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PREFACE

The thesis entitled ”Heat and Mass Transfer in Fluid and Porous Medium”
comprising of analytical /numerical solutions of some problems related with the topic, is an
outcome of the research work carried out by me during the course of investigations under
the supervision of Prof. B.S. Bhadauria, Professor, Department of Applied Mathematics,

School for Physical Sciences, Babasaheb Bhimrao Ambedkar University, Lucknow.

Flow through porous media occurs in many science and engineering systems. The im-
portant topics investigated in this thesis are that of flow, heat and mass transfer in porous
media. It is a subject of engineering interest, and an important field of study in itself. Sev-
eral contributions have been made in modelling fluid flow, heat, and mass transfer through
a porous medium. These contributions include the introduction of non-Darcy effects on
momentum, energy, and mass transport in porous media for various geometrical configura-
tions and boundary conditions (Nield and Bejan, 1999). A medium which is a solid body
containing pores is called a porous medium. Flow through porous media is also of interest
in chemical engineering (adsorption, filtration, and flow in packed columns), petroleum en-
gineering, hydrology, soil physics, biophysics and geophysics. Two macroscopic properties
of porous media which may be used to describe fluid flow are porosity and permeability.
Therefore, the relevant studies on regulation of heat and mass transfer in the following chap-
ters is performed. For more detailed analysis on thermal instability, refer some excellent

books: Ingham and Pop(2005), Nield and Bejan(2012) and Vafai(2000).

The first problem deals with linear and nonlinear analyses has been done and the
combine effect of internal heating and Soret effect on Darcy - Brinkman convection in a
binary viscoelastic fluid saturated porous layer, heated and salted from below, has been
studied, analytically. Linear stability analysis has been performed by using normal mode
technique and nonlinear analysis is done using truncated Fourier series. The modified
Darcy-Brinkman-Oldroyd model, including the time derivative term, is employed for the
momentum equation. The effects of Darcy number, Soret parameter, relaxation and retar-

dation parameters, solute Rayleigh number, internal heat source, Lewis number and Darcy-



Prandtl number on stationary and oscillatory convection are shown graphically. Also heat
and mass transports are calculated in terms of the Nusselt number and Sherwood number

and presented graphically.

In the second problem, the effect of internal heat source and Soret effect has been
investigated on double diffusive convection in a rotating anisotropic porous medium satu-
rated with a couple stress fluids, heated and salted from below. Linear stability analysis
has been performed by using Normal mode technique and for nonlinear analysis, minimal
representation of Fourier series up to two terms has been considered. The modified Darcy
model, which includes the time derivative term and Coriolis term, has been employed in
the momentum equation. The effect of Taylor number, couple stress parameter, solute
Rayleigh number, internal heat source parameter, Lewis number, Darcy-Prandtl number,
thermal and mechanical anisotropy parameter on the stationary and oscillatory modes of
convection has been obtained and shown graphically, Also the heat and mass transports
are obtained in terms of the Nusselt number and Sherwood number respectively, and shown

graphically.

The third study deals with the effect of internal heating on double diffusive convection
in a rotating anisotropic porous medium saturated with a viscoelastic fluid, which is heated
and salted from below. Linear stability analysis has been performed by using normal mode
technique and nonlinear theory is based on minimal representation of Fourier series up to
two terms. The modified Darcy model, which includes the time derivative and Coriolis
terms has been employed in the momentum equation. The effects of Taylor number, solute
Rayleigh number, internal heat source parameter, diffusivity ratio, relaxation and retar-
dation parameters, thermal and mechanical anisotropy parameters on the stationary and
oscillatory convection are obtained and shown graphically. Also, heat and mass transports
have been obtained in terms of the Nusselt number and Sherwood number respectively and

presented through Figs.

The fourth study deals with the investigation of the effect of internal heating and

Soret effect on linear and nonlinear double diffusive convection in a couple stress fluid satu-



rated anisotropic porous layer, heated and salted from below, analytically. Linear stability
analysis has been performed by using normal mode technique and nonlinear analysis is
done using truncated Fourier series. The modified Darcy model, which includes the time
derivative term, has been employed in the momentum equation. The effects of Vadasz
number, anisotropic parameter, Soret parameter, couple stress parameter, solute Rayleigh
number, internal heat source parameter, Lewis number, Darcy-Prandtl number and nor-
malized porosity on the stationary and oscillatory are shown graphically. Also heat and
mass transports are calculated in terms of the Nusselt number and Sherwood number and

shown graphically.

