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Chapter 1

Review of literature

1.1 Introduction

The statistical theory mainly deals with problem of drawing the inference about the

characteristics of a population based on a representative sample. The sampling theory

provides us with the tools of drawing inference about certain characteristics of the popula-

tion. While proposing a sampling strategy for the given problem at hand we use different

sampling schemes along with various estimation methods for studying the characteristics

of interest. In estimation of population characteristics ancillary information closely related

to the main characteristic plays a very important role. In estimation of population char-

acteristics, the population parameters can be estimated more accurately by making use of

information on an auxiliary variable that is correlated with study variable. The ratio and

regression methods of estimation are good examples in this context. In sampling theory,

it is well known that the efficiency of the estimators of unknown population parameters of

the study variable y can be increased by suitably using known information on an auxiliary

variable x, which may be positively or negatively correlated with y.

In sampling theory mainly two types of errors are committed, one is sampling error

and other is non-sampling error. The sampling error can be minimized by increasing the

size of the sample but non sampling errors pose more severe problem in estimation part of

sampling theory. The non-sampling error can occur at any one or more stages of the survey.

These errors are broadly classified as non-response error, response error, tabulation error

1



2 1.2 Imputation

etc. In presence of non-response, the estimate of parameter of interest under conventional

sampling strategies lead to serious bias as some units fail to respond thereby not covering

the targeted population as per the sampling strategy.

The problem of non response was first studied by Hansen and Hurwitz (1946) related to

a mailed questionnaire. Hansen and Hurwitz suggested a technique for adjustment of bias

due to non-response. The procedure suggested by Hansen and Hurwitz results in an unbi-

ased estimator of population mean. Hansen and Hurwitz suggested a technique for dealing

with unit non-response under deterministic non-response model. Later, a concept of ran-

dom non-response was studied by Singh and Singh (1979, 85), Singh and Joarder (1998)

among others. Alternatively, a situation when item non-response present in data set, a

technique known as imputation was suggested by Rubin (1976) to mitigate the problem of

missing data. Let us first review the relevant developments relating to imputation.

1.2 Imputation

In survey sampling, the problem of missing data is a major problem encountered by the

statistician. The problem of missing data adversely affect the estimate of the population

characteristics in survey sampling. Many authors dealt with the problem of non-response or

missing data and suggested different type of method or estimators to estimate the popula-

tion characteristics. In presence of missing data in survey sampling, methods of imputation

for substitution of missing data is frequently used. Many Statisticians discussed the various

methods of imputation for estimation of population mean of study variable in presence of

missing data by using auxiliary information. To overcome the problem of missing data

of the study variable, we use the auxiliary information about the study variable for im-

putation of the missing data. To circumvent the problem of missing data, imputation is

used for substitution of missing data in the sampling theory. Rubin (1976) had suggested

imputation methods which make incomplete data sets structurally complete and addressed

three concepts: missing at random (MAR), observed at random (OAR) and parameter

distribution (PD).



3 1.2 Imputation

Missing at random (MAR):

The data are MAR if the probability of the observed missingness pattern given the

observed and unobserved data, does not depend on the values of the unobserved data. We

shall put all such cases where the data are missing only due to chance factors. It will

therefore include cases where the enumerator is not able to contact the respondents only by

chance and had he been able to contact, the data would have been collected. For example,

when the information is kept on the punched cards, the non-response due to the accidental

loss of one or more cards is of the first category. This type of non-response is called random

non-response.

Observed at random (OAR):

The data are OAR, if for every possible value of the missing data, the probability of the

observed missing-ness pattern, given the observed and unobserved data, does not depend

on the values of the observed data.

Missing completely at random (MCAR):

The combination of MAR and OAR is called MCAR.

For dealing with the problem of missing data Sande (1979) and Kalton et al. (1981)

have suggested some imputation methods. Thereafter, Kalton and Kasprzyk (1982), Singh

and Singh (1991), Lee et al. (1994, 1995) also suggested some estimators under the prob-

lem of missing data. Heitzan and Basu (1996) have distinguished the meaning of missing

at random (MAR) from missing completely at random (MCAR) in very eloquent manner.

Many Statisticians like Toutenberg and Srivastava (1998), Singh and Horn (2000), Singh

and Deo (2003), Rueda and Gonzalez (2004), Rueda, Gonzalez and Arcos (2005), Ahmed et

al. (2006), Toutenberg, Srivastava and Shalabh (2008), Kadilar and Chingi (2008), Singh

et al. (2009) and Singh et al. (2010), Diana and Perri (2010) etc. have discussed various

methods of imputation for estimation of population mean under the problem of missing

data by using auxiliary information about the study variable. The auxiliary information is

generally used to increase the accuracy of any estimator which may either be adopted at

estimation stage or sampling stage or both. Many authors including Kadilar and Chingi

(2008) and Diana and Perri (2010) adopted the MCAR approach. We implicitly assume a

MACR approach for imputation of the missing data in chapter 2, 3 and 4.



4 1.2 Imputation

In order to overcome the problem of missing observations via non-response in sample

survey, the technique of imputation is frequently used to deal with missing values effectively.

Kalton et al. (1981) described some issues of non-response and imputation in the survey of

income and program participation. Sande (1979) suggested hot deck approach to automatic

edit and imputation, Lee et al. (1994, 1995) took up experiments with variance estimation

from survey data with imputed values and variance estimation in the presence of imputed

data for the generalized estimation system and used the information on an auxiliary variate

for the purpose of imputation. Later, Singh and Horn (2000) proposed a compromised im-

putation in survey sampling, Ahmed et al. (2006) suggested the estimation of a population

mean using different imputation methods, Thakur et al. (2012) studied some imputation

methods under double sampling scheme for estimation of population mean, Singh et al.

(2013) considered to assess the non-response with ratio method of imputation in successive

sampling over two occasions.

Notations and results

Let y be the study variable defined on a finite population Ω of N identifiable units

with values yi, i ∈ Ω. Let Ȳ = N−1
∑

Ω yi be the mean of the finite population under

consideration over study variable y. Let x an auxiliary variable, correlated with y, which

is effectively used to estimate the unknown mean of y. Further, the auxiliary information

xi, i ∈ Ω on x can be available on the entire population even when the information on study

variable is missing.

A simple random sample without replacement (SRSWOR), s, of size n is drawn from

Ω = {1, 2, ..., N} to estimate the population mean Ȳ . Let r be the number of responding

units out of sampled n units. Let the set of responding units be denoted by A and that

of non-responding units be denoted by Ā. For every unit, i ∈ A, the value yi is observed,

but for the units i ∈ Ā the values are missing and imputed values must be derived to

complete the y-data. The imputation is carried out with the aid of an auxiliary variable,

x, such that xi, the value of x for unit i, is known and positive for every i ∈ s i.e. the data

xs = {xi; i ∈ s} are known.

Lee et al. (1994) suggested the notion for single value imputation, wherein if the

ith sample unit is missing and requires imputation, the value b̂xi is imputed, where b̂ =
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∑
i∈A yi/

∑
i∈A xi. In chapter 2, 3 and 4, we have focussed on improved single value impu-

tation procedures. Some popular single value imputation procedures are described below.

The mean method of imputation is given by

y.im =

 yi if i ∈ A

ȳr if i ∈ Ā
(1.2.1)

The resultant estimator of population mean is given by

tm =
1

n

∑
iεs

y.im = ȳr

The Ratio method of imputation is given by

y.irat =

 yi if i ∈ A

b̂xi if i ∈ Ā
(1.2.2)

The resultant estimator of population mean is given by

trat =
1

n

∑
iεs

y.ir = ȳr
x̄n
x̄r

The Regression method of imputation is given by

y.ireg =

 yi if i ∈ A

ȳr + β̂ (xi − x̄r) if i ∈ Ā
(1.2.3)

The resultant estimator of population mean is given by

treg =
1

n

∑
iεs

y.ireg = ȳr + β̂ (x̄n − x̄r)

Singh and Horn (2000) proposed compromised imputation procedure such that

y.icom =


αnyi
r

+(1− α) b̂xi if i ∈ A

(1− α) b̂xi if i ∈ Ā
(1.2.4)
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The estimator under the compromised method of imputation is given by

tCOMP = αȳr + (1− α) ȳr
x̄n
x̄r

where α is suitably chosen constant. It is important to note that, in this method, we are us-

ing information from imputed values for the responding units in addition to non-responding

units. Therefore, this was an important result in search of the optimum imputation meth-

ods.

In presence of missing data, Singh and Deo (2003) suggested an imputation procedure

by using power transformation. The power transformation imputed estimator of population

mean remains better than the ratio and mean imputed estimators. In case of this method

of imputation, the data after imputation take form

y.i =


yi if i ∈ A

ȳr

[
n
(
x̄n
x̄r

)α
− r
]

xi∑
iεĀ

xi
if i ∈ Ā

(1.2.5)

where α is a suitably chosen constant. The point estimators of population mean Ȳ becomes

tpt = ȳr

(
x̄n
x̄r

)α

If α = 1, then the suggested power method of imputation leads to the ratio method of im-

putation described above. Also, if α = −1, then the suggested power method of imputation

leads to the product method of imputation and data after imputation take the form

y.i =


yi if i ∈ A

ȳr

[
n
(
nx̄r−rx̄n

x̄n

)
− r
]

xi∑
iεĀ

xi
if i ∈ Ā

(1.2.6)

The point estimators of population mean Ȳ becomes

tp = ȳr

(
x̄r
x̄n

)
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They also suggested a method of imputation for population mean by using multi-auxiliary

information, given by

y.i =


yi if i ∈ A

ȳr
p∏
j=1

[
n
(
x̄nj
x̄rj

)αj
− r
] p∑

j=1
xij

∑
iεĀ

p∑
j=1

xi

if i ∈ Ā
(1.2.7)

The point estimator becomes

tmult = ȳr

p∏
j=1

(
x̄nj
x̄rj

)αj
One can easily observe that if αj = 1, ∀j = 1, 2, 3, ..., p then the suggested method of

imputation becomes

y.i =


yi if i ∈ A

ȳr
p∏
j=1

[
n
(
x̄nj
x̄rj

)
− r
] p∑

j=1
xij

∑
iεĀ

p∑
j=1

xi

if i ∈ Ā
(1.2.8)

The point estimator becomes

tmult1 = ȳr

p∏
j=1

(
x̄nj
x̄rj

)

where
p∏
j=1

xj = x1x2 . . . xp denote the product of p terms.

Motivated by Lee et al. (1994), Singh and Horn (2000) and Singh and Deo (2003), Ahmed et

al. (2006) suggested some more methods of imputation of population mean using auxiliary

information in presence of missing data stated below.

y.i =


yi if i ∈ A

1

n− r

[
nȳr

(
X̄

x̄n

)
− rȳr

]
if i ∈ Ā

(1.2.9)
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y.i =


yi if i ∈ A

1

n− r

[
nȳr

(
X̄

x̄n

)β1

− rȳr

]
if i ∈ Ā

(1.2.10)

y.i =


yi if i ∈ A

1

n− r

[
nȳr

(
X̄

x̄r

)
− rȳr

]
if i ∈ Ā

(1.2.11)

y.i =


yi if i ∈ A

1

n− r

[
nȳr

(
X̄

x̄r

)β2

− rȳr

]
if i ∈ Ā

(1.2.12)

y.i =


yi if i ∈ A

1
n−r

[
nȳrX̄

θ1x̄n + (1− θ1) X̄
− rȳr

]
if i ∈ Ā

(1.2.13)

y.i =


yi if i ∈ A

1

n− r

[
nȳrX̄

θ2x̄r + (1− θ2) X̄
− rȳr

]
if i ∈ Ā

(1.2.14)

y.i =


yi if i ∈ A

1

n− r

[
nȳr

(
x̄n
x̄r

)
− rȳr

]
if i ∈ Ā

(1.2.15)

y.i =


yi if i ∈ A

1

n− r

[
nȳr

(
x̄n
x̄r

)β3

− rȳr

]
if i ∈ Ā

(1.2.16)

y.i =


yi if i ∈ A[

ȳr
(
xi + r

n−r

)
θ3x̄r + (1− θ3) x̄n

− r

n− r
ȳr

]
if i ∈ Ā

(1.2.17)

y.i =


yi if i ∈ A

1

n− r

[
nȳr

(
x̄n
x̄r

)β4
(
X̄

x̄n

)β5

− rȳr

]
if i ∈ Ā

(1.2.18)

y.i =


yi if i ∈ A

ȳrX̄

(
xi +

r

n− r
x̄r

)
{θ4x̄r + (1− θ4) x̄n}

{
θ5x̄n + (1− θ5) X̄

} − r

(n− r)
ȳr if i ∈ Ā

(1.2.19)
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y.i =

 yi if i ∈ A

ȳr + b1

(
X̄ − x̄n

)
if i ∈ Ā

(1.2.20)

y.i =

 yi if i ∈ A

ȳr + b2

(
X̄ − x̄r

)
if i ∈ Ā

(1.2.21)

y.i =

 yi if i ∈ A

ȳr + b3 (x̄n − x̄r) if i ∈ Ā
(1.2.22)

y.i =

 yi if i ∈ A

ȳr + k1

(
X̄ − x̄n

)
+ k2 (x̄n − x̄r) if i ∈ Ā

(1.2.23)

The resultant point estimators are given below

t1 = ȳr

(
X̄

x̄n

)

t2 = ȳr

(
X̄

x̄n

)β1

t2 = ȳr

(
X̄

x̄n

)β1

t3 = ȳr

(
X̄

x̄r

)

t4 = ȳr

(
X̄

x̄r

)β2

t5 =
ȳrX̄

θ1x̄n + (1− θ1) X̄

t6 =
ȳrX̄

θ2x̄r + (1− θ2) X̄



10 1.2 Imputation

t7 = ȳrat = ȳr

(
x̄n
x̄r

)

t8 = ȳr

(
x̄n
x̄r

)β3

t9 =
ȳrx̄n

θ3x̄r + (1− θ3) x̄n

t10 = ȳr

(
x̄n
x̄r

)β4
(
X̄

x̄n

)β5

t11 = ȳr

[
x̄n

θ4x̄r + (1− θ4) x̄n

] [
X̄

θ5x̄n + (1− θ5) X̄

]

t12 = ȳr + b1

(
X̄ − x̄n

)
t13 = ȳr + b2

(
X̄ − x̄r

)
t14 = ȳr + b3 (x̄n − x̄r)

t15 = ȳr + k1

(
X̄ − x̄n

)
+ k2 (x̄n − x̄r)

In order to estimate the mean of study variable in the presence of missing data when

the population mean of the auxiliary information are assumed to be known, Kadilar and

Cingi (2008) suggested some regression-cum-ratio type imputation methods based on their

earlier work Kadilar and Cingi (2004). It is noteworthy that Kadilar and Chingi (2008)

suggested the estimators for population mean only and not the imputation criteria for ob-

taining the missing observations which may be required for further analysis. Kadilar and

Cingi (2004) proposed a regression-cum-ratio type estimator in the case of no missing data

given by

tKC =
ȳr + b1

(
X̄ − x̄n

)
x̄n

X̄ (1.2.24)
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where b =
sxy
s2
x

is the regression coefficient of y on x. It is important to observe that classical

regression estimator tlr = ȳr + b1

(
X̄ − x̄n

)
, is more efficient than estimator proposed by

Kadilar and Cingi (2004) tKC , for Ȳ . Kadilar and Cingi (2008) proposed three estimators

by using regression-cum-ratio method of imputation in the presence of missing data are as

follows

tKC1 =
ȳr + b1

(
X̄ − x̄n

)
X̄

x̄n
(1.2.25)

tKC2 =
ȳr + b1

(
X̄ − x̄r

)
X̄

x̄r
(1.2.26)

tKC3 =
ȳr + b1 (x̄n − x̄r)X̄

x̄r
(1.2.27)

Diana and Perri (2010) proposed three regression type estimators motivated by estima-

tors suggested by Diana and Tommasi (2003) and Diana and Perri (2007), who proposed

general unbiased class(es) of estimators, when the information on auxiliary variable(s) is

available and have proved that the best estimator in the class is regression-type estimator

up to the first order approximation. Diana and Perri (2010) proposed the estimators by

using the same amount information as Kadilar and Cingi (2008). Diana and Perri proposed

three estimators as by using different regression-type methods of imputation such that the

imputed data is given by

y.iDP 1 =

 yi if i ∈ A

ȳr + b1

(
X̄ − x̄n

)
if i ∈ Ā

(1.2.28)

The resultant estimator is given by

tDP 1 = t12 = ȳr + b1

(
X̄ − x̄n

)

y.iDP 2 =

 yi if i ∈ A

ȳr + b2

(
X̄ − x̄r

)
if i ∈ Ā

(1.2.29)
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The resultant estimator is given by

tDP 2 = t13 = ȳr + b2

(
X̄ − x̄r

)

y.iDP 3 =

 yi if i ∈ A

ȳr + b3 (x̄n − x̄r) if i ∈ Ā
(1.2.30)

The resultant estimator is given by

tDP 3 = t14 = ȳr + b3 (x̄n − x̄r)

It can be easily observed that the tDPi uses the same amount of information as that of tKCi,

(i = 1, 2, 3) hence they should only be compared with the corresponding Kadilar and Cingi

(2008) estimator, so that valid conclusions may be drawn.

In their article, Diana and Perri highlighted the role of the auxiliary information in

improving the estimates of the population mean in presence of the missing data and proved

that the suggested estimators are more efficient than the estimators suggested by Kadi-

lar and Cingi (2008), thereby proving that their estimators are optimal. Diana and Perri

also emphasised on the fact that the estimators proposed by them are structurally simpler

because they only consider the regression type component while excluding the ratio-type

component introduced by Kadilar and Cingi (2008).

Let ε0 =
ȳr
Ȳ
− 1, ε1 =

x̄r
X̄
− 1, and ε2 =

x̄n
X̄
− 1. Then using the concept of two phase

sampling following Rao and Sitter (1995) and the mechanism of MCAR, for given r and n,

we have:

E (ε0) = E (ε1) = E (ε2) = 0

and

E (ε2
0) =

(
1

r
− 1

N

)
C2
y , E (ε2

1) =

(
1

r
− 1

N

)
C2
x, E (ε2

2) =

(
1

n
− 1

N

)
C2
x,

E (ε0ε1) =

(
1

r
− 1

N

)
ρyxCyCx, E (ε0ε2) =

(
1

n
− 1

N

)
ρyxCyCx, E (ε1ε2) =

(
1

n
− 1

N

)
C2
x.

where C2
y =

S2
y

Ȳ 2
, C2

x =
S2
x

X̄2
, ρyx =

Sxy
SxSy

and S2
y , S

2
x and Sxy have their usual meanings.

Also define
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ȳr = r−1
∑

iεR yi, x̄r = r−1
∑

iεR xi, x̄n = n−1
∑

iεs xi s
∗
xy = (r − 1)−1

r∑
i=1

(yi − ȳr), s∗2x =

(r − 1)−1
r∑
i=1

(xi − x̄r)2, s∗2y = (r − 1)−1
r∑
i=1

(yi − ȳr)2, c2
y =

s∗2y
ȳ2
r

, c2
x =

s∗2x
x̄2
r

, ρ̂yx =
s∗xy
s∗xS

∗
y

.

The minimum mean square error (MSE) of existing estimators are given below

V ar(tm) =

(
1

r
− 1

N

)
S2
y

MSE(trat) =

(
1

n
− 1

N

)
S2
y +

(
1

r
− 1

N

)[
S2
y +R2S2

x − 2RSxy
]

min.MSE(tcomp) = MSE(trat)−
(

1

r
− 1

N

)(
1− ρCy

Cx

)2

Ȳ 2C2
x

MSE(tpt) = MSE(trat)−
(

1

r
− 1

n

)
S2
x

(
Sxy
S2
x

− Ȳ

X̄

)2

MSE(tmult) =

(
1

n
− 1

N

)
S2
y +

(
1

r
− 1

n

)
S2
y

(
1−Ry.x1x2...xp

)
MSE(tp) =

(
1

n
− 1

N

)
S2
y +

(
1

r
− 1

n

)[
S2
y +R2S2

x + 2RSxy
]

min.MSE(t2) = min.MSE(t5) = min.MSE(t12) =

(
1

r
− 1

N

)
S2
y −

(
1

n
− 1

N

)
Sxy
S2
x

min.MSE(t4) = min.MSE(t6) = min.MSE(t13) = min.MSE(t14) =

(
1

r
− 1

N

)
S2
y (1− ρ2)

min.MSE(t8) = min.MSE(t9) = min.MSE(t14) =

(
1

r
− 1

N

)
S2
y −

(
1

r
− 1

n

)
Sxy
S2
x

optimum value of the constants using Ahmed et al. (2006) are given below

β1 = β2 = β3 = θ1 = θ2 = θ3 = ρ
Cy
Cx

, b1 = b2 = b3 = k1 = k2 =
Sxy
S2
x

.

min.MSE(tKC1) =

(
1

r
− 1

N

)
S2
y +

(
1

n
− 1

N

)
S2
x (R2 −B2)

min.MSE(tKC2) =

(
1

r
− 1

N

)(
S2
y +R2S2

x −BSxy
)

min.MSE(tKC3) =

(
1

r
− 1

N

)
S2
y +

(
1

r
− 1

n

)
[(R +B)2S2

x − 2(R +B)Sxy]
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where

R =
Ȳ

X̄
and B =

Sxy
S2
x

.

min.MSE(tDP1) =

(
1

r
− 1

N

)
S2
y −

(
1

n
− 1

N

)
Sxy
S2
x

min.MSE(tDP2) =

(
1

r
− 1

N

)
S2
y (1− ρ2)

min.MSE(tDP3) =

(
1

r
− 1

N

)
S2
y −

(
1

r
− 1

n

)
Sxy
S2
x

1.3 Non-response

The problem of non response was first studied by Hansen and Hurwitz (1946) related to

a mailed questionnaire. Hansen and Hurwitz (1946) suggested a technique for adjustment

of bias due to non-response. The procedure suggested by Hansen and Hurwitz results in

an unbiased estimator. In this procedure we first take a simple random sample without

replacement of n possible respondent and mail a survey schedule to all of them with a

deadline for response. When the deadline of reply is over, we identify the non respon-

dents. Subsequently, we select a subsample by simple random sample without replacement

in the non-response class and obtain information by personal interview. Finally, we pool

the results from both classes to estimate the population mean (total) thereby obtaining an

unbiased estimate of population mean.

The non-response adversely affects the estimate of population mean and population

variance and many authors have suggested a number of estimators for estimating popu-

lation parameter and their variance under the non-response for various situations. The

problem of deterministic non-response in sample surveys is common and is more prevalent

in mail surveys than in personal interviews (Srinath, 1971). El-Badry (1956) extended

Hansen and Hurwitz’s technique.

Notations and results

Consider a finite population of size N and a random sample of size n drawn without

replacement. In surveys on human populations, it is often the case that n1 units respond to
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the items under examination, but the remaining (n−n1) units do not provide any response.

The initial survey may be conducted through the mail or by telephone, perhaps computer

aided; see Rao (1986). In the case of non-response in the initial attempt, Hansen and

Hurwitz (1946) suggested a double sampling scheme for estimating the population mean

comprising the following steps:

(1) A simple random sample of size n is selected and the questionnaire is mailed to the

sampled units.

(2) A subsample of size r =
n2

k
, (k ≥ 0) from the non-responding units in the initial attempt

is contacted through personal interviews.

In the Hansen and Hurwitz method, the population of size N is supposed to be

composed of two strata, namely respondents and non-respondents, having size N1 and

N2 = (N − N1). Thus, we label the data as y1, ..., yN1 for the response group. Let

Ȳ =
N∑
i=1

yi/N and S2
y =

N∑
i=1

(
yi − Ȳ

)2
/(N − 1) denote the population mean and vari-

ance, respectively. Let Ȳ1 =
N1∑
i=1

yi/N1 and S2
y1

=
N1∑
i=1

(
yi − Ȳ1

)2
/(N1 − 1) denote the mean

and variance of the response group, respectively, and similarly, let Ȳ2 =
N2∑
i=1

yi/N2 and

S2
y2

=
N2∑
i=1

(
yi − Ȳ2

)2
/(N2 − 1) denote the mean and variance of the non-response group.

The population mean can be written as Ȳ = W1Ȳ1 + W2Ȳ2 , where W1 = N1/N and

W2 = N2/N . The sample mean ȳ1 =
n1∑
i=1

yi/n1 is unbiased for Ȳ1, but has a bias equal to

W2(Ȳ1 − Ȳ2) in estimating the population mean Ȳ .

The sample mean ȳ2r =
r∑
i=1

yi/r is unbiased for the mean ȳ2 of the n2 units. An unbiased

estimator for the population mean Ȳ is

ȳ∗ =
n1

n
ȳ1 +

n2

n
ȳ(2r) (1.3.1)

ȳ∗ = w1ȳ1 + w2ȳ2r
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where w1 = n1/n and w2 = n2/n.

The variance of ȳ∗ is given by

V ar(ȳ∗) =

(
1− f
n

)
S2
y +

W2(k − 1)

n
S2
y2

where f = n/N .

Let xi, (i = 1, 2, . . . , N) denote an auxiliary variate correlated with the study variate

yi, (i = 1, 2, . . . , N). The population mean of the auxiliary variate x is X̄ =
N∑
i=1

xi/N . Let

X̄1 and X̄2 denote the means of the response and non-response groups, respectively. Let

x̄ denote the mean of all n units. Let x̄1 and x̄2 denote the means of n1 responding units

and the n2 non-responding units, respectively. Furthermore, let x̄2r =
r∑
i=1

xi/r denote the

mean of the subsampled units. The population variances of x and y are denoted by S2
x

and S2
y , and the population covariance by Sxy. The population correlation coefficient is

ρyx = Sxy/SxSy. The unbiased estimator of the population mean X̄ of the auxiliary variate

x is

x̄∗ =
n1

n
x̄1 +

n2

n
x̄(2r) (1.3.2)

x̄∗ = w1x̄1 + w2x̄2r

The variance of x̄∗ is given by

V ar(x̄∗) =

(
1− f
n

)
S2
x +

W2(k − 1)

n
S2
x2

with (x̄1, ȳ1) and (x̄2r, ȳ2r) are the sample means based on n1 units and sub sample means

based on r units of the variates (x, y), respectively, b∗ =
(
s∗xy/s

∗2
x

)
is an estimator popula-

tion regression coefficient β = (Sxy/S
2
x).

where

s∗xy =
1

(n− 1)

(∑
u1

xjyj + r
∑
u2m

xjyj − nx̄ȳ∗
)

, s∗2x =
1

(n− 1)

(∑
u1

x2
j + r

∑
u2m

x2
j − nx̄x̄∗

)
,

Sxy =
1

N − 1

N∑
j=1

(xj − X̄)(yj − Ȳ ), S2
x =

1

N − 1

N∑
j=1

(xj − X̄)2, b∗∗ =
(
s∗xy/s

2
x

)
,

S2
x2

=
N2∑
i=1

(
xi − X̄2

)2
/(N2 − 1).
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It is well known that the use of auxiliary information improves the precision of the

estimates under non-response see Khare and Srivastava (1993) Cochran (1977), and Rao

(1983, 1986) suggested the use of the ratio method of estimation for population mean of

the study variate with sub-sampling from the amongst the non-respondents. Khare and

Srivastava (1993) suggested an estimation procedure of population mean using auxiliary

character in presence of non-response, Khare and Srivastava (1995) proposed to study the

conventional and alternative two phase sampling ratio product and regression estimators

in presence of non-response. Khare and Srivastava (1997) proposed transformed ratio type

estimators for the population mean in the presence of non-response. Okafor and Lee (2000)

proposed a double sampling scheme for ratio and regression estimation with sub sampling

the non-respondent are also dealing with non-response problem. Singh and Kumar (2009a)

proposed a general class of estimators of population mean in survey sampling using aux-

iliary information with sub sampling the non-respondent. Also, Singh and Kumar and

Kozak (2010) suggested a number of estimators for estimating population mean under non-

response. It is also observed that dealing with non-response problem, most of these works

done for regression and ratio type estimators to estimate parameters were improved by

Singh and Kumar (2008, 2010) in both single phase and two phase sampling.

If the non-response occurs on both the study variable y and auxiliary variable x, and

the population mean X̄ of the auxiliary variable is known. Then, in this situation, the usual

ratio, product and regression estimators for the population mean Ȳ of y are respectively

defined (see Cochran, 1977) by

trat1 = ȳ∗
(
X̄

x̄∗

)
(1.3.3)

tp1 = ȳ∗
(
x̄∗

X̄

)
(1.3.4)

tlr1 = ȳ∗ + b∗
(
X̄ − x̄∗

)
(1.3.5)

where b∗ = s∗xy/s
∗2
x and the estimates s∗xy and s∗2x are based on the available data under the

given sampling design.

When non-response occurs on the study variable y, information on the auxiliary vari-

able x is obtained from all the sample units (i.e. the initial units), and the population
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mean X̄ of the auxiliary variable is known. Then, in this situation, the usual ratio, product

and regression estimators for the population mean Ȳ of y are respectively defined (see Rao,

1986) by

trat2 = ȳ∗
(
X̄

x̄

)
(1.3.6)

tp2 = ȳ∗
( x̄
X̄

)
(1.3.7)

tlr2 = ȳ∗ + b
(
X̄ − x̄

)
(1.3.8)

where b = s∗xy/s
2
x, s

2
x =

n∑
i=1

(xi − x̄)2/(n− 1) and the estimates s∗xy and s2
x are based on the

available data under the given sampling design.

Also, when non-response occurs on the study variable y, information on the auxiliary

variable x is obtained from all the sample units, and the population mean X̄ of the auxiliary

variable x is not known. Then, in this situation, the usual ratio, product and regression

estimators for the population mean Ȳ of y are respectively defined by

trat3 = ȳ∗
( x̄
x̄∗

)
(1.3.9)

tp3 = ȳ∗
(
x̄∗

x̄

)
(1.3.10)

tlr3 = ȳ∗ + b(2r) (x̄− x̄∗) , (1.3.11)

where b(2r) = sxy(2r)
/s2

x(2r)
, sxy(2r)

=
r∑
i=1

(xi − x̄(2r))(yi − ȳ(2r))/(r − 1) and s2
x(2r)

=
r∑
i=1

(xi −

x̄(2r))
2/(r − 1).

Okafor and Lee (2000) suggested the usual ratio, product and regression estimators

using two phase sampling in presence of non-response are, respectively, defined as

trat4 = ȳ∗
(
x̄
′

x̄∗

)
(1.3.12)

tp4 = ȳ∗
(
x̄∗

x̄′

)
(1.3.13)

t
′

lr4
= ȳ∗ + b∗(x̄

′ − x̄∗) (1.3.14)
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and alternative two-phase ratio, product and regression estimators are given by

trat5 = ȳ∗
(
x̄
′

x̄

)
(1.3.15)

tp5 = ȳ∗
( x̄
x̄′

)
(1.3.16)

tlr5 = ȳ∗ + b∗∗(x̄
′ − x̄) (1.3.17)

where X̄ is the sample mean of the auxiliary character x based on n units and x̄
′

is the

sample mean of x based on n
′

units.

When information on the auxiliary variable x is obtained from all the sample units

and population mean X̄ of the auxiliary variable is known, but some sample units fail to

supply information on the study variable y, Singh and Kumar (2008) proposed some new

estimators under situation given by

trat6 = ȳ∗
(
X̄

x̄∗

)(
X̄

x̄

)
(1.3.18)

tp6 = ȳ∗
(
x̄∗

X̄

)( x̄
X̄

)
(1.3.19)

tg = ȳ∗
(
X̄

x̄∗

)α1
(
X̄

x̄

)α2

(1.3.20)

td = ȳ∗ + d1(x̄− x̄∗) + d2(X̄ − x̄) (1.3.21)

Singh and Kumar (2010) proposed some modified ratio, product and regression estimators

using double sampling in presence of non-response.

t
(r)
d = ȳ∗

(
x̄′

x̄∗

)(
x̄′

x̄

)
(1.3.22)

t
(p)
d = ȳ∗

(
x̄∗

x̄′

)( x̄
x̄′

)
(1.3.23)

tα2
α1

= ȳ∗
(
x̄′

x̄∗

)α1
(
x̄′

x̄

)α2

(1.3.24)

tdd = ȳ∗ + d1 (x̄− x̄∗) + d2 (x̄′ − x̄) (1.3.25)
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Let us consider

ȳ∗ = Ȳ + ε∗0, x̄∗ = X̄ + ε∗1, x̄ = X̄ + ε1, x̄′ = X̄ + ε1
′.

such that

E(ε∗0) = E(ε∗1) = E(ε1) = E(ε0
′) = 0,

E(ε∗20 ) =

(
1− f
n

)
S2
y +

W2(k − 1)

n
S2
y2

, E(ε∗21 ) =

(
1− f
n

)
S2
x +

W2(k − 1)

n
S2
x2

,

E(ε2
1) =

(
1− f
n

)
S2
x, E(ε

′2
1 ) =

(
1− f ′

n′

)
S2
x, E(ε∗0ε

∗
1) =

(
1− f
n

)
Sxy +

W2(k − 1)

n
Sxy2 ,

E(ε∗0ε1) =

(
1− f
n

)
Sxy, E(ε∗0ε1

′) =

(
1− f ′

n′

)
Sxy, E(ε∗0ε1) =

(
1− f
n

)
S2
x,

E(ε∗1ε1
′) =

(
1− f ′

n′

)
S2
x, E(ε1ε1

′) =

(
1− f ′

n′

)
S2
x.

where

W2 = N2/N , S2
r =

(
S2
y +R2S2

x − 2RρSySx
)

=
[
S2
y +R2S2

x(R− 2β)
]
,

S2
r2

=
[
S2
y2

+R2S2
x2

(R− 2β2)
]
,

S2
p =

(
S2
y +R2S2

x + 2RρSySx
)

=
[
S2
y +R2S2

x(R + 2β)
]
,

S2
p2

=
[
S2
y2

+R2S2
x2

(R + 2β2)
]
,

S2
β2

=
[
S2
y2

+ β2S2
x2

(β − β2)
]
, β2 = Sxy(2)/S

2
x2

,

Sxy2 = 1
N2−1

N∑
j=1

(xj − X̄2)(yj − Ȳ2).

