4.4)

The NLPP (4.4.4) solutions are obtained using MATLAB by the Lagrange multiplier tech-

nique and INLPP technique. The solutions are reported in Table [4.6]
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Table 4.6: Allocations with the incurred cost

S.No. Allocations Allocations Cost
n nyp n3 n

1 Lagrange multiplier (non integer) 12.97 52.74 61.33 127 1045.10
2 Lagrange multiplier (rounded) 13 53 61 127 1044.59
3 Lagrange multiplier (integer) 13 53 62 128 1052.78
4 Stochastic (non integer) 18.66 3695 66.30 122 997.630
5 Stochastic (rounded) 19 37 66 122 997.890
6 Stochastic (integer) 19 38 65 122 997.870

Table 4.6 shows the use of the Lagrange multiplier technique and INLPP technique to min-
imize the survey’s total cost. If the continuous solution to the NLPP 1s considered,
then the nonlinear programming technique is preferable to that of the Lagrange multiplier
technique. If the continuous solution is adjusted off to the closest whole number, then the
nonlinear programming technique provides the survey’s minimum cost. Furthermore, if
integer restriction is a must, then the use of a nonlinear programming technique is advis-

able.

4.5 Conclusion

In general, stratum variances’ true values may not be known in advance but may be esti-
mated. In this way, the problem is defined as a multivariate-multiobjective SNLPP in this
chapter. The formulated SNLPPs may be converted into their deterministic form using a
modified E- model and chance constraints techniques. The formulated problems’ solutions
may be computed either by minimizing the sampling variances for a fixed cost or mini-
mizing the cost for the fixed precision value of the variances of estimates. For numerical
illustration, the data are generated by conducting simulation using R, and the formulated
NLPPs may be solved by using MATLAB. The proposed compromise allocation provides
the best outcomes for the given numerical application than that obtained by other compro-
mise criteria, as discussed in this chapter. Furthermore, for large scale investigations, it is

vital to select the appropriate method for attaining the study’s objectives.
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CHAPTER 5

Efficient estimation of population parameter in
stratified random sampling design

5.1 Introduction

Tschuprow (1923) and Neyman (1934)) discussed the procedure to workout an allocation
by minimizing the variance of the sample mean for a fixed linear cost function in stratified
random sampling to estimate the population parameters under study. Neyman (1934)) used
a Lagrange multiplier technique to find the optimum sample size for univariate case. In
sampling theory, the use of auxiliary information for improving the precision of estimates
of the population parameters (that is mean or total) may be used. Cochran (1940) suggested
the use of ratio method of estimation if the correlation between y (study variable) and the
x (auxiliary variable) is positive (high). In the situation of negative correlation between
study and auxiliary variable, Robson (1957) and then Murthy (1964)) suggested to use prod-
uct method of estimation. Many authors have used information on auxiliary variables such
as population mean, variance, kurtosis, skewness, etc., for estimating population mean and

variance of the study variable. Das and Tripathi (1978), Srivastava and Jhajj (1980), Isaki
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(1983), Prasad and Singh (1990), Singh and Kataria (1990), Ahmed et al. (2000), Kadilar
and Cingi (2006alb), Gupta and Shabbir (2008) studied the population variance of study
variable by using population mean, variance, kurtosis and coefficient of variation of auxil-
iary variable in simple and stratified random sampling. Upadhyaya et al. (2011) worked on
ratio and product exponential type estimators under large sample approximations. Olufadi
and Kadilar (2014) estimated the population variance of interested variate in simple and
two-phase sampling using the variance of auxiliary variables and got interesting results.
In many practical situations, it has been observed that the population mean of the study
variable is unknown, however, the population median of the study variable may be used to
estimate population parameter. Median is easily available parameter without having exact
information on every unit of population. Therefore the use of the study variable’s median
may be a better choice to improve efficiency without increasing the total cost of the survey.
For the study of the modified ratio type estimators of population mean of the study vari-
able, one may refer to Kadilar and Cingi (2003), Tailor and Sharma (2009), Yan and Tian
(2010), Subramani and Kumarapandiyan (2012, 2013), Subramani (2013), Yadav et al.
(2014), Abid et al. (2016) and Yadav et al. (2016). Many authors have used regression and
product type estimators of population parameters for predictive estimation of population

parameters.

In this chapter, the ratio type estimators are proposed where the population mean is un-
known but the study variable’s population median is known. The problem is formulated
in a single objective NLPP with linear and nonlinear cost function and solved by using the
integer programming technique and Lagrange multiplier technique. The numerical illus-
tration with real data set and simulated data set also presented to its utility of the proposed
work.

This chapter is based on my research paper “Efficient estimation of population mean under

stratified random sampling with linear cost function” and published in Communications in
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Statistics - Simulation and Computation.

5.2 Efficient estimation with linear cost function

In this section the problem is formulated as an NLPP with linear cost function.

5.2.1 Introduction

Let the stratified random sampling where a population of size N is divided into L strata,

such that 21;221 Nj, = N, let for the h'" stratum Ny, Y}, M, C>

2
yh? Cymh; C

m

, and p;, denote
the stratum size, stratum mean, stratum median, stratum correlation coefficient with study
variable, stratum correlation coefficient between study variable and median, stratum cor-
relation coefficient with median and correlation coefficient between X and Y respectively,
where h=1,2,...,L.

N Zi'\lll (Xi _)_(h)
(Nh— 1) (N, —2)S3,

Bin=

: Stratum coefficient of skewness of auxiliary variable

NN (% —-X 3(N, — 1)
Bop = h Z’—l ( ! h)3 — (N ) : Stratum coefficient of kurtosis
(Nh— 1)(Nh—2)th (Nh—Z) (Nh—3)

of auxiliary variable

03— Q1

oDy, = > : Stratum quartile deviation

4 N /2i—N,—1
Gh (’ L

= X; : Stratum gini’s mean difference
Ny—14 2N},

B(-) : Bias of the estimator

MSE(-) : Mean square error of the estimator

MSE(t,)

PRE(1pr (a2t = 750 = 5
rj N

x 100 : Percentage relative efficiency (PRE) of

the estimator,

where 7, is defined as comparative estimator in Section [5.2.3| and PRE of obtained with

1espect to 1, (s1). for j=1,2.
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5.2.2 Proposed estimator (7,,;y))

Inspired by Srivastava (1967)) and Subramani (2016)), the ratio type estimator of population
mean using the information on population median of the study variable in stratified random
sampling is proposed and defined as

L m,
prl (st) Z |: ymthg (Mh):| . (5.2.1)

In order to study the properties of the proposed estimator, the following approximations

have been used

L
_ Symh
Yh :Z 1+€0 mh:Mh(1+el)7bymh:;2_mu symh:Symh(1+e3)7
h=1 mh
Symn (1 +e3)
2 2 ymh 3
Son = Smn (1 +e2), byyp = 57—,
such that,
M, —M,;, _ Bias(my,) 2 2 2 2
E(eg) =0, E(e;) = m M, E (e5) = MCyps E (€1) = MConp
Ho1n Hi2n
E (ege1) = ANCypp, E (e1e2) = Ny, , E(eres Ay———
(e0er) = ACym: Ef162) = by B B ere3) = g
B, = Symh _ MthCymh _ thymh
2 272 2
S M;CL, MGy,
where
1 Nh 1 Cn
= —-M, —-Y My = ,
Hrsh = 3 L (min — M) (yin—Yn)", My = MGy lZ mip
m;y, 1s sample median of the i sample for the hth stratum, respectively. h=1,2,... L, i =
1,2,...,MC,, .
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Applying above approximations, the proposed estimator may be explicited as

— mp
Lori(st) = Z Yh |:l - bymhlog (ATh):|

h=1

. — _Smh(1+e3) o .

-k hU+{w{l §%x1+eﬁlg(y+lﬂ

= Y Vi (1 +e) [1—Bh(1+e3)(1+e2)—1(el_e%/2+...)]
h=1

= th(l +eo) [1 =By (1+e3) (e1 —erer —e%/2)]
h=1

= Z? [(1+e0) =By (1+eo) (e1 —erex —e7 /2 +ere3)]
h=1

Now,
L —
(tprl (st) Z Yy, eo —Bh el +epel —ejer+ejes —61/2)] (5.2.2)

taking expectations on both sides of equation (5.2.2)), the bias of suggested estimator is

obtained as

B (tprl(st)) =E [tst - ?h]

= Mot 1, 5 Aption Bias(my,)
B(t =Y, |B —MCoy — —— — M Cypy — —— | | .
( prl(st)) h |: h (Gymth + 2 h“mh Gith h'>ymh M,

From equation (5.2.2)), up to approximation of order one, it may be written as

(tprigsn) — Yjleo—Buer]?, (5.2.3)

I|Mt~

taking expectations on both sides of equation (5.2.3)), the MSE of suggested estimator is

obtained as
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~|
=
\S}
I
gl
~|
Bl V]

E (1

pri(st) — [E (e%) +B%E (6%) — 2BhE (eoel)]

>
I
—

I

1=
~|

SN

MCon+ BIACoy = 2MBiComn .

h=1
L
MSE (tpr1(s1)) = ). Yy [ ot BiCo — 2thymh}7
h=1
where Bj, = h 1 ‘zyz’"h, Ay = —%};lzh
L 1 X
MSE (t1(5)) ; <n—h - JVh) [C 1 B2C2 2thymh]. (5.2.4)

Ignoring fpc factor in equation (5.2.4), we have,

L
MSE (ty1(5) = ¥ V3 — [c B2, 2thymh} . (5.2.5)

Cost function

Due to budget constraint, the cost of a survey is the major factor to workout sample alloca-

tions to various strata. Khan et al. (2008)) introduced linear cost function and considered as

fixed total cost Cy of the survey in terms of a linear function of n;; h=1,2,...,L.
L
Co=C—co= Y camp, (5.2.6)
h=1

where ¢, is the per-unit cost of measurement of all the characteristics in the A stratum;

h=1,2,...,L and ¢ is the overhead cost for the survey.

In this chapter, the problem is formulated by minimizing MSE of the estimator for fixed

linear cost function given in (5.2.6). Then the optimization problem can be defined as
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Minimize MSE (tp,I (S,))

L
subject to Z cpny, < Co
h=1 (5.2.7)
2<n, <N,

and ny are integers; h=1,2,... L.

Using the cost function, the MSE may now be given as

L
1
MSE (tprl(st)) = Z hn_h [C)%h—f—B%C)%ﬂh _ZBhCymh .

5.2.3 Some other estimators in sampling literature

In this section, some other estimators are discussed for the sake of comparison with the

proposed estimator.

Unbiased estimator (7))

The most widely used estimator of population mean of the study variable, is given as

Yi,

R

=)

I
<l

I
S| =

where y is sample mean and it is an unbiased estimator of population mean and up to first

order of approximation it is given by

n

1— =2
V(to) = nfS§ Y°Cy,

where

C,==2 §2—
YT YT T N—1

1

Sy 1 Al - 7)\2 _n

1

To define unbiased estimator for stratified random sampling, the population is divided into
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L strata and it is defined as

np 1

!f =V = —Yih,
0(sr) h ,:21 ﬂh i

where sample mean is an unbiased estimator of population mean and up to first order of

approximation it is given by

l—fio = 1= fis2,
V (tor)) = $2 = Y;C2,
(o) = X =, S = 1 =, =V

where

C _ Sy SZ_%ZL:L(Y _7)2 fr=—2
yh_th yh_iZIhZINh_l ih h ’ h_Nh'

Subramani estimator (z(,))

Subramani (2016)) proposed the estimator by using population median of the study variable
and defined the ratio estimator for the population mean of the study variable which is given

as

Iy =

~<|
7N
SR
~__

where M and m are the population and sample medians of study variable respectively. ; is
a biased estimator and its bias and the MSE, up to first order of approximation, are defined

as

1—f_
B(t,) = p f Y [CZ — Cym — 2RCyi]

and

1—fo
MSE (1;) = Tfyz [C2+ R2C2 — 2RCyp) ,
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where
Y |- 2 1 X
R_Mv Sm_ml_zl(ml_M> 7Sym:mlzzl(yz_y)(ml_M>7
S S
Cn =317 O = Fur

By transforming the Subramani estimator into stratified random sampling for 4’ stratum.

It is defined as

where M}, is the population median, m;, is sample median of study variable for A" stratum
respectively. Hence, 7y 18 a biased estimator and its bias and the MSE, up to first order

of approximation, are given as

L
1—f,—
B (ts(st)) = Z fh Yy, [Cl%’ll’l - Cymh - 2Rhcymh]

h=1 T
and
< 1 —fho2 [ 2 22
MSE (ts(st)) = Z nh Y, [Cyh + R, Copp — ZRhCymh},
h=1
where
Y, N, L 1 _ ) Ny, L )
Ry =37 Symh = Y ) ﬁ(?ih—Yh) (min—Mp), Spp=3Y Y (my—My)”,
h i=1h=1""h" i=1h=1
Simh Symh
Con=—, Cypp = = sh=1,2,... L.
mh M, ymh Y M),

Kadilar and Cingi estimators

Kadilar and Cingi (2004) proposed the ratio type estimators for simple random sampling
as shown in Table [5.I] We restructured these existing estimators into stratified random

sampling from simple random sampling, where population are divided into different strata
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h=1,2,...,L as given in Table[5.2]

Table 5.1: Kadilar and Cingi (2004) estimators for simple random sampling

Estimators Bias MSE Constant
tl:y“’(fx)x Bn) = SL5R | MSE() =L [RS8} (1-p7)] | Ri=1
1= y+f4(_XCxx)X+Cx B() = %%Rg MSE (12) = ; [R3S% Ry = Xfcx
= y*ffffsz Vxih | b= 258 | MSE@) =L [BS+8(1- Ry = i,
fy = ytcgz(fgx@ XBo+Cr | B(ta) = %S?%Rzzt MSE (13) = 5 [R3S3 +5 (1 - R Yﬁiﬁf@
5= tgfﬁ _zx) XCo+By | Bls)= LSRR | MSE(5)= | Rs = zeim
6 = y+x’éfi;0 XCotp | Ble)="SLSR | MSE(16) = L [RS2+82 (1— Rs = v
- y+xl:)$—(C_XX) Xp+Cc | B(t7) = %SYT%R% MSE (17) = } [R] Ry = Ypipcx
Is ”xgz(i;x) XPo+p | Blts) = =L5R3 | MSE (15) = 1 [R2 Ry = g5
to y+x}:><4i(ﬁ_x)Xp+l32 Bl) = LR | MSE (o) =} [R3S3+ 83 (1- Ro= 505
fio = y+f—$—xl731_)C)X+Bl B(ti0) = ll_zf%R%o MSE (110) = [RioST+53 (1-p%)] | Rio %Bl
1= ytgl(fg;) XBi+PB2 | B(tn) = %%Rﬁ MSE (m) =3 [RLS3+85 (1-p°)] | R = Yﬁﬂilﬁz
o — y+iiXG_x)X+G B(t2) = %5731@2 MSE (t12) = & [RS2+ 82 (1-p%)] | Rio= ¢
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Cochran estimator (7., (y))

Cochran (1940) proposed the ratio type estimator of population mean, which is given

as

bias and the MSE, are defined as
B(ter) =AY (C2—Cy)
and
MSE (tor) = WY (C2+C2 —2pC,Cy).

The Cochran (1940) estimator may also be used for stratified population which consists of

L strata. For A" stratum, it is defined as
y
tcr(st) hXha h=12,...,L

For L strata, f.,(s) is a biased estimator and its bias and the MSE, up to first order of

approximation, are given as

cr S‘t Z }Vth yxh)

and

MSE cr st Z }\'th ( th 2phCthxh> s

s2, . ) . ) s, )
where Cy2 = Y%’ is the coefficient of variation of variable yj, C% = % is the coefficient of
h

yxh

.. . C,
variation of variable x;,, and p;, = CCo is the coefficient of correlation between y;, and xj,
yh

for A" stratum.
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Bahl and Tuteja (£, ())

Bahl and Tuteja (1991) defined the product exponential type estimator for population mean

Y, which is given as

- x—X
e =Y X )

bias and the MSE of the estimator are given as

C2
B(tpe) = XY( A ) (4K —1)
and
) 1
MSE (tpe) = \Y (cy2 + Zcﬁ (1 +41<)> :
where K = pg—;.

The Bahl and Tuteja (1991) estimator may be used for stratified population which consists

of L strata. For A" stratum, it is defined as

t =y,exp =X
pe(st) h % "‘Yh )

For L strata, f,.(s) 1s a biased estimator and its bias and the MSE, up to first order of

approximation, are given by

pest Z}\‘hyh( ) 4Kh_1)

and

1
MSE (tpe(sr)) thyh( yh+4c (1+4Kh)),

whereKh_phch,h—l2 L.
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Bahl and Tuteja (,,(,/))

Bahl and Tuteja (1991) proposed the ratio type estimator of population mean, which is
defined as

=

Ip=y
The bias and the MSE of this estimator may be given as

B(t,) = \YKC?

and
MSE (t,) = \Y" (C2 +C2 (1+2K)),

The Bahl and Tuteja (1991) may be used for stratified population which consists of L strata
For A" stratum, it is defined as

— Xn
Ip(st) = yh?»