The MSE, upto the first order of approximation, of the above mentioned estimators are

given by

MSE(trat1) =
(1− f)

n

(
S2
y +R2S2

x − 2RSxy
)

+
W2(k − 1)

n

(
S2
y2

+R2S2
x2
− 2RSxy2

)
MSE(tp1) =

(1− f)

n

(
S2
y +R2S2

x + 2RSxy
)

+
W2(k − 1)

n

(
S2
y2

+R2S2
x2

+ 2RSxy2

)
MSE(tlr1) =

(1− f)

n
S2
y (1− ρ2) +

W2(k − 1)

n

(
S2
y2

+ β2S2
x2
− 2βSxy2

)
MSE(trat2) =

(1− f)

n

(
S2
y +R2S2

x − 2RSxy
)

+
W2(k − 1)

n
S2
y2

MSE(tp2) =
(1− f)

n

(
S2
y +R2S2

x + 2RSxy
)

+
W2(k − 1)

n
S2
y2

MSE(tlr2) =
(1− f)

n
S2
y (1− ρ2) +

W2(k − 1)

n
S2
y2
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MSE(trat3) =
(1− f)

n

(
S2
y +R2S2

x − 2RSxy
)

+
W2(k − 1)

n
S2
y2

MSE(tp3) =
(1− f)

n

(
S2
y +R2S2

x + 2RSxy
)

+
W2(k − 1)

n
S2
y2

MSE(tlr3) =
(1− f)

n
S2
y (1− ρ2) +

W2(k − 1)

n
S2
y2

MSE(trat4) =

(
1

n′
− 1

N

)
S2
y +

(
1

n
− 1

n′

)
S2
r +

W2(K − 1)

n
S2
r2

MSE(tp4) =

(
1

n′
− 1

N

)
S2
y +

(
1

n
− 1

n′

)
S2
p +

W2(K − 1)

n
S2
p2

MSE(tlr4) =

(
1

n′
− 1

N

)
S2
y +

(
1

n
− 1

n′

)
S2
y(1− ρ2) +

W2(K − 1)

n
S2
β2

MSE(trat5) =

(
1

n′
− 1

N

)
S2
y +

(
1

n
− 1

n′

)
S2
r +

W2(K − 1)

n
S2
y2

MSE(tp5) =

(
1

n′
− 1

N

)
S2
y +

(
1

n
− 1

n′

)
S2
p +

W2(K − 1)

n
S2
y2

MSE(tlr5) =

(
1

n′
− 1

N

)
S2
y +

(
1

n
− 1

n′

)
S2
y(1− ρ2) +

W2(K − 1)

n
S2
y2

MSE(trat6) =

(
1− f
n

)[
S2
y + 4R2S2

x(R− β)
]

+
W2(k − 1)

n

[
S2
y2

+R2S2
x2

(R− 2β2)
]

MSE(tp6) =

(
1− f
n

)[
S2
y + 4R2S2

x(R + β)
]

+
W2(k − 1)

n

[
S2
y2

+R2S2
x2

(R + 2β2)
]

MSE(td) =

(
1− f
n

)[
S2
y + d2S

2
x(d2 − 2β)

]
+
W2(k − 1)

n

[
S2
y2

+ d1S
2
x2

(d1 − 2β2)
]

MSE(tg) =

(
1− f
n

)[
S2
y +RθS2

x(θ − 2β)
]

+
W2(k − 1)

n

[
S2
y2

+Rα1S
2
x2

(Rα1 − 2β2)
]

MSE(tdd) =

[(
1

n
− 1

n′

)
S2
y + d2S

2
x(d2 − 2β) +

W2(k − 1)

n
S2
y2

+ d1S
2
x(d1 − 2β2) +

(
1

n′
− 1

N

)
S2
y

]

MSE(trd) =

[(
1

n
− 1

n′

)
S2
y + 4RS2

x(R− β) +
W2(k − 1)

n
S2
y2

+RS2
x(R− 2β2) +

(
1

n′
− 1

N

)
S2
y

]
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MSE(tpd) =

[(
1

n
− 1

n′

)
S2
y + 4RS2

x(R + β) +
W2(k − 1)

n
S2
y2

+RS2
x(R + 2β2) +

(
1

n′
− 1

N

)
S2
y

]

MSE(tα2
α1

) =

[(
1

n
− 1

n′

)
S2
y +Rα2S

2
x(Rα2 − 2β) +

W2(k − 1)

n
S2
y2

+RS2
x(R− 2β2) +

(
1

n′
− 1

N

)
S2
y

]

and the minimum MSE of tg and td are same and is given by

min.MSE(tg) = min.MSE(td) =

(
1− f
n

)
S2
y(1− ρ2) +

W2(k − 1)

n
S2
y2

(1− ρ2
2)

and the minimum MSE of tα2
α1

and tdd are same and is given by

min.MSE(tα2
α1

) = min.MSE(tdd) =

(
1− f
n

)
S2
y(1− ρ2) +

W2(k − 1)

n
S2
y2

(1− ρ2
2)

The optimum value of the constants are

d1 = β2, d2 = β, α1 = β2/R and α2 = (β − β2)/R.

Singh and Kumar (2010b) proposed the following estimators using information based on

two auxiliary variables x and z for estimating the population mean of the study variable y

under different situation is given by

ȳ1
SK = ȳ∗ + b∗yx (x̄′ − x̄∗) Z̄

Z̄ + n1(z̄∗ − Z̄)
(1.3.26)

ȳ2
SK = ȳ∗ + b∗yx (x̄′ − x̄∗) z̄′

z̄′ + n2(z̄∗ − z̄′)
(1.3.27)

ȳ3
SK = ȳ∗ + b∗∗yx (x̄′ − x̄)

Z̄

Z̄ + n3(z̄ − Z̄)
(1.3.28)

ȳ4
SK = ȳ∗ + b∗∗yx (x̄′ − x̄∗) z̄′

z̄′ + n4(z̄∗ − z̄′)
(1.3.29)

where

ȳ∗ = n1

n
ȳ1 + n2

n
ȳ(2r), x̄

∗ = n1

n
x̄1 + n2

n
x̄(2r), z̄

∗ = n1

n
z̄1 + n2

n
z̄∗(2), x̄

′ = 1
n′

∑
xi, z̄

′ = 1
n′

∑
zi,

x̄ = 1
n

∑
xi and z̄ = 1

n

∑
zi with (ȳ1, x̄1, z̄1) and (ȳ∗2, x̄∗2, z̄∗2) being the sample means based
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on n1 units and sub-sample means based on r units of the variates (ȳ, x̄, z̄) respectively

and n1, n2, n3, n4 are suitably chosen constants.

Further, Shabbir and Khan (2013) proposed the following estimators using information

based on two auxiliary variables x and z for estimating the population mean of the study

variable y under different situations is given by

ȳ5
sk = ȳ∗

(
x̄′

x̄∗

)α1
(
Z̄

z̄∗

)α2

+ b∗yx(x̄
′ − x̄∗) + b∗yz

(
Z̄ − z̄∗

)
(1.3.30)

ȳ6
sk = ȳ∗

(
x̄′

x̄∗

)α3
(
z̄′

z̄∗

)α4

+ b∗yx(x̄
′ − x̄∗) + b∗yz(z̄

′ − z̄∗) (1.3.31)

ȳ7
sk = ȳ∗

(
x̄′

x̄

)α5
(
Z̄

z̄

)α6

+ b∗∗yx(x̄
′ − x̄) + b∗yz

(
Z̄ − z̄

)
(1.3.32)

ȳ8
sk = ȳ∗

(
x̄′

x̄

)α7
(
z̄′

z̄

)α8

+ b∗∗yx(x̄
′ − x̄) + b∗∗yz(z̄

′ − z̄) (1.3.33)

where α1, α2, α3, α4, α5, α6, α7, α8 are the characterizing scalars to be chosen suitably and

b∗yx = s∗yx/s
∗2
x , b∗yz = s∗yz/s

∗2
z , b∗∗yx = s∗yx/s

2
x, b
∗∗
yz = s∗yz/s

2
z are the sample regression coefficient.

The minimum MSE’s of these estimators are given below

MSE(ȳ1
sk)min = MSE(ȳlr1)− Ȳ 2

[
D2

1

D2

]

MSE(ȳ2
sk)min = MSE(ȳlr1)− Ȳ 2

[
D2

3

D2

]

MSE(ȳ3
sk)min = MSE(ȳlr2)− Ȳ 2

[
D2

4

D5

]
C2
z

MSE(ȳ4
sk)min = MSE(ȳlr2)− Ȳ 2f ′A∗2C

′2
z

MSE(ȳ5
sk)min = MSE(ȳ∗)− Ȳ 2 (m2m

2
3 +m1m

2
4 − 2m3m4m5)

(m1m2 −m2
5)

MSE(ȳ6
sk)min = MSE(ȳ∗)− Ȳ 2 (m2

′m2
3 +m1m

′2
4 − 2m3m4m5)

(m1m2
′ −m2

5)

MSE(ȳ7
sk)min = MSE(ȳ∗)− Ȳ 2fn

[
fnρ

2
yz + fn

′(ρ2
yx − 2ρyxρyzρxz)

fn − (fn − fn′)ρ2
yx

]
C2
y
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MSE(ȳ8
sk)min = MSE(ȳ∗)− Ȳ 2(fn − fn′)

[
ρ2
yx + ρ2

yz − 2ρyxρyzρxz

1− ρ2
xz

]
C2
y

where

R = Ȳ
X̄

, C2
x = S2

x

X̄2 , C2
x2

=
S2
x2

X̄2 , C2
y =

S2
y

Ȳ 2 , C2
y2

=
S2
y2

Ȳ 2 , ρyx = Syx
SySx

, ρyx2 =
Syx2

Sy2Sx2
, ρzx = Szx

SzSx
,

ρzx2 =
Szx2

Sz2Sx2
, ρyz = Syz

SySz
, ρyz2 =

Syz2
Sy2Sz2

, Kyx = ρyx
CyCx

, Kyx2 =
ρyx2

Cy2Cx2
, Kzx = ρzx

CzCx
,

Kzx2 =
ρzx2

Cz2Cx2
, Kyz = ρyz

CyCz
, Kyz2 =

ρyz2
Ky2Kz2

, A∗ = Kyz −KyxKxz, B
∗ = Kyz2 −KyxKxz2 .

m1 = (fn − fn′)C2
x + gnC

2
x2

, m2 = fnC
2
z + gnC

2
z2

, m3 = (fn − fn′)ρyxCyCx + gnρyx2Cy2Cx2 ,

m4 = fnρyzCyCz + gnρyz2Cy2Cz2 , m5 = (fn − fn′)ρzxCzCx + gnρzx2Cz2Cx2 , m6 = fnC
2
z ,

m7 = fnρyzCyCz, m1
′ = (fn− fn′)C2

x, m2
′ = (fn− fn′)C2

z + gnC
2
z2

, m3
′ = (fn− fn′)ρyxCyCx,

m4
′ = (fn − fn′)ρyzCyCz + gnρyz2Cy2Cz2 , m5

′ = (fn − fn′)ρzxCzCx, m6
′ = (fn − fn′)C2

z ,

m7
′ = (fn− fn′)ρyzCyCz, D1 = fn

′KyzC
2
z + (fn− fn′)A∗C2

z + gnB
∗C2

z2
, D2 = fnC

2
z + gnC

2
z2

,

D3 = (fn − fn′)A∗C2
z + gnB

∗C2
z2

, D4 = fn
′Kyz + (fn − fn′)A∗, D5 = fn.

Following the work of Singh and kumar (2010b) and Shabbir and Khan (2013), Bhushan

and Naqvi (2015) proposed the following cost efficient estimators under certain regularity

condition using information based on two auxiliary variables for estimating the population

mean of the study variable in presence of non-response under different situations.

In first situation, non-response occurs on the study variables as well as on the both the

auxiliary variables and yhe population mean X̄ of the first auxiliary variable x is unknown

however the population mean Z̄ of the second auxiliary variable z is known. The estimator

for estimating the population mean in this situation is given by

tgn1
= f1(ȳ∗, x̄∗, z̄∗, u) (1.3.34)

where u = z̄∗

Z̄
.

In second situation, the non-response occurs on the study variables as well as on the

both the auxiliary variables and the population mean X̄ of the first auxiliary variable x and

population mean Z̄ of the second auxiliary variable z both are unknown. The estimator for

estimating the population mean in this situation is given by

tgn2
= f2(ȳ∗, x̄∗, x̄′, z̄∗, z̄′) (1.3.35)
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In third situation, the non-response occurs on the study only and the population mean

X̄ of the first auxiliary variable x is unknown however the population mean Z̄ of the second

auxiliary variable z is known. The estimator for estimating the population mean in this

situation is given by

tgn3
= f3(ȳ∗, x̄, x̄′, v) (1.3.36)

where u = z̄
Z̄

.

In fourth situation, the non-response occurs on the study variables only and popula-

tion mean of both the auxiliary variables are unknown. The estimator for estimating the

population mean in this situation is given by

tgn4
= f4(ȳ∗, x̄, x̄′, z̄, z̄′) (1.3.37)

satisfying the following conditions

f1

(
Ȳ , X̄, X̄, 1

)
= Ȳ , f 0

1 = 1 , f 1
1 = −f 2

1 , f2

(
Ȳ , X̄, X̄, Z̄, Z̄

)
= Ȳ , f 0

2 = 1, f 1
2 = −f 2

2 ,

f 3
2 = −f 4

2 , f3

(
Ȳ , X̄, X̄, 1

)
= Ȳ , f 0

3 = 1, f 1
3 = −f 2

3 , f4

(
Ȳ , X̄, X̄, Z̄, Z̄

)
= Ȳ , f 0

4 = 1,

f 1
4 = −f 2

4 and f 3
4 = −f 4

4 .

The minimum mean square error of the estimators are given below

MSE(tgn1
)min = MSE(ȳ∗)− Ȳ 2 (2m3m4m5 −m1m

2
4 −m2m

2
3)

(m2
5 −m1m2)

MSE(tgn2
)min = MSE(ȳ∗)− Ȳ 2 (2m3m4

′m5 −m1m
′2
4 −m2

′m2
3)

(m2
5 −m1m2

′)

MSE(tgn3
)min = MSE(ȳ∗)− Ȳ 2 (2m3

′m5
′m7 −m1

′m2
7 −m6m

′2
3 )

(m
′2
5 −m1

′m6)

MSE(tgn4
)min = MSE(ȳ∗)− Ȳ 2 (2m3

′m5
′m7

′ −m1
′m
′2
7 −m6

′m
′2
3 )

(m
′2
5 −m1

′m6
′)
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1.4 Random non-response

The problem of random non-response was discussed by several authors. Some authors

suggested that by using the auxiliary information, we can improve the efficiency of the esti-

mators, see Singh and Joarder (1998) suggested an estimator of finite population variance

using random non-response in survey sampling, Singh and Singh (1979, 1985) suggested an

estimators by using double sampling and unequal sampling under random non-response,

Singh et al. (2000) proposed a regression type estimators for random non-response in survey

sampling. Singh and Tracy (2001) suggested an estimator of population mean in presence

of random non-response, Singh et al. (2007) and Singh et al. (2012) suggested a families of

estimators for mean, ratio and product of finite population and finite population variance

under random non-response.

Notations and results

Let Ω = (1, 2, ..., N) denote a population of N units from which a simple random

sample of size n is drawn without replacement. If r (r = 0, 1, 2, ..., (n− 2)) denotes the

number of sampling units on which information could not be obtained due to a random

non-response, then the remaining (n− r) units can be treated as a simple random sam-

ple from the population. It is assumed that r is less than (n− 1) i.e. 0 ≤ r ≤ (n− 2)

for obvious reasons. Singh and Joarder (1998) assumed that r has the following discrete

distribution as

P (r) =
n− r

(nq + 2p)

(
n− 2

r

)
prqn−2−r (1.4.1)

where p is the probability of non-response, q = 1−p and
(
n−2
r

)
represents that total number

ways to obtain r non-response out of a possible (n− 2). We define

For the variate yi and xi

X̄ = N−1
N∑
i=1

xi : Population mean of the ith variate xi.

Ȳ = N−1
N∑
i=1

yi : Population mean of the ith variate yi.

Cx, Cy: Population coefficient of variation (CV) of the variate y and x.

ρil = Syx/SySx: Population correlation coefficient between the variates y and x.
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(n− 1)Syx =
N∑
i=1

(
yi − Ȳi

) (
xi − X̄

)
;Kxy = ρxy

Cy
Cx

K = (K12),d = (λ12Cy + λ12Cx)

λw1,w2, = µw1,w2,� (µ20)
w1
2 (µ02)

w2
2

(N − 1)µw1,w2 =
N∑
i=1

(
yi − Ȳ

)w1
(
xi − X̄

)w2

where w1 and w2 are non-negative integers

Define the following terms

B = C2
xK

2 + (CxKλ03−d)2

(λ04−λ2
03−1)

or B = (C2
xK

2 + ∆B2
1)

where B1 = ∆2

∆
,∆2 = (CxKλ03 − d) and ∆ = (λ04 − λ2

03 − 1)

Let n units be selected from N units by SRSWOR and without loss of generality, we assume

that first n units have been selected in the sample thus for the variate y and x, we define

ȳ = n−1
n∑
i=1

yi, ȳ
∗ = (n− r)−1

n−r∑
i=1

yi, s
2
x = (n− 1)−1

n∑
i=1

(xi − x̄)2,

s∗2x = (n− 1)−1
n−r∑
i=1

(xi − x̄∗)2 are conditionally unbiased estimators of S2
x respectively.

where θ∗ =
(

1
nq+2p

− 1
N

)
and θ =

(
1
n
− 1

N

)
Singh and Joarder (1998) obtained the following maximum likelihood estimator of p (prob-

ability of non-response), given by

p̂ =
(n− 1 + r)−

√
(n− 1 + r)2 − 4rn(n−3)

(n−2)

2 (n− 3)
(1.4.2)

If r = 0 then p̂ = 0, and if r = n − 2 then p̂ = 1; thus, p̂ is an admissible estimators of

response probability p.

Let us define

ȳ∗ = Ȳ (1 + ε0), x̄∗ = X̄ (1 + ε1), x̄ = X̄ (1 + ε2), s∗2x = S2
x (1 + ε3), s2

x = S2
x (1 + ε4) and

s∗2y = S2
y (1 + ε5)

Then, under the model

E (εi) = 0, (i = 0, 1, ..., 5)

E (ε2
0) = θ∗C2

y , E (ε2
1) = θ∗C2

x, E (ε2
2) = θC2

x, E (ε2
3) = θ∗ (λ04 − 1), E (ε2

4) = θ (λ04 − 1),

E (ε2
5) = θ∗ (λ40 − 1), E (ε0ε1) = θ∗ρyxCyCx, E (ε0ε2) = θρyxCyCx, E (ε0ε3) = θ∗λ12Cy,

E (ε0ε4) = θλ12Cy, E (ε1ε2) = θC2
x, E (ε1ε3) = θ∗λ03Cx, E (ε1ε4) = θλ03Cx, E (ε1ε5) =

θ∗λ21Cx, E (ε2ε3) = θλ03Cx, E (ε2ε4) = θλ03Cx, E (ε2ε5) = θλ21Cx, E (ε3ε4) = θ (λ04 − 1),
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E (ε3ε5) = θ∗ (λ22 − 1) and E (ε4ε5) = θ (λ22 − 1)

The estimated value of the parameters are given below

∆̂ =
(
λ̂04 − λ̂2

03 − 1
)

, ∆̂∗ =
(
λ̂∗04 − λ̂∗203 − 1

)
, ∆̂∗1 =

[
d̂∗λ̂∗03 − K̂∗

(
λ̂∗04 − 1

)
Cx

]
, ∆̂∗2 =[

d̂∗λ̂∗03Cx − d̂∗
]
, K̂∗ = K̂∗yx, K̂

∗
yx =

ρ̂∗yxĈ
∗
y

Cx
, ρ̂∗yx =

µ̂∗11√
µ̂∗20µ̂

∗
02

, Ĉ∗y =

√
µ̂∗20

ȳ∗
and Ĉ∗x =

√
µ̂∗02

x̄∗
.

We have studied the effect of random non-response on the study and auxiliary variables

of several estimators of variance under the following three strategies considered by Singh

and Joarder (1998).

Strategy I : We are considering the situation when random non-response exists on both

the study variable y and the auxiliary variable x and population variance S2
x ofthe auxiliary

character is known.

Strategy II : Here we are considering the situation when information on variable y could

not be obtained for r units while information on variable x is available and population

variance S2
x of the auxiliary variable is known.

Strategy III : Here we again consider the situation when information on variable y could

not be obtained for r units while information on the variable x is obtained for all the sample

units, but the population variance S2
x of the auxiliary variable is unknown.

Let us define

s∗2y = S2
y (1 + ε0), s∗2x = S2

x (1 + ε1) and s2
x = S2

x (1 + ε2)

Then, under the model

E (εi) = 0, (i = 0, 1, 2) E (ε2
0) = θ∗ (λ40 − 1), E (ε2

1) = θ∗ (λ04 − 1), E (ε2
2) = θ (λ04 − 1),

E (ε0ε1) = θ∗ (λ22 − 1), E (ε0ε2) = θ (λ22 − 1) and E (ε1ε2) = θ (λ04 − 1).

Strategy I : When s∗2y , s∗2x and S2
x are used.

Under this strategy, Singh and Joarder (1998) suggested the following estimator of finite

population variance.

t
′

1 = s∗
2

y

(
S2
x

s∗2x

)
(1.4.3)
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For this strategy, Ahmeda et al. (2005) proposed the following estimators for finite popu-

lation variance

tv1 = s∗
2

y

(
S2
x

s∗2x

)α1

(1.4.4)

tv2 = s∗
2

y + k1

(
S2
x − s∗2x

)
(1.4.5)

tv3 =
s∗

2

y S
2
x

θ1s∗2x + (1− θ1)S2
x

(1.4.6)

where α1,k1 and θ1 are suitably chosen constants.

Strategy II : When s∗2y , s2
x and S2

x are used.

Under this strategy, Singh and Joarder (1998) proposed the following estimator of finite

population variance

t
′

2 = s∗
2

y

(
S2
x

s2
x

)
(1.4.7)

t
′

4 = s∗
2

y

(
S2
x

s2
x

)
+ α

(
s∗2x
S2
x

− 1

)
(1.4.8)

t
′

5 = s∗
2

y

(
S2
x

s2
x

)(
s∗2x
S2
x

)α
(1.4.9)

under this strategy, Ahmed et al. (2005) proposed the following estimators for finite pop-

ulation variance

tv4 = s∗
2

y

(
S2
x

s2
x

)α2

(1.4.10)

tv5 = s∗
2

y + k2

(
S2
x − s2

x

)
(1.4.11)

tv6 =
s∗

2

y S
2
x

θ2s2
x + (1− θ2)S2

x

(1.4.12)

where α2,k2 and θ2 are suitably chosen constants.

Strategy III : When s∗2y , s∗2x and s2
x are used.

Under strategy III, Singh and Joarder (1998) proposed the following estimator of finite

population variance

t
′

3 = s∗
2

y

(
s2
x

s∗2x

)
(1.4.13)
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For this strategy, Ahmed et al. (2005) proposed the following estimators for finite popula-

tion variance

tv7 = s∗
2

y

(
s2
x

s∗2x

)α1

(1.4.14)

tv8 = s∗
2

y + k3

(
s2
x − s∗2x

)
(1.4.15)

tv9 =
s∗

2

y s
2
x

θ3s∗2x + (1− θ3) s2
x

(1.4.16)

Similarly, a class of estimator for mean under non- response model. Singh et al. (2007)

suggested a family of estimators of mean, ratio and product of a finite population under

three different strategy. The usual estmators of the ratio R(α) =
Ȳ0

Ȳ α
1

(Ȳ1 6= 0) is defined by

R̂(α) =
ȳ0

ȳα1
(ȳ1 6= 0) (1.4.17)

where α is a scalar which takes the values 0, 1 and -1. It is to be mentioned that:

(1). For α = 0, R(α) → R(0) = Ȳ0, and its estimator R̂(α) → R̂(0) = ȳ0,

(2). For α = 1, R(α) → R(1) =
Ȳ0

Ȳ1

, and its estimator R̂(α) → R̂(1) =
ȳ0

ȳ1

= R̂,

(2). For α = −1, R(α) → R(−1) = Ȳ0Ȳ1, and its estimator R̂(α) → R̂(−1) = ȳ0ȳ1 = P̂ .

Under Strategy I, we consider the situation when random non-response for r units on

study variable y0, y1 and auxiliary variable x are present in the sample, and the population

mean X̄ and the variance S2
x of x are known, we defined a family of estimators of R(α) as

tm1 = R∗(α)f (u•, v•) (1.4.18)

where f (u•, v•) is a function of (u•, v•), where u• = x̄∗

X̄
and v• = s∗2x

S2
x

, such that f (1, 1) = 1

and satisfying certain regularity conditions, as defined below

1. Whatever the sample (u•, v•) assumes values in a bounded, closed convex subset, S, of

the two dimenstional real space containing the point (1, 1).

2. In S the function f (u•, v•) is continuous and bounded.

3. The first and second order partial derivatives of f (u•, v•) exist as well as are continuous

and bounded in S.
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Under Strategy II, we consider the situation when information on variable y0 and y1

can not be obtained for r units, while the population mean X̄ and the variance S2
x of the

auxiliary variable x are known. we propose the following family of estimator of R(α).

tm2 = R∗(α)φ (u, v) (1.4.19)

where φ (u, v) is a function of (u, v), where u = x̄
X̄

and v = s2x
S2
x

, such that φ (1, 1) = 1 and

satisfying certain regularity conditions, as defined above strategy I.

Under Strategy III, we consider the situation when information on study variable y0 and

y1 can not be obtained for r units while information on the auxiliary variable x is obtained

for all the sample units. but the population mean X̄ and the variance S2
x of the auxiliary

character x are not known. under these circumstances we define the following class of

estimator of Ȳ

tm3 = R∗(α)ψ (u∗, v∗) (1.4.20)

where ψ (u∗, v∗) is a function of (u∗, v∗), where u = x̄∗

x̄
and v = s∗2x

s2x
, such that ψ (1, 1) = 1

and satisfying certain regularity conditions, as defined above strategy 1.

Similarly, Singh et al. (2012) suggested a families of estimators of finite population variance

using a random non-response in survey sampling under three different strategy.

Under Strategy I, we consider the situation when random non-response for r units on

study variable y and auxiliary variable x are present in the sample, and the population

mean X̄ and the variance S2
x of x are known, we defined a family of estimators of S2

y as

tv11 = s∗2y f (u•, v•) (1.4.21)

where f (u•, v•) is a function of (u•, v•) (where u• = x̄∗

X̄
and v• = s∗2x

S2
x

),such that f (1, 1) = 1

and satisfying certain regularity conditions, as defined below

1. Whatever the sample (u•, v•) assumes values in a bounded, closed convex subset, S, of

the two dimenstional real space containing the point (1, 1) .

2. In S the function f (u•, v•) is continuous and bounded.

3. The first and second order partial derivatives of f (u•, v•) exist as well as are continuous
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and bounded in S.

Under Strategy II, we consider the situation when information on variable y can not be

obtained for r units, while the population mean X̄ and the variance S2
x of the auxiliary

variable x are known. we propose the following family of estimator of S2
y

tv12 = s∗2y φ (u, v) (1.4.22)

where φ (u, v) is a function of (u, v), where u = x̄
X̄

and v = s2x
S2
x
, such that φ (1, 1) = 1 and

satisfying certain regularity conditions, as defined above strategy I.

Under Strategy III, we consider the situation when information on study variable y can

not be obtained for r units while information on the auxiliary variable x is obtained for all

the sample units, but the population mean X̄ and the variance S2
x of the auxiliary character

x are not known. Under these circumstances we define the following class of estimator of

S2
y

tv13 = s∗2y ψ (u∗, v∗) (1.4.23)

where ψ (u∗, v∗) is a function of (u∗, v∗) where u = x̄∗

x̄
and v = s∗2x

s2x
, such that ψ (1, 1) = 1

and satisfying certain regularity conditions, as defined above strategy I.

The MSE of the above discussed estimators are given below

MSE(t
′
1) = θ∗S4

y (λ40 + λ04 − 2λ22)

minMSE(tv1) = minMSE(tv2) = minMSE(tv3) = θ∗S4
y

(
λ40 − λ2

22

λ04

)

MSE(t
′
2) = θS4

y (λ40 + λ04 − 2λ22) + θ∗S4
y

min.MSE(t
′
4) = MSE(t

′
2)−

[
1

(nq + 2p)
− 1

n

]2

S4
y(λ22 − 1)2

θ∗ (λ04 − 1)

min.MSE(tv4) = min.MSE(tv5) = min.MSE(tv6) = S4
y

(
θ∗λ40 − θ

λ2
22

λ04

)

MSE(t
′
3) =

[
θ∗(λ04 − 2λ22 + 1) +

(
1

n
+

1

(nq + 2p)
− 2

N

)
(λ40 − 1)

]
S4
y
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min.MSE(tv7) = min.MSE(tv8) = min.MSE(tv9) = S4
y

[
θ∗λ40 − (θ∗−θ)2λ2

22

(θ∗+θ)λ04−2θλ22

]
optimum values of the constant are given below

α1 = α2 =
λ2

22

λ04

and α3 =
(θ∗ − θ)λ22

(θ∗ + θ)λ04 − 2θλ22

.

k1 = k2 =
S2
yλ

2
22

S2
xλ04

and k3 =
S2
y(θ
∗ − θ)λ22

S2
x(θ
∗ + θ)λ04 − 2θλ22

.

θ1 = θ2 =
λ2

22

λ04

and θ3 =
(θ∗ − θ)λ22

(θ∗ + θ)λ04 − 2θλ22

.

The MSE are given by

MSE(R̂∗α) = θ∗R̂2
α [C2

0 + αC2
1(α− 2K01)]

min.MSE(tm1) = MSE(R̂∗α)− θ∗R2
αBα

min.MSE(tm2) = MSE(R̂∗α)− θR2
αBα

min.MSE(tm3) = MSE(R̂∗α)− (θ∗ − θ)R2
αBα

min.MSE(tv11) = θ∗S4
y [λ40 − 1−D]

min.MSE(tv12) = MSE(d2) + (θ∗ − θ)(λ40 − 1)S4
y

min.MSE(tv13) = S4
y

[
θ∗(λ40 − 1)− (θ∗ − θ)

(
λ∗212 +

(λ∗21λ03 − λ∗22 + 1)2

λ04 − λ2
03 − 1

)]

1.5 Thesis plan

In this chapter, we provide some introductory review on the theory of non-response, impu-

tation and random non-response. Some relevant and important results are stated in this

chapter. This chapter also consists of the basic definitions and notations relevant to this

thesis.
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In Chapter 2, we have proposed various Searls-type ratio and difference imputation meth-

ods on the lines of Ahmad et al. (2006). It is a well known fact that the optimal ratio type

estimator attains the MSE of regression estimator (or optimal difference estimator) but

while using Searls-type transformation (1964) this may not always happen. These impu-

tation methods are shown to perform better than the imputation procedures of Ahmed et

al. (2006). These difference imputation methods also perform better than the imputation

procedure of Diana and Perri (2010). The proposed ratio imputation methods may even

outperform the proposed difference imputation methods under certain optimality condition.

This study is concluded with the numerical study alongside the theoretical comparison.

Chapter 3 introduces some improved methods of imputation using higher order moment

of an auxiliary variable while imputing missing values. The performance of the proposed

imputation methods are investigated relative to the estimators proposed by Mohamed et al.

(2017) and by Bhushan and Pandey (2016). A comparative study has been carried out and

it has been shown that the proposed estimators perform better in comparison to estimators

proposed by Mohamed et al. (2017) and Bhushan and Pandey (2016). The theoretical

findings are supported by an empirical study on real populations and a simulation study

using hypothetical situation.

The Chapter 4 proposes some new imputation methods by extending the work of Bhushan

and Pandey discussed in chapter 2 and chapter 3 using multi-auxiliary information. The

popularly used imputation like mean imputation, ratio method of imputation, regression

method of imputation and power transformation method are special cases of the proposed

methods apart from being less efficient than the proposed methods. The proposed im-

putation methods can be considered as an efficient extension to the work of Singh and

Deo (2003), Singh (2009), Ahmed et al. (2006), Diana and Perri (2010) and Bhushan and

Pandey (2016). The theoretical results are derived and comparative study is conducted and

the results are found to be quite encouraging providing the improvement over the all the

discussed works.

In Chapter 5, we have proposed some efficient estimators of population mean in presence

of non-response. These estimators are suggested for both single phase sampling and two

phase sampling. The estimators of mean obtained from proposed technique remains better



35 1.5 Thesis plan

than the estimators obtained by Cochran (1977), Khare and Srivastava (1995), Rao (1983,

86) and Singh and Kumar (2008, 10) under the derived optimality condition. The mean

squared error of the resultant estimators is found to be less than that of the MSE of the es-

timators proposed Cochran (1977), Khare and Srivastava (1995), Rao (1983, 86) and Singh

and Kumar (2008, 10) in an empirical study conducted on three populations.

The Chapter 6 proposes some new classes of estimators of population mean under non-

response using bivariate auxiliary information. We have considered two auxiliary variables

which are more efficient for the study character. It is observed that the proposed estimators

are better perform as comparison to conventional estimators proposed by Singh and Kumar

(2010b), Sabbir and Khan (2013) and Bhushan and Naqvi (2015) in order to support the

results a comparative study is also carried out both theoretically as well as empirically.

In Chapter 7, we have constructed some improved difference and ratio type estimators

of the population mean under two different situation of random non-response considered

by Tracy and Osahan (1994) using Searls (1964) philosophy. The proposed difference and

ratio type estimators remain better than the estimators obtained by Singh et al. (2007) in

presence of random non-response. A comparative study has been performed and obtained

some optimality conditions under which the conventional conclusion is reversed. It has

been shown that the proposed estimators perform better in comparison to conventional

estimators.

Chapter 8 proposes some new estimators of the population variance in presence of random

non-response based on Searls (1964) philosophy. The proposed estimators remain better

than the estimators obtained by Ahmed et al. (2005) in presence of random non-response

using auxiliary variables. A comparative study has been performed and conditions for opti-

mality have been obtained. It has been shown that the proposed estimators perform better

in comparison to conventional estimators.



Chapter 2

On optimal imputation methods for

estimation of population mean

2.1 Introduction

In many sample surveys, we encounter the problem of missing data due to various rea-

sons. One of the popular way to tackle the problem of missing data is through imputation.

The problem of missing data can be dealt either at the estimation stage using imputation

or at the sampling design stage by using a sub-sampling design. The problem of missing

data was first tackled by Hansen and Hurwitz (1946) at the sampling design stage and later

modified and extended by El-badry et al. (1956), Srinath (1971) etc. among others in a

mailed questionaire survey. The missing data adversely affects the accuracy of the results.

The problem of missing data was tackled at estimation stage by various authors and dif-

ferent type of imputation procedures were adopted to impute (fill-in) the missing data at

the estimation stage. Many authors have stressed over the role of auxiliary information for

imputation in the presence of missing data.

Rubin (1976) and Kalton et al. (1981) have suggested various imputation methods

which make the data structurally complete. Rubin (1976) in his seminal work introduced

the important concept of missing at random (MAR). Later, Kalton and Kasprzyk (1982),

Lee et al. (1994, 1995), Singh and Horn (2000), Singh and Deo (2003), Ahmed et al. (2006)

36
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and Singh (2009) suggested the number of imputation methods under MCAR and the cor-

responding imputed estimators for dealing with the problem of missing data. Heitzan and

Basu (1996) have distinguished the meaning of missing at random (MAR) and missing com-

pletely at random (MCAR). In the present work we implicitly assume MCAR approach for

imputation of the missing data.

Let Ω = {1, 2, ..., N} be the finite population of N units and a simple random sam-

ple without replacement (SRSWOR), s, of size n is drawn from to estimate the popula-

tion mean Ȳ = N−1
∑

Ω yi of the study variable. Also, let us define X̄ = N−1
∑

Ω xi,

K = ρyxSy/Sx, ρyx = Sxy/SxSy, Cx = Sx/X̄ , Cy = Sy/Ȳ , S2
y = (N − 1)−1∑

Ω

(
yi − Ȳ

)2

and S2
x = (N − 1)−1∑

Ω

(
xi − X̄

)2
. Further, let r be the number of responding units out

of sampled n units. Let the set of responding units be denoted by A and that of non-

responding units be denoted by Ā. For every unit, i ∈ A, the value yi is observed, but for

the units i ∈ Ā, the values are missing and imputed values must be derived to complete the

y-data. The imputation is carried out with the aid of an auxiliary variable, x, such that xi,

the value of x for unit i, is known and positive for every i ∈ s i.e. the data xs = {xi; i ∈ s}

are known. In this chapter, apart from comparision of these imputation procedures, we also

propose some Searls type variations of these imputation estimators. Recently, there has

been a keen interest in improving the estimators by using Searls technique without even

acknowledging the Searls work, for instance, see Koyuncu and Kadilar (2010), Gupta and

Shabbir (2008) etc.

2.2 Proposed imputation methods

In the present work, we propose to study the Searls type ratio imputation methods for

estimation of population mean Ȳ based on the imputation methods suggested by Ahmed

et al. (2006), Diana and Perri (2010) from the viewpoint of optimality. In case of con-

ventional imputation procedure the optimal results are provided by regression imputation

methods as suggested by Diana and Perri and any generalised ratio type imputation, like

Ahmad et al. (2005), Singh and Horn (2000), Singh and Deo (2003) , Singh (2009) etc.,

under optimal conditions attain the MSE of its respective regression imputation. But the
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situation changes under STT which are generally better than the conventional imputation

procedures but may or may not attain the minimum MSE of STDIM. A Searls type trans-

formation uses the second order terms of sampling errors while calculating the MSE and

hence most of time both the characterizing scalars cannot be solved simultaneously and

hence an alternative optimal solution is provided. These STRIM are put to test against our

previous Searls type difference imputation methods with the following objective in mind:

(i) Whether the Searls type imputation methods are better than the conventional methods

of imputation;

(ii) Whether any ratio type imputation methods provides optimal solution under STT;

(iii) Whether under STT, the optimal ratio type imputation can outperform optimal dif-

ference type imputation.

(iv) Whether the available auxiliary information has some role in optimality of ratio type

imputation methods.

It may be stressed again that while using Searls type transformation, the optimal

STRIM may outperform or under perform or perform at par with optimal STDIM. There-

fore, the present study is significant in search of optimal ratio type imputation method

under STT. As it would be more appropriate to compare the imputation methods which

utilize the same auxiliary information.

Searls (1964) proposed a technique for improving the conventional estimators by mul-

tipling a tuning constant term α whose optimum value depends on the coefficient of varia-

tion, which is a fairly stable quantity. We refer this technique of multiplication by a tuning

constant as Searls type transformation (STT). Using STT, we define Searls type mean

imputation as

y.i =

 αyi if i ∈ A

αȳr if i ∈ Ā

which results into the following Searls type estimator

Tr = αȳr
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It is important to point out that it is a well accepted ”thumb rule” not to modify the

respondant data unless it is necessary to maintain the internal consistency of multivariate

dataset but here, in this chapter, we do so as the intention is to estimate the population

mean in presence of missing data. Therefore, we use Searls technique in ratio type im-

putation methods for estimation of population mean Ȳ . We have divided the proposed

imputation methods into the following four categories.

Strategy I : When X̄ is known and x̄n is used.

y1i =


α1yi if i ∈ A

α1

n− r

[
nȳr

(
X̄

x̄n

)
− rȳr

]
if i ∈ Ā

y2i =


α2yi if i ∈ A

α2

n− r

[
nȳr

(
X̄

x̄n

)β1

− rȳr

]
if i ∈ Ā

y5i =


α5yi if i ∈ A

α5

n− r

[
nȳrX̄

θ1x̄n + (1− θ1) X̄
− rȳr

]
if i ∈ Ā

y12i =


α12yi if i ∈ A

α12ȳr +
nd1

n− r
(
X̄ − x̄n

)
if i ∈ Ā

the resultant point estimators are given by

T1 = α1ȳr

(
X̄

x̄n

)

T2 = α2ȳr

(
X̄

x̄n

)β1

T5 =
α5ȳrX̄

θ1x̄n + (1− θ1) X̄

T12 = α12ȳr + d1

(
X̄ − x̄n

)
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Strategy II : When X̄ is known and x̄r is used.

y3i =


α3yi if i ∈ A

α3

n− r

[
nȳr

(
X̄

x̄r

)
− rȳr

]
if i ∈ Ā

y4i =


α4yi if i ∈ A

α4

n− r

[
nȳr

(
X̄

x̄r

)β2

− rȳr

]
if i ∈ Ā

y6i =


α6yi if i ∈ A

α6

n− r

[
nȳrX̄

θ2x̄r + (1− θ2) X̄
− rȳr

]
if i ∈ Ā

y13i =


α13yi if i ∈ A

α13ȳr +
nd2

n− r
(
X̄ − x̄r

)
if i ∈ Ā

the resultant point estimators are given by

T3 = α3ȳr

(
X̄

x̄r

)

T4 = α4ȳr

(
X̄

x̄r

)β2

T6 =
α6ȳrX̄

θ2x̄r + (1− θ2) X̄

T13 = α13ȳr + d2

(
X̄ − x̄r

)
Strategy III : When X̄ is unknown and x̄r, x̄n are used.

y7i =


α7yi if i ∈ A

α7

n− r

[
nȳr

(
x̄n
x̄r

)
− rȳr

]
if i ∈ Ā

y8i =


α8yi if i ∈ A

α8

n− r

[
nȳr

(
x̄n
x̄r

)β3

− rȳr

]
if i ∈ Ā
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y9i =


α9yi if i ∈ A

α9

[
ȳr
(
xi + r

n−r x̄r
)

θ3x̄r + (1− θ3) x̄n
− r

(n− r)
ȳr

]
if i ∈ Ā

y14i =

 α14yi if i ∈ A

α14ȳr + d3 (xi − x̄r) if i ∈ Ā

the resultant point estimators are given by

T7 = α7ȳr

(
x̄n
x̄r

)

T8 = α8ȳr

(
x̄n
x̄r

)β3

T9 =
α9ȳrx̄n

θ3x̄r + (1− θ3) x̄n

T14 = α14ȳr + d3 (x̄n − x̄r)

Strategy IV : When X̄ is known and x̄r and x̄n are used.

y10i =


α10yi if i ∈ A

α10

n− r

[
nȳr

(
x̄n
x̄r

)β4
(
X̄

x̄n

)β5

− rȳr

]
if i ∈ Ā

y11i =


α11yi if i ∈ A

α11

 ȳrX̄

(
xi +

r

n− r
x̄r

)
{θ4x̄r + (1− θ4) x̄n}

{
θ5x̄n + (1− θ5) X̄

} − r

(n− r)
ȳr

 if i ∈ Ā

y15i =


α15yi if i ∈ A

α15ȳr +
n

n− r
k1

(
X̄ − x̄n

)
+ k2 (xi − x̄r) if i ∈ Ā
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the resultant point estimators are given by

T10 = α10ȳr

(
x̄n
x̄r

)β4
(
X̄

x̄n

)β5

T11 = α11ȳr

[
x̄n

θ4x̄r + (1− θ4) x̄n

] [
X̄

θ5x̄n + (1− θ5) X̄

]

T15 = α15ȳr + k1

(
X̄ − x̄n

)
+ k2 (x̄n − x̄r)

Theorem 2.2.1. The bias and minimum MSE of the proposed STR estimators (j =

1, 2, ..., 11) are given by

Bias (Tj) = Ȳ (αj − 1) + αjBias (tj) (2.2.1)

and

minMSE (Tj) = Ȳ 2

(
1−

B2
j

Aj

)
(2.2.2)

where Bias (Tj) is the first order bias with parameter αj and Bias (tj) is the first order bias

of the non-Searls counterpart with αj = 1.

Proof. The derivations can be very easily followed on the lines of Singh and Deo (2003),

Singh (2009), Diana and Perri (2010), Kadilar and Chingi (2008) etc. The MSE of T2 is

given by

MSE (T2) = Ȳ 2

[
1 + α2

2

{
1 +

(
1

r
− 1

N

)
C2
y + 2β2

1

(
1

n
− 1

N

)
C2
x + β1

(
1

n
− 1

N

)
(C2

x − 4ρyxCyCx)

}
−2α2

{
1 +

β2
1

2

(
1

n
− 1

N

)
C2
x +

β1

2

(
1

n
− 1

N

)
(C2

x − 2ρyxCyCx)

}]
which can be expressed as

MSE (T2) = Ȳ 2 [1 + α2
2A2 − 2α2B2]

For optimum value of α2 differentiating the MSE (T2) with respect to α2 and equating
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to zero we get,

α2opt =
B2

A2

substituting the optimum value of α2 in MSE (T2) we get minimum MSE

minMSE (T2) = Ȳ 2

(
1− B2

2

A2

)
The derivations for other estimators Tj(j = 1, 3, ..., 11) can be done on similar lines. In

general, we have

MSE (Tj) = Ȳ 2
[
1 + α2

jAj − 2αjBj

]
It is important to mention here that simultaneous optimization w.r.t, αj and βj of the

expression of MSE is not possible and we use optimum value of βj = βjopt when αj = 1 and

use this within αj = αjopt to obtain (2.2.2) as used recently by various authors including

Singh and Solanki (2013).

The optimum values of scalars involved are tabulated below for ready reference:

αjopt =
Bj

Aj
; (j = 1, 2, ..., 11)

A1=
{

1 + frC
2
y + fn (3C2

x − 4ρyxCyCx)
}

B1 = {1 + fn (C2
x − ρyxCyCx)}

A2 =
{

1 + frC
2
y + 2β2

1fnC
2
x + β1fn (C2

x − 4ρyxCyCx)
}

B2 =

{
1 +

β2
1

2
fnC

2
x +

β1

2
fn (C2

x − 2ρyxCyCx)

}

A3 =
{

1 + frC
2
y + fr (3C2

x − 4ρyxCyCx)
}

B3 = {1 + fr (C2
x − ρyxCyCx)}

A4 =
{

1 + frC
2
y + 2β2

2frC
2
x + β2fr (C2

x − 4ρyxCyCx)
}
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B4 =

{
1 +

β2
2

2
frC

2
x +

β2

2
fr (C2

x − 2ρyxCyCx)

}

A5 =
{

1 + frC
2
y + 3θ2

1fnC
2
x − 4θ1fnρyxCyCx

}
B5 = {1 + θ2

1fnC
2
x − θ1fnρyxCyCx}

A6 =
{

1 + frC
2
y + 3θ2

2frC
2
x − 4θ2frρyxCyCx

}
B6 = {1 + θ2

2frC
2
x − θ2frρyxCyCx}

A7 =
{

1 + frC
2
y + frn (3C2

x − 4ρyxCyCx)
}

B7 = {1 + frn (C2
x − ρyxCyCx)}

A8 =
{

1 + frC
2
y + 2β2

3frnC
2
x + β3frn (C2

x − 4ρyxCyCx)
}

B8 =

{
1 +

β2
3

2
frnC

2
x +

β3

2
frn (C2

x − 2ρyxCyCx)

}

A9 =
{

1 + frC
2
y + θ2

3frnC
2
x + 2θ3frn (C2

x − 2ρyxCyCx)
}

B9 = {1 + θ3fr (C2
x − ρyxCyCx)}

A10 =
{

1 + frC
2
y + 2β2

4frnC
2
x + β4frn (C2

x − 4ρyxCyCx) + 2β2
5fnC

2
x + β5fn (C2

x − 4ρyxCyCx)
}

B10 =

{
1 +

β2
4

2
frnC

2
x +

β4

2
frn (C2

x − 2ρyxCyCx) +
β2

5

2
fnC

2
x +

β5

2
fn (C2

x − 2ρyxCyCx)

}

A11 =
{

1 + frC
2
y + 3θ2

4frnC
2
x − 4θ4frnρyxCyCx + 3θ2

5fnC
2
x − 4θ5fnρyxCyCx

}
B11 = {1 + θ2

4frnC
2
x − θ4frnρyxCyCx + θ2

5fnC
2
x − θ5fnρyxCyCx}
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where β1 = β2 = β3 = β4 = β5 = θ1 = θ2 = θ3 = θ4 = θ5 = ρCy
Cx

are used as optimizing

value of the constants in this study, which are the optimum values of these scalars when

αi = 1 is set in the respective estimators.

Theorem 2.2.2. The bias and minimum MSE of the STD estimators (k = 12, ..., 15) are

given by

Bias (Tk) = Ȳ (αk − 1) (2.2.3)

and

minMSE (Tk) =
Ȳ 2MSE (tk)

Ȳ 2 +MSE (tk)
(2.2.4)

where MSE (Tk) is the first order MSE with parameter αk and MSE (tk) is the first order

MSE of the non-Searls counterpart with αk = 1.

Proof. The MSE of T12 is given by

MSE (T12) = (α12 − 1)2 Ȳ 2 + α2
12Ȳ

2

(
1

r
− 1

N

)
C2
y + d2

1X̄
2

(
1

n
− 1

N

)
C2
x − 2α12d1X̄Ȳ(

1

n
− 1

N

)
ρyxCyCx

For optimum value of α12 and d1 differentiating partially the MSE (T12) with respect to

α12 and d1, and equating to zero, we get

α12opt =
1

1 + C2
y

{
frn + fn

(
1− ρ2

yx

)} and d1opt = Kα12opt

subsituting the optimum value of α12 and d1 in MSE (T12), we get minimum MSE

minMSE (T12) =
Ȳ 2MSE (t12)

Ȳ 2 +MSE (t12)

where K = ρyx
Sy
Sx
, fn =

(
1

n
− 1

N

)
, fr =

(
1

r
− 1

N

)
& frn =

(
1

r
− 1

n

)

The derivation of other estimators Tk (k = 13, 14, 15) can be done on similar lines to obtain

the from (2.2.4).
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It is interesting to note that simultaneous optimization w.r.t. the characterizing scalars

αk (k = 12, ..., 15), dl (l = 1, 2, 3) and km (m = 1, 2) of the expression of MSE is possible for

STD estimators but not STR estimators.

The optimum values of scalars involved are tabulated below for ready reference:

α13opt =
1{

1 + frC2
y

(
1− ρ2

yx

)} and d2opt = Kα13opt

α14opt =
1

1 + C2
y

{
fn + frn

(
1− ρ2

yx

)} and d3opt = Kα14opt

α15opt =
1

1 + C2
y

{
fn
(
1− ρ2

yx

)
+ frn

(
1− ρ2

yx

)} , k1opt = Kα15opt

and k2opt = Kα14opt.

Theorem 2.2.3. The STRIM (j = 1, 2, ..., 11) are better than STDIM (k = 12, ..., 15) iff

B2
j

Aj
> αkopt (2.2.5)

and vice versa. Otherwise both are equally efficient in case of equality in (2.2.5).

Proof. It may be easily observed from (2.2.4) that the MSE of proposed STD estimators

(k = 12, ..., 15) are given by

minMSE (Tk) = Ȳ 2 (1− αkopt) (2.2.6)

Comparing (2.2.6) with (2.2.2), we have the theorem.

The only way ascertain (2.2.5) whether this holds in practice or not is through an

empirical study.

2.2.1 Note on practicability

It is evident by observing the optimal values of the tuning constant α’s, β’s and θ’s from

Appendix 2 that the optimum values of these tuninig constants depend on the quantities

like C2
y , C2

x, ρyx and K. The stability of these quantities has been discussed by authors like
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Murthy (1977), Reddy (1978), Singh (2009) etc. among various others. Therefore, some

prior information about these quantities may be readily available from some previous study

or a pilot survey which may be used to harness the gains in efficiency.

2.3 Numerical study

1. Population 1 , the relative comparison among the estimators is given using a real data

set. The data for the illustration has been taken from the Department of Statistics

(Jordan), Healthcare Utilization and expenditure survey, 2000. The population that

we like to study contains 8306 household. We consider the variables y and x where

y is the expenditure of the household and x is the income of the household. The

following values were reported by Ahmed et al. (2006):

S2
y=338006, S2

x=862017, Sxy=281892, Ȳ=253.75, X̄=343.316, Cy=2.29116, Cx=2.70436,

ρ=0.52223, n=200, r=180.

2. Population 2 , we use same data reported in Kadilar and Chingi (2008) concerning

the level of apple y and the number of apple trees x. Essential population statistics

for calculation are N=19, Ȳ=575, X̄=13573.68, Sy=858.36, Sx=12945.38, ρ=0.88.

sample sizes are assumed to be n=10 and r=8.

3. Population 3 , we use same data reported in Diana and Perri (2010) concerning the

sale area y (in square meters) and the number of employees x by a market research

company. Essential population statistics for calculation are N=2376, Ȳ=1701.95,

X̄=40.62, Sy=2195.52, Sx=95.46, ρ=0.90. sample sizes are assumed to be n=300

and r=100.

In the given table, we give the mean square error (MSE) and percentage relative efficiency

(PRE) for the estimators under consideration with respect to the estimator ȳr. We have also

compared the proposed estimators with the MSE of the estimators suggested by Ahmed et

al. (2006) for the same data set.
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Table 2.1: MSE and PRE of the estimators

Estimator MSE P.R.E. Proposed MSE P.R.E. P.R.E. of
w.r.t. tr Estimator w.r.t. tr Ti w.r.t. ti

tr 1837.11 100 Tr 1786.155 102.852 102.85
tRAT 1867.229 98.387 TRAT 1806.332 101.704 103.37
Strategy I
t1 2101.646 87.413 T1 1935.923 94.895 108.56
t2 1387.297 132.423 T2 1345.223 136.565 103.13
t5 1387.297 132.423 T5 1358.037 135.277 102.15
t12 1387.301 132.423 T12 1358.037 135.277 102.15
Strategy II
t3 2131.764 86.178 T3 1949.2 94.249 109.37
t4 1336.084 137.410 T4 1294.967 141.865 103.18
t6 1336.084 137.410 T6 1308.926 140.352 102.07
t13 1336.089 137.410 T13 1308.924 140.352 102.08
Strategy III
t7 1867.229 98.387 T7 1806.332 101.704 103.37
t8 1785.898 102.867 T8 1735.992 105.824 102.87
t9 1785.898 102.867 T9 1734.256 105.930 102.98
t14 1785.904 102.867 T14 1737.701 105.720 102.77
Strategy IV
t10 1336.084 137.410 T10 1294.967 141.865 103.18
t11 1336.084 137.410 T11 1308.928 140.352 102.07
t15 1336.084 137.410 T15 1308.924 140.352 102.07
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Table 2.2: MSE and PRE of the estimators

Estimator MSE P.R.E. Proposed MSE P.R.E. P.R.E. of

w.r.t. tr Estimator w.r.t. tr Ti w.r.t. ti
tr 53319.79 100 Tr 45915.04 116.126 116.13
tRAT 40126.58 132.878 TRAT 36317.86 146.814 110.49
Strategy I
t1 28322.0 188.261 T1 26810.06 198.879 105.64
t2 26293.03 202.790 T2 24832.94 214.713 105.88
t5 26293.03 202.740 T5 24356.11 218.917 107.95
t12 26293.03 202.790 T12 24356.11 218.917 107.95
Strategy II
t3 15129.02 352.433 T3 14983.82 355.898 100.97
t4 12028.93 443.262 T4 11906.4 447.824 101.03
t6 12028.93 443.262 T6 11606.66 459.389 103.64
t13 12028.93 443.262 T13 11606.66 459.389 103.64
Strategy III
t7 40126.58 132.878 T7 36317.86 146.814 110.49
t8 39055.64 136.522 T8 36982.57 144.175 105.61
t9 39055.64 136.522 T9 35641.86 149.598 109.58
t14 39055.64 136.522 T14 34929.53 152.649 111.81
Strategy IV
t10 12028.93 443.262 T10 11906.4 447.824 101.03
t11 12028.93 443.262 T11 11606.66 459.389 103.64
t15 12028.93 443.262 T15 11606.66 459.389 103.64
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Table 2.3: MSE and PRE of the estimators

Estimator MSE P.R.E. Proposed MSE P.R.E. P.R.E. of
w.r.t. tr estimator w.r.t. tr Ti w.r.t. ti

tr 46174.33 100 Tr 45449.83 101.594 101.59
tRAT 47448.16 97.315 TRAT 44078.54 104.754 107.64
Strategy I
t1 46730.83 98.809 T1 45077.988 102.432 103.67
t2 34802.79 132.674 T2 34241.99 134.847 101.64
t5 34802.79 132.674 T5 34389.6 134.268 101.20
t12 34802.79 132.674 T12 34389.6 134.268 101.20
Strategy II
t3 48004.66 96.187 T3 42920.091 107.582 111.85
t4 8773.123 526.315 T4 8508.201 542.703 103.11
t6 8773.123 526.315 T6 8746.632 527.909 100.30
t13 8773.123 526.315 T13 8746.632 527.909 100.30
Strategy III
t7 47448.16 97.315 T7 44078.54 104.754 107.64
t8 20144.67 229.213 T8 19763.98 233.628 101.93
t9 20144.67 229.213 T9 19407.12 237.924 103.80
t14 20144.67 229.213 T14 20005.54 230.807 100.70
Strategy IV

t10 8773.123 526.315 T10 8508.201 542.703 103.11
t11 8773.123 526.315 T11 8746.632 527.909 100.30
t15 8773.123 526.315 T15 8746.632 527.909 100.30

From perusal of above results for Strategy I, a comparision of STRIM T1, T2, T5

and T12 with the conventional imputation counterparts t1, t2, t5 and t12 show that STRIM

T1, T2, T5 and T12 are better than t1, t2, t5 and t12. A similar result can be seen for all other

strategic situations II and III. Hence, we conclude that all proposed Searls type estimators

have higher efficiency in comparision to the conventional imputation procedures. Again on

perusal of Strategy I results, a comparision of STRIM T1, T2, T5 and T12 within themselves

shows that STRIM T2 is better than other STRIM counterparts T1 and T5 in populations

1 and 3 while in population 2 STRIM T5 is better than other STRIM counterparts T1 and

T2. In populations 1 and 3, STRIM T2 outperforms STDIM T12; while in population 2,

T5 attains the MSE of STDIM T12. It is further noteworthy that the condition (2.2.5) is

satisfied for T2 in population 1 and 3 while an equality exists in condition (2.2.5) for T5 in

population 2. Further, T4 is better in population 1 and 3 in comparision with remaining
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imputation methods as the condition (2.2.5) is satisfied while T6 performs at par with

T13 in population 2 as (2.2.5) is satisfied with an equality. Also, for strategy III, T9 is

the best estimator in populations 1 and 3 while T14 is best in population 2. Further, the

results of strategy IV are equivalent to that of the corresponding estimators in Strategy

II i.e. estimators T10, T11 and T15 are equivalent to T4, T6 and T13 respectively for all the

populations which is in consonance with the conventional results.

Further, one feature regarding ratio estimation, which is missed most of the time, is that

the ratio estimation is feasible only when there is a strong positive linear relation between x

and y variables and this is reflected through their high positive correlation. This correlation

is strongest when the ratio is calculated by using the same sample size base that i.e. ȳr/x̄r

is used and not ȳr/x̄n. It is a popular notion that larger sample size yields by better results

and so it is better to use x̄n instead of x̄r. Infact, this larger sample size based estimator

x̄n weakens this correlation with ȳr, which is retrograde for ratio estimator. Thus, strategy

I is not a better strategy as it ignores this important aspect and is quite clearly exihibited

by the numerical study, where strategy II is always superior than strategy I. Also, Strategy

IV is more complicated in the sense that it requires more computational labour, while the

final outcome is same as that Strategy II.

2.4 Conclusion

Ahmed et al. (2006), Singh and Deo (2003) and Singh (2009) proposed various impor-

tant conventional ratio-type imputation methods (RTIM) which attain the MSE of corre-

sponding regression imputation method (REIM) using same amount of information. But

the situation changes if we use STT as the optimality of RTIM might be lost in the process.

The optimality of STRIM depends on the condition (2.2.5) of theorem 3, in other words,

it may outperform the corresponding STDIM while at other times it might be inferior to

STDIM and this infact depends on (2.2.5). The optimal expressions of MSE are stated in

(2.2.2) and (2.2.4) for STRIM and STDIM respectively. Further, we see that a condition

(2.2.5) is involved in optimality of STRIM in comparision to STDIM which can only be

verified numerically. Therefore, on the basis of both theoretical as well as numerical study
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we make the following observations:

(i) STRIM are always better than the conventional RTIM. This was in consonance with our

earlier work in which we have shown that STDIM are better than the conventional REIMs

proposed by Diana and Perri (2010).

(ii) It is a well known fact that the conventional optimal RTIM are equally efficient as that

of REIM, but under STT (2.2.5) should be satisfied with a equality sign so that the optimal

STRIM and optimal STDIM are equally efficient.

(iii) Further, the empirical study on two cited populations clearly demonstrates that op-

timal STRIM depends on (2.2.5) and, therefore, STRIM may sometimes outperforms the

corresponding optimal STDIM using the same amount of information.

(iv) Strategy II and Strategy IV are most efficient but strategy II is preferable in the sense

that Strategy IV is substantially more complex, thus requires more computational labour,

than Strategy II though their performances are exactly same.

The most important finding of this chapter is that STRIM may sometimes be better than

the corresponding STDIM using the same amount of information provided (2.2.5) is satis-

fied. This finding is different from the conventional theory where the optimal RTIM attains

at best the MSE of the corresponding REIM upto the first order of approximation.



Chapter 3

On optimal imputation methods

using higher order moment

3.1 Introduction

In sampling most of the time data contains missing values and such missing values

vitiates both unbiasedness and efficiency of the sampling strategy. One of the most popular

ways to deal with the missing data is through imputation. The problem of missing data

was tackled by various authors and different type of imputation procedures were adopted to

impute or to fill-in the missing data. The role of auxiliary information related to the study

variable is crucial for construction of imputation methods. Many authors like Toutenberg

and Srivastava (1998), Toutenberg et al. (2008), Rueda and Gonzalez (2004), Rueda et al.

(2005) etc. have proposed various methods of imputation under the problem of missing

data using auxiliary information.

Rubin (1976), Kalton et al. (1981) and Kalton and Kasprzyk (1982) have suggested

various imputation methods which makes the data structurally complete. In his semi-

nal work on imputation Rubin (1976) introduced three concepts, viz, missing at random

(MAR), observed at random (OAR) and parameter distribution (PD). Later, Lee et al.

(1994, 1995), Singh and Horn (2000), Singh and Deo (2003) and Singh (2009) suggested

the number of imputation methods and the corresponding imputed estimators for dealing

53
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with the problem of missing data. Heitzan and Basu (1996) have distinguished the meaning

of missing at random (MAR) from missing completely at random (MCAR). In the present

chapter, we assume MCAR approach for imputation of the missing data.

Let Ω = {1, 2, ..., N} be the finite population of N identifiable units and a simple random

sample without replacement (SRSWOR), s, of size n is drawn from to estimate the popu-

lation mean Ȳ = N−1
N∑
i=1

yi of the study variable. Also, let r be the number of responding

units out of sampled n units. Let the responding units set be denoted by A and non-

responding units set be denoted by Ā. For every unit, i ∈ A, the value yi is observed, but

for the units i ∈ Ā, the values are missing and required to be imputed to make the data

structurally complete. The imputation is carried out with the aid of auxiliary variables, x

and xi, the value of x for the unit i, is known and positive for every i ∈ s i.e. the data

xs = {xi; i ∈ s} are known.

This chapter is motivated by the quest of finding optimal imputation procedure using

the higher order moments of an available auxiliary information as suggested by Mohamed

et al. (2017). This chapter is arranged as follows: section 3.2, provides a brief review of

some imputation methods alongwith some other important results; in section 3.3, we pro-

pose three new improved imputation methods using higher order moments of an auxiliary

variable and some basic results are given; section 3.4, deals with a comparative study of the

proposed new improved imputation methods using higher order moments of an auxiliary

variable in comparision to conventional estimators; in section 3.5, a simulation study has

been done to compare their performance and in section 3.6, some concluding remarks are

made.

3.2 Method of imputation proposed by Mohamed et

al. (2017)

Mohamed et al.(2017) proposed a some new methods of imputation by using higher or-

der moment (variance) of the auxiliary variable under three different strategies and showed

that improvement over the mean, ratio and regression methods of imputation.
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Since Mohamed et al. (2017) used the higher order moment thus the strategies defined for

ratio and regression methods of imputation in chapter 2 are redefined as follows

Strategy I : When X̄ and S2
x are known and x̄n and s2

x(n)are used.

Strategy II : When X̄ and S2
x are known and x̄r and s2

x(r) are used.

Strategy III : When X̄ and S2
x are unknown and x̄n, x̄r, s

2
x(n) and s2

x(r) are used.

Strategy I

y.ireg1 =


yi if iεA

ȳr +
nβ̂1

n− r
(
X̄ − x̄n

)
+ β̂2

 nS2
x

(n− r)
−
n
∑
iεA

(xi − x̄n)2

(n− r) (n− 1)

 if iεĀ

Strategy II

y.ireg2 =


yi if iεA

ȳr +
nβ̂3

n− r
(
X̄ − x̄r

)
+ β̂4

 nS2
x

(n− r)
−
n
∑
iεA

(xi − x̄r)2

(n− r) (r − 1)

 if iεĀ

Strategy III

y.ireg3 =


yi if iεA

ȳr + β̂5 (xi − x̄r) + β̂6

n (xi − x̄n)

(n− r)
+

n
∑
iεA

(xi − x̄n)2

(n− r) (n− 1)
−
n
∑
iεA

(xi − x̄r)2

(n− r) (r − 1)

 if iεĀ

The resultant point estimators are given by

treg1 = ȳr + β̂1

(
X̄ − x̄n

)
+ β̂2

(
S2
x − s2

x(n)

)
treg2 = ȳr + β̂3

(
X̄ − x̄r

)
+ β̂4

(
S2
x − s2

x(r)

)
treg3 = ȳr + β̂5 (x̄n − x̄r) + β̂6

(
s2
x(n) − s2

x(r)

)
respectively.