For L strata, 7, is a biased estimator and its bias and the MSE, up to first order of ap-
proximation, are given by

L
B (tp()) = ;;1 MY LKL C2,

and

L
MSE (1) = ¥ MY (cyzh +C2 (14 2Kh)> ,
h=1

where K, = ph%; h=1,2,...,L.
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5.2.4 Formulation of the problem

To find out the efficient estimator of population parameter, among all estimators discussed
in this chapter, a comparative study may be required. This study may be carried out by
developing the problem of INLPP. For such problems, the MSE of the estimators, as dis-
cussed in this chapter, may be minimized for fixed linear cost function. The INLPP may be

formulated as

Minimize MSE ()

L
subject to Z cpny < Gy
h=1 (5.2.8)
2<n, <N,

and ny are integers; h=1,2,... L.

where 1, is one of the possible estimators, as defined in Section whose MSE is to be

compared with others.

5.2.5 Numerical illustrations

In this section, the proposed estimator is applied to both real data set and simulated data
set. The simulated data set is generated by using the bivariate normal distribution. The
real data set is taken from India’s census is 2011, Lucknow, Uttar Pradesh which may be
accessed by the link http://censusindia.gov.in/2011census/dchb/0926_PART_B_
DCHB_LUCKNOW. pdf and relevant data with respect to characteristics correspond to the area
of certain villages and number of households which may be considered as study variable
and auxiliary variable respectively. The population is divided into four strata without over-
lapping. In this numerical illustration, the problem is solved by using integer programming
and Lagrange multiplier techniques. These computations are obtained by MATLAB and R

software. The data are summarized in Tables and[5.4]
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Real data set

Table 5.3: Obtained results from real data for study variable (y) and auxiliary variable (x)

Population (N = 645, h=4)
h Ny YL Ny Y N Y X My, My, Cyzh 2, Ch
1 237 27548.01 35286 116.2363 148.886 116.810 145.0 0.3148490 0.367079
2 164 50446.83 66728 307.6026 406.878 292.295 389.5 0.1839708 0.133430
3 90 10401.43 13819 547.4437 727.316 548.770 723.0 1.6424440 1.357187
4 154 21198.79 37954  757.0996 1355.50 727.165 1319 4.7946940 10.31789

[, I SN VS I\

Table 5.4: Obtained results from real data for study variable (y) and auxiliary variable (x)
(Continue...)

Population (N = 645, h =4)

Cm)»h Cm N nyh Cymh meh I3 1xh l32xh Gh QD h Pn
0.1455367 0.1729461 2853.599 0.2006495 0.2258169 0.6228215 2.573214 65.0334  44.1125 0.9962281
0.3040596 0.3861879 9002.096 0.1423751 0.1154959 1.757425 5.233497 122.087 77.85875 0.9955207
3.8489530 4.248597 1630.967 2.4950080 2.369188 0.2950488 1.639132 117.2344 85.21125 0.9783495
8.7804220 21.65683 44928.72 6.2031650 13.71308 0.6505419 2.13844 451.3315 291.4388 0.9614615

LN =

Solution by integer nonlinear programming technique

The formulated problem for proposed estimator, as given in (5.2.8)), for the given data may

be written as

5164248 11116.53 7526.421 240588.1
+ + +

ny ny n3 ng

Minimize
subjectto 2ny + 3ny +4n3 + Sng < 400
2<nm <N
2<m <N, (5.2.9)
2<n3<N3
2<n4 <Ny
and ni, na, n3, N4 are integers.

The solution of the above problem is obtained by using MATLAB which is given as

ny =4, np =16, n3 =11, ny = 60, with minimum value of the MSE is 5517.9.
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Solution by Lagrange multiplier technique

Lagrange multiplier technique may also be used to determine the optimum value of n;,. For

this technique the Lagrange function ¢ is defined for proposed estimator which is given as

L 51 L
L=o(m\) =Y in_h(cgﬁBﬁc,fm—thcymh)H Y cwnn—Co |,
h=1

h=1
(5.2.10)
where A is a Lagrange multiplier.
3L )2 L
8 Z Vi ( 2+ BICR —2BiCom ) + 1 [ L aim—Co | | =0
dny, - dny, h=1
gives
|n (€2, +B3C2, ~2BiCom) o
np = v 2.
and
8L & 7 1 \ L
a = a (C h ‘I—B C ZBhCymh> + };Chnh — C() =0
gives

2
\/ Y2 (CyZh + B2, — 2thymh> ch

VA= (5.2.12)
Co
After putting the value of A in equation (5.2.11)), the value of ny, is obtained as
c \/ Vi (C3+BIC2,~2BCym)
0
ny = * (5.2.13)

=2 '
v4 \/ 7 (C2,+ B3C2, — 2B1iCym ) €
By using real data values, the rounded off solution of the above problem is given as
ny =4, np =16, n3 =12, ng =59, with minimum value of the MSE is 5528.854.
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Similarly, these techniques may be applied to all discussed estimators and the values of nj, :
h=1,2,3 and 4 are obtained to calculate MSE for each estimator to provide a comparative

study for getting efficient estimation. These values are reported in Tables [5.5] and [5.6]

Table 5.5: The MSE and PRE of proposed and competing estimators for real data obtained by
integer programming technique with linear cost function

Population (N =448, h =4)

Allocations
Estimators n; ny n3 na MSE PRE
tori(st) 4 16 11 60 55179 100
Ly(st) 2 12 25 52 23465 425.252
fo(st) 4 6 26 54 73791 1337.30
1 (s) 3 4 18 62 127370 2308.31
D(s1) 3 4 18 62 126830 2298.52
B3(s1) 3 4 18 62 126830 2298.52
La(s1) 3 4 18 62 127010 2301.78
I5(s1) 2 3 18 63 127100 2303.41
To(st) 3 4 18 62 127090 2303.23
1(st) 3 4 18 62 127200 2305.22
13(s1) 3 4 18 62 126810 2298.16
19(s1) 3 4 18 62 127260 2306.31
10(st) 2 3 18 63 127100 2303.41
M1(st) 3 4 18 62 127220 2305.59
N2(st) 3 4 18 62 126430 2291.27
Ler(st) 2 2 11 69 15609 282.879
Ip(st) 3 5 21 59 380750 6900.27
Ipe(st) 4 5 23 57 196600 3562.95
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Table 5.6: The MSE and PRE of proposed and competing estimators for real data obtained by
Lagrange multiplier technique with linear cost function

Population (N =448, h = 4)

Allocations
Estimators n; n, n3 ng4 MSE PRE
tori(st) 4 16 12 59 5528.854 100
Iy(st) 3 11 25 52 2342396 423.667
10(st) 3 5 26 55 73800.80 1334.83
1 (st) 3 4 18 62 127368.4 2303.70
1 (st) 3 4 18 62 126826.7 2293.90
13(st) 3 4 18 62 126831.3 2293.98
14(st) 3 4 18 62 127169.9 2300.11
15(s1) 3 4 18 62 126886.1 2294.98
6 (st) 3 4 18 62 127135.3 2299.48
17(st) 3 4 18 62 127196.4 2300.59
13(st) 3 4 18 62 126807.0 2293.55
19(st) 3 4 18 62 127212.3 2300.88
10(st) 3 4 18 62 126816.5 2293.72
1 (st) 3 4 18 62 127217.8 2300.97
12(st) 3 4 18 62 1264324 2286.77
Ler(st) 1 2 12 68 15656.06 283.170
Ip(st) 3 4 22 59 379889.3 6871.03
t 3 5 23 57 197436.8 3571.03

Simulated data set

A set of 2000 observations for X and Y is generated by using bivariate normal distribution
with parameters (tiy,, 62, ps) and (,uyh,Gih, Pn), respectively to carry out simulation study
for study variable and auxiliary variable and divided into four strata. For illustration pur-
poses discussed two methodologies which are an integer programming problem and other

Lagrange multiplier technique. The summary of simulated data is given in Tables and

5.8
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Integer programming technique

The minimum MSE with fixed linear cost function is obtained for simulated data set by

using the following NLPP

Minimize

3.832202 4.01924 4.139326 4.139544
+ + +
ni np nj3 ny4

subjectto  2ny + 3n +4n3 + Sng < 400
2<n <N

2<m <N, (5.2.14)

and ni, na, N3, N4 are integers.

The solution of the above problem is obtained as

ny =37, np =31, n3 =27, ng =25 with minimum value of the MSE which equals to 0.5520.