It may be observed that we have used only regression imputation methods of Mohamed
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et al. (2017) as both regression and ratio imputation method established for improved

efficiency under optimal conditions.

The mean square error (MSE) of the resultant estimators based on the different methods

of imputations are given below for ready references and further comparisons

minMSE (treg1) = frS
2
y − fnS2

y

[
ρ2 +

(λ12 − ρλ03)2

(λ04 − 1− λ2
03)

]

minMSE (treg2) = frS
2
y

[
1− ρ2 − (λ12 − ρλ03)2

(λ04 − 1− λ2
03)

]

]

minMSE (treg3) = fnS
2
y + frnS

2
y

[
1− ρ2 − (λ12 − ρλ03)2

(λ04 − 1− λ2
03)

]

]

where fn =

(
1

n
− 1

N

)
, fr =

(
1

r
− 1

N

)
& frn =

(
1

r
− 1

n

)
.

λab =
µab

µ
a/2
20 µ

b/2
02

, µab =
1

N − 1

∑
iεΩ

(
yi − Ȳ

)a (
xi − X̄

)b
; where a, b = 0, 1, 2, 3, 4;

C2
y =

S2
y

Ȳ 2
=

µ20

Ȳ 2
; C2

x =
S2
x

X̄2
=

µ02

X̄2
; ρ =

Syx
SySx

=
µ11√
µ20µ02

and Syx have their usual

meanings.

3.3 Proposed imputation methods

In this section, we propose some improved imputation methods by using higher order

moment namely variance of an auxiliary variable. It has been observed by us that an im-

provement over regresion (difference) type estimator is possible, as described in the previous

chapter. Thus in the present Chapter, we have proposed some new imputation methods

for estimation of population mean Ȳ as an improvement over Mohamed et al.(2017), using

technique proposed in previous chapter.

The Searls technique (1964) is used for improving the efficiency of conventional esti-

mators which further optimizes the result, see Bhushan and Pandey (2016). Therefore, the

present study is significant in search of optimal imputation methods using higher order mo-

ment. As it would be more appropriate to compare the imputation methods which utilize

the same amount auxiliary information, we have proposed three new imputation methods

given below under the three different strategies
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Strategy I : When X̄ and S2
x are known and x̄n and s2

x(n) are used.

y.ireg1 =


γ1yi if iεA

γ1ȳr +
nd1

n− r
(
X̄ − x̄n

)
+ d2

 nS2
x

(n− r)
−
n
∑
iεA

(xi − x̄n)2

(n− r) (n− 1)

 if iεĀ

Strategy II : When X̄ and S2
x are known and x̄r and s2

x(r) are used.

y.ireg2 =


γ2yi if iεA

γ2ȳr +
nd3

n− r
(
X̄ − x̄r

)
+ d4

 nS2
x

(n− r)
−
n
∑
iεA

(xi − x̄r)2

(n− r) (r − 1)

 if iεĀ

Strategy III : When X̄ and S2
x are unknown and x̄n, x̄r, s

2
x(n) and s2

x(r) are used.

y.ireg3 =


γ3yi if iεA

γ3ȳr + d5 (xi − x̄r) + d6

n (xi − x̄n)

(n− r)
+

n
∑
iεA

(xi − x̄n)2

(n− r) (n− 1)
−
n
∑
iεA

(xi − x̄r)2

(n− r) (r − 1)

 if iεĀ

the resultant point estimators are given by

Treg1 = γ1ȳr + d1

(
X̄ − x̄n

)
+ d2

(
S2
x − s2

x(n)

)
Treg2 = γ2ȳr + d3

(
X̄ − x̄r

)
+ d4

(
S2
x − s2

x(r)

)
Treg3 = γ3ȳr + d5 (x̄n − x̄r) + d6

(
s2
x(n) − s2

x(r)

)
Theorem 3.3.1. The bias and minimum MSE of improved regression (or difference) type

estimator Tregj is given by

Bias (Tregj) = Ȳ (γj − 1) (3.3.1)

and

minMSEγj (Tregj) =
Ȳ 2MSE1 (tregi)

Ȳ 2 +MSE1 (tregi)
(3.3.2)

where MSEγ1 (Tregj) is the first order MSE with parameter γj and MSE1 (tregi) is the first

order MSE of the conventional estmators with γj = 1.

Proof. The MSE of Tregj (j = 1, 2, 3) is given by

MSE (Treg1) = (γ1 − 1)2 Ȳ 2 + γ2
1frS

2
y + d2

1fnS
2
x + d2

2fnS
4
x (λ04 − 1) − 2γ1d1fnρyxSySx −

2γ1d2fnSyS
2
xλ12 + 2d1d2fnS

3
xλ03
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Optimizing MSE (Treg1) with respect to γ1, d1 and d2, we get

minMSE (Treg1) =

Ȳ 2

[
frS

2
y − fnS2

y

{
ρ2 +

(λ12 − ρλ03)2

(λ04 − 1− λ2
03)

}]

Ȳ 2 +

[
frS2

y − fnS2
y

{
ρ2 +

(λ12 − ρλ03)2

(λ04 − 1− λ2
03)

}] =
Ȳ 2 [MSE (treg1)][
Ȳ 2 +MSE (treg1)

]

The optimum values of scalars involved are given below:

γ1 =
Ȳ 2[

Ȳ 2 + frS2
y − fnS2

y

{
ρ2 +

(λ12 − ρλ03)2

(λ04 − 1− λ2
03)

}] , d1 = γ1
Sy {ρyx (λ04 − 1)− λ12λ03}

Sx (λ04 − 1− λ2
03)

and

d2 = γ1
Sy (λ12 − ρyxλ03)

S2
x (λ04 − 1− λ2

03)
Similarly the values of scalars involve in T2 and T3.

γ2 =
Ȳ 2[

Ȳ 2 + frS2
y

{
1− ρ2 − (λ12 − ρλ03)2

(λ04 − 1− λ2
03)

}] , d3 = γ2
Sy {ρyx (λ04 − 1)− λ12λ03}

Sx (λ04 − 1− λ2
03)

and

d4 = γ2
Sy (λ12 − ρyxλ03)

S2
x (λ04 − 1− λ2

03)

γ3 =
Ȳ 2[

Ȳ 2 + frS2
y − frnS2

y

{
ρ2 +

(λ12 − ρλ03)2

(λ04 − 1− λ2
03)

}] , d5 = γ3
Sy {ρyx (λ04 − 1)− λ12λ03}

Sx (λ04 − 1− λ2
03)

and d6 = γ3
Sy (λ12 − ρyxλ03)

S2
x (λ04 − 1− λ2

03)

Corollary 3.3.2. The proposed imputation method Tregj (j = 1, 2, 3). has always lesser

MSE than the conventional imputation methods tregi (i = 1, 2, 3), so that

minMSE (Tj) ≤ minMSE (ti) (i, j = 1, 2, 3).

Proof. Trivial by using (3.3.2)

Theorem 3.3.3. The suggested estimators Treg(j) (j = 1, 2, 3) are better than estimators

proposed by us in chapter 2, Tk (k = 2, 4, 8) iff

γjopt >
B2
j

Aj
(3.3.3)

and vice versa. Otherwise both are equally efficient in case of equality in (3.3.3).

Proof. It may be easily observed from (3.3.2) that the MSE of proposed estimators Tregj,
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(j = 1, 2, 3) are given by

minMSE (Tregj) = Y
2

(1− γjopt) (3.3.4)

Comparing (3.3.4) with (2.2.2), we have the theorem.

Theorem 3.3.4. The suggested estimators Treg(j), j = 1, 2, 3 are better than estiamtors

Ti, (i = 12, 13, 14) proposed by us in chapter 2.

Proof. Comparing optimum value of the γ1, γ2 and γ3 involved in suggested estimators with

the optimum value of the constants α12, α13 and α14 respectively involved in estimators

suggested by us in chapter 2. We observed that γ1 > α12, γ > α13 and γ3 > α14. Therefore,

the proposed estimators always perform better than the estimators suggested by us in

chapter 2.

The only way ascertain (3.3.3) whether this holds in practice or not is through an

computational study.

3.4 Computational study using real populations

In order to have a better understanding about the efficiancy of the proposed methods

of imputation we have conducted an empirical study on two population (data source from

Advance sampling theory with applications by Sarjinder Singh), first the data from Agri-

culture Statistics (1999) Washington, US and second data from a team of doctors wishes

to estimate the average duration of sleep (in minutes) during the night for persons aged 50

years and over in a small village in the United States and compared the proposed imputation

methods with ȳr and the results are reported.

1. All operating banks: Amount (in $000) of agriculture loans outstanding in different

states in 1997.

Yi=Amount (in $000) of real estate farm loans in different states during 1997.

Xi=Amount (in $000) of non real estate farm loans in different states during 1997.
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N = 50, n = 20, r = 8, Ȳ = 555.43, X̄ = 878.16, S2
y = 342021.5, S2

x = 1176526,

Sxy = 509910.41, λ03 = 1.5936, λ30 = 1.1011, ρxy = .8038, λ21 = 0.9387, λ12 = 1.0982,

λ40 = 3.5822, λ04 = 4.5247, λ22 = 2.8411, λ31 = 2.9287, λ13 = 3.2561.

2. Second population consider a small village having only 30 old persons (age more

that 50 years): Approximate duration of sleep (in minutes) and age (in years) of the

persons.

Yi=Duration of sleep (in minutes).

Xi=Age of old person (in years).

N = 30, n = 12, r = 4, Ȳ = 384.2, X̄ = 67.267, S2
y = 3582.38, S2

x = 85.237, Sxy =

−472.607, λ03 = 0.3390, λ30 = −0.0014, ρxy = −0.8552, λ21 = 0.1757, λ12 = −0.3118,

λ40 = 2.5788, λ04 = 2.1643, λ22 = 1.9296, λ31 = −2.0996, λ13 = −1.9259.

Mean square error (MSE) and Percent relative efficiency (PRE) of the estimators with

respect to ȳr is defined by Table: 3.1.

PRE =
MSE(ȳr)

min.MSE(Tregi)
× 100 (3.4.1)



61 3.4 Computational study using real populations

Table 3.1: MSE and PRE of the estimators
Population 1 Population 2

Estimator MSE PRE MSE PRE
ȳr 35912.16 100 775.9935 100
Strategy I
ȳrat1 30681.36 117.0491 1184.906 65.4856
T2 26498.56 135.5253 643.1707 120.6435
ȳreg1 29200.18 122.9864 644.9418 120.3122
T12 26675.32 134.6273 642.1361 120.8379
treg1 28821.39 124.6028 644.86 120.3274
Treg1 26358.86 136.2436 642.0551 120.8531
Strategy II
ȳrat2 17604.10 203.9994 2547.57 30.4581
T4 11728.98 306.1840 207.5226 373.908
ȳreg2 12419.99 289.1489 208.4440 372.2551
T13 11939.32 300.7897 208.1501 372.7808
treg1 11094.23 323.7021 208.0898 372.8888
Treg2 10709.12 335.3429 207.7968 373.4145
Strategy III
ȳrat3 22835.00 157.2685 2138.607 36.2826
T8 17741.85 202.4155 339.3727 228.6405
ȳreg3 19132.06 187.7072 339.4457 228.5913
T14 18014.86 199.348 338.6669 229.117
treg3 18185.10 197.4818 339.1733 228.775
Treg3 17172.82 209.1226 338.3957 229.3006
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3.5 Simulation study

Following Singh and Horn (1998), we generated a population of N = 2000 units with

two variables Y and X whose values are given by:

yi = 2.8 +
(√

1− ρ2
xy

)
y∗i + ρxy

Sy
Sx
x∗i (3.5.1)

and

xi = 2.4 + x∗i (3.5.2)

where x∗i ∼ G(ax, bx) and y∗i ∼ G(ay, by) follow independently gamma distributions. In

particular, we choose ax = 0.085, bx = 1.2, ay = 0.109 and by = 2.0 and take the different

value of ρxy (where ρxy = 0.6, 0.7, 0.8, 0.9). The higher value of ρxy = 0.6, 0.7, 0.8, 0.9

successively seems to be a reasonable choice for checking the behaviour of the proposed

estmators. From the given population of N = 2000 units, using the SRSWOR scheme,

we selected NITRF = 200 samples, each of size n units. From a given sample sn of n

units, and using SRSWOR scheme, we again selected NITRS = 200 samples sr, each

of r units. Thus over 200 × 200 = 40, 000 iterations, were used to compute the percent

relative efficiency of the proposed estimators Ti, (i = 1, 2, 3) over the sample mean and

linear regression estimator for n = 200 and r = 160, 180 as follows:

PRE =

NITRF∑
k=1

NITRS∑
j=1

[
ti(j, k)− Ȳ

]2
NITRF∑
k=1

NITRS∑
j=1

[
Ti(j, k)− Ȳ

]2 × 100 (3.5.3)
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Table 3.2: PRE of the estimators
r = 160

Estimators ρ = 0.6 ρ = 0.7 ρ = 0.8 ρ = 0.9
ȳr 100 100 100 100
Strategy I
ȳrat1 88.36655 105.1631 129.9882 171.2441
T2 143.3762 164.7264 199.1826 251.5282
ȳreg1 144.5892 166.7752 202.7699 270.8894
T12 144.593 166.7788 202.7732 270.892
treg1 145.0553 167.2627 203.2694 271.3374
Treg1 145.0623 167.2696 203.2761 271.3434
Strategy II
ȳrat2 85.98316 107.2747 142.8378 216.011
T4 162.8979 200.714 274.8872 434.5103
ȳreg2 165.0934 205.0189 284.7328 520.9396
T13 165.098 205.0237 284.7379 520.9454
treg2 165.9197 206.0451 286.158 523.547
Treg2 165.928 206.0539 286.1678 523.5591
Strategy III
ȳrat3 95.67446 100.5215 105.9176 112.0678
T8 108.9233 111.9454 115.6831 119.7238
ȳreg3 109.1016 112.184 115.9854 120.7718
T14 109.108 112.1907 115.9924 120.7792
treg3 109.1696 112.2409 116.0281 120.7958
Treg3 109.176 112.2477 116.0352 120.8031
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Table 3.3: PRE of the estimators
r = 180

Strategy I
ȳrat1 100.9456 119.9386 149.534 204.416
T2 151.9242 172.7367 205.4933 313.4592
ȳreg1 151.2385 177.2367 223.5479 330.8936
T12 151.3889 177.3956 223.7196 331.0872
treg1 151.8809 177.9693 224.4236 332.0121
Treg1 152.0295 178.1263 224.5932 332.2031
Strategy II
ȳrat2 99.17297 120.4098 155.5555 228.6035
T4 159.5551 186.9669 232.4768 414.2442
ȳreg2 159.2722 192.6087 258.0258 448.4914
T13 159.4274 192.7758 258.2135 448.7278
treg2 160.0031 193.4925 259.2098 450.5494
Treg2 160.1564 193.6576 259.3952 450.7829
Strategy III
ȳrat3 97.92498 99.98358 102.2982 105.0706
T8 103.2568 104.6444 106.0087 108.3744
ȳreg3 103.3897 104.6319 106.2434 108.4492
T14 103.484 104.7172 106.3157 108.4999
treg3 103.4014 104.6414 106.2502 108.4526
Treg3 103.4957 104.7266 106.3224 108.5032

3.6 Conclusion

1. The proposed imputation methods Tregi, i = 1, 2, 3 always perform better than the

corresponding Mohamed et al (2017) regression (difference) type imputation methods

tregi, i = 1, 2, 3 as establish by Theorem 3.3.1. The computation result are given in

Tables 3.1, 3.2 and 3.3, confirm this fact.

2. The proposed imputation methods Tregi, i = 1, 2, 3 always perform better than the

corresponding regression (difference) type imputation strategy proposed us in Chapter

2, T12, T13 and T14 can be easily seen on comparing (3.3.4) with (2.2.4) as established

by Theorem 3.3.4. The computational result given in Table 3.1, 3.2 and 3.3 also

support this fact.

3. The proposed imputation strategy Tregi, i = 1, 2, 3 out perform the ratio imputation

stratrgy T2, T4, T8 proposed by us in Chapter 2, provided the condition in Theorem
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3.3.3 is satisfied. The same can be observed from 1, 2 and 3 a counter example in

case of population 2 under strategy II described in Table 3.1, which shows t5 is better

than the proposed imputation methods as the inequality 3.3.3 is reversed.

4. Similar imputation strategies, resulting estimators and conclusion can be drawn for

population total as well.



Chapter 4

Optimal imputation of the missing

data in presence of multi auxiliary

information

4.1 Introduction

Missing data is a common problem faced by practitioners in sample survey. Imputation

is used for substitution of missing data in the sampling theory to circumvent the problem

of missing data. A questionnaire contains many questions that we call items. When item

non-response occurs, substantial information about the non-respondent is usually available

from other items on the questionnaire. Many imputation methods in literature are used

selection of these items as auxiliary variable in assigning values to the ith non-response for

item y.

The problem of missing data can be dealt either at the estimation stage using impu-

tation or at the sampling design stage by using a sub-sampling design. The problem of

missing data was first tackled by Hansen and Hurwitz (1946) at the sampling design stage

and later modified and extended by El-badry et al. (1956), Srinath (1971) etc among others

in a mailed questionaire survey. The missing data adversely affects the accuracy of the re-

sults. The problem of missing data was tackled at estimation stage by various authors and
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different type of imputation procedures were adopted to impute (fill-in) the missing data

at the estimation stage. Many authors have stressed over the role of auxiliary information

for imputation in the presence of missing data.

Rubin (1976) and Kalton et al. (1981) have suggested various imputation methods which

make the data structurally complete. Rubin (1976) in his seminal work introduced three

important concepts, namely, missing at random (MAR), observed at random (OAR) and

parameter distribution (PD). Later, Kalton and Kasprzyk (1982), Lee et al. (1994, 1995),

Singh and Horn (2000), Singh and Deo (2003), Ahmed et al. (2006) and Singh (2009)

suggested the number of imputation methods and the corresponding imputed estimators

for dealing with the problem of missing data. Heitzan and Basu (1996) have distinguished

the meaning of missing at random (MAR) and missing completely at random (MCAR). In

the present work we implicitly assume MCAR approach for imputation of the missing data.

In this chapter, we have divided the chapter into various sections. In section 4.2, we have

disscussed the various imputation methods suggested by the various authors. In section

4.3, we have proposed the estimators by using different imputation methods and obtained

their biases and MSEs. In section 4.4, we have carried out a computational study by using

four different populations and, in the final section, we have disscussed the importance of

the proposed work.

4.2 Conventional imputation methods

Let Ω = {1, 2, ..., N} be the finite population of N units and a simple random sample

without replacement (SRSWOR), s, of size n is drawn from to estimate the population

mean Ȳ = N−1
∑N

i=1 yi of the study variable. Further, let r be the number of responding

units out of sampled n units. Let the set of responding units be denoted by A and that

of non-responding units be denoted by Ā. For every unit, i ∈ A, the value yi is observed,

but for the units i ∈ Ā, the values are missing and imputed values must be derived to

complete the data structure. Let us assume that the imputation is carried out with the

aid of multiauxiliary information, X, such that xi, the value of x for unit i, is known and

positive for every i ∈ s i.e. the data Xs = {xi; i ∈ s} are known.
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In this chapter, we follow the notations of Lee et al. (1994) and the notion for single

value imputation. In order to give due consideration to economy of space, the authors and

their suggested estimators under different imputation methods are given below

Lee et al. (1994) suggested mean and ratio method of imputation

y.im =

 yi if i ∈ A

ȳr if i ∈ Ā
(4.2.1)

y.ir =

 yi if i ∈ A

b̂xi if i ∈ Ā
(4.2.2)

and their resultant estimators are given by

tm = ȳr (4.2.3)

tr = ȳr
x̄n
x̄r

(4.2.4)

Singh and Deo (2003) proposed a new method of imputation of missing data by using the

power transformation method in presence of multi-auxiliary information as

y.imult =


yi if i ∈ A

ȳr

[
n

p∏
j=1

(
x̄nj
x̄rj

)αj
− r

] p∑
j=1

xij

∑
iεĀ

p∑
j=1

xij

if i ∈ Ā
(4.2.5)

where
p∏
i=1

xi = x1.x2...xp denote the product of p-terms. Under this method of imputation,

the point estimator becomes

trmult = ȳr

p∏
j=1

(
x̄nj
x̄rj

)αj
(4.2.6)

This is the generalised Srivastava (1971) type estimator for multi-auxiliary information.

One can easily observe that if αj = 1∀ j = 1, 2, ..., p in equation (4.2.6), then, this method
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of imputation becomes

y.irmult =


yi if i ∈ A

ȳr

[
n

p∏
j=1

(
x̄nj
x̄rj

)
− r

] p∑
j=1

xij

∑
iεĀ

p∑
j=1

xij

if i ∈ Ā
(4.2.7)

and the point estimator becomes

tmult = ȳr

p∏
j=1

(
x̄nj
x̄rj

)
(4.2.8)

This is the popular multivariate ratio-type estimator, which was proposed by Olkin

(1958). The multivariate product type estimator can be easily derived by choosing αj =

−1∀ j = 1, 2, ..., p.

For the sake of comprehensiveness we have divided the imputation procedures under three

categories on the basis of availability of bivariate auxiliary information. Further, we have

incorporated the bivariate versions of Singh and Deo (2003) imputation methods, although

these imputation methods were not include in Singh and Deo (2003).

Strategy I : When X̄ and corresponding estimates x̄n and z̄n are used.

Strategy II : When X̄, x̄r and z̄r are used.

Strategy III : When x̄r, x̄n and z̄r are used.

On the similar lines the bivariate version of the Srivastava ratio type imputation methods

using bivariate auxiliary information under three different strategies are given by

yir1 =


yi if i ∈ A

1

n− r

[
nȳr

(
X̄
x̄n

)α1
(
Z̄
z̄n

)α2

− rȳr
]

if i ∈ Ā

yir3 =


yi if i ∈ A

1

n− r

[
nȳr

(
X̄
x̄r

)α3
(
Z̄
z̄r

)α4

− rȳr
]

if i ∈ Ā

yir5 =


yi if i ∈ A

1

n− r

[
nȳr

(
x̄n
x̄r

)α5
(
z̄n
z̄r

)α6

− rȳr
]

if i ∈ Ā
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which results the ratio type estimators are given by

tr1 = ȳr

(
X̄

x̄n

)α1
(
Z̄

z̄n

)α2

(4.2.9)

tr3 = ȳr

(
X̄

x̄r

)α3
(
Z̄

z̄r

)α4

(4.2.10)

tr5 = ȳr

(
x̄n
x̄r

)α5
(
z̄n
z̄r

)α6

(4.2.11)

respectively

Singh (2009) proposed a method of imputation of missing data given by

yi =


yi if i ∈ A

ȳr

[
(n− r)x̄n + θr(x̄n − x̄r)

θx̄r + (1− θ)x̄n

]
xi∑
i∈Ā xi

if i ∈ Ā
(4.2.12)

which results in the form of Walsh (1970) estimator is given by

twr = ȳr

(
X̄

θx̄n + (1− θ) x̄r

)
(4.2.13)

Singh (2009) also proposed an imputation method using multi-auxiliary informations

yimult =


yi if i ∈ A

ȳr

[
(n
∏p

j=1 x̄nj − r
∏p

j=1 {θjx̄rj + (1− θ)x̄nj}∏p
j=1 {θjx̄rj + (1− θ)x̄nj}

] ∑p
j=1 xij∑

i∈Ā
∑p

j=1 xij
if i ∈ Ā

(4.2.14)

which results in the form of multivariate Walsh type estimator given by

twrmult = ȳr
∏
j

(
x̄nj

θjx̄nj + (1− θj) x̄rj

)
(4.2.15)

Again, for the sake of comprehensiveness, we have included three Walsh’s type impu-

tation method under three different strategies on the lines of Singh (2009). The bivariate

version of the Walsh’s type imputation methods using bivariate auxiliary information under

three different strategies are given by



71 4.2 Conventional imputation methods

yir2 =

 yi if i ∈ A
1

n−r

[
nȳr

(
X̄

θ1x̄n+(1−θ1)X̄

)(
Z̄

θ2z̄n+(1−θ2)Z̄

)
− rȳr

]
if i ∈ Ā

yir4 =

 yi if i ∈ A
1

n−r

[
nȳr

(
X̄

θ3x̄r+(1−θ3)X̄

)(
Z̄

θ4z̄r+(1−θ4)Z̄

)
− rȳr

]
if i ∈ Ā

yir6 =

 yi if i ∈ A
1

n−r

[
nȳr

(
X̄

θ5x̄n+(1−θ5)x̄r

)(
Z̄

θ6z̄n+(1−θ6)z̄r

)
− rȳr

]
if i ∈ Ā

which results again Walsh type estimators are given by

tr2 = ȳr

(
X̄

θ1x̄n + (1− θ1) X̄

)(
Z̄

θ2z̄n + (1− θ2) Z̄

)
(4.2.16)

tr4 = ȳr

(
X̄

θ3x̄r + (1− θ3) X̄

)(
Z̄

θ4z̄r + (1− θ4) Z̄

)
(4.2.17)

tr6 = ȳr

(
X̄

θ5x̄n + (1− θ5) x̄r

)(
Z̄

θ6z̄n + (1− θ6) z̄r

)
(4.2.18)

respectively.

Diana and Perri (2010) provided an important result which stated that any imputation

procedure, using same amount of information, can provide no further improvement than

the regression imputation up to the first order of approximation. Therefore, it is imperi-

tive that we include a generalization of Diana and Perri (2010) imputation methods using

bivariate auxiliary information under three different strategies given by

y.i1 =

 yi if i ∈ A

ȳr + n
n−r

[
b1

(
X̄ − x̄n

)
+ b2

(
Z̄ − z̄n

)]
if i ∈ Ā

y.i2 =

 yi if i ∈ A

ȳr + n
n−r

[
b3

(
X̄ − x̄r

)
+ b4

(
Z̄ − z̄r

)]
if i ∈ Ā
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y.i3 =

 yi if i ∈ A

ȳr + n
n−r [b5 (xi − x̄r) + b6 (zi − z̄r)] if i ∈ Ā

which result the regression type estimators are given by

t1 = ȳr + b1

(
X̄ − x̄n

)
+ b2

(
Z̄ − z̄n

)
(4.2.19)

t2 = ȳr + b3

(
X̄ − x̄r

)
+ b4

(
Z̄ − z̄r

)
(4.2.20)

t3 = ȳr + b5 (x̄n − x̄r) + b6 (z̄n − z̄r) (4.2.21)

respectively

Let X = (xij)n×p , (i = 1, 2, ..., n; j = 1, 2, ..., p) be the n× p data matrix of the p- aux-

iliary variables associated with study variable y. It is assumed that complete information

is available on the auxiliary vector x̃, but responses for the study variable are missing.

On the basis of the multi-auxiliary information, imputation strategies are divided into three

categories

Strategy I : When X̄ and corresponding estimates x̄n1 , x̄n2 , ..., xnk are used

Strategy II : When X̄ and corresponding estimates x̄r1 , x̄r2 , ..., x̄rk are used.

Strategy III : When x̄n1 , x̄n2 , ..., xnkand x̄r1 , x̄r2 , ..., x̄rk are used.

The generalised Diana and Perri type imputation methods in presence of multiauxiliary

information under three different strategies are given below

y.i1mult =


nyi
r

+
∑
j

bj
(
X̄ − xi

)
if i ∈ A∑

j

bj
(
X̄ − xi

)
if i ∈ Ā

(4.2.22)

y.i2mult =


nyi
r
−
∑
j

bj
nxi
r

if i ∈ A∑
j

bj
nX̄
n−r if i ∈ Ā

(4.2.23)

y.i3mult =


nyi
r
−
∑
j

bj
nxi
r

if i ∈ A∑
j

bj
nx̄n
n−r if i ∈ Ā

(4.2.24)

leading to the following regression type estimators
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t1mult = ȳr +
∑
j

bj
(
X̄ − x̄nj

)
(4.2.25)

t2mult = ȳr +
∑
j

bj
(
X̄ − x̄rj

)
(4.2.26)

t3mult = ȳr +
∑
j

bj
(
x̄nj − x̄rj

)
(4.2.27)

respectively.

It is noteworthy to mention here that as a regression type imputation methods pro-

vides maximum gain in efficiency and any other conventional adoptional can at maximum

achive the efficiency of the regression type imputation methods. Therefore, inorder to save

space, we have omitted the Srivastava type and Walsh type versions of multivariate ratio

type imputation methods under all three strategies. Moreover, these versions under three

different strategies and using multiauxiliary information can be easily obtained as special

case when γi = 1, i = 1, 2, ..., 6 in section 4.2.

having the MSEs are given by

V ar (tm) = frS
2
y (4.2.28)

MSE (tr) = MSE (twr) = fnS
2
y + frn

(
S2
y +R2S2

x − 2RSxy
)

(4.2.29)

min .MSE (twr) = frS
2
y − frn

S2
xy

S2
x

(4.2.30)

V ar (trmult) = V ar (twrmult) = S2
y

{
fn + frn

(
1−R2

y,x1,x2,...,xn

)}
(4.2.31)

min .MSE (tr1mult) = min .MSE (tr2mult) = min .MSE (t1mult)

= S2
y

{
frn + fn

(
1−R2

y.x1,x2,...,xn

)}
(4.2.32)
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min .MSE (tr3mult) = min .MSE (tr4mult) = min .MSE (t2mult)

= S2
y

{
fr
(
1−R2

y.x1,x2,...,xn

)}
(4.2.33)

min .MSE (tr5mult) = min .MSE (tr6mult) = min .MSE (t3mult)

= S2
y

{
fn + frn

(
1−R2

y.x1,x2,...,xn

)}
(4.2.34)

where fn =

(
1

n
− 1

N

)
, fr =

(
1

r
− 1

N

)
& frn =

(
1

r
− 1

n

)
and C2

y = S2
y/Ȳ

2, C2
x = S2

x/X̄
2,

ρyx = Sxy/SxSy, S
2
y , S

2
x and Sxy have their usual meanings.

In this chapter, we propose some Searls type variations of these imputation methods, apart

from comparision of these imputation procedures.

4.3 Proposed imputation methods

In this section, we have proposed some new imputation methods in presence of bivari-

ate auxiliary information and in presence of multi-auxiliary information. These propose

imputation methods are further subdivided into three sub categories (i) Imputation meth-

ods based on Walsh’s ideology (ii) Imputation methods based on Srivastava’s ideology (iii)

Imputation methods based on regression methods. We have invoked Searls’s philosophy to

improve upon these imputation methods under both bivariate auxiliary information and

multi-auxiliary information setup. It is interesting to note that by using the Searls’s philos-

ophy in ratio type imputation methods as descibed in category (i) and (ii), the calculation

of MSE required the second order term of sampling error. Therefore, the charactersing

scalars may not be solved analyticaly and hence, an alternative solution for optimality is

provided. These imputation methods are futher categories under three strategies precribed

in previous section.

4.3.1 Based on bivariate auxiliary information

The imputation methods under strategy I are proposed as follows
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y.i =

 τ1yi if i ∈ A

τ1ȳr + n
n−r

[
B1

(
X̄ − x̄n

)
+B2

(
Z̄ − z̄n

)]
if i ∈ Ā

yi =


υ1yi if i ∈ A
υ1

n− r

[
nȳr

(
X̄
x̄n

)K1
(
Z̄
z̄n

)K2

− rȳr
]

if i ∈ Ā

yi =

 υ2yi if i ∈ A
υ2

n−r

[
nȳr

(
X̄

δ1x̄n+(1−δ1)X̄

)(
Z̄

δ2z̄n+(1−δ2)Z̄

)
− rȳr

]
if i ∈ Ā

and the resultant regression type, Srivastava type and Walsh type estimators are given by

Td1 = τ1ȳr +B1

(
X̄ − x̄n

)
+B2

(
Z̄ − z̄n

)

Tr1 = υ1ȳr

(
X̄

x̄n

)K1
(
Z̄

z̄n

)K2

Tr2 = υ2ȳr

(
X̄

δ1x̄n + (1− δ1) X̄

)(
Z̄

δ2z̄n + (1− δ2) Z̄

)

respectively.

The imputation methods under strategy II are proposed as follows

y.i =

 τ2yi if i ∈ A

τ2ȳr + n
n−r

[
B3

(
X̄ − x̄r

)
+B4

(
Z̄ − z̄r

)]
if i ∈ Ā

yi =


υ3yi if i ∈ A
υ3

n− r

[
nȳr

(
X̄
x̄r

)K3
(
Z̄
z̄r

)K4

− rȳr
]

if i ∈ Ā

yi =

 υ4yi if i ∈ A
υ4

n−r

[
nȳr

(
X̄

δ3x̄r+(1−δ3)X̄

)(
Z̄

δ4z̄r+(1−δ4)Z̄

)
− rȳr

]
if i ∈ Ā
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and the resultant regression type, Srivastava type and Walsh type estimators are given by

Td2 = τ2ȳr +B3

(
X̄ − x̄r

)
+B4

(
Z̄ − z̄r

)

Tr3 = υ3ȳr

(
X̄

x̄r

)K3
(
Z̄

z̄r

)K4

Tr4 = υ4ȳr

(
X̄

δ3x̄r + (1− δ3) X̄

)(
Z̄

δ4z̄r + (1− δ4) Z̄

)

The imputation methods under strategy III are proposed as follows

y.i =

 τ3yi if i ∈ A

τ3ȳr + n
n−r [B5 (xi − x̄r) +B6 (zi − z̄r)] if i ∈ Ā

yi =


υ5yi if i ∈ A
υ5

n− r

[
nȳr

(
x̄n
x̄r

)K5
(
z̄n
z̄r

)K6

− rȳr
]

if i ∈ Ā

yi =

 υ6yi if i ∈ A
υ6

n−r

[
nȳr

(
X̄

δ5x̄n+(1−δ5)x̄r

)(
Z̄

δ6z̄n+(1−δ6)z̄r

)
− rȳr

]
if i ∈ Ā

and the resultant regression type, Srivastava type and Walsh type estimators are given by

Td3 = τ3ȳr +B5 (x̄n − x̄r) +B6 (z̄n − z̄r)

Tr5 = υ5ȳr

(
x̄n
x̄r

)K5
(
z̄n
z̄r

)K6

Tr6 = υ6ȳr

(
X̄

δ5x̄n + (1− δ5) x̄r

)(
Z̄

δ6z̄n + (1− δ6) z̄r

)

Imputation methods in the presence of multi-variate auxiliary information x1, x2, ..., xk.
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4.3.2 Based on multi-auxiliary information

The imputation methods under strategy I are proposed as follows

y.imult =


τ1yi if i ∈ A

τ1ȳr + n
n−r

[∑
j

Bj

(
X̄ − x̄nj

)]
if i ∈ Ā

y.imult =


υ1yi if i ∈ A
υ1

n− r

[
nȳr

∏
j

(
X̄
x̄nj

)Kj
− rȳr

]
if i ∈ Ā

y.imult =


υ2yi if i ∈ A
υ2

n− r

[
nyr

∏
j

(
X̄

δjxnj+(1−δj)X

)
− ryr

]
if i ∈ A

and the resultant regression type, Srivastava type and Walsh type estimators using multi-

auxiliary information are given by

Td1mult = τ1ȳr +
∑
j

Bj

(
X̄ − x̄nj

)

Tr1mult = υ1yr
∏
j

(
X

xnj

)Kj

Tr2mult = υ2ȳr
∏
j

(
X̄

δjx̄nj + (1− δj) X̄

)

The imputation methods under strategy II are proposed as follows

y.imult =


τ2yi if i ∈ A

τ2ȳr + n
n−r

[∑
j

Bj

(
X̄ − x̄rj

)]
if i ∈ Ā

y.imult =


υ3yi if i ∈ A
υ3

n− r

[
nȳr

∏
j

(
X̄
x̄rj

)Kj
− rȳr

]
if i ∈ Ā
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y.imult =


υ4yi if i ∈ A
υ4

n− r

[
nȳr

∏
j

(
X̄

δj x̄rj+(1−δj)X̄

)
− rȳr

]
if i ∈ Ā

and the resultant regression type, Srivastava type and Walsh type estimators using multi-

auxiliary information are given by

Td2mult = τ2ȳr +
∑
j

Bj

(
X̄ − x̄rj

)

Tr3mult = υ3ȳr
∏
j

(
X̄

x̄rj

)Kj

Tr4mult = υ4ȳr
∏
j

(
X̄

δjx̄rj + (1− δj) X̄

)

The imputation methods under strategy III are proposed as follows

y.imult =


τ3yi if i ∈ A

τ3ȳr + n
n−r

[∑
j

Bj

(
xi − x̄rj

)]
if i ∈ Ā

y.imult =


υ5yi if i ∈ A
υ5

n− r

[
nȳr

∏
j

(
x̄nj
x̄rj

)Kj
− rȳr

]
if i ∈ Ā

y.imult =


υ6yi if i ∈ A
υ6

n− r

[
nȳr

∏
j

(
x̄nj

δj x̄nj+(1−δj)x̄rj

)
− rȳr

]
if i ∈ Ā

and the resultant regression type, Srivastava type and Walsh’s type estimators using multi-

auxiliary information are given by

Td3mult = τ3ȳr +
∑
j

Bj

(
x̄nj − x̄rj

)
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Tr5mult = υ5ȳr
∏
j

(
x̄nj
x̄rj

)Kj

Tr6mult = υ6ȳr
∏
j

(
x̄nj

δjx̄nj + (1− δj) x̄rj

)

Theorem 4.3.1. The bias and minimum MSE of the proposed ratio type estimators Trj ,

(j = 1, 2, ..., 6) are given by

Bias
(
Trj
)

= Ȳ (υi − 1) + υiBias
(
trj
)

(4.3.1)

and

minMSE
(
Trj
)

= Ȳ 2

(
1−

B2
j

Aj

)
(4.3.2)

minMSE (Timult) = Ȳ 2

(
1−

B2
j

Aj

)

where Bias
(
Trj
)

is the first order bias with parameter υj and Bias
(
trj
)

is the first order

bias of the conventional counterpart with υi = 1.

Proof. The MSE of Trj , (j = 1, 2, ..., 6)is given by

MSE (Tr1) = Ȳ 2
[
1 + υ2

1

{
1 +

(
1
r
− 1

N

)
C2
y +

(
1
n
− 1

N

)
2K2

1C
2
x + 2δ2

1C
2
z +K1 (C2

x

−4ρyxCyCx) + δ1 (C2
z − 4ρyzCyCz) + 4K1δ1ρzxCzCx} − 2τ4

{
1 +

(
1
n
− 1

N

) { K2
1

2
C2
x

+
δ2

1

2
C2
z +

K1

2
(C2

x − 2ρyxCyCx) +
δ1

2
(C2

z − 2ρyzCyCz) +K1δ1ρzxCzCx

}}]

which can be expressed as

MSE (Tr1) = Ȳ 2 [1 + υ2
1A1 − 2υ1B1]

For optimum value of υ1 differentiating the MSE (Tr1) with respect υ1to and equating
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to zero we get

υ1opt =
B1

A1

substituting the optimum value of υ1 in MSE (Tr1) we get minimum MSE

MSE (Tr1) = Ȳ 2

(
1− B2

1

A1

)

The derivation of other estimators Tj (j = 1, 2, ..., 6) can be done on similar lines. In gen-

eral, we have

MSE(Trj) = Ȳ 2
[
1 + υ2

jAj − 2υjBj

]
The optimum values of scalars involved are tabulated below for ready reference:

υjopt =
Bj

Aj
; (i = 1, 2, ..., 6)

A1 = 1 + frC
2
y + fn

 2K2
1C

2
x + 2K2

2C
2
z +K1 (C2

x − 4ρyxCyCx) +K2 (C2
z − 4ρyzCyCz)

+4K1K2ρzxCzCx


B1 = 1 + fn

{
K2

1

2
C2
x +

K2
2

2
C2
z +

K1

2
(C2

x − 2ρyxCyCx) +
K2

2
(C2

z − 2ρyzCyCz) +K1K2ρzxCzCx

}

A2 = 1 + frC
2
y + fn {3δ2

1C
2
x + 3δ2

2C
2
z − 4δ1ρyxCyCx − 4δ2ρyzCyCz + 4δ1δ2ρzxCzCx}

B2 = 1 + fn {δ2
1C

2
x + δ2

2C
2
z − δ1ρyxCyCx − δ2ρyzCyCz + δ1δ2ρzxCzCx}

A1mult = 1 + frC
2
y + fn

{
2

p∑
j=1

K2
jC

2
j +

p∑
j=1

Kj

(
C2
xj
− 4ρyxjCyCxj

)
+ 4

∑ p∑
i>j

KiKjρxixjCxiCxj

}

B1mult = 1 + fn

{
1

2

p∑
j=1

K2
jC

2
xj

+
1

2

p∑
j=1

Kj

(
C2
xj
− 2ρyxjCyCxj

)
+
∑ p∑

i>j

KiKjρxixjCxiCxj

}
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A2mult = 1 + frC
2
y + fn

{
3

p∑
j=1

δ2
jC

2
xj
− 4

p∑
j=1

δjρyxjCyjCxj + 4
∑ p∑

i>j

δiδjρxixjCxiCxj

}

B2mult = 1 + fn

{
p∑
j=1

δ2
jC

2
xj
−

p∑
j=1

δjρyxjCyjCxj +
∑ p∑

i>j

δiδjρxixjCxiCxj

}

A3 = 1 + fr

 C2
y + 2K2

3C
2
x + 2K2

4C
2
z +K3 (C2

x − 4ρyxCyCx) +K4 (C2
z − 4ρyzCyCz) +

4K3K4ρzxCzCx


B3 = 1 + fr

{
K2

3

2
C2
x +

K2
4

2
C2
z +

K3

2
(C2

x − 2ρyxCyCx) +
K4

2
(C2

z − 2ρyzCyCz) +K3K4ρzxCzCx

}

A4 = 1 + fr
{
C2
y + 3δ2

3C
2
x + 3δ2

4C
2
z − 4δ3ρyxCyCx − 4δ4ρyzCyCz + 4δ3δ4ρzxCzCx

}
B4 = 1 + fr {δ2

3C
2
x + δ2

4C
2
z − δ3ρyxCyCx − δ4ρyzCyCz + δ3δ4ρzxCzCx}

A3mult = 1 + fr

{
C2
y + 2

p∑
j=1

K2
jC

2
j +

p∑
j=1

Kj

(
C2
xj
− 4ρyxjCyCxj

)
+ 4

∑ p∑
i>j

KiKjρxixjCxiCxj

}

B3mult = 1 + fr

{
1

2

p∑
j=1

K2
jC

2
xj

+
1

2

p∑
j=1

Kj

(
C2
xj
− 2ρyxjCyCxj

)
+
∑ p∑

i>j

KiKjρxixjCxiCxj

}

A4mult = 1 + fr

{
C2
y + 3

p∑
j=1

δ2
jC

2
xj
− 4

p∑
j=1

δjρyxjCyjCxj + 4
∑ p∑

i>j

δiδjρxixjCxiCxj

}

B4mult = 1 + fr

{
p∑
j=1

δ2
jC

2
xj
−

p∑
j=1

δjρyxjCyjCxj +
∑ p∑

i>j

δiδjρxixjCxiCxj

}

A5 = 1 + frC
2
y + frn

 2K2
5C

2
x + 2K2

6C
2
z +K5 (C2

x − 4ρyxCyCx) +K6 (C2
z − 4ρyzCyCz) +

4K5K6ρzxCzCx



B5 = 1 + frn


K2

5

2
C2
x +

K2
6

2
C2
z +

K5

2
(C2

x − 2ρyxCyCx) +
K6

2
(C2

z − 2ρyzCyCz) +

K5K6ρzxCzCx


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A6 = 1 + frC
2
y + frn {3δ2

5C
2
x + 3δ2

6C
2
z − 4δ5ρyxCyCx − 4δ6ρyzCyCz + 4δ5δ6ρzxCzCx}

B6 = 1 + frn {δ2
5C

2
x + δ2

6C
2
z − δ5ρyxCyCx − δ6ρyzCyCz + δ5δ6ρzxCzCx}

A5mult = 1 + frC
2
y + frn

{
2

p∑
j=1

K2
jC

2
j +

p∑
j=1

Kj

(
C2
xj
− 4ρyxjCyCxj

)
+ 4

∑ p∑
i>j

KiKjρxixjCxiCxj

}

B5mult = 1 + frn

{
1

2

p∑
j=1

K2
jC

2
xj

+
1

2

p∑
j=1

Kj

(
C2
xj
− 2ρyxjCyCxj

)
+
∑ p∑

i>j

KiKjρxixjCxiCxj

}

A6mult = 1 + frC
2
y + frn

{
3

p∑
j=1

δ2
jC

2
xj
− 4

p∑
j=1

δjρyxjCyjCxj + 4
∑ p∑

i>j

δiδjρxixjCxiCxj

}

B6mult = 1 + frn

{
p∑
j=1

δ2
jC

2
xj
−

p∑
j=1

δjρyxjCyjCxj +
∑ p∑

i>j

δiδjρxixjCxiCxj

}

It is important to mention here that simultaneous optimization w.r.t, υi, Ki and δi of

the expression of MSE is not possible and we use optimum value of Ki = Kiopt and δi = δiopt

when υi = 1 and use this within υi = υiopt to obtain (4.3.2).

Theorem 4.3.2. The bias and minimum MSE of the proposed difference type estimators

(k = 1, 2, 3) are given by

Bias (Tdk) = Ȳ (τk − 1) (4.3.3)

and

minMSE (Tdk) =
Ȳ 2MSE (tdk)

Ȳ 2 +MSE (tdk)
(4.3.4)

minMSE (Tdkmult) =
Ȳ 2MSE (tdkmult)

Ȳ 2 +MSE (tdkmult)
(4.3.5)

where MSE (Tk) is the first order MSE with parameter τk and MSE (tk) is the first order

MSE of the conventional counterpart with τk = 1.

Proof. The MSE of Tdk and Tdkmult(k = 1, 2, 3) is given by
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min .MSE (Tdk) =
Ȳ 2MSE (tdk)

Ȳ 2 +MSE (tdk)
and min .MSE (Tdkmult) =

Ȳ 2MSE (tdkmult)

Ȳ 2 +MSE (tdkmult)

τ1 =
Ȳ 2

Ȳ 2 + S2
y

{(
1

r
− 1

n

)
+

(
1

n
− 1

N

)(
1−R2

y.zx

)} , B1 = τ1
Sy (ρyx − ρyzρzx)
Sx (1− ρ2

zx)
,

B2 = τ1
Sy (ρyz − ρyxρzx)
Sx (1− ρ2

zx)

τ2 =
Ȳ 2

Ȳ 2 + S2
y

{(
1

r
− 1

N

)(
1−R2

y.zx

)} , B3 = τ2
Sy (ρyx − ρyzρzx)
Sx (1− ρ2

zx)
,

B4 = τ2
Sy (ρyz − ρyxρzx)
Sx (1− ρ2

zx)

τ3 =
Ȳ 2

Ȳ 2 + S2
y

{(
1

n
− 1

N

)
+

(
1

r
− 1

n

)(
1−R2

y.zx

)} , B5 = τ3
Sy (ρyx − ρyzρzx)
Sx (1− ρ2

zx)
,

B6 = τ3
Sy (ρyz − ρyxρzx)
Sx (1− ρ2

zx)

τ1mult =
Ȳ 2

Ȳ 2 + S2
y

{(
1

r
− 1

n

)
+

(
1

n
− 1

N

)(
1−R2

y.x1,x2,...,xp

)} , Bj = τ1mult

Sy
(
ρyxj − ρyxiρxixj

)
Sxj

(
1− ρ2

xixj

)
(i 6= j = 1, 2, ..., p)

τ2mult =
Ȳ 2

Ȳ 2 + S2
y

{(
1

r
− 1

N

)(
1−R2

y.x1,x2,...,xp

)} , Bj = τ2mult

Sy
(
ρyxj − ρyxiρxixj

)
Sxj

(
1− ρ2

xixj

)
(i 6= j = 1, 2, ..., p)

τ3mult =
Ȳ 2

Ȳ 2 + S2
y

{(
1

n
− 1

N

)
+

(
1

r
− 1

n

)(
1−R2

y.x1,x2,...,xp

)} , Bj = τ3mult

Sy
(
ρyxj − ρyxiρxixj

)
Sxj

(
1− ρ2

xixj

)
(i 6= j = 1, 2, ..., p)

It is interesting to note that simultaneous optimization w.r.t. the characterizing scalars

τk and Bk of the expression of MSE is possible for proposed difference type estimators but
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not for proposed ratio type estimators.

Theorem 4.3.3. The proposed ratio type imputation methods (j = 1, 2, ..., 6) are better

than proposed difference type imputation methods (k = 1, 2, 3) iff

B2
j

Aj
> τkopt (4.3.6)

and vice versa. Otherwise both are equally efficient in case of equality in (4.3.6).

Proof. It may be easily observed from (4.3.4) that the MSE of proposed difference type

estimators (k = 1, 2, 3) are given by

minMSE (Tk) = Ȳ 2 (1− τkopt) (4.3.7)

Comparing (4.3.7) with (4.3.2), we have the theorem.

The only way ascertain (4.3.6) whether this holds in practice or not is through an

empirical study.

4.4 Empirical study

We have conducted an empirical study on four populations described below, along with

their key parameters.

1. The relative comparison among the estimators is given using a real data set. Data

considered from Singh (1969,p.377) a detailed can be seen Singh (1965).

y : No. of females employed.

x : No. of females in service.

z : No. of educated females.

N=61,n=20, r=8, Ȳ=7.46, X̄=5.31, Z̄=179,S2
y=28.0818, S2

x=16.1761,S2
z=2028.1953,

ρxy=0.7737,ρyz=-0.2070,ρzx=-0.0033.
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2. Data considered from the book “Advanced sampling theory with applications” by

Sarjinder Singh (p.1114).

Apples, commercial crop: season average price in $ per pound, by states, 1994-1996.

Descriptive parameters of the population-

Y=Season average price per pound during 1996

X=Season average price per pound during 1995

Z=Season average price per pound during 1994

N=36, n=18, r=8, S2
y=0.006458, S2

x=0.005654,S2
z=0.004017, Ȳ=0.2033, X̄=0.1856,

Z̄=0.1708, C2
y=0.1563, C2

x=0.1641, C2
z=0.13757,ρxy=0.8775,ρyz=0.8577,ρzx=0.8788.

3. The data for the illustration has been taken from ICMR, the Department of Paedi-

atrics, BHU, during 1983-1984 have been taken under study. The data describe a

group of 95 school children, where the target variable y, is the weught (in kg) of the

children while x and z have been considered the two auxiliary chracter for the target

variable y. The following values were obtained:

N=95, n=35, r=10, Ȳ=115.9526, X̄=19.4968, Z̄=55.8611, Cy=0.05146, Cx=0.15613,

Cz=0.0586, ρxy=0.713, ρyz=0.620, ρzx=0.846.

4. The data describe a group of 95 school children of Varanasi where the target variable

Y, is the weight (in kg) of the children while X and Z have been considered the two

auxiliary character for the target variable Y:

N=95, n=35, r=10, Ȳ=115.9526, X̄=19.4968, Z̄=51.1726, Cy=0.05146, Cx=0.15613,

Cz=0.03006, ρxy=0.713, ρyz=0.374,ρzx=0.328.

In the given Table, we give the Mean square error (MSE) and percent relative efficiency

(PRE) for the estimators under consideration with respect to the estimator ȳr. We

have also compared the proposed estimators with the MSE of the estimators suggested

by for the same data set.
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Table 4.1: MSE and PRE of the estimators
Population 1 Population 2

Estimator MSE PRE MSE PRE
t = ȳr 3.0498 100 0.000628 100
Strategy I
t1 = tr1 = tr2 2.4454 124.7139 0.000484 129.7693
Td1 2.3425 130.1942 0.000478 131.2884
Tr1 2.3382 130.4325 0.000478 131.3107
Tr2 2.3425 130.1920 0.000479 131.0503
Strategy II
t2 = tr3 = tr4 1.0967 278.0950 0.000124 507.3699
Td2 1.0755 283.5753 0.000123 508.8890
Tr3 1.0686 285.4086 0.000123 509.7027
Tr4 1.0755 283.5594 0.000124 507.2209
Strategy III
t3 = tr5 = tr6 1.7010 179.2905 0.000268 234.4686
Td3 1.6506 184.7707 0.000266 235.9877
Tr5 1.6436 185.5538 0.000266 236.2089
Tr6 1.6506 184.7637 0.000267 235.1316

Table 4.2: MSE and PRE of the estimators
Population 3 Population 4

Estimator MSE PRE MSE PRE
t = ȳr 3.1856 100 3.1856 100
Strategy I
t1 = tr1 = tr2 2.8583 111.4490 2.8448 111.9779
Td1 2.8577 111.4727 2.8442 112.0016
Tr1 2.8575 111.4818 2.8440 112.0107
Tr2 2.8577 111.4723 2.8442 112.0012
Strategy II
t2 = tr3 = tr4 1.5629 203.8163 1.4960 212.9356
Td2 1.5628 203.8400 1.4958 212.9593
Tr3 1.5617 203.9764 1.4948 213.1046
Tr4 1.5628 203.8369 1.4959 212.9560
Strategy III
t3 = tr5 = tr6 1.8902 168.5299 1.8368 173.4329
Td3 1.8899 168.5536 1.8365 173.4566
Tr5 1.8891 168.6301 1.8357 173.5360
Tr6 1.8900 168.5516 1.8365 173.4544
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The table 4.1 clearly exhibit superiority of Srivastava type Searls imputation methods

Tr1 , Tr3 , Tr5 over both Walsh type Searls imputation methods Tr2 , Tr4 , Tr6 as well as over

regression type Searls imputation methods. Also, the regression type Searls imputation

methods Td1 , Td2 and Td3 are found to be better than the Walsh type Searls imputation

methods Tr2 , Tr4 and Tr6 . The proposed imputation methods provide a considerable gain

over the conventional imputation methods in all three strategy i.e. Td1 , Tr1 and Tr2 are

better than t1, tr1 and tr2 under strategy I. Similarly, Td2 , Tr3 and Tr4 are better than t2, tr3

and tr4 under strategy II and Td3 , Tr5 and Tr6 are better than t3, tr5 and tr6 under strategy

III.

Also, similar conclusions can be drawn from tables 4.2.

4.5 Conclusion

The proposed regression type imputation methods Td1 , Td2 and Td3 always perform

better than the corresponding regression (difference) type imputation methods t1, t2 and

t3 as provided by Theorem 4.3.2. This fact is also reflected in the computational results

in Table 4.1 and Table 4.2. This is an important result and contradicts the conclusion of

Diana and Perri (2010) that no further improvement upon regression imputation methods

is possible.

The proposed ratio type imputation methods Tr1 ,...,Tr6 generally perform better than the

conventional regression imputation methods. Moreover, the Srivastava type imputation

methods Tr1 , Tr3 and Tr5 always perform better than regression type imputation methods

Td1 , Td2 and Td3 respectively, which is in consonance with Theorem 4.3.3. This result has

important significance due to the fact that under conventional setup no ratio type impu-

tation methods can ever surpass the efficiency of the regression type imputation methods

but under Searls approch this benchmark can be reversed as demonstrated theoretically as

well as empirically.

All the important proposed imputation methods including Ahmed et al. (2006), Singh and

Deo (2003), Singh (2009) and Diana and Perri (2010) are special case of the proposed impu-

tation methods for suitable choice of characterising scalar. Further, the proposed methods
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of imputation provide better results in comparision to all these earlier work. This fact is

clearly demonstrated by computational study.



Chapter 5

On efficient estimation of population

mean under non-response

5.1 Introduction

We know that the problem of non-response was first studied by Hansen and Hurvitz

(1946) related to mailed questionnaire. Non-response adversely affects the estimate of the

population characteristics in survey sampling. Many authors dealt the non-response and

suggested different type of method or estimators to estimate the population characteristics

under non-response.

Non-response not only adversely affects the estimates but also leads to biased esti-

mates with inflated variances. Cochran (1977) and Rao (1983) suggested the use of the

ratio method of estimation for the population mean Ȳ of the study variate y with sub-

sampling from non-respondents. Khare and Srivastava (1993) suggested an estimation

procedure of population mean using auxiliary character in presence of non-response, Khare

and Srivastava (1995) proposed to study the conventional and alternative two phase sam-

pling ratio, product and regression estimators in presence of non-response. Khare and

Srivastava (1997) proposed transformed ratio type estimators for the population mean in

the presence of non-response. Okafor and Lee (2000) proposed a double sampling scheme

for ratio and regression estimation with sub sampling the non-respondent are also dealing

89
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with non-response problem. Some other authors considered the problem of non-response

in estimation of population parameter i.e. population mean, population total, population

ratio and product, and population variance etc.

Under the problem of non-response, some authors suggested that by using the auxil-

iary information, we can improve the efficiency of the estimators, see Khare and Srivastava

(1993). Singh and Kumar (2008) proposed a general class of estimators of population mean

in survey sampling using auxiliary information with sub sampling the non-respondent. Also,

Singh and Kumar and Kozak (2010) suggested a number of estimators for estimating pop-

ulation mean under non-response. An important finding of all these papers was that the

difference or the corresponding regression type estimators were found to be best in terms

of MSE and any ratio type estimator can at best attains the MSE of regression (difference)

estimator. In this chapter, we have proposed some improvement over these best estimators

proposed by various authors in their earlier works.

5.2 Conventional estimators under non-respone

An unbiased estimator for the population mean Ȳ is

ȳ∗ = w1ȳ1 + w2ȳ2, (5.2.1)

where w1 = n1/n and w2 = n2/n.

The variance of ȳ∗ is given by

V ar (ȳ∗) = PS2
y +QS2

y2
(5.2.2)

where P =
(

1
n
− 1

N

)
and Q = W2(k−1)

n
.

Let xi(i = 1, 2, ..., N) denote an auxiliary variate correlated with study variate yi(i =

1, 2, ..., N). The population variances of x and y are denoted by S2
x and S2

y , and the

population covariance by Sxy. The population correlation coefficient is ρ = Sxy/S
2
x S

2
y .

Cochran (1977) and Rao (1983) suggested ratio and regression type estimators under non-
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response.

In this section, we have divided the conventional estimators under seven strategies using

auxiliary information for single phase and two phase sampling.

Strategy I : When ȳ∗, x̄∗ and X̄ are used.

Strategy II : When ȳ∗, x̄ and X̄ are used.

Strategy III : When ȳ∗, x̄∗ and x̄ are used.

Strategy IV : When ȳ∗, x̄, x̄∗ and X̄ are used.

Strategy V : When ȳ∗, x̄∗ and x̄′ are used.

Strategy VI : When ȳ∗, x̄ and x̄′ are used.

Strategy VII : When ȳ∗, x̄∗, x̄ and x̄′ are used.

Strategy I

The non-response occurs on both the study variable y and auxiliary variable x, and

the population mean X̄ of the auxiliary variable is known. The ratio and regression type

estimators are

tR1 = ȳ∗
(
X̄

x̄∗

)β1

(5.2.3)

tlr1 = ȳ∗ + b∗
(
X̄ − x̄∗

)
(5.2.4)

where b∗ = s∗xy/s
∗2
x and the estimates s∗xy and s∗

2

x are based on the available data under the

given sampling design.

To the first degree of approximation, the variances of estimators tR1 and tlr1 are given by

min .V ar (tR1) = PS2
y +QS2

y2
−
{

(PSxy +QSxy2)2 /(PS2
y +QS2

y2

)}
(5.2.5)

V ar (tlr1) = PS2
y

(
1− ρ2

)
+Q

(
S2
y2

+ β2S2
x2
− 2βSxy2

)
(5.2.6)

where R = Ȳ /X̄, β = Sxy/S
2
x and β1opt = (PSxy +QSxy2)

/(
PS2

y +QS2
y2

)
.

Strategy II

The non-response occurs on the study variable y, and information on the auxiliary

variable x is available from all the sample units along the population mean X̄ of the auxiliary
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variable is known. The ratio and regression type estimators are

tR2 = ȳ∗
(
X̄

x̄

)β2

(5.2.7)

tlr2 = ȳ∗ + b
(
X̄ − x̄

)
(5.2.8)

where b = s∗xy/s
2
x

To the first degree of approximation, the variances of the estimators tR2 and tlr2 are given

by

min .V ar (tR2) = V ar (tlr2) = PS2
y

(
1− ρ2

)
+QS2

y2
(5.2.9)

where β2 = Sxy2

/
S2
x2

and β2opt = Sxy /S2
x .

Strategy III

The non-response occurs on the study variable y, and the information on the auxiliary

variable x is obtained from all the sample units, but the population mean X̄ of the auxiliary

variable is not known. The ratio and regression type estimators are

tR3 = ȳ∗
( x̄
x̄∗

)β3

(5.2.10)

tlr3 = ȳ∗ + b(2r) (x̄− x̄∗) (5.2.11)

where b(2r) = sxy(2r)
/s2

x(2r)

To the first degree of approximation, the variances of the estimators tR3 and t3 are given

by

min .V ar (tR3) = V ar (tlr3) = PS2
y +QS2

y2

(
1− ρ2

2

)
(5.2.12)

where β3opt = Sxy2

/
S2
x2

.

Strategy IV

Singh and Kumar (2010) suggested the estimators are given below

tR4 = ȳ∗
(
X̄

x̄∗

)β4
(
X̄

x̄

)β5

(5.2.13)
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tlr4 = ȳ∗ + d1 (x̄− x̄∗) + d2

(
X̄ − x̄

)
(5.2.14)

To the first degree of approximation, the variances of the estimators tR4 and tlr4 are given

by

min .V ar (tlr4) = min .V ar (tR4) = PS2
y

(
1− ρ2

)
+QS2

y2

(
1− ρ2

2

)
(5.2.15)

where optimum values of β4, β5, d1 and d2 are given by β4opt = β(2)/R, β5opt = β − β(2)/R,

d1opt = β(2) and d2opt = β.

Strategy V

Similarly, Okafor and Lee (2000) proposed a double sampling scheme for ratio estima-

tion with sub sampling the non-respondent are also dealing with non-response problem.

tR5 = ȳ∗
(
x̄
′

x̄∗

)β6

(5.2.16)

tlr5 = ȳ∗ + b∗
(
x̄
′ − x̄∗

)
(5.2.17)

To the first degree of approximation, the variances of the estimators tR5 and t5 are given

by

min .V ar (tR5) = V ar (tlr5) = TS2
y + SS2

y

(
1− ρ2

)
+Q

{
S2
y2

+ βS2
x2

(
β − 2β(2)

)}
(5.2.18)

where β(6)opt = {(P − T )Sxy +QSxy2} /PS2
x +QS2

x2
, S =

(
1
n
− 1

n′

)
and T =

(
1
n′
− 1

N

)
.

Strategy VI

tR6 = ȳ∗
(
x̄
′

x̄

)β7

(5.2.19)

tlr6 = ȳ∗ + b∗∗
(
x̄
′ − x̄

)
(5.2.20)

To the first degree of approximation, the variances of the estimators tR6 and tlr6 are given

by

min .V ar (tR6) = V ar (tlr6) = TS2
y + SS2

y

(
1− ρ2

)
+QS2

y2
(5.2.21)
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where β(7)opt = Sxy/S
2
x.

Strategy VII

Singh and Kumar (2008) proposed estimators for the population mean Ȳ by using

double sampling scheme under non-response.

tR7 = ȳ∗
(
x̄
′

x̄∗

)β8 (
x̄
′

x̄

)β9

(5.2.22)

tlr7 = ȳ∗ + d3 (x̄− x̄∗) + d4

(
x̄
′ − x̄

)
(5.2.23)

To the first degree of approximation, the variances of the above estimators are given by

min .V ar (tR7) = V ar (tlr7) = TS2
y + SS2

y

(
1− ρ2

)
+QS2

y2

(
1− ρ2

2

)
(5.2.24)

where optimum values of β8, β9, d3 and d4 are given by β8opt = β(2)/R, β9opt = β/R,

d3opt = β(2) and d4opt = β.

In this chapter, we propose some new ratio type estimators. It has been observed by

us that recently there has been a keen interest in improving the estimators by using Searls

technique. Here, we have proposed a number of new ratio type estimators motivated by

Cochran (1977), Rao (1983, 1986, 1987), Khare and Srivastava (1995, 1997), Okafor and

Lee (2000) and Singh and Kumar (2008, 2010) under the one phase and two phase sampling

by using seven different strategy under non-response.

5.3 Proposed estimators

In this section, we propose the ratio and regression (difference) estimators by using

Searls type transformation (STT) under different strategies. The Searls type transformation

can be defined as

T = αȳ∗ (5.3.1)
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where α is a suitable chosen constant.

The mean square error of the above estimators is given by

min .MSE (T ) =
Ȳ 2MSE (t)

Ȳ 2 +MSE (t)
(5.3.2)

In above equation (5.3.2) shown that the STD estimators are better than conventional

estimators. The estimator parallel to strategies given in the previous section are proposed

using the STT as follows.

Strategy I

We propose the ratio and regression (difference) type estimation of population mean given

by

TR1 = α1ȳ
∗
(
X̄

x̄∗

)β1

(5.3.3)

Tlr1 = α1ȳ
∗ + β1

(
X̄ − x̄∗

)
(5.3.4)

Strategy II

We propose the ratio and regression (difference) type estimation of population mean given

by

TR2 = α2ȳ
∗
(
X̄

x̄

)β2

(5.3.5)

Tlr2 = α2ȳ
∗ + β2

(
X̄ − x̄

)
(5.3.6)

Strategy III

We propose the ratio and regression (difference) type estimation of population mean given

by

TR3 = α3ȳ
∗
( x̄
x̄∗

)β3

(5.3.7)

Tlr3 = α3ȳ
∗ + β3 (x̄∗ − x̄) (5.3.8)

Similarly another estimator obtained by chaining
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Strategy IV

We propose the ratio and regression (difference) type estimation of population mean given

by

TR4 = α4ȳ
∗
(
X̄

x̄∗

)β4
(
X̄

x̄

)β5

(5.3.9)

Tlr4 = α4ȳ
∗ + β4 (x̄∗ − x̄) + γ4

(
X̄ − x̄

)
(5.3.10)

It is noteworthy to mention that the estimators given by (5.3.9) and (5.3.9) are obtain

by chaining (5.3.3), (5.3.5) and (5.3.4), (5.3.6) respectively. Also, under the two phase

sampling scheme, we propose the following Searls type regression (difference) estimators

under the following strategies.