Lagrange multiplier technique

For the proposed estimator (1)), the MSE is minimized for fixed linear cost function
by using Lagrange multiplier technique as discussed in Section For the simulated
data set the values of nj,; h = 1,2,3,4, by using (5.2.13), and MSE are obtained as

ny = 37, np = 31, n3 =27, ng = 24, with minimum value of the MSE which equals to

0.552116.

To make a comparative study, both techniques are applied to all discussed estimators and
values of nj,; h =1,2,3,4 are obtained to calculate the values of MSE of all estimators for

efficient estimation. These values are calculated and given in Tables [5.9]and
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Table 5.9: The MSE and PRE of proposed and other estimators for simulated data set obtained by
integer programming techniques with linear cost function

Population (N = 2000, h = 4)

Allocations
Estimators n; ny n3 ny MSE PRE
tor1(st) 37 31 27 25 0.5520 100
Is(st) 39 33 27 23 1.0223 185.199
fo(st 37 31 27 25 0.5521 100.018
H(st 39 30 28 24 0.5911 107.083
(st 39 30 28 24 0.5910 107.065
13(st 36 32 28 24 0.5801 105.091
ta(st 39 30 28 24 0.5911 107.083

(s0)
(s0)
(s0)
(s0)
(s0)
t5 51 39 30 28 24 0.5876 106.449
(st)
(st)
(st)
(st)

to/s 39 30 28 24 0.5910 107.065
tr1s 39 30 28 24 0.5899 106.866
e/ 36 32 28 24 0.5796 105.000
to(s 39 30 28 24 05911 107.083
Los) 40 35 25 23 0.5877 106.467
1) 36 32 28 24 0.5829 105.598
1a(st) 37 31 27 25 0.5901 106.902
(o) 37 31 27 25 2.1825 395.380

Epe(st) 37 31 27 25 12216 221.304
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Table 5.10: The MSE and PRE of different estimators with respect to 7,1y for simulated data
by Lagrange multiplier technique with linear cost function.

Population (N = 2000, h = 4)

Allocations
Estimators n; n, n3 ng MSE PRE
tor1(st) 37 31 27 24 0.552116 100
y(st) 39 33 26 24 1.019755 184.699
fo(st) 37 31 27 25 0.552125 100.002
1 (st) 38 31 28 24 0.593895 107.567
1 (st) 38 31 28 24 0.589313 106.737
13(s1) 37 31 28 24 0.581235 105.274
14(s1) 38 31 28 24 0.589339 106.742
15(s1) 37 31 28 24 0.588761 106.637
T6(st) 38 31 28 24 0.593851 107.559
17(s1) 38 31 28 24 0.588188 106.533
13(s1) 37 31 28 24 0.580809 105.197
19(s1) 38 31 28 24 0.589415 106.755
10(st) 40 34 26 23 0.583121 105.616
1(st) 37 31 28 24 0.584033 105.781
12(st) 37 31 27 25 0.590104 106.880
Ip(st) 37 31 27 25 2.170241 393.077
 pe(st) 37 31 27 25 1.221595 221.257

5.3 Efficient estimation with nonlinear cost function

In this section, a ratio estimator for population median is suggested instead of a population
mean. The MSE of the suggested estimator is minimized for fixed nonlinear cost function
by formulating the problem as NLPP. The solution of the NLPP is also worked out by using

appropriate nonlinear programming technique.

5.3.1 Proposed estimator (7,,5())

Motivated by Subramani (2016), a ratio type estimator of population mean using the avail-

able information on population median is constructed. The proposed estimator is given as,

L B my,
Lpra(st) = ;,Zlyh 1 —Kjlog m ) (5.3.1)
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where K}, is a constant and is obtained by minimizing the MSE (,,(s))- To examine the

properties of the proposed estimator. The proposed estimator may be expressed as

= Z?h(l —|—e0) [l —K; (el —e%/2—|—...)}
L j—
= Z h [(1 +eo) — K (1+ep) (e1 —e%/2—|—...)}.
Ignoring the higher order terms more than two, it may be written as
L
Toro(st) Z 1—|—€0 — K (61—6%/2—1—6061)}.
Now,
L p—
(tpra(sr) — ZY leo — K (e1 — €1 /2 +eper) ] (5.3.2)

Taking expectations on both sides of equation (5.3.2)), the bias of the proposed estimator

may be obtained as
B (tpra(s)) = E [tpra(sr) = Y]

Bi
pr2 (st) Z Yy {Kh < %:Lh) - 7\'hcymh):| .

From equation (5.3.2), up to an approximation of order one, as given as

(tpragsr) — Y; [eo — Kner]. (5.3.3)

|\Mt~

Taking expectations on both sides of the equation (5.3.3), the MSE of the proposed estima-

tor may be obtained as
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[E (€}) + KiE (¢}) — 2KyE (eper)]

I
gy

~|
=

E (tpra(s) = Y) ’

>
I
—_

I
1=
~|
Bl \S]

[khc)%h + K;%?\,hc,%m — ZKhKhCymh}

T
X

[
aoly
-l

M | €2+ KRCRy — 2K Comn|

h=1
L
N 1
MSE (ty2(s1)) = hzl . (E — Vh) [cyzh +KXC2, — 2thymh] (5.3.4)

L
1
MSE (1) = ¥ Vy— [cyzh +K2C2, — 2thymh} . (5.3.5)

To estimate the Kj; which minimizes the MSE (fprz(st)) is obtained by minimizing the

MSE (tp2(s:))

MSE (fprz( S,)) using the principle of maxima and minima. Hence, K, =0 gives
L
Cymn
Ki=)
h=1 th
Now, the minimum MSE will be
L C?
-2 1 2 ymh
MSE (1)) = Y, [ [Cyh -2 (5.3.6)
h=1 "h mh
5.3.2 Some special cases of proposed estimator
Case -I: When Kj, = 1 in equation (5.3.1). The proposed estimator becomes
L
_ my,

tora(st) = 3, Vi {1 —log <—)} ;

e h=1 M,
which is obtained by equation (5.3.1). The bias and MSE will be given as

L .
— 1 Bias(my,
B (tprZ(st)) = Z Y, {(Exhcrznh — % — thymh)} (537)
h=1 h
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and
| 2 2
MSE (tpa(s) = Y. V= | Ch Comn = 2Chn . (5.3.8)

Case -11: When K}, = by,,,;, in equation (5.3.1), the proposed estimator is reduced to equation

(5.2.1)) and given as

L mh
Lpra(st) ; 1— ymhlog Mh )

h
where by, = ﬁ | y2m and the bias is given as
s

= 7\,;, 21h 1 7\'h 2h Bias my
B (tpra(st)) = Y uBn ( B2 o C — o2 Comn — Biastmy)

OymnMy 2 G%th My,
(5.3.9)
The equation (5.3.9) may be rewritten as
— 1
B (tprz of ) =YuBy | Ap+ —xhC,fm — I — thymh —MZ , (5.3.10)
(st) 3
where
M21h M12h My, — M, «
E(e1ep) =My =Ay, E(e1e3) =My =, ——=M;.
( ) Gymth ( ) ngth Mh h
Therefore, the MSE will be given as
L
MSE (tp(s) Z [ 2 4+ BIC2) — 2By Com | (5.3.11)

5.3.3 Formulation of problem by using nonlinear cost function

If the strata’s travel costs to approach the sampling units are significant, then the cost func-
tion remains no linear. Beardwood et al. (1959) constructed that the length between n scat-

tered points is proportional to y/n and the travel cost may be proportional to the distance
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traveled. Hence the cost function may be given as

L L
Co=Y chmp+ Y th/m,
h=1 h=1
where #;,,/my, is the travel cost within A" stratum; h=1,2,...,L.

In this situation, the minimum MSE for the fixed nonlinear cost function may be obtained

by solving the following NLPP which may be formulated as

Minimize MSE (tprZ(sl))
L L
subject to Z cpny + Z thy/nn, < Co
h=1 h=1 (5.3.12)
2<np <N
and ny are integers; h=1,2,...,L.