Strategy V

We propose the ratio and regression (difference) type estimation of population mean given

by

TR5 = α5ȳ
∗
(
x̄
′

x̄∗

)β6

(5.3.11)

Tlr5 = α5ȳ
∗ + β5 (x̄′ − x̄∗) (5.3.12)

Strategy VI

We propose the ratio and regression (difference) type estimation of population meangiven

by

TR6 = α6ȳ
∗
(
x̄
′

x̄

)β7

(5.3.13)

Tlr6 = α6ȳ
∗ + β6 (x̄′ − x̄) (5.3.14)

Strategy VII

We propose the ratio and regression (difference) type estimation of population meangiven

by

TR7 = α7ȳ
∗
(
x̄
′

x̄∗

)β8 (
x̄
′

x̄

)β9

(5.3.15)
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Tlr7 = α7ȳ
∗ + β7 (x̄− x̄∗) + γ7 (x̄′ − x̄) (5.3.16)

where αi, βi and γj are suitably chosen constant. It is important to note that all these

estimators Ti are generalizations over ti and we get ti if we put αi = 1 in Ti (i = 1, 2, ...7).

In this study, we have focussed our attention over improvement in conventional difference

and regression type estimators, which are the BLUEs.

Theorem 5.3.1. The bias and minimum MSE of the STD estimator Ti (i = 1, 2, ...7) is

given by

Bias (Ti) = Y (αi − 1) (5.3.17)

and

minMSEαi (Ti) =
Y

2
MSE (ti)

Y
2

+MSE (ti)
(5.3.18)

where MSEαi (Ti) is the first order MSE with parameter αi and MSE (ti) is the first order

MSE of the non-Searls counterpart. i.e. αi = 1.

Proof. MSE (T1) = (α1 − 1)2 Ȳ 2+α2
1

(
AS2

y +BS2
y2

)
+β2

1

(
AS2

x +BS2
x2

)
−2αβ (ASxy +BSxy2)

for optimum value of α1 and β1, differentiating above equation partially with respect to

α1 and β1, we get

α1 =
Ȳ 2{

Ȳ 2 + AS2
y +BS2

y2
− (ASxy +BSxy2)2(

AS2
x +BS2

x2

) } ,
β1 =

Ȳ 2 (ASxy +BSxy2)(
AS2

x +BS2
x2

){
Ȳ 2 + AS2

y +BS2
y2
− (ASxy +BSxy2)2(

AS2
x +BS2

x2

) }

after putting these values in MSE (T1), we get min .MSE (T1)
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=

Ȳ 2

[{
AS2

y +BS2
y2

}
− {ASxy +BSxy2}

2{
AS2

x +BS2
x2

} ]

Ȳ 2 +

[{
AS2

y +BS2
y2

}
− {ASxy+BSxy2}

2

{AS2
x+BS2

x2}

]
min .MSE (T1) =

Ȳ 2 [MSE (t1)][
Ȳ 2 +MSE (t1)

]
where A =

(
1

n
− 1

N

)
, B =

W2 (k − 1)

n

similarly, we get the min.MSE of all these estimators as

min .MSE (Ti) =
Ȳ 2 [MSE (ti)][
Ȳ 2 +MSE (ti)

]
The optimum values of scalars for different estimators involved are given as

α =
Ȳ 2

Ȳ 2 + AS2
y +BS2

y2

α2 =
Ȳ 2{

Ȳ 2 + AS2
y(1− ρ2) +BS2

y2

} , β2 =
Ȳ 2Sxy

S2
x

{
Ȳ 2 + AS2

y(1− ρ2) +BS2
y2

}
α3 =

Ȳ 2{
Ȳ 2 + AS2

y +BS2
y2

(1− ρ2
2)
} , β3 =

Ȳ 2Sxy2

S2
x2

{
Ȳ 2 + AS2

y +BS2
y2

(1− ρ2
2)
}

α4 =
Ȳ 2{

Ȳ 2 + AS2
y(1− ρ2) +BS2

y2
(1− ρ2

2)
} , β4 =

Ȳ 2Sxy2
S2
x2{Ȳ 2+AS2

y(1−ρ2)+BS2
y2

(1−ρ2
2)} ,

γ4 =
Ȳ 2Sxy

S2
x

{
Ȳ 2 + AS2

y(1− ρ2) +BS2
y2

(1− ρ2
2)
}

α5 =
Ȳ 2{

Ȳ 2 + AS2
y +BS2

y2
− (CSxy +BSxy2)2(

CS2
x +BS2

x2

) } ,
β5 =

Ȳ 2 (CSxy +BSxy2)(
CS2

x +BS2
x2

){
Ȳ 2 + AS2

y +BS2
y2
− (CSxy +BSxy2)2(

CS2
x +BS2

x2

) }
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α6 =
Ȳ 2{

Ȳ 2 +DS2
y + CS2

y(1− ρ2) +BS2
y2

} , β2 =
Ȳ 2Sxy

S2
x

{
Ȳ 2 +DS2

y + CS2
y(1− ρ2) +BS2

y2

}
α7 =

Ȳ 2{
Ȳ 2 +DS2

y + CS2
y(1− ρ2) +BS2

y2
(1− ρ2

2)
} ,

β7 =
Ȳ 2Sxy2

S2
x2

{
Ȳ 2 +DS2

y + CS2
y(1− ρ2) +BS2

y2
(1− ρ2

2)
} ,

γ7 =
Ȳ 2Sxy

S2
x

{
Ȳ 2 +DS2

y + CS2
y(1− ρ2) +BS2

y2
(1− ρ2

2)
} .

Theorem 5.3.2. Under the optimum values of scalars,the STD estimators Ti have always

lesser MSE than the conventional difference or regression type estimators ti i.e.

min .MSE (Ti) < minMSE (ti) (i = 1, 2, ..., 7) (5.3.19)

Proof. Using (5.3.19), proof is obvious.

Theorem 5.3.3. The bias and minimum MSE of the new ratio type estimator Tsj (j =

1, 2, ...7) is given by

Bias
(
Tsj
)

= Y (αj − 1) (5.3.20)

and

minMSEαj
(
Tsj
)

= Ȳ 2

(
1−

B2
j

Aj

)
(5.3.21)

Proof. The MSE of Tsi (i = 1, 2, ..., 7) is given by

minMSEαi (Tsi) = Ȳ 2

(
1− B2

i

Ai

)
(5.3.22)

The optimum values of scalars for different estimators involved are given as

A1 = Ȳ 2 + P
{
S2
y + β1R

2S2
x (2β1 + 1)− 4β1RSxy

}
+Q

{
S2
y2

+ β1R
2S2

x2
(2β1 + 1)− 4β1RSxy2

}
B1 = Ȳ 2 + P

{
β1

2
R2S2

x (β1 + 1)− β1RSxy
}

+Q
{
β1

2
R2S2

x2
(β1 + 1)− 2β1RSxy2

}
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A2 = Ȳ 2 + P
{
S2
y + β2R

2S2
x (2β2 + 1)− 4β2RSxy

}
+QS2

y2

B2 = Ȳ 2 + P
{
β2

2
R2S2

x (β2 + 1)− β2RSxy
}

A3 = Ȳ 2 + PS2
y +Q

{
S2
y2

+ β3R
2S2

x2
(2β3 + 1)− 4β3RSxy2

}
B3 = Ȳ 2 +Q

{
β3

2
R2S2

x2
(β3 + 1)− β3RSxy2

}
A4 = Ȳ 2 + P

{
S2
y + β4R

2S2
x (2β4 + 1) + β5R

2S2
x (2β5 + 1)− 4β4RSxy − 4β5RSxy + 4β4β5R

2S2
x

}
+Q

{
S2
y2

+ β4R
2S2

x2
(2β4 + 1)− 4β4RSxy2

}
B4 = Ȳ 2 + P

{
β4

2
R2S2

x (β4 + 1) + β5

2
R2S2

x (β5 + 1)− β4RSxy − β5RSxy + β4β5R
2S2

x

}
+Q

{
β4

2
R2S2

x2
(β4 + 1)− β4RSxy2

}
A5 = Ȳ 2 + P

(
S2
y + β6R

2S2
x (2β6 + 1)− 4β6RSxy

)
+Q

(
S2
y2

+ β6R
2S2

x2
(2β6 + 1)− 4β6RSxy2

)
−T (β6R

2S2
x (2β6 + 1)− 4β6RSxy)

B5 = Ȳ 2 + P
{
β6

2
R2S2

x (β6 + 1)− β6RSxy
}

+Q
{
β6

2
R2S2

x2
(β6 + 1)− β6RSxy2

}
−T

{
β6

2
R2S2

x (β6 + 1)− β6RSxy
}

A6 = Ȳ 2 + P
(
S2
y + β7R

2S2
x (2β7 + 1)− 4β7RSxy

)
+QS2

y2
− T (β7R

2S2
x (2β7 + 1)− 4β7RSxy)

B6 = Ȳ 2 + P
{
β7

2
R2S2

x (β7 + 1)− β7RSxy
}
− T

{
β7

2
R2S2

x (β7 + 1)− β7RSxy
}

A7 = Ȳ 2 + P
(
S2
y + β9R

2S2
x (2β9 + 1)− 4β9RSxy

)
+Q

(
S2
y2

+ β8R
2S2

x2
(2β8 + 1)− 4β8RSxy2

)
−T (β9R

2S2
x (2β9 + 1)− 4β9RSxy)

B7 = Ȳ 2 + P
{
β9

2
R2S2

x (β9 + 1)− β9RSxy
}

+Q
{
β8

2
R2S2

x2
(β8 + 1)− β8RSxy2

}
−T

{
β9

2
R2S2

x (β9 + 1)− β9RSxy
}
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It is interesting to note that simultaneous optimization with respect to the characterizing

scalars γi and δi of the expression 5.3.18 of MSE is possible for regression (difference) type

estimators. But simultaneous optimization with respect to the characterizing scalars αi

and βi of the expression 5.3.21 not possible for ratio type estimators.

Theorem 5.3.4. The proposed ratio type estimators Tsj , (j = 1, 2, ..., 7) are better than

difference type estimators Tk, (k = 1, 2, ..., 7) iff

B2
j

Aj
> γkopt (5.3.23)

and vice versa. Otherwise both are equally efficient in case of equality in (5.3.23).

Proof. It may be easily observed from (5.3.18) that the MSE of the difference type estima-

tors Ti, (i = 1, 2, ..., 7) are given by

minMSE (Ti) = Ȳ 2
(
1− γiopt

)
(5.3.24)

Comparing (5.3.24) with (5.3.21), we have the theorem.

The only way ascertain (5.3.23) whether this holds in practice or not is through a

computational study.

Theorem 5.3.5. The proposed ratio type estimators Tsj , j = 1, 2, ..., 7 are better than the

conventional ratio type estimators tRj , j = 1, 2, ..., 7 iff

B2
j

Aj
>

{
1−

min.MSE(tRj)

Ȳ 2

}
(5.3.25)

and vice versa. Otherwise both are equally efficient in case of equality in (5.3.25).

Proof. It may be easily observed from (5.3.21) and (5.3.18), we have the theorem.

Theorem 5.3.6. The proposed ratio type estimators Tsj , j = 1, 2, ..., 7 are better than the
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conventional regression type estimators ti, i = 1, 2, ..., 7 iff

B2
j

Aj
>

{
1− min.MSE(ti)

Ȳ 2

}
(5.3.26)

and vice versa. Otherwise both are equally efficient in case of equality in (5.3.26).

Proof. It may be easily observed from (5.3.21) and (5.3.18), we have the theorem.

5.4 Empirical study

In order to have a better understanding about the efficiency of the proposed estimators

we have conducted a comprehensive empirical study on three populations and compared

the proposed estimators with the existing estimators.

The percentage relative efficiency (PRE) with respect to ȳ∗ is calculated as

PRE =
V ar(ȳ∗)

min.MSE(Tsj)
× 100, j = 1, 2, ..., 7. (5.4.1)

1. The first population considered from Srivastava (1993, p.50) consist a list of 70 villages

in a Tehsil of India along with their population in 1981 and cultivated area (in acres)

in the same year is taken in to consideration. Here the cultivated area (in acres)

is taken as main study character and the population of village is taken as auxiliary

character.The parameters of the population are as follows:

N = 70 ,n′ = 40 ,n = 25 ,Ȳ = 981.29 ,X̄ = 1755.53 ,Sy = 613.66, Sx = 1406.13,

Ȳ2 = 597.29, X̄2 = 1100.24, Sy2 = 244.11,Sx2 = 631.51, ρ = 0.778, ρ2 = 0.445,

R = 0.5589 β = 0.3395, β2 = 0.1720, W2 = 0.20.

2. For the population of 96 villages of rural areas under polish station, Singur, District

Hooghly from district cencus Handbook (1981), published by government of India,

the data on yhe number of cultivators y, as a study chracter and the population

of villages, as an auxiliary chracter x have been taken. The non-response rate in

the population is considered to be 25 percent. The values of the parameters of the

population are given as follows:
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N = 96 ,n′ = 65 ,n = 25 ,Ȳ = 185.22 ,X̄ = 1807.23, Sy = 195.03 ,Sx = 1921.77, Sy2 =

97.82, Sx2 = 1068.44, ρ = 0.904, ρ2 = 0.895, R = 0.1025, W2 = 0.25.

3. Third population considered from Srivastava (1993, p.50).

The data belongs to the data on physical growth of upper-socio-economic group of

95 school children of Varanasi under an ICMR study.The first 25% (i.e.24 children)

units have been considered as non-response units.

The values of the parameters related to the study variate y (the weight in kg) and

the auxiliary variate x (the chest circumference in cm) have been given below:

N = 95 ,n′ = 70 ,n = 35 ,Ȳ = 19.497 ,X̄ = 55.8611, Sy = 3.0435 ,Sx = 3.2735, Sy2 =

2.3552, Sx2 = 2.5137, ρ = 0.8460, ρ2 = 0.7290, R = 0.3490, β = 0.7865, β2 = 0.6829,

W2 = 0.25 N2 = 24, N1 = 71.
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Table 5.1: MSE and PRE of the estimators

Estimator k=2 k=3 k=4 k=5
ȳ∗ 10160.17(100) 10636.88(100) 11113.60(100) 11590.32(100)
Ts 10054.08(101.05) 10520.67(101.10) 10986.79 (101.15) 11452.47(101.20)
Strategy I
tR1 4288.77(236.90) 4745.94(224.13) 5195.20 (213.92) 5637.74(205.58)
T1 4269.75(237.95) 4722.66(225.23) 5167.32 (215.07) 5604.92(206.78)
Ts1 4247.51(239.20) 4696.51(226.48) 5137.05(216.34) 5570.35(208.07)
Strategy II
tR2 4298.93(236.34) 4775.65(222.73) 5252.36 (211.59) 5729.08(202.31)
T2 4279.82(237.39) 4752.08(223.83) 5223.87 (212.74) 5695.19(203.51)
Ts2 4259.43(238.53) 4729.86(224.89) 5199.82(213.73) 5669.32(204.44)
Strategy III
tR3 10065.76(100.94) 10448.08(101.81) 10830.39(102.61) 11212.71(103.37)
T3 9961.63(101.99) 10335.93(102.91) 10709.93(103.77) 11083.65(104.57)
Ts3 9959.45(102.01) 10331.38(102.96) 10702.83(103.84) 11073.81(104.66)
Strategy IV
tR4 4204.53(241.65) 4586.84(231.90) 4969.16 (223.65) 5351.47(216.58)
T4 4186.25(242.70) 4565.09(233.00) 4961.16 (224.80) 5321.89(217.78)
Ts4 4164.88(243.95) 4540.74(234.25) 4916.11(226.06) 5291.00(219.06)
Strategy V
tR5 6727.54(151.02) 7182.84(148.09) 7638.14 (145.50) 8093.44(143.21)
T5 6680.87(152.07) 7123.29(149.32) 7554.66 (147.11) 7977.40(145.29)
Ts5 6662.06(152.51) 7104.86(149.71) 7546.58(147.26) 7987.23(145.11)
Strategy VI
tR6 6741.11(150.72) 7217.83(147.37) 7694.55 (144.43) 8171.26(141.84)
T6 6694.24(151.77) 7164.13(148.47) 7633.55(145.58) 8102.50(143.04)
Ts6 6677.77(152.15) 7146.59(148.84) 7614.95(145.94) 8082.86(143.39)
Strategy VII
tR7 6646.71(152.86) 7029.02(151.33) 7411.34(149.95) 7793.66(148.71)
T7 6601.14(153.91) 6978.08(152.43) 7354.73(151.10) 7731.08(149.91)
Ts7 6583.19(154.33) 6957.40(152.88) 7331.14(151.59) 7704.39(150.44)
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Table 5.2: MSE and PRE of the estimators

Estimator k=2 k=3 k=4 k=5
ȳ∗ 1220.94(100) 1316.63(100) 1412.31(100) 1508.00(100)
Ts 1178.98(103.56) 1267.96(103.84) 1356.47(104.12 1444.51(104.40)
Strategy I
tR1 225.71(540.93) 245.57(536.15) 265.30(532.34) 284.93(529.25)
T1 224.23(544.49) 243.83(539.99) 263.26(536.46) 282.58(533.65)
Ts1 223.29(546.80) 242.63(542.65) 261.79 (539.48) 280.80(537.03)
Strategy II
tR2 301.36(405.14) 397.05(331.61) 492.74(286.62) 588.43(256.28)
T2 298.74(408.69) 392.51(335.44) 485.76(290.74) 578.50(260.67)
Ts2 297.73(410.08) 391.21(336.55) 484.18 (291.69) 576.64(261.51)
Strategy III
tR3 1144.29(106.70) 1163.33(113.18) 1182.37(119.45) 1201.41(125.52)
T3 1107.36(110.26) 1125.18(117.01) 1142.98(123.56) 1160.76(129.91)
Ts3 1106.75(110.32) 1123.95(117.14) 1141.10(123.77) 1158.21(130.20)
Strategy IV
tR4 224.72(312.90) 243.76(291.08) 262.79(277.11) 281.84(267.40)
T4 223.25(546.88) 242.04(543.98) 260.80(541.53) 279.54(539.46)
Ts4 222.32(549.18) 240.86(546.63) 259.36(544.54) 277.81(542.82)
Strategy V
tR5 380.12(226.28) 400.02(223.52) 419.93(221.57) 439.83(220.11)
T5 375.95(324.76) 395.33(333.05) 414.54(340.69) 433.63(347.76)
Ts5 374.68(325.86) 393.68(334.44) 412.61(342.28) 431.48(349.49)
Strategy VI
tR6 455.79(184.51) 551.48(162.44) 647.16(149.51) 742.85(141.01)
T6 449.81(271.43) 542.75(242.58) 635.18(222.35) 727.11(207.40)
Ts6 448.60(272.17) 541.30(243.23) 633.50(222.94) 725.19(207.94)
Strategy VII
tR7 379.14(227.20) 398.18(224.87) 417.22(223.21) 436.26(221.97)
T7 374.99(325.59) 393.61(334.50) 412.21(342.62) 430.78(350.06)
Ts7 373.74(326.68) 392.05(335.83) 410.31(344.20) 428.53(351.90)
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Table 5.3: MSE and PRE of the estimators

Estimator k=2 k=3 k=4 k=5
ȳ∗ 0.2067(100) 0.2464(100) 0.2860(100) 0.3256(100)
Ts 0.2066(100.054) 0.2462(100.064) 0.2857(100.075) 0.3253(100.085)
Strategy I
tR1 0.0664(311.05) 0.0853(288.83) 0.1040(274.84) 0.1227(265.22)
T1 0.0664(311.104) 0.0852(288.893) 0.1040(274.913) 0.1227(265.307)
Ts1 0.0664(311.06) 0.0853(288.84) 0.1040 (274.86) 0.1227(265.25)
Strategy II
tR2 0.0871(237.29) 0.1267(194.38) 0.1663(171.90) 0.2060(158.07)
T2 0.0871(237.342) 0.1267(194.441) 0.1663(171.977) 0.2058(158.158)
Ts2 0.0871(237.31) 0.1267(194.41) 0.1663 (171.95) 0.2059(158.13)
Strategy III
tR3 0.1857(111.34) 0.2043(120.61) 0.2228(128.35) 0.2414(134.89)
T3 0.1856(111.392) 0.2041(120.680) 0.2227(128.421) 0.2412(134.974)
Ts3 0.1856(111.39) 0.2042(120.67) 0.2227 (128.41) 0.2412(134.96)
Strategy IV
tR4 0.0660(312.89) 0.0846(291.08) 0.1032(277.11) 0.1217(267.40)
T4 0.0660(312.950) 0.0846(291.144) 0.1031(277.186) 0.1217(267.486)
Ts4 0.0660(312.91) 0.0846(291.09) 0.1032 (277.13) 0.1217(267.43)
Strategy V
tR5 0.0913(226.28) 0.1102(223.52) 0.1290(221.57) 0.1479(220.11)
T5 0.0913(226.331) 0.1101(223.692) 0.1288(221.952) 0.1475(220.722)
Ts5 0.0913(226.30) 0.1102(223.55) 0.1290 (221.60) 0.1479(220.15)
Strategy VI
tR6 0.1120184.51) 0.1516(162.44) 0.1913(149.51) 0.2309(141.01)
T6 0.1120(184.568) 0.1516(162.503) 0.1912(149.581) 0.2307(141.098)
Ts6 0.1120184.54) 0.1516(162.48) 0.1912(149.56) 0.2308(141.08)
Strategy VII
tR7 0.0910(227.20) 0.1095(224.87) 0.1281(223.21) 0.1467(221.97)
T7 0.0909(227.259) 0.1095(224.934) 0.1280 (223.286) 0.1466(222.057)
Ts7 0.0909(227.23) 0.1095(224.89) 0.12811 (223.24) 0.14667(222.01)
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From perusal of above results it is observed that the new ratio type estimators proposed

Tsi are always better than the conventional ratio type counterparts tRi . Hence, we conclude

that all proposed new ratio type estimators have higher efficiency in comparision to the

conventional ratio type estimators. A comparision of STD (or regression) estimators Ti(i =

1, 2, ..., 7) with new ratio type estimators Tsi(i = 1, 2, ..., 7), we observe that the new ratio

type estimators are always better than the estimators proposed by Bhushan and Pandey

regression type estimators under optimality condition (5.3.23). Therefore, in population I

and II proposed ratio type estimators Tsj are better than Bhushan and Pandey regression

type estimators Ti, as (5.3.23) is satisfied. While for population III the case is reversed.

5.5 Conclusion

Diana and Perri (2013) in their study opined that the regression and difference type

estimator provide best possible improvement and cannot be improved upon. In this paper,

we have proposed various Searls type difference estimators, which provide an improvement

over the corresponding regression estimators in their respective strategies. The result are

proved both theoretically as well as empirically. The results of conventional difference or

regression type estimators are a special case of the respective Searls type estimators for

αi = 1 respectively.



Chapter 6

An efficient classes of estimators

using two auxiliary variables under

non-response

6.1 Introduction

The survey statistician very often make use of the available auxiliary information to

improve the precision of the estimates. In situations where the population mean of the

auxiliary variable is known and the non-response is present have been dealt by various au-

thors including Cochran (1977), Rao (1986, 1987), Khare and Srivastava (1993). However,

in situations when the population mean of the auxiliary variable is unknown , the sample

mean x̄′ obtained from a large first phase sample of size n′ drawn from N units by simple

random sampling without replacement is used as suggested by Khare and Srivastava (1997),

Okafor and Lee (2000), Tabasum and Khan (2004) and recently by Singh and kumar (2010)

among others. It is assumed that all the first phase smple units supplied the auxiliary infor-

mation, then, a second phase sample of size n (n < n′) is drawn from the n′ by SRSWOR

and study variable y is measured on it. At the second phase from the sample of size n,

let n1 units respond and n2 units refuse to respond. Now, we use Hansen and Hurwitz

sampling strategy to sub-sample r units from n2 non-responding units and enumerated by

108
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direct interview such that r = n2/k, k > 1.

In this chapter, we consider the deterministic setup of non-response exactly on the

similar lines as that of Okafor and Lee (2000) and assume that the whole population (de-

noted by Ω) is divided in to two groups, one is that of the responding group of N1 units

(denoted by Ω1) and the other non-responding group of N2 units (denoted by Ω2). Let the

first and second phase samples be denoted by u and u′ respectively, and let u1 = u ∩ Ω1

and u2 = u ∩ Ω2. the sub sample from u2 is denoted by u(2).

6.2 Existing estimators

The conventional ratio and regression typr estimators for the population mean when

there is non-response on the study variable as well as on the auxiliary variable are given as

ȳR(1) = ȳ∗
x̄′

x̄∗
(6.2.1)

ȳReg(1) = ȳ∗ + b∗yx (x̄′ − x̄∗) (6.2.2)

the MSE’s of these estimators are given by

MSE
(
ȳR(1)

)
= Ȳ 2

[(
fn − f

′

n

){
C2
y + (1− 2Kyx)C

2
x

}
+ gn

{
C2
y(2) +

(
1− 2Kyx(2)

)
C2
x(2)

}
+f

′

nC
2
y

]
(6.2.3)

MSE
(
ȳReg(1)

)
= Ȳ 2

[(
fn − f

′

n

) (
1− ρ2

yx

)
C2
y + gn

{
C2
y(2) +Kyx

(
Kyx − 2Kyx(2)

)
C2
x(2)

}
+f

′

nC
2
y

]
(6.2.4)

and the conventional ratio and regression type estimators for population mean when there

is non-response on the study variable alone are given as

ȳR(2) = ȳ∗
x̄′

x̄
(6.2.5)
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ȳReg(2) = ȳ∗ + b∗∗yx (x̄′ − x̄) (6.2.6)

the MSE’s of these estimators are given by

MSE
(
ȳR(2)

)
= Ȳ 2

[(
fn − f

′

n

){
C2
y + (1− 2Kyx)C

2
x

}
+ gnC

2
y(2) + f

′

nC
2
y

]
(6.2.7)

MSE
(
ȳReg(1)

)
= Ȳ 2

[(
fn − f

′

n

) (
1− ρ2

yx

)
C2
y + gnC

2
y(2) + f

′

nC
2
y

]
(6.2.8)

Singh and Kumar (2010b) proposed the following estimators using information based on

two auxiliary variables x and z for estimating the population mean of the study variable

y under different situations is given by

ȳ1
(SK) =

{
ȳ∗ + b∗yx (x̄′ − x̄∗)

} Z̄{
Z̄ + η1

(
z̄∗ − Z̄

)} (6.2.9)

ȳ2
(SK) =

{
ȳ∗ + b∗yx (x̄′ − x̄∗)

} z̄′

{z̄′ + η2 (z̄∗ − z̄′)}
(6.2.10)

ȳ3
(SK) =

{
ȳ∗ + b∗∗yx (x̄′ − x̄)

} Z̄{
Z̄ + η3

(
z̄ − Z̄

)} (6.2.11)

ȳ4
(SK) =

{
ȳ∗ + b∗∗yx (x̄′ − x̄)

} z̄′

{z̄′ + η4 (z̄ − z̄′)}
(6.2.12)

where

ȳ∗ = n1

n
ȳ(1) + n2

n
ȳ∗(2), x̄

∗ = n1

n
x̄(1) + n2

n
x̄∗(2), z̄

∗ = n1

n
z̄(1) + n2

n
z̄∗(2), x̄

′ = 1
n′

∑
(xi), z̄

′ = 1
n′

∑
(zi),

x̄ = 1
n

∑
(xi) and z̄ = 1

n

∑
(zi) with

(
ȳ(1), x̄(1), z̄(1)

)
and

(
ȳ∗(2), x̄

∗
(2), z̄

∗
(2)

)
being the sample

means based on n1 units and sub-sample means based on r units of the variates (y, x, z)

respectively and η1, η2, η3 and η4 are suitably chosen constants.

The MSE’s of these estimators are given by

MSE
(
ȳ1
SK

)
= Ȳ 2

[
f
′

n

{
C2
y + η1 (η1 − 2Kyz)C

2
z

}
+
(
fn − f

′

n

){(
1− ρ2

yx

)
C2
y+

η1 (η1 − 2A∗)C2
z

}
+ gn

{
C2
y(2) +Kyx

(
Kyx − 2Kyx(2)

)
C2
x(2)+

η1 (η1 − 2B∗)C2
z(2)

} ]
(6.2.13)
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MSE
(
ȳ2
SK

)
= Ȳ 2

[
f
′

nC
2
y +

(
fn − f

′

n

){(
1− ρ2

yx

)
C2
y + η2 (η2 − 2A∗)C2

z

}
+ gn

{
C2
y(2)+

Kyx

(
Kyx − 2Kyx(2)

)
C2
x(2) + η2 (η2 − 2B∗)C2

z(2)

}]
(6.2.14)

MSE
(
ȳ3
SK

)
= Ȳ 2

[
f
′

n

{
C2
y + η3 (η3 − 2Kyz)C

2
z

}
+
(
fn − f

′

n

){(
1− ρ2

yx

)
C2
y+

η3 (η3 − 2A∗)C2
z

}
+ gnC

2
y(2)

]
(6.2.15)

MSE
(
ȳ4
SK

)
= Ȳ 2

[
f
′

nC
2
y +

(
fn − f

′

n

){(
1− ρ2

yx

)
C2
y + η4 (η4 − 2A∗)C2

z

}
+ gnC

2
y(2)

]
(6.2.16)

where

C2
x = S2

x/X̄
2 C2

x(2) = S2
x(2)/X̄

2 C2
y = S2

y/Ȳ
2

C2
y(2) = S2

y(2)/Ȳ
2 ρyx = Syx/SySx ρyx(2) = Syx(2)/Sy(2)Sx(2)

ρxz = Sxz/SxSz ρxz(2) = Sxz(2)/Sx(2)Sz(2) ρyz = Syz/SySz

ρyz(2) = Syz(2)/Sy(2)Sz(2) Kyx = ρyxCy/Cx Kyx(2) = ρyx(2)Cy(2)/Cx(2)

Kyz = ρyzCy/Cz Kyz(2) = ρyz(2)Cy(2)/Cz(2) Kxz = ρxzCx/Cz

Kxz(2) = ρxz(2)Cx(2)/Cz(2) A∗ = Kyz −KyxKxz B∗ = Kyz(2) −KyxKxz(2)

Also, the minimum MSE’s of the above stated estimators are given by

min .MSE
(
ȳ1
SK

)
= MSE

(
ȳReg(1)

)
− Ȳ 2

[
B2

1

A1

]
(6.2.17)

min .MSE
(
ȳ2
SK

)
= MSE

(
ȳReg(1)

)
− Ȳ 2

[
B2

2

A1

]
(6.2.18)

min .MSE
(
ȳ3
SK

)
= MSE

(
ȳReg(2)

)
− Ȳ 2

[
B2

3

A2

]
(6.2.19)

min .MSE
(
ȳ4
SK

)
= MSE

(
ȳReg(2)

)
− Ȳ 2f

′
A∗2C2

z (6.2.20)

where

B1 = f
′
nKyzC

2
z +
(
fn − f

′
n

)
A∗C2

z + gnB
∗C2

z(2), A1 = fnC
2
z + gnC

2
z(2), B2 =

(
fn − f

′
n

)
A∗C2

z +

gnB
∗C2

z(2), B3 = f
′
nKyz +

(
fn − f

′
n

)
A∗ and A2 = fn.

Further, Shabbir and Khan (2013) proposed the following estimators using information
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based on two auxiliary variables x and z for estimating the population mean of the study

variable y under the different situations is given by

ȳ5
(SK) = ȳ∗

(
x̄′

x̄∗

)α1
(
Z̄

z̄∗

)α2

+ b∗yx (x̄′ − x̄∗) + b∗yz
(
Z̄ − z̄∗

)
(6.2.21)

ȳ6
(SK) = ȳ∗

(
x̄′

x̄∗

)α3 ( z̄
z̄∗

)α4

+ b∗yx (x̄′ − x̄∗) + b∗yz (z̄′ − z̄∗) (6.2.22)

ȳ7
(SK) = ȳ∗

(
x̄′

x̄

)α5
(
Z̄

z̄

)α6

+ b∗∗yx (x̄′ − x̄) + b∗∗yz
(
Z̄ − z̄

)
(6.2.23)

ȳ8
(SK) = ȳ∗

(
x̄′

x̄

)α7
(
z̄′

z̄

)α8

+ b∗∗yx (x̄′ − x̄) + b∗∗yz (z̄′ − z̄) (6.2.24)

where α1, α2, α3, α4, α5, α6, α7 and α8 are the characterizing scalars to be chosen suitably

and b∗yx = s∗yx/s
∗2
x , b∗yz = s∗yz/s

∗2
z , b∗∗yx = s∗yx/s

2
x , b∗∗yz = s∗∗yz/s

2
z are simple regression coeffi-

cients.

The MSE’s of these estimators are given by

MSE
(
ȳ5
SK

)
= Ȳ 2

[
fnC

2
y + gnC

2
y(2) + (α1 +Kyx)

2m1 + (α2 +Kyz)
2m2 − 2 (α1 +Kyx)m3

−2 (α2 +Kyz)m4 + 2 (α1 +Kyx) (α2 +Kyz)m5] (6.2.25)

MSE
(
ȳ6
SK

)
= Ȳ 2

[
fnC

2
y + gnC

2
y(2) + (α3 +Kyx)

2m1 + (α4 +Kyz)
2m′2 − 2 (α3 +Kyx)m3

−2 (α4 +Kyz)m
′
4 + 2 (α3 +Kyx) (α4 +Kyz)m5] (6.2.26)

MSE
(
ȳ7
SK

)
= Ȳ 2

[
f ′nC

2
y + gnC

2
y(2) +

{
(fn − f ′n)C2

y + (α5 +Kyx)
2C2

x − 2 (α5 +Kyx)×

ρyxCyCx + 2 (α5 +Kyx) (α6 +Kyz) ρxzCxCz + fn
{

(α6 +Kyz)
2C2

z−

2 (α6 +Kyz) ρyzCyCz}] (6.2.27)

MSE
(
ȳ8
SK

)
= Ȳ 2

[
f ′nC

2
y + gnC

2
y(2) + (fn − f ′n)

{
C2
y + (α7 +Kyx)

2C2
x − 2 (α7 +Kyx)×

ρyxCyCx + (α8 +Kyz)
2C2

z − 2 (α8 +Kyz) ρyzCyCz + 2 (α7 +Kyx)×

(α8 +Kyz) ρxzCxCz +fn
{

(α6 +Kyz)
2C2

z − 2 (α6 +Kyz) ρyzCyCz
}]

(6.2.28)

where
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m1 = (fn − f ′n)C2
x + gnC

2
x(2) m2 = fnC

2
z + gnC

2
z(2)

m3 = (fn − f ′n) ρyxCyCx + gnρyx(2)Cy(2)Cx(2) m4 = fnρyzCyCz + gnρyz(2)Cy(2)Cz(2)

m5 = (fn − f ′n) ρxzCxCz + gnρxz(2)Cx(2)Cz(2) m′2 = (fn − f ′n)C2
z + gnC

2
z(2)

m′4 = (fn − f ′n) ρyzCyCz + gnρyz(2)Cy(2)Cz(2)

Also, the minimum MSE’s of the above stated estimators are given by

min .MSE
(
ȳ5
SK

)
= MSE (ȳ∗)− Ȳ 2

{
m2m

2
3 +m1m

2
4 − 2m3m4m5

m1m2 −m2
5

}
(6.2.29)

min .MSE
(
ȳ6
SK

)
= MSE (ȳ∗)− Ȳ 2

{
m′2m

2
3 +m1m

′2
4 − 2m3m4m5

m1m′2 −m2
5

}
(6.2.30)

min .MSE
(
ȳ7
SK

)
= MSE (ȳ∗)− Ȳ 2

[{
fnρ

2
yz + f

′
n

(
ρ2
yx − 2ρyxρyzρxz

)}{
fn − (fn − f ′n) ρ2

yx

} ]
(6.2.31)

min .MSE
(
ȳ8
SK

)
= MSE (ȳ∗)− Ȳ 2f

′

nC
2
y

{
ρ2
yx + ρ2

yz − 2ρyxρyzρxz

(1− ρ2
xz)

}
(6.2.32)

On the similar lines, Bhushan and Naqvi (2015) proposed some generalised classes of esti-

mators in presence of non-response using two auxiliary information, given by

t1(BN) = f1 (ȳ∗, x̄∗, x̄′, u) (6.2.33)

t2(BN) = f2 (ȳ∗, x̄∗, x̄′, z̄∗, z̄′) (6.2.34)

t3(BN) = f3 (ȳ∗, x̄∗, x̄′, v) (6.2.35)

t4(BN) = f4 (ȳ∗, x̄, x̄′, z̄, z̄′) (6.2.36)

where u = z̄∗/Z̄ and v = z̄/Z̄ and these estimators satisfying the following conditions

f1

(
Ȳ , X̄, X̄, 1

)
= Ȳ , f 0

1 = 1, f 1
1 = −f 2

1 , f2

(
Ȳ , X̄, X̄, Z̄, Z̄

)
= Ȳ , f 0

2 = 1, f 1
2 = −f 2

2 ,

f 3
2 = −f 4

2 , f3

(
Ȳ , X̄, X̄, 1

)
= Ȳ , f 0

3 = 1, f 1
3 = −f 2

3 , f4

(
Ȳ , X̄, X̄, Z̄, Z̄

)
= Ȳ , f 0

4 = 1,

f 1
4 = −f 2

4 and f 3
4 = −f 4

4 .
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and the MSE’s and minimum MSE’s are given by

MSE
(
t1(BN)

)
= MSE (ȳ∗) + η6

(
f 3

1

)2
+ 2Ȳ η7f

3
1 + X̄2η3

(
f 1

1

)2
+ 2Ȳ X̄η8f

1
1 + 2X̄η9f

1
1 f

3
1

(6.2.37)

MSE
(
t2(BN)

)
= MSE (ȳ∗) + X̄2η3

(
f 1

2

)2
+ Z̄2η10

(
f 3

2

)2
+ 2X̄Z̄f 1

2 f
3
2 + 2Ȳ X̄η8f

1
2 + 2Ȳ Z̄η11f

3
2

(6.2.38)

MSE
(
t3(BN)

)
= MSE (ȳ∗) + X̄2η

′

3

(
f 1

3

)2
+ η4

(
f 3

3

)2
+ 2X̄η

′

9f
1
3 f

3
3 + 2Ȳ X̄η

′

8f
1
3 + 2Ȳ η5f

3
3

(6.2.39)

MSE
(
t4(BN)

)
= MSE (ȳ∗)+X̄2η

′

3

(
f 1

4

)2
+Z̄2η10

(
f 3

4

)2
+2X̄Z̄η

′

9f
1
4 f

3
4 +2Ȳ X̄η

′

8f
1
4 +2Ȳ Z̄η

′

11f
3
4

(6.2.40)

where

m6 = fnC
2
z , m7 = fnρyzCyCz,

m
′
1 = (fn − f ′n)C2

x, m
′
3 = (fn − f ′n) ρyxCyCx,

m
′
5 = (fn − f ′n) ρxzCxCz, m

′
6 = (fn − f ′n)C2

z ,

m
′
7 = (fn − f ′n) ρyzCyCz .

The minimum MSE’s of the above stated estimators are given by

min .MSE
(
t1(BN)

)
= MSE (ȳ∗)− Ȳ 2

{
(2m3m4m5 −m2m

2
3 −m1m

2
4)

(m2
5 −m1m2)

}
(6.2.41)

min .MSE
(
t2(BN)

)
= MSE (ȳ∗)− Ȳ 2

{(
2m3m

′
4m5 −m′2m2

3 −m1m
′2
4

)
(m2

5 −m1m′2)

}
(6.2.42)

min .MSE
(
t3(BN)

)
= MSE (ȳ∗)− Ȳ 2

{(
2m7m

′
3m

′
5 −m′1m2

7 −m6m
′2
3

)(
m
′2
5 −m

′
1m6

) }
(6.2.43)

min .MSE
(
t4(BN)

)
= MSE (ȳ∗)− Ȳ 2

{(
2m

′
3m

′
5m

′
7 −m′1m

′2
7 −m

′
6m
′2
3

)(
m
′2
5 −m

′
1m

′
6

) }
(6.2.44)
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6.3 Proposed estimators

Let

t = ȳ∗ (6.3.1)

MSE (ȳ∗) = Ȳ 2
{
fnC

2
y + gnC

2
y(2)

}
(6.3.2)

Searls (1964) proposed a technique which is very useful to improve the efficiency of the any

estimator.

Let us consider the Searls type estimators under non-response given by

T = αt (6.3.3)

so that

MSE (T ) =
Ȳ 2MSE (t)

Ȳ 2 +MSE (t)
(6.3.4)

It can be easily observed that the minimum MSE of T is always lesser than t.

On the lines of the Singh and Kumar (2010b), Shabbir and Khan (2013) and Bhushan and

Naqvi (2014) by using the Searls type transformation, we propose the following efficient

estimators using information based on two auxiliary variables for estimating the popula-

tion mean of the study variable in presence of non-response under the strategies given below.

Strategy I : In this strategy, we assume that non-response occurs on the study variable as

well as on the auxiliary variable and the population mean X̄ of first auxiliary variable x is

unknown however the population mean Z̄ of the second auxiliary variable z is known. The

proposed estimator for estimating the population mean is

T 1
(BP ) = γ1ȳ

∗ + θ1

(
x̄∗ − x̄′

)
+ ω1

(
z̄∗ − Z̄

)
(6.3.5)

Strategy II : In this strategy, we assume that non-response occurs on the study variable

as well as on the auxiliary variable and the population mean X̄ of first auxiliary variable

x and the population mean Z̄ of the second auxiliary variable z both are unknown. The
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proposed estimator for estimating the population mean is given by

T 2
(BP ) = γ2ȳ

∗ + θ2

(
x̄∗ − x̄′

)
+ ω2

(
z̄∗ − z̄′

)
(6.3.6)

Strategy III : In this strategy, we assume that non-response occurs on the study variable

only and the population mean X̄ of first auxiliary variable x is unknown however the

population mean Z̄ of the second auxiliary variable z is known. The proposed estimator

for estimating the population mean is

T 3
(BP ) = γ3ȳ

∗ + θ3

(
x̄− x̄′

)
+ ω3

(
z̄ − Z̄

)
(6.3.7)

Strategy IV : In this strategy, we assume that non-response occurs on the study variable

only and the population mean of both the auxiliary variables are unknown. The proposed

estimator under this strategy is

T 4
(BP ) = γ4ȳ

∗ + θ4

(
x̄− x̄′

)
+ ω4

(
z̄ − z̄′

)
(6.3.8)

Theorem 6.3.1. The bias and minimum mean square error of the proposed estimators

T kBP , k = 1, 2, 3, 4 are given by

Bias
(
T k(BP )

)
= (γk − 1) Ȳ (6.3.9)

min .MSE
(
T k(BP )

)
=

Ȳ 2 min .MSE
(
tk(BN)

)
Ȳ 2 + min .MSE

(
tk(BN)

) (6.3.10)

Proof. Now, for the bias amd MSE of T 1
(BP ), we have

T 1
BP = γ1Ȳ (1 + ε∗0) + θ1

{
X̄ (1 + ε∗1)− X̄ (1 + ε′1)

}
+ ω1

{
Z̄ (1 + ε∗2)− Z̄

}
Thus,

T 1
(BP ) − Ȳ = (γ1 − 1) Ȳ + γ1Ȳ ε

∗
0 + θ1X̄ (ε∗1 − ε′1) + ω1Z̄ε

∗
2

for bias taking expectation on both sides, we get

Bias
(
T 1

(BP )

)
= (γ1 − 1) Ȳ

for MSE, squaring and taking expectation on both sides of the above equation, we get
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MSE
(
T 1

(BP )

)
= (γ1 − 1)2 Ȳ 2 + γ2

1 Ȳ
2
{
fnC

2
y + gnC

2
y(2)

}
+ θ2

1X̄
2
{(
fn − f

′
n

)
C2
x + gnC

2
x(2)

}
+

ω2
1Z̄

2
{
fnC

2
z + gnC

2
z(2)

}
+ 2γ1θ1X̄Ȳ

{(
fn − f

′
n

)
ρyxCyCx + gnρyx(2)Cy(2)Cx(2)

}
+ 2γ1ω1

Ȳ Z̄
{
fnρyzCyCz + gnρyz(2)Cy(2)Cz(2)

}
+ 2θ1ω1X̄Z̄

{(
fn − f

′
n

)
ρxzCxCz + gnρxz(2)Cx(2)Cz(2)

}
MSE

(
T 1

(BP )

)
= Ȳ 2 + γ2

1 Ȳ
2 + γ2

1V ar (ȳ∗) − 2γ1Ȳ
2 + θ2

1X̄
2m1 + ω2

1Z̄
2m2 + 2γ1θ1X̄Ȳ m3 +

2γ1ω1Ȳ Z̄m4 + 2θ1ω1X̄Z̄m5

Differentiating MSE
(
T 1

(BP )

)
, for optimum value of the γ1, θ1 and ω1, partially with respect

to γ1, θ1, ω1 and equating to zero. we get the optimum value of γ1, θ1 and ω1 are given by

∂MSE
(
T 1

(BP )

)
∂γ1

= 0

∂MSE
(
T 1

(BP )

)
∂θ1

= 0

∂MSE
(
T 1

(BP )

)
∂ω1

= 0

so that

γ1 =
Ȳ 2 − θ1X̄Ȳ m3 − ω1Ȳ Z̄m4

Ȳ 2 + A

θ1 =
−γ1Ȳ m3 − ω1Z̄m5

X̄m1

ω1 =
−γ1Ȳ m4 − θ1X̄m5

Z̄m2

solving these equations, we get

γ1opt =
Ȳ 2

Ȳ 2 + A− Ȳ 2

{
m2m

2
3 +m1m

2
4 − 2m3m4m5

m1m2 −m2
5

}
θ1opt = γ1opt

(
Ȳ

X̄

){
m4m5 −m2m3

m1m2 −m2
5

}

ω1opt = γ1opt

(
Ȳ

Z̄

){
m3m5 −m1m4

m1m2 −m2
5

}
By using these optimum values of γ1, θ1 and ω1 in MSE

(
T 1

(BP )

)
, we get the minimum

mean square error as



118 6.3 Proposed estimators

min .MSE
(
T 1

(BP )

)
=

Ȳ 2

[
A− Ȳ 2

{
m2m

2
3 +m1m

2
4 − 2m3m4m5

m1m2 −m2
5

}]
Ȳ 2 +

[
A− Ȳ 2

{
m2m

2
3 +m1m

2
4 − 2m3m4m5

m1m2 −m2
5

}]
where A = MSE (ȳ∗)

min .MSE
(
T 1

(BP )

)
=

Ȳ 2 min .MSE
(
t1(BN)

)
Ȳ 2 + min .MSE

(
t1(BN)

)
The derivation of MSE

(
T i(BP )

)
, i = 1, 2, 3. can be easily done on similar lines so that, the

optimum values of characterizing scalars are

γ2opt =
Ȳ 2

Ȳ 2 + A− Ȳ 2

{
m′2m

2
3 +m1m

′2
4 − 2m3m

′
4m5

m1m′2 −m2
5

}

θ2opt = γ2opt

(
Ȳ

X̄

){
m
′
4m5 −m

′
2m3

m1m
′
2 −m2

5

}

ω2opt = γ2opt

(
Ȳ

Z̄

){
m3m5−m1m

′
4

m1m
′
2−m2

5

}

γ3opt =
Ȳ 2

Ȳ 2 + A− Ȳ 2

{
m′1m

2
7 +m6m

′2
3 − 2m7m

′
3m

′
5

m
′
1m6 −m

′2
5

}

θ3opt = γ3opt

(
Ȳ

X̄

){
m
′
5m7 −m

′
3m6

m
′
1m6 −m

′2
5

}

ω3opt = γ3opt

(
Ȳ

Z̄

){
m
′
3m5 −m

′
1m7

m
′
1m6 −m

′2
5

}

γ4opt =
Ȳ 2

Ȳ 2 + A−−Ȳ 2

{
m′1m

′2
7 +m

′
6m
′2
3 − 2m

′
3m

′
5m

′
7

m
′
1m

′
6 −m

′2
5

}

θ4opt = γ4opt

(
Ȳ

X̄

){
m
′
5m

′
7 −m

′
3m

′
6

m
′
1m

′
6 −m

′2
5

}

ω4opt = γ4opt

(
Ȳ

Z̄

){
m
′
3m

′
5 −m

′
1m

′
7

m
′
1m

′
6 −m

′2
5

}
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6.4 An empirical study

We have conducted an empirical study on 4 population described below along with their

key parameters.

1. Data considered from the book “Advanced sampling theory with applications” by

Sarjinder Singh (p.1114).

Fish caught: Estimated number of fish caught by marine. Descriptive parameters of

the population-

Y=Estimated number of fish caught during 1995

X=Estimated number of fish caught during 1993

Z=Estimated number of fish caught during 1992

N=69, n′=55, n=20, Ȳ = 4514.899, Z̄ = 4230.174, X̄ = 4591.072, Cy = 1.3509, Cz =

1.3164, Cx = 1.3755, Cy(2) = 1.3850, Cz(2) = 1.3640, Cx(2) = 1.4160, ρyx = 0.9564,

ρyz = 0.9538, ρxz = 0.9632, ρyx(2) = 0.9674, ρyz(2) = 0.9668, ρxz(2) = 0.9699.

2. The present data belong to the data on physical growth og upper socio-economic

group of 95 school going children of Varansi under an ICMR study, Department of

Pediatrics, BHU during 1983-1984 has been taken under study, (Khare and Sinha

(2007)). The first 25% (i.e. 24 children) units have been considered as non-response

units. The value of parameters related to the study character y (the weight of children

in kg) and the auxiliary character x (the height of the children in cm) and additional

auxiliary chracter z (chest circumference of the children in cm)n have been given as

follows:

Ȳ = 19.4968, Z̄ = 55.8611, X̄ = 51.1726, Cy = 0.15613, Cz = 0.05860, Cx = 0.03006,

Cy(2) = 0.12075, Cz(2) = 0.05402, Cx(2) = 0.02478, ρyx = 0.328, ρyz = 0.846, ρxz =

0.297, ρyx(2) = 0.477, ρyz(2) = 0.729, ρxz(2) = 0.570.

The percentage relative efficiency (PRE) of the proposed estimator is calculated by

PRE =
V ar(ȳ∗)

min.MSE(TBP i)
× 100
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Table 6.1: MSE and PRE of the estimators

Estimators 1/2 1/3 1/4
ȳ∗ 1915872(100) 2510898(100) 3105923(100)
ȳR(1) 282681.3(677.749) 322643.4(778.227) 362605.6(856.557)
ȳR(2) 837745(228.694) 1432771(175.248) 2027797(153.167)
ȳReg(1) 276385.4(693.188) 314578.8(798.177) 352772.3(880.433)
ȳReg(2) 833217.8(229.936) 1428243.7(175.803) 2023269.5(153.510)
Strategy I
ȳ1

(SK) 296847.3(845.855) 335450.7(925.896) 0.1239(231.661)

ȳ5
(SK) 141773.2(1351.363) 173677.5(1445.724) 205166.8(1513.853)

t1(BN) 141773.2(1351.363) 173677.5(1445.724) 205166.8(1513.853)

T 1
(BP ) 140794(1360.762) 172210.2(1458.042) 203122.4(1529.09)

Strategy II
ȳ2

(SK) 274526.2(697.882) 311980.6(804.825) 349432.1(888.849)

ȳ6
(SK) 3812295(50.255) 3964322(63.337) 4071188(76.290)

t2(BN) 250802.9(763.895) 280813(894.1529) 310819.9(999.268)

T 2
(BP ) 247754.6(773.294) 276997.1(906.470) 306151.7(1014.505)

Strategy III
ȳ3

(SK) 811473.8(236.098) 1406500(178.521) 2001526(155.178)

ȳ7
(SK) 704277.1(272.0338) 1299303(193.2496) 1894329(163.959)

t3(BN) 704277.1(272.0338) 1299303(193.2496) 1894329(163.959)

T 3
(BP ) 680757(281.4325) 1221448(205.5674) 173256(179.196)

Strategy IV
ȳ4

(SK) 831960.3(230.284) 1426986(175.958) 2022012(153.606)

ȳ8
(SK) 815811.2(234.843) 1410837(177.972) 2005863(154.842)

t4(BN) 815811.2(234.843) 1410837(177.972) 2005863(154.842)

T 4
(BP ) 784417.6(244.241) 1319511(190.29) 1826164(170.079)



121 6.5 Conclusion

Table 6.2: MSE and PRE of the estimators

Estimators 1/2 1/3 1/4
ȳ∗ 0.207214(100) 0.24722(100) 0.287225(100)
ȳR(1) 0.1893(109.489) 0.2231(110.805) 0.2569(104.289)
ȳR(2) 0.1954(106.045) 0.2354(105.018) 0.2754(104.289)
ȳReg(1) 0.1845 (112.210) 0.2161(114.415) 0.2476(115.992)
ȳReg(2) 0.1930(107.380) 0.2330(106.113) 0.2730(105.217)
Strategy I
ȳ1

(SK) 0.0789(262.596) 0.1019(242.622) 0.1239(231.661)

ȳ5
(SK) 0.0679(304.874) 0.0880(280.615) 0.1076(266.708)

t1(BN) 0.0679(304.874) 0.0881(280.615) 0.1018(266.708)

T 1
(BP ) 0.679(304.929) 0.0888(280.681) 0.1077(266.784)

Strategy II
ȳ2

(SK) 0.1155(179.405) 0.1364(181.270) 0.1571(182.857)

ȳ6
(SK) 0.1014(204.173) 0.1230(200.841) 0.1437(199.851)

t2(BN) 0.0926(223.688) 0.1124(219.768) 0.1318(217.844)

T 2
(BP ) 0.0926(223.742) 0.1125(219.832) 0.1318(217.919)

Strategy III
ȳ3

(SK) 0.0941(220.152) 0.1341(184.315) 0.1741(164.944)

ȳ7
(SK) 0.0867(238.995) 0.1267(195.110) 0.1667(172.286)

t3(BN) 0.0519(399.098) 0.0919(268.933) 0.1319(217.708)

T 3
(BP ) 0.0519(399.153) 0.0919(268.998) 0.1319(217.783)

Strategy IV
ȳ4

(SK) 0.1118(174.432) 0.1588(155.681) 0.1988(144.476)

ȳ8
(SK) 0.1116(185.646) 0.1516(163.049) 0.1916(149.886)

t4(BN) 0.1118(185.647) 0.1516(163.049) 0.1917(149.887)

T 4
(BP ) 0.1116(185.701) 0.1517(163.114) 0.1915(149.962)

6.5 Conclusion

This chapter shows that the proposed estimators using the Searls (1964) philosophy in

presence of bivariate auxiliary information perform better than the estimators suggested

by Singh and Kumar (2010b), Shabbir and Khan (2013) and Bhushan and Naqvi (2015) in

terms of percentage relative efficiency (PRE). This fact has been also supported through

an empirical study. Further, the proposed estimators are important owing to the fact that

they provide an improvement over the regression estimators, which are BLUEs. The result

of this chapter is quite illuminating, both theoretically and empirically.



Chapter 7

Improved estimators for estimating

population mean presence of random

non-response

7.1 Introduction

The negative impact of non-response of the estimators of population mean is well

known. Numerous authors have suggested a various estimators for estimating population

mean under the random non-responses for various situations. The suitable use of the auxil-

iary information is known to benefit the estimation procedure. The estimation of population

mean using auxiliary information has drawn the attention of various important authors and

some of them are given below. Srivastava and Jhajj (1981) suggested a generalized class

of estimators of the population mean in survey sampling using auxiliary information which

incorporated many important estimators as its special case.

The problem of estimating the mean of a finite population using auxiliary information

has been discussed by several authors, including, Singh and Tracy (2001) where they sug-

gested an estimator of population mean in presence of random non-response. Similarly,

under the problem of random non-response some authors suggested that by using the aux-

iliary information, we can improve the efficiency of the estimators, see Singh and Joarder

122
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(1998) suggested an estimator of finite population variance using random non-response in

survey sampling, Singh et al. (2000) proposed a regression type estimators for random non-

response in survey sampling, Singh and Singh (1979, 1985) suggested an estimators by using

double sampling and unequal sampling under random non-response, Singh et al. (2012) and

Singh et al. (2007) suggested a families of estimators for maen ,ratio and product of finite

population and finite population variance under random non-response and Singh and Tracy

(2001) suggested an estimator of population mean in presence of random non-response.

7.2 Distribution of random non-response, notations

and expectations

Let Ω = (1, 2, ..., N) denote a population of N units from which a simple random sample

of size n is drawn without replacement. If r (r = 0, 1, 2, ..., (n− 2)) denotes the number of

sampling units on which information could not be obtained due to a random non-response,

then the remaining (n− r) units can be treated as a simple random sample from U . It is

assumed that r is less than (n− 1) i.e. 0 ≤ r ≤ (n− 2). Singh and Joarder (1998) assumed

that r has the following discrete distribution as

P (r) =
n− r

(nq + 2p)

(
n− 2

r

)
prqn−2−r (7.2.1)

where p is the probability of non-response, q = 1−p and
(
n−2
r

)
represents that total number

ways to obtain r non-response out of a possible (n− 2). We define

For the variate yi and xi

X̄ = N−1
N∑
i=1

xi : Population mean of the ith variate xi.

Ȳ = N−1
N∑
i=1

yi : Population mean of the ith variate yi.

Cx, Cy: The population coefficient of variation (CV) of the variate y and x.

ρil = Syx/SySx: The population correlation coefficient between the variates y and x.

(n− 1)Syx =
N∑
i=1

(
yi − Ȳi

) (
xi − X̄

)
;Kxy = ρxy

Cy
Cx

K = (K12),d = (λ12Cy + λ12Cx)
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λw1,w2, = µw1,w2,� (µ20)
w1
2 (µ02)

w2
2

(N − 1)µw1,w2 =
N∑
i=1

(
yi − Ȳ

)w1
(
xi − X̄

)w2

where w1 and w2 are non-negative integers

Define the following terms

B = C2
xK

2 +
(CxKλ03 − d)2

(λ04 − λ2
03 − 1)

or B = (C2
xK

2 + ∆B2
1)

where B1 =
∆2

∆
,∆2 = (CxKλ03 − d) and ∆ = (λ04 − λ2

03 − 1)

For the estimates based on the sample are given by:

ȳ = n−1
n∑
i=1

yi, ȳ
∗ = (n− r)−1

n−r∑
i=1

yi, s
2
x = (n− 1)−1

n∑
i=1

(xi − x̄)2,

s∗2x = (n− 1)−1
n−r∑
i=1

(xi − x̄∗)2 are conditionally unbiased estimators of S2
x respectively.

where θ∗ =

(
1

nq + 2p
− 1

N

)
and θ =

(
1

n
− 1

N

)
Singh and Joarder (1998) obtained the following maximum likelihood estimator of p (prob-

ability of non- response),as

p̂ =
(n− 1 + r)−

√
(n− 1 + r)2 − 4rn(n−3)

(n−2)

2 (n− 3)
(7.2.2)

If r = 0 then p̂ = 0, and, if r = n − 2 then p̂ = 1; thus p̂ is an admissible estimators of

response probability p.

Let us define

ȳ∗ = Ȳ (1 + ε0) , x̄∗ = X̄ (1 + ε1) , x̄ = X̄ (1 + ε2) , s∗2x = S2
x (1 + ε3) and s2

x = S2
x (1 + ε4)

Then under the model

E (εi) = 0, (i = 0, 1, ..., 4)

E (ε2
0) = θ∗C2

y , E (ε2
1) = θ∗C2

x, E (ε2
2) = θC2

x, E (ε2
3) = θ∗ (λ04 − 1), E (ε2

4) = θ (λ04 − 1),

E (ε0ε1) = θ∗ρyxCyCx, E (ε0ε2) = θρyxCyCx, E (ε0ε3) = θ∗λ12Cy,E (ε0ε4) = θλ12Cy,

E (ε1ε2) = θC2
x, E (ε1ε3) = θ∗λ03Cx, E (ε1ε4) = θλ03Cx, E (ε2ε3) = θλ03Cx, E (ε2ε4) =

θλ03Cx and E (ε3ε4) = θ (λ04 − 1)
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7.3 Exiting estimators

Srivastava and Jhajj (1981) suggested a class of estimators of the population mean is

defined by

trn = ȳg (u, v) (7.3.1)

where g (u, v) is a function of (u, v), where u = x̄
X̄

and v = s2x
S2
x
, such that g (1, 1) = 1 and

satisfying certain regularity conditions.

To the first degree of approximation the bias and minimum mean square error of t is

respectively, given below

Bias (trn) =
θȲ

2

[
2KyxC

2
xg1 (1, 1) + 2λ12g2 (1, 1) + C2

xg11 (1, 1) + 2λ03Cxg12 (1, 1)

+ (λ04 − 1) g22 (1, 1)] (7.3.2)

MSE (trn) = θS2
y

[
1− ρ2

yx − (λ03ρyx − λ12)2/∆
]

(7.3.3)

Similarly, a class of estimator for mean under random non-response model. Singh et al.

(2007) suggest a family of estimator under three different strategies. Which provided almost

all the estimators proposed till that date are their special cases.

Strategy I : When random non-response for r units on study variable y and auxiliary

variable x are present in the sample, and the population mean X̄ and the variance S2
x of x

are known.

We define a family of estimators of Ȳ as

trn1 = ȳ∗f (u•, v•) (7.3.4)

where f (u•, v•) is a function of (u•, v•), where u• = x̄∗

X̄
and v• = s∗2x

S2
x

, such that f (1, 1) = 1

and satisfying the following regularity conditions:

1. Whatever the sample (u•, v•) assumes values in a bounded, closed convex subset, S, of

the two dimenstional real space containing the point (1, 1).

2. In S the function f (u•, v•) is continuous and bounded.

3. The first and second order partial derivetives of f (u•, v•) exist as well as are continuous
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and bounded in S.

To the first degree of approximation minimum MSE of trn1 is given by

mim.MSE (trn1) = θ∗S2
y

[
1− ρ2

yx − (λ03ρyx − λ12)2/∆
]

(7.3.5)

where ȳ∗, trn2 = ȳ∗f1 (u•) and trn3 = ȳ∗f2 (v•) are the members of the above family and the

mean square error of ȳ∗, t2and t3 are given by

V ar (ȳ∗) = θ∗S2
y (7.3.6)

min .MSE (trn2) = θ∗S2
y

[
1− ρ2

yx

]
(7.3.7)

min .MSE (trn3) = θ∗S2
y

[
1− λ2

12/ (λ04 − 1)
]

(7.3.8)

Strategy II : We consider the situation when information on variable y can not be obtained

for r units, while the population mean X̄ and the variance S2
x of the auxiliary variable x

are known.

We consider the following family of estimator of Ȳ given by

trn4 = ȳ∗φ (u, v) (7.3.9)

where φ (u, v) is a function of (u, v), where u = x̄
X̄

and v = s2x
S2
x
, such that φ (1, 1) = 1 and

satisfying certain regularity conditions, as defined similarly as in strategy I.

To the first degree of approximation MSE of trn4 is given by

mim.MSE (trn4) = θS2
y

[
1− ρ2

yx − (λ03ρyx − λ12)2/∆
]

+ (θ∗ − θ)S2
y (7.3.10)

where trn5 = ȳ∗φ1 (u) and trn6 = ȳ∗φ2 (v) are the members of the above family and the

minimum MSE of trn5 and trn6 are given by

min .MSE (trn5) = θS2
y

(
1− ρ2

yx

)
+ (θ∗ − θ)S2

y (7.3.11)
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min .MSE (trn6) = θS2
y

[
1− λ2

12/ (λ04 − 1)
]

+ (θ∗ − θ)S2
y (7.3.12)

Strategy III : We consider the situation when information on study variable y can not be

obtained for r units while information on the auxiliary variable x is obtained for all the

sample units. but the population mean X̄ and the variance S2
x of the auxiliary character x

are not known.

Under these circumstances, Singh et al. (2007) defines the following class of estimator of

Ȳ as

trn7 = ȳ∗ψ (u∗, v∗) (7.3.13)

where ψ (u∗, v∗) is a function of (u∗, v∗), where u = x̄∗

x̄
and v = s∗2x

s2x
, such that ψ (1, 1) = 1

and satisfying the regularity conditions, as defined similarly as in strategy I.

To the first degree of approximation MSE of trn7 is given by

min .MSE (trn7) = S2
y

[
θ∗ − (θ∗ − θ)

{
ρ2
yx + (λ03ρyx − λ12)2/∆

}]
(7.3.14)

where trn8 = ȳ∗ψ1 (u∗) and trn9 = ȳ∗ψ2 (v∗) are the members of the above family and the

minimum MSE of trn8and trn9 are defined as below

min .MSE (trn8) = S2
y

[
θ∗ − (θ∗ − θ) ρ2

yx

]
(7.3.15)

min .MSE (trn9) = S2
y

[
θ∗ − (θ∗ − θ)λ2

12/ (λ04 − 1)
]

(7.3.16)

The minimum MSE of the conventional estimators trni (i = 1, 2, ..., 9) can be written as

min .MSE (Trni) = Ȳ 2

{
1−

(
1− min .MSE (trni)

Ȳ 2

)}
(7.3.17)

7.4 Proposed estimators

In this section, we propose the difference and ratio type estimators by using Searls

type transformation (STT) under different strategies. The Searls type transformation can
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be defined as

T = αȳ∗ (7.4.1)

where α is a suitable chosen constant.

The mean square error of the above estimators is given by

min .MSE (T ) =
Ȳ 2MSE (ȳ∗)

Ȳ 2 +MSE (ȳ∗)
(7.4.2)

In above equation (7.4.2) shown that the STD estimators are better than conventional

estimators. The proposed difference and ratio type estimators parallel to strategies given

in the previous section using Searls philosophy are defined below:

Strategy I

Trn1 = α1ȳ
∗ + d1

(
x̄∗ − X̄

)
(7.4.3)

Trn2 = α2ȳ
∗ + d2

(
s∗2x − S2

x

)
(7.4.4)

Trn3 = α3y
∗ + d3

(
x̄∗ − X̄

)
+ k1

(
s∗2x − S2

x

)
(7.4.5)

Tm1 = γ1ȳ
∗
(
X̄

x̄∗

)β1

(7.4.6)

Tm2 = γ2ȳ
∗
(
S2
x

s∗2x

)β2

(7.4.7)

Tm3 = γ3ȳ
∗
(
X̄

x̄∗

)β3
(
S2
x

s∗2x

)η1

(7.4.8)

Strategy II

Trn4 = α4ȳ
∗ + d4

(
x̄− X̄

)
(7.4.9)

Trn5 = α5ȳ
∗ + d5

(
s2
x − S2

x

)
(7.4.10)

Trn6 = α6ȳ
∗ + d6

(
x̄− X̄

)
+ k2

(
s2
x − S2

x

)
(7.4.11)

Tm4 = γ4ȳ
∗
(
X̄

x̄

)β4

(7.4.12)

Tm5 = γ5ȳ
∗
(
S2
x

s2
x

)β5

(7.4.13)
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Tm6 = γ6ȳ
∗
(
X̄

x̄

)β6
(
S2
x

s2
x

)η2

(7.4.14)

Strategy III

Trn7 = α7ȳ
∗ + d7 (x̄∗ − x̄) (7.4.15)

Trn8 = α8ȳ
∗ + d8

(
s∗2x − s2

x

)
(7.4.16)

Trn9 = α9y
∗ + d9 (x̄∗ − x̄) + k3

(
s∗2x − s2

x

)
(7.4.17)

Tm7 = γ7ȳ
∗
( x̄
x̄∗

)β7

(7.4.18)

Tm8 = γ8ȳ
∗
(
s2
x

s∗2x

)β8

(7.4.19)

Tm9 = γ9ȳ
∗
( x̄
x̄∗

)β9
(
s2
x

s∗2x

)η3

(7.4.20)

The biases and MSE’s of the proposed estimators are given in subsequent theorems.