5.3.4 Estimators under review

Many estimators of population mean have been given by different authors in the literature
for improved estimation. Some estimators have been developed using ratio and product ex-
ponential type estimators under large sample approximations. Section [5.2.3|has shown the
different estimators of population mean using auxiliary variable. These estimators are given
by under simple random sampling which are converted into stratified random sampling in

Section

5.3.5 Efficiency comparison

Here the comparison of the suggested estimator with some other existing estimators men-
tioned in Section [5.2.3] is discussed. The suggested estimator perform well if it satisfies
the condition MSE (t,.) — MSE (tprz(s,)) > (), this condition is applied to all other estimators
and the differences are calculated and tabulated in Table MSE (t,) denotes the MSE

of the compared estimators.
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Table 5.11: Estimators efficiency comparison table for nonlinear cost function

Estimators Condition Constant
Lo(sr) Yhei ( )zmh) >0
er(st) L ( —2p3CynCun + "mh> >0
» Th (R —2RiCm+ &) >0 | Ri=
e b (RXe T (G- ) ) >0 | Ru= 1
D(st) el R%h)_(icfh - 72 C)%hp%t % >0 | Ry = Yhihcxh
13(s1) L (RX,C -7, CoPi— Cchn’:'h >0 | Ry, = Y}j‘hﬁzh
tar) b (RXIC -7 (Gt ) ) >0 | Ruy= b
t50o) b (RXIC T (Gt @) ) >0 | Rey= gl
fo(st) b (R XGCY, — Y, (Coph - CfT";h >0 | Roy = gl
- b (RXC T (Gt ) ) >0 | Ry= gl
13(st) o | RBXiC, -7, CoiPh — % >0 | Rsy = %
toto L (RXc, -7 (ot — CC_ >0 | Ry = g 10
Ho(st) Z[ﬁ:1 10h C 7%[ Cyzhp;z, - %Z_éjh >0 | Rion= Yhilblh
f11s) L RXACE, — Y (2ol — %: >0 | Rip = gl
112 (st) Y1 RIZhXhC _2 CyZhP% - % >0 | Ripp= yYfG

mh hTh
Ipe(st) %:l (C)%h (1 +4Kh) +4 wh) >0 K, =P C)h
" ti (G 02k B) 50 | K =ng
1) Ly (BC-2BCmt ) >0 | B3
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5.3.6 Numerical illustration based on real and simulated data

The following numerical example solved by the integer programming approach for NLPP.
For numerical study, we use the data set given in Section Numerical illustration has
been carried out using integer programming using MATLAB. The total amount available
for conducting the survey is assumed to be C = 600 units with an expected overhead cost

co = 50 units. This gives Cy = C — ¢ = 550 units.

Integer programming technique with real data set

We obtained the minimum MSE with fixed nonlinear cost function using real data. Then

the NLPP may be expressed as

516.3346704 i 11099.23291 L 7523.589804 n 236331.1066

ni n n3 ng

subject to 2n1 4 3ny +4nz +5n4 + /n1 + 1.5v/n2 +2y/n3 +2.5\/ny <550

Minimize

2<n <N
2<np <N,
2<n3<N3
2<n4 <Ny

and ni, ny, N3, N4 are integers.
(5.3.13)

The solution of NLPP (5.3.13) may be obtained as

ny =35, np =22, n3 =15, ng =75, with minimum value of the MSE is 4260.4.
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Table 5.12: The MSE and PRE of proposed and other estimators for real data set with nonlinear
cost function

Population (N = 2000,k = 4)

Allocations
Estimators n; ny n3 ng MSE PRE
tor2(st) 5 22 15 75 42604 100
Is(st) 3 14 33 66 18342 430.5230
fo(st) 4 7 33 70 57658 1353.347
11 (st) 3 4 25 79 99295 2330.650
1(st) 3 4 25 79 99041 2324.688
13(st) 2 4 23 81 99399 2333.091
14(st) 3 4 25 79 99311 2331.025
15(s1) 3 4 25 79 99027 2324.359
6 (st) 3 4 25 79 99317 2331.166
17(st) 3 4 25 79 99025 2324.312
13(s1) 3 4 25 79 99377 2332574
19(s1) 3 4 25 79 99010 2332.960
10(st) 3 4 25 79 99339 2331.682
1 (st) 3 4 25 79 98724 2317.247
12(st) 3 4 25 79 60391 1417.496
Ter(st) 2 2 15 89 12077 283.4710
Ip(st) 4 6 29 74 297530 6983.617
Ipe(st) 4 6 29 74 153480 8936.954
Lpri (st) 5 22 15 75 43182 101.3570

Integer programming technique with simulated data set

We obtained the minimum MSE with fixed nonlinear cost function. Then the NLPP may

be reexpressed as

3.760141 3.990191 4.128908 4.131600
+ + +
ni np nj3 n4

subjectto  2ny +3np +4n3+ 5na +/n1 + 1.5v/nz +2+/nz +2.5\/ng <550

Minimize

2<n <N
2<m <M
2<n3<N3
2<n4 <Ny

and ni, na, N3, N4 are integers.
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(5.3.14)

The solution of the NLPP (5.3.14) may be obtained as

ny =46, np =40, n3 =35, ng =31 with minimum value of the MSE which equal to 0.4315.

Table 5.13: The MSE and PRE of proposed and other estimators for simulated data set by using
nonlinear cost function

Population (N = 2000, h = 4)

Allocations
Estimators n; ny, n3 ny MSE PRE
tor2(st) 46 40 35 31 0.4315 100
Is(st) 50 42 33 30 0.8047 186.489
fo(sr) 51 40 34 30 04354 100.904
1 (s1) 51 40 34 30 04659 107.972
1 (s1) 51 40 34 30 0.4658 107.949
13(s1) 48 41 36 29 04573 105.979
14(s1) 51 40 34 30 04659 107.972
17(s1) 51 40 34 30 0.4658 107.949
13(s1) 48 41 36 29 0.4650 107.764
19(s1) 48 41 36 29 04570 105910
10(st) 51 40 34 30 04659 107.972
1(st) 51 43 33 29 0.4626 107.207
12(st) 48 41 36 29 0.4594 106.466
Ip(st) 51 40 34 30 1.7212 398.888
tpe(st) 51 40 34 30 0.9634 223.268
Lpri (st) 51 40 34 30 04354 100.904

5.3.7 Result

In this chapter the proposed estimators minimize the MSE of the estimators of population
parameters. In stratified random sampling, the ratio estimators have been developed using
the information of population median for the population mean of the study variable. The
proposed estimators are compared with other existing estimators of population parameters
with a linear and nonlinear cost function. The theoretical conditions are verified through
the numerical examples from real population and the data simulated from bivariate nor-

mal distribution. From Tables [5.5] [5.6] [5.9] and [5.10] it can be concluded that proposed
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estimator #,,1(y) is better than the others competing estimators of Subramani estimator
(2016), Unbiased estimator ¢y, and other estimators. From Figures 5.2 5.3 and[5.4]
the PRE indicates that the proposed estimator #,,(y) outperforms the other comparative

estimators.

Thus, it may be observed that proposed estimator #,,5(,)’s MSE lesser than that of compet-
ing existing estimators as given in Tables[5.12]and[5.13] From Figures[5.5/and[5.6] the PRE
indicates that the proposed estimator 7,5 () outperforms the other comparative estimators.
Also the proposed estimator 7,5 () is more efficient than other estimators when they are

compared with non linear cost function.

5.4 Conclusion

The theoretical conditions are verified through the numerical examples from the real pop-
ulation and the data simulated from a bivariate normal distribution for proposed estimators
tpri(st) and 2,,2(s)- Thus, it may be recommended that the proposed estimators may be used
for efficient estimation when auxiliary variable is given for both linear and nonlinear cost

functions. Hence the aim of achichievity maximum efficiency has fulfilled.
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Figure 5.1: PRE of #,,(y) and other comparative estimators using a real data set for integer
programming problem

PRE by real data set for integer programming problem
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Figure 5.2: PRE of #,,(,) and other comparative estimators using a real data set for Lagrange
multiplier method
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Figure 5.3: PRE of ¢,y and other comparative estimators using a simulated data set for integer
programming problem

PRE by simulated data set for integer programming
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Figure 5.4: PRE of 7, (sr) and other comparative estimators using a simulated data set for
Lagrange multiplier method
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Figure 5.5: PRE of #,,5(,) and other comparative estimators using a real data set for integer
programming problem

PRE by real data set for integer programming
problem

PRE
o oY o o

-

[~ S &
e
R A
e =ty

& F L T S T N o
%%%%%%%%%%%%%%
o T R -« R T R S R L,

\
o

Estimators

Figure 5.6: PRE of 7,5, and other comparative estimators using a simulated data set for integer
programming problem
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CHAPTER 6

On availability and cost function for maintenance
time of continuous operating series-parallel

systems using particle swarm optimization

6.1 Introduction

System reliability and availability play an essential role in many functional process, as
like industrial systems, power plants, cloud technology structures, telecommunication net-
works, manufacturing systems, etc. The availability of the system is considered as an
important factor for optimization design and preferably for high reliable components. A
higher reliability structural design of the system or system components are required to im-
prove the reliability of complicated systems at a higher level. This aim of the problem
is to increase the system’s availability under some constraints, such as time, weight, cost,
etc. Therefore, several studies have been carried out in this area. Cox (1962) has pro-
vided the conditions for a finite optimum solution and Barlow et al. (1965) found the best
solution to minimize the expected costs. Wang (1992) focused on the series-parallel sys-

tem and Painton and Campbell (1995) dealt with personal computer design in reliability
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optimization. Klutke et al. (1996) derived the availability by an exogenous random envi-
ronment for an inspected system. Also, they defined a relationship between remaining life,
deterioration and repair by the markovian method. One of the most influential factors in
availability evaluation is the failure rates of components. In the literature of availability,
there are two types of the failure rates of components are considered. One is the constant
failure rate and other is the time-dependent failure rate, which are based on lifetime dis-
tributions; eg. exponential distribution, Weibull distribution, etc. When the failure rates
of components are constant, it is straightforward to obtain the reliability function through
statistical and mathematical relations. According to the periodic inspection policy, Kiessler
et al. (2002) proposed the nonself announcing failures in which a Markov chain governs
the rate of deterioration for lifetime distribution. Cui and Xie (2005) carried two models,
one is considered when the system is taken to be as good as new after the end of the eval-
uation or repair, while the other is considered when no maintenance or corrective action
is required at the time of the inspection if the system is still running. Also, the state of
the system is assumed to be the same as before the inspection. Under the presumption of
random repair or replacement time, both models are presented. Several authors have been
worked on repairable series-parallel system such as Bris et al. (2003)), EI-Damcese and
Temraz (2010), Ali et al. (2011) and Hu et al. (2012), etc. After that, Kumar et al. (2013)
and Kumar and Garg (2016) have been used the semi Markov approach to analyze the
steady-state availability of repairable mechanical systems with opportunistic maintenance.
Erkoyuncu et al. (2017) examined a process to estimate the performance which was based
on the support contract costs and attributed to corrective maintenance. Ivezic et al. (2019)
defined availability by the time coefficient, which includes the time state with a fuzzy ex-
pert model. After that Salah and Temraz (2019) used Markov models for availability and
reliability function when the failure, imperfect repair and replacement rates are available

in general case. Also, they presented a retrial system with mixed standby and unreliable
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repair facility for availability. In this strategy, Salah and Temraz (2019) obtained mean time
to failure of the system by using the Laplace transform technique. Moreover, Mellal et al.
(2020) has pointed out the cuckoo optimization technique for repairable systems to finding
out minimize the cost. They considered the constraint of the availability requirement and
involved three aspects as component failure rates, repair rates and redundancy allocation.
Further, Gao and Wang (2021) worked on the steady-state availability of the system for
general time distributions. Zheng et al. (2021) proposed the availability measures for smart
electric power grid systems and analyzed parametric sensitivities by using binary decision

diagrams for fault trees.

Many authors have been published the work on optimization problems with different tech-
niques. Sung and Cho (2000), Ben-Daya et al. (2000) and Osaki (2002) discussed various
reliability and maintenance models and shown their optimal approaches. Nourelfath et al.
(2012) proposed a combined method based on Markov processes, genetic algorithm and
universal moment generating function to calculate the availability of the multistate system.
Garg et al. (2014)) provided a methodology to solve the multiobjective reliability optimiza-
tion model. In their study, the model parameters are considered imprecise in triangular
interval data. They converted the uncertain multiobjective optimization model to a deter-
ministic form and used PSO and genetic algorithm to solve these problems. Adhikary et al.
(2015) used a multiobjective genetic algorithm to solve a series-parallel system with a pre-
ventive maintenance (PM) scheduling model that does not provide PM with an off-working
time. This chapter proposed availability and cost model for series-parallel systems with
components periodically inspected and managed, subject to some maintenance strategy.
Our aim is to optimize the maintenance policy for each part of a program and maximiz-
ing the availability limit’s cost function. The solution procedures are explained by PSO
technique. A comparative study is also included by considering some other optimization

techniques.
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Many techniques are available to solve optimization problems, but PSO technique gives
the appropriate, convergent and feasible solutions, as compared to other techniques for this
problem. It is computationally inexpensive in terms of time, memory and speed. Due to
it’s flexibility, we are using PSO technique instead of other techniques. PSO is consid-
ered as a potential competitor to other promising techniques as genetic algorithm and goal
programming techniques etc. This chapter proposed availability and cost model for series-
parallel systems with components periodically inspected and managed, subject to some
maintenance strategy. The objective is to optimize the maintenance policy for each part of
a system and optimizing the availability limit’s cost function. The solution procedures are
utilizing by PSO technique. A comparative study has been included by considering some

other optimization techniques.

6.2 Problem formulation

6.2.1 Cost function

The cost model is motivated by Nakagawa (2005). This model aims to reduce the average
cost per-unit time and the cost of repaired or replaced units and failed units. Suppose each
unit has an identical failure distribution of F(¢) with a finite mean and the cost of ¢ (< ¢y)
is accumulated for each unit that is transmitted without failure. In addition, let N;(7T)
represent the number of failures occurring during (0,¢] and N»(T') represents the number of

non failed units occurring within (0,7]. So, the estimated cost within (0,7] is given by

CIE(NI(T)) +C2E(N2(T)> = ClM(T) + 7.

The period of one cycle is considered from one replacement to the next replacement. The

time and cost pairs are distributed independently and identically for each cycle and both

130



On availability and cost function for maintenance...

OSsd
*9[NI S JoWwreI)) Y pue suojsuen; aoefde|

OSd

Ku0109 99q [RIOYIIY

unpuose uoneziundo 0o)oNd UL
K109} AONIRIN

spoyjowr uonounj Ajreuad ‘rordninw ofueide|
[opowr Azzn

Supprewryoug

wa[qoxd yrewyousg

wuose Ivg

wyjLo3[e o1euasd aAnddfqonnn
wWPLIoI[e d1AUT [9POW AONIBIA

spoyjow uonedrdnp p[oo pue wiIepy
Surwwrer3oxd paurensuod aouey)
UIBYO AONIBW W) SNONUNUO))

wyIose onouad

[01U0J UTeYd AONIBIA
Ayiqereae ofeIoAe Junrur|
wyiLIos[e punoq pue youerg
Ppoylow UBTAONIRIA
wyjLIoge oroua3d

uonouny Js0d pue AJN[Iqe[ieAy

wA)SAS o1seYo0Is © 10J AN[IqR[IeAY

wAIsAs y1omiau a3priq o[qearedal pue aouaeArnba Afiqereay
Suropow AJIqe[TRAR WISAS

uonnqLISIp AW [e1oUa3 10J ANIQR[IBAY

sw)sAs oqearedar Jo 1500 pue AJN[Iqe[TeAy

waIsAs [o[ered-saries o[qeiredar Jo A)Iqe[reae 9)eis Apeals
waIsAs [o[rered e Jo AjjIqer[ar pue AIIqe[IeAy

uonenyesd AJ[Iqe[ieA. 10J [opowr 11adxo Azzng

suonouny 1509 pue AJN[Iqe[IleAy

u1oj juowdinbo Jo [9A9] 9y 18 AJI[IqR[IRAR PUB QOUBUIUIRIA
wWISAS Ay} Jo AN[IqeI[ay

AINIQRI[I Y} SOZIWIXRW PUL W) UOTINOIXD Y} SIZIWIUIIA]
Surnpoyos souBUIUIEW JANUIAId pue A[Iqe[IeAy

SwaIsAs [eorueyow o[qearedal yiim AJIIqe[ieAe 9)eis-Apeals
901A9p [o[[ered souas d[qeiredar

® Jo suStsop o[dnnuw jo AJIqe[TeAR o) JO Q0ud[RAINbT

ouin oouruuIewW dnsifiqeqold Yim AJfiqe[reAe WISAS
swoysAs [o[rered a[qeiredar 10§ AifIqe[reAy

K)I[Iqe[TRAR 9)BIS-APEo)S AU} PUB SNOJUEBIUR)SU]

JUTRIISUOD ANJIQB[TBAR UQAIS JOPUN PIZIWIUIA

UOIBPeRISIP JO AJRI AU} I0] SAOUIOYIP SUIOUNOUUR J[3S UON
QOUBUIIUIBW JOPUN WAISAS pajoadsur A[1e[n3al e Jo A[Iqe[reAy
wa)sAS sauIds e Jo uonezrundo ANIqeIfoy

A[ige[reAe Areuone)s

Surzrundo Ayjiqerfar 10y [opow ugisap 1oindwo))

juopuadaop owiry,

9)el dIN[IeJ JULISUOD)

9ex aredar pue aInjrej Juelsuo)