Theorem 7.4.1. The bias and minimum MSE of the proposed ratio estimator Trj , (j =

1, 2, ..., 9) are given by

Biasαj
(
Tmj
)

= Y (γj − 1) + αjBias1

(
tmj
)

(7.4.21)

and

minMSE
(
Tmj
)

= Y
2
(

1−
B2
j

Aj

)
(7.4.22)

where Biasγj
(
Tmj
)

is the first order bias with parameter γj and Bias1

(
tmj
)

is the first

order bias of the conventional estimators counterpart with γj = 1.

Proof. The MSE of Tmj (j = 1, 2, ..., 9) is given by

MSE(Tmj) = Y
2 [

1 + γ2
jAj − 2γjBj

]
The optimum values of scalars involved are tabulated below for ready reference:

γjopt =
Bj

Aj
; (j = 1, 2, ....9)

substituting the optimum value of γj in MSE
(
Tmj
)

we get minimum MSE

MSE
(
Trj
)

= Y
2
(

1−
B2
j

Aj

)
where
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A1 =
[
1 + θ∗C2

y + 2β2
1θ
∗C2

x + β1θ
∗ (C2

x − 4ρyxCyCx)
]

B1 =

[
1 +

β2
1

2
θ∗C2

x +
β1

2
θ∗ (C2

x − 2ρyxCyCx)

]

A2 =
[
1 + θ∗C2

y + 2β2
2θ
∗ (λ04 − 1) + β2θ

∗ {(λ04 − 1)− 4λ12Cy}
]

B2 =

[
1 +

β2
2

2
θ∗ (λ04 − 1) +

β2

2
θ∗ {(λ04 − 1)− 2λ12Cy}

]

A3 =
[
1 + θ∗C2

y + 2β2
3θ
∗C2

x + 2β2
4θ
∗ (λ04 − 1) + β3θ

∗ (C2
x − 4ρyxCyCx)

+β4θ
∗ {(λ04 − 1)− 4λ12Cy}+ 4β3β4θ

∗λ03Cx]

B3 =

[
1 +

β2
3

2
θ∗C2

x +
β2

4

2
θ∗ (λ04 − 1) +

β3

2
θ∗ (C2

x − 2ρyxCyCx)

+
β4

2
θ∗ {(λ04 − 1)− 2λ12Cy}+ β3β4θ

∗λ03Cx

]

A4 =
[
1 + θ∗C2

y + 2β2
5θC

2
x + β5θ (C2

x − 4ρyxCyCx)
]

B4 =
[
1 +

β2
5

2
θC2

x + β5

2
θ (C2

x − 2ρyxCyCx)
]

A5 =
[
1 + θ∗C2

y + 2β2
6θ (λ04 − 1) + β6θ {(λ04 − 1)− 4λ12Cy}

]
B5 =

[
1 +

β2
6

2
θ∗ (λ04 − 1) + β6

2
θ∗ {(λ04 − 1)− 2λ12Cy}

]

A6 =
[
1 + θ∗C2

y + 2β2
7θC

2
x + 2β2

8θ (λ04 − 1) + β7θ (C2
x − 4ρyxCyCx)

+β8θ {(λ04 − 1)− 4λ12Cy}+ 4β7β8θλ03Cx]

B6 =

[
1 +

β2
7

2
θC2

x +
β2

8

2
θ (λ04 − 1) +

β7

2
θ (C2

x − 2ρyxCyCx)

+
β8

2
θ {(λ04 − 1)− 2λ12Cy}+ β7β8θλ03Cx

]

A7 =
[
1 + θ∗C2

y + (θ∗ − θ) {2β2
9C

2
x + β9 (C2

x − 4ρyxCyCx)}
]
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B7 =

[
1 + (θ∗ − θ)

{
β2

9

2
C2
x +

β9

2
(C2

x − 2ρyxCyCx)

}]

A8 =
[
1 + θ∗C2

y + (θ∗ − θ) [2β2
10 (λ04 − 1) + β10 {(λ04 − 1)− 4λ12Cy}]

]

B8 =

[
1 + (θ∗ − θ)

[
β2

10

2
(λ04 − 1) +

β10

2
{(λ04 − 1)− 2λ12Cy}

]]

A9 =
[
1 + θ∗C2

y + (θ∗ − θ) [2β2
11C

2
x + 2β2

12 (λ04 − 1) + β11 (C2
x − 4ρyxCyCx)

+β12 {(λ04 − 1)− 4λ12Cy}+ 4β11β12λ03Cx]]

B9 =

[
1 + (θ∗ − θ)

[
β2

11

2
C2
x +

β2
12

2
(λ04 − 1) + β11

2
(C2

x − 2ρyxCyCx)

+
β12

2
{(λ04 − 1)− 2λ12Cy}+ β11β12λ03Cx

]]
It is noteworthy that the simultaneous optimization w.r.t. γj, βj and ηl of the expression

of MSE is not possible and we use optimum value of βj = βjopt when γj = 1 and use this

within γj = γjopt to obtain .

Theorem 7.4.2. The bias and minimum MSE of the proposed difference estimator Tdi is

given by

Bias (Trni) = Y (αi − 1) (7.4.23)

and

minMSEαi (Trni) =
Y

2
MSE1 (ti)

Y
2

+MSE1 (ti)
(7.4.24)

where MSEαi (Trni) is the first order MSE with parameter αi and MSE1 (trni) is the first

order MSE of the conventional estimators counterpart with αi = 1.

Proof. The MSE of Trn1 is given by

MSE (Trn1) =
Ȳ 2θ∗S2

y

(
1− ρ2

yx

)[
Ȳ 2 + θ∗S2

y

(
1− ρ2

yx

)]
MSE (Trn1) =

Ȳ 2
[
MSE

(
t
(1)
rn1

)]
[
Ȳ 2 +MSE

(
t
(1)
rn1

)]
The optimum values of scalars involved are given below:
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α1 =
Ȳ 2[

Ȳ 2 + θ∗S2
y

(
1− ρ2

yx

)] , d1 = −αρyx
Sy
Sx

.

α2 =
Ȳ 2[

Ȳ 2 + θ∗S2
y (1− λ2

12/ (λ04 − 1))
] , d2 = −α2

λ12Sy
S2
x (λ04 − 1)

.

α3 =
Ȳ 2[

Ȳ 2 + θ∗S2
y

{(
1− ρ2

yx

)
− (λ03ρyx − λ12)2 / ((λ04 − 1− λ2

03)
}] ,

d3 = −α3
Sy
Sx

{
ρyx +

λ03 (λ03ρyx − λ12)2

(λ04 − 1− λ2
03)

}
, k1 = −α3

Sy
S2
x

{
(λ03ρyx−λ12)

(λ04−1−λ2
03)

}
.

α4 =
Ȳ 2[

Ȳ 2 + S2
y

(
θ∗ − θρ2

yx

)] , d4 = −α4ρyx
Sy
Sx

.

α5 =
Ȳ 2[

Ȳ 2 + S2
y

(
θ∗ − θ λ2

12

(λ04 − 1)

)] , d5 = −α5
λ12Sy

S2
x (λ04 − 1)

.

α6 =
Ȳ 2[

Ȳ 2 + S2
y

{
θ∗ − θ

(
ρ2
yx + (λ03ρyx−λ12)2

((λ04−1−λ2
03)

)}] , d6 = −α6
Sy
Sx

{
ρyx +

λ03 (λ03ρyx − λ12)2

(λ04 − 1− λ2
03)

}
,

k2 = −α6
Sy
S2
x

{
(λ03ρyx − λ12)

(λ04 − 1− λ2
03)

}

α7 =
Ȳ 2[

Ȳ 2 + θ∗S2
y − (θ∗ − θ)S2

yρ
2
yx

] , d7 = −α7ρyx
Sy
Sx

α8 = Ȳ 2Ȳ 2+θ∗S2
y−(θ∗−θ)

λ2
12S

2
y

(λ04 − 1)


, d8 = −α8

λ12Sy
S2
x (λ04 − 1)

α9 =
Ȳ 2[

Ȳ 2 + S2
y

{
θ∗ − (θ∗ − θ)

(
ρ2
yx +

(λ03ρyx − λ12)2

((λ04 − 1− λ2
03)

)}]
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d9 = −α9
Sy
Sx

{
ρyx +

λ03 (λ03ρyx − λ12)2

(λ04 − 1− λ2
03)

}

k3 = −α9
Sy
S2
x

{
(λ03ρyx − λ12)

(λ04 − 1− λ2
03)

}
Corollary 7.4.3. The proposed difference estimators for population mean Trni have always

lesser MSE than the conventional estimators for population mean trni (i = 1, 2, ...9), when

αi = 1.

Proof. It may be easily observed from comparision of (7.4.22) with (7.4.24 ). It is interesting

to note that simultaneous optimization w.r.t. the characterizing scalars αi ,di and kj of

the expression of MSE is possible for proposed difference estimator but not proposed ratio

estimators.

Theorem 7.4.4. The proposed difference estimation method is better than proposed ratio

estimation methods (i = 1, 2, ..., 9) iff

αiopt >
B2
j

Aj
(7.4.25)

and vice versa. Otherwise both are equally efficient in case of equality in (7.4.25).

Proof. It may be easily observed from (7.4.24) that the MSE of proposed difference esti-

mators Trni is given by

minMSE (Trni) = Y
2

(1− αiopt) (7.4.26)

Comparing (7.4.26)with (7.4.22), we have the theorem.

Theorem 7.4.5. The proposed ratio estimation method is better than the conventional

estimators tmi , (i = j = 1, 2, ..., 9) iff

B2
j

Aj
>

{
1− min .MSE (ti)

Ȳ 2

}
(7.4.27)

and vice versa. Otherwise both are equally efficient in case of equality in ( 7.4.27)



134 7.5 Empirical study

Proof. It may be easily observed from (7.4.22) that the MSE of proposed ratio estimators

Tmj is given by

minMSE
(
Tmj
)

= Y
2
(

1−
B2
j

Aj

)
(7.4.28)

Comparing (7.4.28)with (7.3.17), we have the theorem.

7.5 Empirical study

Suppose that a bank selected a simple random sample of twenty states without replacement

from the USA during 1997 and collected information (in thousands) on real (y) and nonreal

estate farm loans (x). The selected states are CA, CT, FL, IL, ME, MS, MO, NE, NJ, NM,

ND, OK, SC, TN, TX, UT, VA, WA, WV, and WI. For details of the data set, please see

population-1 on page 1111 in singh (2003). However, assume the information on the real

estate farm loans was not available for four states ME, ND, TX and VA. Parameters of the

population is given below

Y = 27771.73, X = 43908.12 , Ȳ = 555.43, X̄ = 878.16, S2
x = 1176526, S2

y = 342021.5, C2
x =

1.5256, C2
y = 1.1086, λ03 = 1.5936, Sxy = 509910.41, ρxy = 0.8038, N = 50, β =

0.4334, λ12 = 1.0982, λ21 = 0.9387, λ04 = 4.5247, λ22 = 2.8411.

The percentage relative efficiency (PRE) of the proposed estimator are calculated with

respect to ȳ∗ given by

PRE =
V ar(ȳ∗)

min.MSE(Tdi , Tri)
× 100
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Table 7.1: MSE and PRE of the estimators

Estimators Proposed
MSE(PRE) estimators MSE(PRE)

ȳ∗ 14811.97(100) T 14133.39(104.80)
Strategy I
trn2 5242.04(282.56) Trn1 5154.45(287.36)
trn3 9743.77(152.01) Trn2 9445.44(156.81)
trn1 4739.97(312.49) Trn3 4668.24(317.29)
Strategy II
trn5 8182.62(181.02) Trn4 7971.19(185.81)
trn6 11301.09(131.07) Trn5 10901.74(135.86)
trn4 7834.83(189.05) Trn6 7640.78(193.85)
Strategy III
trn8 11871.38(124.77) Trn7 11431.49(129.57)
trn9 13254.64(111.75) Trn8 12708.62(116.55)
trn6 11717.11(126.41) Trn9 11288.37(131.21)

Table 7.2: MSE and PRE of the estimators

Estimators Proposed
MSE(PRE) estimators MSE(PRE)

ȳ∗ 14811.97(100) T 14133.39(104.80)
Strategy I
trn2 5242.04(282.56) Tm1 5067.80(292.27)
trn3 9743.77(152.01) Tm2 9064.70(163.40)
trn1 4739.97(312.49) Tm3 4670.49(317.14)
Strategy II
trn5 8182.62(181.02) Tm4 7887.66(187.78)
trn6 11301.09(131.07) Tm5 10621.99(139.44)
trn4 7834.83(189.05) Tm6 7643.21(193.79)
Strategy III
trn8 11871.38(124.77) Tm7 11381.57(130.14)
trn9 13254.64(111.75) Tm8 12575.49(117.78)
trn6 11717.11(126.41) Tm9 11289.67(131.19)
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7.6 Conclusion

In this chapter, we have concluded that the proposed estimators always perform better

than the estimators proposed by Singh et al. (2012) under random non-response. The

most important conclusion of this paper is that the traditional thought, that the ratio type

estimator can at best match upto its regression counterpart, is vitiated. We have not only

proved that the proposed regression provides an improvement over the traditional regression

counterpart but also proved that the proposed ratio estimator can provide an improvement

over both traditional regression estimator and proposed regression estimator provided their

respective efficiency conditions (7.4.25) and (7.4.23) are satisfied. The computational result

are given in table 7.1 also support this fact.



Chapter 8

Improved estimators for estimation of

population variance presence of

random non-response

8.1 Introduction

In estimation of population characteristics ancillary information closely related to the

main characteristics plays a very important role. The parameters can be estimated more

accurately by making use of information on an auxiliary variable that is correlated with

study variable. The ratio method, regression method and their generalizations are good

examples in this context. In this paper we have considered the problem of estimation of

population variances. Srivastava and Jhajj (1980) suggested a class of estimators using aux-

iliary information for estimating finite population variance. Isaki (1983) proposed variance

estimation using auxiliary information in sample survey then after Prasad and Singh (1990)

proposed some improved ratio-type estimators of finite ppulation variance in sample sur-

veys and Prasad and Singh (1992) also suggested an unbiased estimators of finite population

variance using auxiliary information in sample surveys. Biradar and Singh (1994) proposed

an alternative to ratio estimator of population variance, Cebrian and Garcia (1997) sug-

gested the variance estimation using auxiliary information and Garcia and Cebrian (1996)
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proposed a repeated substitution method.

In survey sampling non-response is a major problem encountered by the practicioners.

We know that the problem of non-response was first studied by Hansen and Hurvitz (1946)

in relation to a mail survey. The non-response adversely affected the estimate of the pop-

ulation characteristics in survey sampling. Many authors dealt with the problem of non-

response andsuggested different type of methods to estimate the population characteristics

under non-response.

Tracy and Osahan (1994) proposed random non-response on study variable versus on

study as well as auxiliary varibles. The problem of random non-response was considered

by Singh and Joarder (1998) and they suggested that by using the auxiliary information

we can improve the efficiency of the estimators of finite population variance. Singh et al.

(2000) proposed a regression type estimators for random non-response in survey sampling,

Ahmed et al. (2005) suggested the estimation of finite population variance in presence of

random non-response using auxiliary variables and Singh et al. (2012) suggested a families

of estimators for finite population variance under random non-response.

8.2 Distribution of random non-response, notations

and expectations

Let Ω = (1, 2, ..., N) denote a population of N units from which a simple random sample

of size n is drawn without replacement. If r (r = 0, 1, 2, ..., (n− 2)) denotes the number of

sampling units on which information could not be obtained due to a random non-response,

then the remaining (n− r) units can be treated as a simple random sample from U . It is

assumed that r is less than (n− 1) i.e. 0 ≤ r ≤ (n− 2). Singh and Joarder (1998) assumed

that r has the following discrete distribution as

P (r) =
n− r

(nq + 2p)

(
n− 2

r

)
prqn−2−r (8.2.1)

where p is the probability of non-response, q = 1−p and
(
n−2
r

)
represents that total number

ways to obtain r non-response out of a possible (n− 2). They studied the effect of random
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non-response on the study and auxiliary variables of several estimators of variance. We

define

s∗2y = (n− r − 1)−1
n−r∑
i=1

(yi − ȳ∗)2 and s∗2x = (n− r − 1)−1
n−r∑
i=1

(xi − x̄∗)2 are conditionally

unbiased estimators of

S∗2y = (N − 1)−1
N∑
i=1

(
yi − Ȳ

)2
and S∗2x = (N − 1)−1

N∑
i=1

(
xi − X̄

)2
, respectively, where ȳ∗ =

(n− r)−1
n−r∑
i=1

yi and x̄∗ = (n− r)−1
n−r∑
i=1

xi.

Also, define µls = (N − 1)−1
N∑
i=1

(
yi − Ȳ

)l (
xi − X̄

)s
, λls = µls

(µ20)l/2(µ̂∗02)
s/2 , θ∗ =

(
1

nq+2p
− 1

N

)
,

θ =
(

1
n
− 1

N

)
and δ∗ =

(
1

nq+2p
− 1

n

)
X̄ = N−1

N∑
i=1

xi : Population mean of the ith variate xi

Ȳ = N−1
N∑
i=1

yi : Population mean of the ith variate yi

Singh and Joarder (1998) obtained the following maximum likelihood estimator of p, λls

and µls as

p̂ =
(n− 1 + r)−

√
(n− 1 + r)2 − 4rn(n−3)

(n−2)

2 (n− 3)
(8.2.2)

µ̂∗ls = (n− 1 + r)−1
N∑
i=1

(yi − ȳ∗)l (xi − x̄∗)s (8.2.3)

and

λ̂∗ls =
µ̂∗ls

(µ̂∗20)l/2 (µ̂∗02)s/2
(8.2.4)

If r = 0 then p̂ = 0 and, if r = n − 2 then, p̂ = 1. Thus p̂ is an admissible estimators of

response probability p.

We have studied the effect of random non-response on the study and auxiliary variables

of several estimators of variance under the following three strategies considered by Singh

and Joarder (1998):

Strategy I : We are considering the situation when random non-response exists on both

the study variable y and the auxiliary variable x and population variance S2
x ofthe auxiliary

character is known.

Strategy II : Then we are considering the situation when information on variable y could
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not be obtained for r units while information on variable x is available andpopulation

variance S2
x of the auxiliary variable is known.

Strategy III : Here we consider the situation when information on variable y could not be

obtained for r units while information on the variable x is obtainedfor all the sample units,

but the population variance S2
x of the auxiliary variable is unknown.

For each strategy, we have proposed a number of estimators and derived approximate

bias and mean squared error. It is interesting that under this distribution of random

non-response the exact bias and mean squared error expressions, up to first order ap-

proximation, exist for the proposed strategies.

Let us define

s∗2y = S2
y (1 + ε0), s∗2x = S2

x (1 + ε1) and s2
x = S2

x (1 + ε2)

Then, under the model using Singh and Joarder (1998) response, we have

E (εi) = 0, (i = 0, 1, 2) E (ε2
0) = θ∗ (λ40 − 1), E (ε2

1) = θ∗ (λ04 − 1), E (ε2
2) = θ (λ04 − 1),

E (ε0ε1) = θ∗ (λ22 − 1), E (ε0ε2) = θ (λ22 − 1) and E (ε1ε2) = θ (λ04 − 1).

8.3 Existing estimators

Strategy I

Under this strategy, Singh and Joarder (1998) suggested the following estimator of finite

population variance.

t
′

1 = s∗
2

y

(
S2
x

s∗2x

)
(8.3.1)

For this strategy, Ahmed et al. (2005) proposed the following estimators for finite popula-

tion variance

tv1 = s∗
2

y

(
S2
x

s∗2x

)α1

(8.3.2)

tv2 = s∗
2

y + k1

(
S2
x − s∗2x

)
(8.3.3)

tv3 =
s∗

2

y S
2
x

θ1s∗2x + (1− θ1)S2
x

(8.3.4)

where α1, k1 and θ1 are suitably chosen constants.
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Theorem 8.3.1. The Mean squared error of t
′
t is given by

MSE
(
t
′

1

)
= θ∗S4

y (λ40 + λ04 − 2λ22) (8.3.5)

Theorem 8.3.2. The minimum MSE of the estimators tvi (i = 1, 2, 3) are equal and given

by

min .MSE (tv1) = min .MSE (tv2) = min .MSE (tv3) = θ∗S4
y

[
(λ40 − 1)− (λ22−1)2

(λ04 − 1)

]
(8.3.6)

Strategy II

Under this strategy, Singh and Joarder (1998) proposed the following estimator of finite

population variance given by

t
′

2 = s∗
2

y

(
S2
x

s2
x

)
(8.3.7)

For this case, Ahmed et al. (2005) proposed the following estimators for finite population

variance given by

tv4 = s∗
2

y

(
S2
x

s2
x

)α2

(8.3.8)

tv5 = s∗
2

y + k2

(
S2
x − s2

x

)
(8.3.9)

tv6 =
s∗

2

y S
2
x

θ2s2
x + (1− θ2)S2

x

(8.3.10)

where α2, k2 and θ2 are suitably chosen constants.

Theorem 8.3.3. The Mean squared error of t
′
2 is given by

MSE
(
t
′

2

)
= S4

y [θ∗ (λ40 − 1) + θ (λ04 − λ22)] (8.3.11)

Theorem 8.3.4. The minimum MSE of the estimators tvj (j = 4, 5, 6) are equal and given
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by

min .MSE (tv4) = min .MSE (tv5) = min .MSE (tv6) = S4
y

[
θ∗ (λ40 − 1)− θ

{
(λ22−1)2

(λ04 − 1)

}]
(8.3.12)

Strategy III

Under strategy III, Singh and Joarder (1998) proposed the following estimator of finite

population variance

t
′

3 = s∗
2

y

(
s2
x

s∗2x

)
(8.3.13)

For this strategy, Ahmed et al. (2005) proposed the following estimators for finite popula-

tion variance given by

tv7 = s∗
2

y

(
s2
x

s∗2x

)α1

(8.3.14)

tv8 = s∗
2

y + k3

(
s2
x − s∗2x

)
(8.3.15)

tv9 =
s∗

2

y s
2
x

θ3s∗2x + (1− θ3) s2
x

(8.3.16)

Theorem 8.3.5. The mean squared error of t
′
3 is given by

MSE
(
t
′

3

)
= S4

y [θ∗ (λ40 − 1) + (θ∗ − θ) {(λ04 − 1) + 2 (λ22 − 1)}] (8.3.17)

Theorem 8.3.6. The minimum MSE of the estimators tvi (i = 7, 8, 9) are equal and given

by

min .MSE (tv7) = min .MSE (tv8) = min .MSE (tv9) = S4
y

[
θ∗ (λ40 − 1)− δ∗

{
(λ22−1)2

(λ04 − 1)

}]
(8.3.18)

8.4 Proposed estimators

The proposed difference and ratio type estimators under three different strategies, as men-

tion above are given below.
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Strategy I

Tv1 = η1s
∗2
y

(
S2
x

s∗2x

)β1

(8.4.1)

Tv2 = η2s
∗2
y + k1

(
S2
x − s∗2x

)
(8.4.2)

Tv3 =
η3s
∗2
y S

2
x

ω1s∗2x + (1− ω1)S2
x

(8.4.3)

Strategy II

Tv4 = η4s
∗2
y

(
S2
x

s2
x

)β2

(8.4.4)

Tv5 = η5s
∗2
y + k2

(
S2
x − s2

x

)
(8.4.5)

Tv6 =
η6s
∗2
y S

2
x

ω2s2
x + (1− ω2)S2

x

(8.4.6)

Strategy III

Tv7 = η7s
∗2
y

(
s2
x

s∗2x

)β3

(8.4.7)

Tv8 = η8s
∗2
y + k3

(
s2
x − s∗2x

)
(8.4.8)

Tv9 =
η9s
∗2
y s

2
x

ω3s∗2x + (1− ω3) s2
x

(8.4.9)

Theorem 8.4.1. The bias and minimum MSE of the proposed ratio estimator Tvj (j =

1, 3, 4, 6, 7, 9) are given by

Biasηj
(
Tvj
)

= S2
y (ηj − 1) + ηjBias1

(
t
j

)
(8.4.10)

and

minMSE
(
Tvj
)

= S4
y

(
1−

B2
j

Aj

)
(8.4.11)

where Biasηj
(
Tvj
)

is the first order bias with parameter ηj and Bias1

(
tvj
)

is the first order
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bias of the non-Searls counterpart with ηj = 1.

Proof. The MSE of Tvj (j = 1, 3, 4, 6, 7, 9) is given by MSE(Tvj) = Ȳ 2
[
1 + η2

jAj − 2ηjBj

]
The optimum values of scalars involved are tabulated below for ready reference:

ηjopt =
Bj

Aj
; (j = 1, 3, 4, 6, 7, 9)

substituting the optimum value of ηj in MSE
(
Tvj
)

we get minimum MSE

MSE
(
Tvj
)

= S4
y

(
1−

B2
j

Aj

)
where

A1 = [1 + θ∗ {(λ40 − 1) + 2β2
1 (λ04 − 1) + β1 (λ04 − 1)− 4β1 (λ22 − 1)}]

B1 =
[
1 + θ∗

{
β2

1

2
(λ04 − 1) + β1

2
(λ04 − 1)− β1 (λ22 − 1)

}]

A3 = [1 + θ∗ {(λ40 − 1) + 2ω2
1 (λ04 − 1) + ω1 (λ04 − 1)− 4ω1 (λ22 − 1)}]

B3 =
[
1 + θ∗

{
ω2

1

2
(λ04 − 1) + ω1

2
(λ04 − 1)− ω1 (λ22 − 1)

}]

A4 = [1 + θ∗ (λ40 − 1) + θ {2β2
2 (λ04 − 1) + β2 (λ04 − 1)− 4β2 (λ22 − 1)}]

B4 =
[
1 + θ

{
β2

2

2
(λ04 − 1) + β2

2
(λ04 − 1)− β2 (λ22 − 1)

}]

A6 = [1 + θ∗ (λ40 − 1) + θ {2ω2
2 (λ04 − 1) + ω2 (λ04 − 1)− 4ω2 (λ22 − 1)}]

B6 =
[
1 + θ

{
ω2

2

2
(λ04 − 1) + ω2

2
(λ04 − 1)− ω2 (λ22 − 1)

}]

A7 = [1 + θ∗ (λ40 − 1) + δ∗ {2β2
3 (λ04 − 1) + β3 (λ04 − 1)− 4β3 (λ22 − 1)}]

B7 =
[
1 + δ∗

{
β2

3

2
(λ04 − 1) + β3

2
(λ04 − 1)− β3 (λ22 − 1)

}]
A9 = [1 + θ∗ (λ40 − 1) + δ∗ {2ω2

3 (λ04 − 1) + ω3 (λ04 − 1)− 4ω3 (λ22 − 1)}]

B9 =
[
1 + δ∗

{
ω2

3

2
(λ04 − 1) + ω3

2
(λ04 − 1)− ω3 (λ22 − 1)

}]
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It is noteworthy that the simultaneous optimization w.r.t, ηj,βj and θl of the expression

of MSE is not possible and we use optimum value of βj = βjopt when ηj = 1 and use this

within ηj = ηjopt to obtain .

Theorem 8.4.2. The bias and minimum MSE of the proposed difference estimator Tvi is

given by

Bias (Tvi) = S2
y (ηi − 1) (8.4.12)

and

minMSEηi (Tvi) =
S4
yMSE1 (tvi)

S4
y +MSE1 (tvi)

(8.4.13)

where MSEηi (Tvi) is the first order MSE with parameter ηi and MSE1 (tvi) is the first

order MSE of the conventional estimators counterpart with ηi = 1.

Proof. The MSE of Tv2 is given by

MSE (Tv2) =

θ∗S4
y

[
(λ40 − 1)− (λ22−1)2

(λ04 − 1)

]
[

1 + θ∗

[
(λ40 − 1)− (λ22−1)2

(λ04 − 1)

]]

MSE (Tv2) =
S4
y [MSE (t2)][

S4
y +MSE (t2)

]
the optimum values of scalars involved are given below:

η2 =
1[

1 + θ∗

{
(λ40 − 1)− (λ22−1)2

(λ04 − 1)

}] , k1 = η2

S2
y

S2
x

(λ22 − 1)

(λ04 − 1)
.

η5 =
1[

1 + θ∗ (λ40 − 1)− θ

{
(λ22−1)2

(λ04 − 1)

}] , k2 = η5

S2
y

S2
x

(λ22 − 1)

(λ04 − 1)
.

η8 =
1[

1 + θ∗ (λ40 − 1)− δ∗
{

(λ22−1)2

(λ04 − 1)

}] , k3 = η8

S2
y

S2
x

(λ22 − 1)

(λ04 − 1)

Corollary 8.4.3. The proposed difference estimators for population mean Tvi have always

lesser MSE than the conventional estimators for population mean tvi (i = 2, 5, 8).
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Proof. It may be easily observed from comparision of (8.4.11) with (8.4.13). It is inter-

esting to note that simultaneous optimization w.r.t. the characterizing scalars ηi ,βi and

θj of the expression of MSE is possible for proposed difference estimator but not proposed

ratioestimators.

Theorem 8.4.4. The proposed difference estimation method is better than proposed ratio

estimation methods (i = 2, 5, 8) iff

ηiopt >
B2
j

Aj
(8.4.14)

and vice versa. Otherwise both are equally efficient in case of equality in ( 8.4.14).

Proof. It may be easily observed from (8.4.13) that the MSE of proposed difference esti-

mators T
i

is given by

minMSE (T
i
) = S4

y (1− ηiopt) (8.4.15)

Comparing (8.4.15)with (8.4.14), we have the theorem.

Theorem 8.4.5. The proposed ratio estimation method is better than the conventional

estimators tvi , (i = j = 1, 3, 4, 6, 7, 9) iff

B2
j

Aj
>

{
1− min .MSE (ti)

S4
y

}
(8.4.16)

and vice versa. Otherwise both are equally efficient in case of equality in ( 8.4.16)

Proof. It may be easily observed from (8.4.11) that the MSE of proposed ratio estimators

Tvj is given by

minMSE
(
Tvj
)

= S4
y

(
1−

B2
j

Aj

)
(8.4.17)

Comparing (8.4.17)with (8.3.18), we have the theorem.

8.5 Empirical study

For empirical study data are related to the total cultivated area during 1978-79 and the

area under wheat in the two consecutive years 1979-80 or a sample of 16 villages selected
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in the Baghpat Tehsil of Meerut District (UP) for the survey on fertlizer practices. The

following parametrs are given below

N = 50, n = 20, r = 4, p = 0.23355, q = 0.76645, θ∗ = 0.043307, θ = 0.03, δ∗ =

0.013307, x̄∗ = 1123.62, ȳ∗ = 735.77, s∗
2

y = 432778.2, s∗
2

x = 1622949,
ˆ

λ
∗

40 = 2.0781, λ̂04 =

2.6128 and λ̂∗22 = 1.1775, β1 = β2 = β3 = ω1 = ω2 = ω3 = 0.110057044.

The percentage relative efficiency (PRE) of the proposed estimator is calculated by

PRE =
V ar(t

′
i)

min.MSE(Tvj)
× 100

The results obtained are reported in the table given below.

Table 8.1: MSE and PRE of the estimators

Strategy I Strategy II Strategy II
Estimators MSE(PRE) Estimators MSE(PRE) Estimators MSE(PRE)

t
′
1 18947012798 t

′
2 16809532992 t

′
3 13649093903

(100) (100) (100)
tv1 = tv2 = tv3 8586258928 tv4 = tv5 = tv6 8634946650 tv7 = tv8 = tv9 8696025021

(220.666) (194.668) (156.957)
Tv1 8154458390 Tv4 8216169296 Tv7 8293333721

(232.351) (204.590) (164.579)
Tv2 8209892648 Tv5 8254394544 Tv8 8310190563

(230.782) (203.643) (164.245)
Tv3 8154458390 Tv6 8216169296 Tv9 8310190563

(232.351) (204.590) (164.245)

It can be easily observed that the proposed estimators Tvj , j = 1, 2, ..., 9 always perform

better than the conventional estimators tvi , i = 1, 2, ..., 9 under the respective strategy.

8.6 Conclusion

The most important conclusion of this paper is that the proposed estimators provide

a considerable improvement over the conventional regression estimator, which is also the

BLUE. Further, it can be concluded that the proposed regression (difference) type estima-
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tors Tvj , j = 2, 5, 8 always perform better than the conventional estimators tvi , i = 2, 5, 8

as establish by corollary 8.4.3. The proposed ratio type estimators Tvj , j = 1, 3, 4, 6, 7, 9

also perform better than the conventional estimators tvi , i = 1, 3, 4, 6, 7, 9 as established by

theorem 8.4.5. The computational results are given in table 8.1, confirm this fact. Also,

the proposed ratio type estimators Tvj , j = 1, 3, 4, 6, 7, 9 perform better than proposed

difference type estimators Tvj , j = 2, 5, 8 under the optimality condition given by (8.4.14).
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