[opow aIn[re} pIey pue 3jos

wn [eIoUdnD)

sojel Jredal pue ‘aIn[rej ‘uonedo[[e ASuepunpay]
9)el dIN[Iey JULISUOD)

uonnqLISIp [BIOUSD)

saInyrey jo sadA) oaIy ],
juopuadap owiry,

Sw)sAs soures Sunerado snonunuo))
Q)1 JUBISUOD)

own ooe[dar pue Jredar 10J WOPUERI SE SHUTRIISUOD)
S[OPOJAl AOYIBIA[

9je1 aredar jueisuo))

Jojoey douepodwr wnequirg

owmn Jredor jueisuo)
Q) AIN[TEJ JUBISUOD)
)l AIN[IeJ JUBISUOD)

1om pasodoid

(1207) Suep pue oen
(0207 17 12 ozeys|y
(0T0T) w2 1]

(0207) 7v 12 Suep
(0202) ‘v 12 TellPIN
(0207) v 12 nH

(6107) ZeJwa], pue ye[es
Awmﬁch .NG 12 QMN®>H
(8107) 7v 12 1oeJeg
._B—ONV .Nc Jo :o::%ox‘_m—
(L107) v 12 ueepIy
(9107) y3uIg pue ey
(S107) 7v 12 Kreqypy
(€107) 7v 12 Tewny]

(2100) v 12 nH
(1102) w12 Y

(0107) zexway, pue asdowed-1q

(S007) orX pue )
(£007) v 12 sug

(2007) 77 12 J9[8SATY
(0007) TeyIes pue Jeyres
(0002) 0y pue Sung
(9661) ‘v 12 N

(S661) 11°qdwe) pue uojureq

VL] orweukp pue sjou mag uoneWNSd puL UOHENSUOWdP ANIQR[IBAY swo)sAs uorsstw paseyd ‘sainre (2661) Suem
$59001d A1091) [EMAUY ANIQRI[a1 JOJ [opoul [EIRWOYIRIA 9)eI dINn[Iey JuULISUOD) (S961) v 12 mopreg
ss9001d uossiodg Juawade[dal Jo sa139)ens pue 2INJIe] JO S[OPOU dNSI[Iqeqol] SO} 9JULINIAY (2961) x0D

POYIRIAl SUIA[OS uondioseg sojey sioyny

MITADI AIMIRINIT :]°9 J[(R],

131



On availability and cost function for maintenance...

have finite mean. So, for an infinite time, the estimated cost per-unit of time is

C(T) = lim C(T) _ Expecteq cost of cycle.
T—e T Mean time of cycle

The expected cost rate is

o(T) = % e M(T) +ca]. 62.1)

Barlow et al. (1965) have established the policy of periodic replacement when period
kT (k = 1,2,...) is still replaced by a cycle but a failure does not replace and thus for

failure period the expected cost rate is

T-Ty
G(t)dt, (6.2.2)

3
T Jo

where c3 is downtime cost from a failure to its recognition.

By equations (6.2.T)) and (6.2.2)) the expected cost rate is

T—T,
C(To, T) = % {ClM(T) +c2 +C3/O G(t)dt} . (6.2.3)

The equation (6.2.3)) is used for age replacement. In this case, the system is regularly
replaced at kT and repaired/replaced at the failed unit up to 7.
Where, T is the total system time; ¢ be the cost of replacement for a failed unit; ¢, be the

cost of the planned replacement.

During the time cycle E(N;(T)) = M(T) = Yo, F")(T) represents the mean number of
failures over the (0,7] (renewal function) and F)(T) convolution of the n-fold lifetime

distribution.

t
FO)(T) :/ FO U —w)dF(u), n=1,2,....
0
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6.2.2 Cost function for series-parallel system

The number of units in series-parallel system is specific. The independent and identically
exponential distribution is used for practical utility. The cost value with a fixed time period

is given as
C(Ty. T) = % {clM(T) tertos /O o G(t)dt] |
Let F(£) = 1 — exp(—As), then
M(T) :; i [1 - Z (kll)i] exp(—).

When the unit is replaced only at failure at 7 — oo, then M(T) = TA.

And value of

T—Tp T-T,
/ G(t)dt = / exp(—ut)dt,
0 0

or

T-Tp 1 —exp(Tou—T
/ Gl1)dt = exp(Tou —Tu)
0 It

Then,

1 —exp(Topi — Ti)

i

1
C(Tp,T)= T {TC17»1'+62 +c3

The system consists of n subsystems, connected in series and each subsystem i has m;
components, connected in parallel for i = 1,2,...,n. Then the cost of the series-parallel
system is given as

1 —exp (Tougs — Tug
Cs(To, T :ZK [Tcl O REIOREE0) G0 ())D]mm-

i=1 ‘u(i)
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6.2.3 Availability function

The n subsystems are considered that are connected in series, for i = 1,2,...,n and each i
subsystem has m; parallel connected components. The parallel subsystem works by using
the standard series-parallel configuration when at least one of its components are operated

and the whole system operates if and only if all subsystems operate.

The components are independent in each subsystem i (i = 1,2,...,n) and distributed iden-
tically and independently for failure and repair rate. The X failure rate is considered to be
independent and has an equal F(¢) distribution with finite mean and the Y repair rate is also
independent and has an equal finite mean distribution of G(¢). Let A(T) be the availability

of the subsystem at time 7. Then,

E(X)

AT = E®) + B0

Many authors are worked on optimum PM such as Barlow et al. (1965), Nakagawa (2005)
and others. This model is similar to Nakagawa (2005)), which describes the assumptions
of system repair and failure problem. If a device fails, it undergoes under maintenance
immediately and is restored to the operational state after repaired. Repair time is divided
into two parts; one is before time 7" having Y7 distribution. The repair time is independent
and has a finite mean G(¢). If a unit’s operating time is already known and its failure
rate rises over time, it might be prudent to maintain it at the time 7' preventively until its
operating time failure. Other repair time is after time 7" having distribution of ¥>. Time
distribution of ¥ to PM completion time distribution is G(¢) with a finite mean, which
could be lower than the repair time of ¥;. A new unit begins to work at r = 0. We describe
one process from the beginning of service until PM or repair is complete. Then the loss of

one cycle is meanwhile.

E (Nlix<r)+YV2lix=1)) =
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where X; and ¥ (k= 1,2,...) as referring to uptime and downtime and A(T') is the likeli-

hood that the device will work at the time of 7', respectively. Hence the availability of the

state is
[TF(T)dt
A(T) T T - F(T) , F(T)’
Jo F(T)dt—F#—I—F#—Z

Now, this model is defined as a series-parallel system. Let A;; be the availability of the
component j (j=1,2,...,m;) in subsystem i (i = 1,2,...,n) and let A; be the availability
of the subsystem i. That is A;; and A; can be expressed for series-parallel system, such

as

The system consists of n subsystems connected in series and each i subsystem has com-
ponents of m;, connected in parallel to i = 1,2,...,n. Subsystems are related in sequence,

then the system availability is

Ay(T) :ﬁl—(l—AU)’"".

Suppose failure and repair time follows an exponential distribution with different parame-

ters. Then the availability of the series-parallel system is given as

n 1—exp(—AiT) "
_ . . T
AS(T) - H 1 1 1—exp(—N;T) + 1—exp(—pyT) + 1—exp(—u;T) ’
i=1 T uy; i
or
L—exp(—uiiT) | 1—exp(—miT) i
n +

_ . Ui i
A(T) = H ! 1—exp(—AT) | 1—exp(—uyiT) | 1—exp(—miT)
i=l T T i + I

It has been assumed that the time negligible for replaced at periodic times and at any time,

there is an unlimited supply of units available for replacement.
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6.2.4 Optimization model

To solve such problems, the optimization model of a system may be formulated. So, as
to maximize availability and minimize cost function during given time period. It may be

formulated as follows:

Maximize As(T)
minimize Cs(To,T)
subject to As(T) > WRV (Ap)
(6.2.5)
Cs(T07T) < Cmax
’ZTS' S Tmax
and Tinax = 07 Ap = 07 Cnax = 07 CS(T())T) > 07

where A (T) is the system availability at time T'; Cy(7p, T) is the cost value at time 7; WRV
is the worst reliability value of the system; C,,,y is the maximum allowable system cost; T

is the system time, and 7},,4y 1s the total maximum time.

6.3 Solution methods

This section has considered the problem that can be solved using the PSO technique as well

as some other existing optimization methods, which are mentioned below.

6.3.1 Particle swarm optimization

Recall that, as we explained in the introduction, the PSO technique is an optimization
technique. The PSO is introduced by Kennedy and Eberhart (1995) a population oriented
stochastic optimization technique. The flow chart of PSO technique is shown in Figure

6.11
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Figure 6.1: PSO flow chart
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6.3.2 Genetic algorithm

In introduction section it is discussed that genetic algorithm is the most widely used op-
timization technique and first implemented at Michigan University by Holland (1975). In
this algorithm, the better population is combined according to the principle of survival of
the best and this solution will be repeated more often in the next generation depending on

the suitability of each solution. This process will reach an optimal solution.
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Algorithm steps
Step 1: Create a random population, including n chromosome or initial solution.
Step 2: Establish in the population the fitness role of each chromosome.

Step 3: Building a new population-based on the selection of parent chromosomes by selec-

tive methods such as roulette wheel, match, random, competitive, etc.

Mentioning an absolute value for the likelihood of a crossover operator and then conducting
a combination procedure on parents to create offspring and assuming a specific value for
the mutation operator’s. Using this procedure into establish a new chromosome shift one

or more genes from parent’s chromosome.

Step 4: Replacing new offspring in the new population.

6.3.3 Goal programming problem

Goal programming is an efficient and feasible methodology which can be applicable to a
variety of targets in decision making problems. Charnes et al. (1968) developed goal pro-
gramming and appeared to be a commanding methodology to overcome decision-making
problems with multi-criteria. The goal is to minimize the variation between the successes

of objectives. For all the p functions, the problem can be reported separately as
Minimize 7, Z, ...,Z,
subjectto  As(T) > WRV (Ap)
Cs(To,T) < Cpax (6.3.1)
Ty < Tnax
and Tnax >0, Ag > 0, Cax > 0, Cs(Tp,T) > 0,

where

1 T-Ty
Z, =C4(Ty,T) = T ciM(T)+c; +C3‘/0 G(t)dl}
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and
" 1—exp(—uy;T) 4 1—exp(—up, T) i
2, =A(T) = H 1- 1—exp(—AT) lunlfexp(f,uliT) 'uzilfexp(f,ugiT)
i=1 T + Ty + o
By using on NLPP, find out the optimal value of Z;f of Z; is given as
Minimize Z;, j=1,2,...,p
subjectto  As(T) > WRV (Ao)
Cy(To,T) < Cpax (6.3.2)
Ty < Tinax
and Tnax >0, Ag > 0, Cax > 0, Cs(Tp,T) > 0.

Obviously, Z i > Z}E and Z i~ Z}‘ >0; j=1,2,...,p would raise the cost because the in-
dividual optimal value are not used for the j/* characteristics. According to the use of
compromise allocation, find the importance of the availability and cost function for each
characteristic, instead of the individual optimum allocation. Value of m; does not exceed
xj, where x; are the unknown goal variables (x;, j=1,2,...,p).

To obtain these goals, m; must satisfy,
Z,—-Z; <xj; j=12,...,p.

The value 25:1 x; will give us the total increases in objective values by not using the indi-
vidual allocations. To solve the following goal programming problem
P
Minimize Z X
j=1
subjectto A4 (T) —x1 > Z]
CY(T()?T) —x < Zik
Ty < Tnax
and Tonax >0, Ag > 0, Cax > 0, Cs(Tp,T) > 0.
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6.4 Numerical study

For discussing the above techniques numerically, the data are simulated by using expo-
nential distribution using R software and information regarding the parameters has been
summaries in Table [6.2] with cost and time values. There is need to define optimal values of
several components and cost value in a series-parallel system. The problem is considered
as a multiobjective optimization model. It has two objective functions: first is to maxi-
mize the availability and second is to minimize the cost function. To solve such complex

problem, it can be divided into two groups:

(i) Weighted sum approach by assigning weights to each feature to turn the multiobjec-

tive issue into a single objective problem.

(i) Optimize goal function with some constraints. The objective functions are trans-

formed as follows to a single objective function.

1 —exp(T; N~ T i |
Minimize f AS,C =0. SZ [( [Tcl (i) T Ca(i) T €3(3) p( ‘(Zl‘u( ) al )) ] ) m;)
(i ]
1—exp(—u1iT ) + 1—exp(—poi ) i
_ OSH 1— Hii H2i
| —exp(MT) , 1—exp(gnil) | 1—exp(—gil)
i=l T T Hii 1 T H2i : |
subject to
n [ l—exp(—,ul, ) + 1- CXp( H2i ) =
[T|1- e = > WRV (Ao)
| —exp(AT) , I—exp(ani) | 1—exp(—parl) =
=1 L T + Hii 1 T H2i :
e[ (1 1 —exp (Toug) — Thp)
Y 7 | Tewr + 2 + 3 . m(iy < Cax
i=1 | H(i)
Ts < Tnax
and Tnax = 0, Ag 2 0, Cyax 2 0
(6.4.1)

On using values of Table we have solved the model (6.4.1) numerically and used
PSO technique to find out optimum solution. Also, we have solved the model (6.2.5),

using different optimization techniques, defined in Section [0.3] and obtained the optimum
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solution which summaries in Table[6.3] On the basis of these results, three different existing
optimization techniques are considered to solve the numerical illustration. On comparing
the results, it can be observed that the PSO technique has outperformed compare to other
techniques in terms of availability and cost value. Table [6.3|shows that all other techniques
are not advisable than the PSO algorithm, even goal programming problem has an equal
availability value but violates the cost constraint. Whereas genetic algorithm provides less
cost value than others and gives less availability. From Figure [6.2] it is easy to see that as
time increases, availability value decreases.

Table 6.2: Data simulation by R software from exponential distribution for different parameters

i A Hi i i cii ¢ c¢3 T (Hours)
1 1.78881239 5.4037288890 0.3756002 1.849384 2 1 3 1350
2 0.01090341 0.6290124455 0.2803815 1.442109 3 2 4 1350
3 0.09763477 6.4458548851 1.1246886 0.182228 4 3 5 1350
4 193698614 19918158221 2.7208015 0.546778 5 4 6 1350
5 0.27380822 0.2120789000 2.6440963 1.093491 6 5 7 1350

Table 6.3: Results for the series parallel system for availability Ag = 0.85 and C; = 150

Methods (my1, mp, mz, ma, ms) A C,

Particle swarm optimization (1, 5,1, 1,4 0.9923 146.2646
Genetic algorithm 2,1, 1, 4,2) 0.9827 136.6990
Goal programming problem (1, 3, 3, 2,3) 0.9923 153.8694

Figure 6.2: Availability v/s Time by PSO technique
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6.5 Statistical analysis

The t- test on genetic algorithm and goal programming with PSO technique are applied.
Assume the null hypothesis is that there is no difference in their population means and
populations have equal variances at the significance level of oo = 0.05. It is carried out
by the pooled t -test for null hypothesis as given in Tables and [6.5] It may be easily
seen that the testing for equality of variance and values of t-statistic are greater than t-
critical values. Also, p-value is less than the significance level oo = 0.05. Thus, it may
be concluded that two types of means differ significantly. Since variance function value is
minimum for proposed PSO technique, so it may be considered as best in comparison to
other techniques and hence, this difference is statistically significant.

Table 6.4: t-test: two sample assuming equal variances for cost function

Genetic Goal PSO
algorithm programming technique
Mean 190.8586 152.3006 149.8492
Variance 755.3194 26.93697 3.43604
Observations 25 25 25
Pooled variance 379.0042 14.81299
Hypothesized mean difference 0 0
Degree of freedom 48 48
t statistic 7.339641 1.70581
P(T<=t) one-tail L.11x107° 0.047254
t critical one-tail 1.677224 1.677224

Table 6.5: t-test: two sample assuming equal variances for availability function

Genetic Goal PSO
algorithm programming  technique
Mean 0.99630 0.988516 0.989245
Variance 5.86x107% 553x1076 2.59x1076
Observations 25 25 25
Pooled variance 423x107%  4.06x1076
Hypothesized mean difference 0 0
Degree of freedom 48 48
t statistic 12.19585 1.87285
P(T<=t) one-tail 1.3x1071¢  0.033593
t critical one-tail 1.677224 1.677224
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6.6 Conclusion

This chapter has proposed the multiobjective system availability optimization problem for
the continuous operating series-parallel system. For effective planning of scheduling, both
the availability and cost functions are to be considered simultaneously. The case study
shows that the model increases availability while decreases maintenance costs. Also, the
present model gives the best results when the problem is taken as multiobjective formu-
lation. Hence, on the basis of comparisons, made in Section [6.4] the study justifies that
the proposed model may improve availability and reduce maintenance costs by using the
PSO technique, which is not granted with other techniques at the points of availability and
costs. Comparatively, the PSO technique demonstrates the effective and efficient result for
global solutions with other optimization approaches. From statistical analysis, point a view
it may be easily seen that the variance of design availability and cost by PSO are minimum
as compared to others techniques. Thus, the PSO technique may be used by using pooled t

-test statistic.
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