In the last problem, the double diffusive convection in a Maxwell fluid saturated ro-
tating anisotropic porous layer in the presence of the Soret and Dufour effects has been
investigated. Linear stability analysis has been performed by using normal mode tech-
nique, while nonlinear analysis is done using truncated Fourier series. The flow is also
affected by temperature and concentration gradients in their medium. The modified Darcy
model has been employed in the momentum equation. Effects of mechanical anisotropy
parameter, relaxation parameter, retardation parameter, Darcy-Prandtl number, Dufour
parameter, Soret parameter, solute Rayleigh number and Lewis number on the stationary
and oscillatory modes of convection have been obtained and are shown graphically. Further,

heat and mass transports across the porous medium are also presented in the figures.
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Chapter 1

Introduction

Firstly, we introduce some definitions, hydrodynamic equations, methods and laws, along

with literature review and applications to comprehend the upcoming chapters.

1.1 Fluid Mechanics

Fluid mechanics is the study of flow and forces within the fluids. It is a branch of science
which deals with behaviour of liquids or gases. It has a wide range of applications in many
engineering and technological areas involving aerospace, chemical, civil, environmental,
mechanical, climatological, geological, meteorological and ocean engineering. The matter
is divided into two categories, namely, fluids and solids. If under given thermodynamic
conditions and in the absence of any external force, a matter does not change its shape,
it is called a solid. On the contrary, if it changes its shape, it is called a fluid. Fluids are
further classified into three categories, namely, liquids, gases and plasma. The subject of
fluid mechanics is concerned with the properties and behavior of fluids, whether at rest or in
motion. The subject deals with pressures, velocities, and accelerations in the fluid, including
fluid deformation and compression or expansion. More applications of fluid mechanics can
be seen in the study of flows in natural rivers and artificial channels and the flow of ground
water, the dispersion of pollutants in the atmosphere, lakes, rivers, and oceans and the

flows in the pipelines of crude oil and natural gas from the petroleum fields.



2 1.1 Fluid Mechanics

1.1.1 Newtonian and non-Newtonian fluids

In the Newtonian fluid, viscosity directly depends upon shear stress. Some examples
of Newtonian fluid are mineral oil, glycerin, air, water and alcohol etc. While Non-
Newtonian fluids show completely opposite behaviour i.e. there is no direct dependency
of viscosity upon shear stress. Some examples of Non-Newtonian fluids are paint, tooth

paste etc.

1.1.2 Viscoelastic fluid

Viscoelastic fluid is a type of non-Newtonian fluid which is in the core of research and in-
dustry. Viscoelastic fluids are those that show partial elastic recovery upon the removal of a
deforming stress. Such materials possess properties of both viscous fluids and elastic solids.
Polymeric fluids often show strong viscoelastic effects or in other word. Fluids that have
a stress recovery when shear is relaxed are called viscoelastic. Viscoelasticity is divided
into two major fields: linear and nonlinear. Linear viscoelasticity is the field of rheology
devoted to the study of viscoelastic materials under very small strain or deformation where
the displacement gradients are very small and the flow regime can be described by a lin-
ear relationship between stress and rate of strain. Nonlinear viscoelasticity is the field of
rheology devoted to the study of viscoelastic materials under large deformation, and hence
it is the subject of primary interest to the study of flow of viscoelastic fluids. Nonlinear
viscoelastic constitutive equations are sufficiently complex that very few flow problems can
be solved analytically. The mathematical models have been developed for determining the
stress or strain interactions in viscoelastic fluids and their temporal dependencies. Some

viscoelastic fluids are given by:

Maxwell fluid.

Rivlin-Ericksen fluid.

Jeffrey (Oldroyd) fluid.

Walters B’ Fluid



3 1.2 Overview Heat and Mass transfer

Maxwell fluid

Maxwell (1867) proposed a model of viscoelastic fluids, now known as Maxwell fluids. Such
fluids have the properties both of viscosity and elasticity. For steady flow, fluid behaves

like a Newtonian fluid.

Oldroyd fluid

This model was proposed by Jeffreys (1929). Oldroyd (1953) generalized Jefferys model
and provided a different equation of state for viscoelastic fluids. Such fluids, in the absence
of retardation, behave like Maxwell fluids while in the absence of stress relaxation and

retardation both, yield Newtonian fluids.

1.2 Overview Heat and Mass transfer

Heat transfer and mass transfer are kinetic processes that may occur and be studied sep-
arately or jointly. The study of convective heat and mass transfer is based on terms or
concepts of mass, momentum and energy. The fluid flow obeys certain principles of mass,
momentum and energy. Engineering applications of convective heat and mass transfer are
extremely varied. The heat and mass transfer problems deal with the transfer of heat and

mass by moving fluids within these thermal and concentration boundary layers.

1.2.1 Heat transfer

Heat transfer takes place in a system when heat flows from high temperature to low tem-
perature. Because of this heat flow thermal instability occurs in the system. Heat transfer

process is mainly of three types:

e Radiation
In the process of Radiation, energy transmits in the form of electromagnetic waves.
Radiation may take place in the absence of medium. One of the best examples of

radiation is Sunlight.



1.2 Overview Heat and Mass transfer

e Conduction
In the process of Conduction, heat transfer occurs between two adjacent parts of the
system because of their temperature difference in stationary medium i.e. the medium,
is at rest, which may be a solid or fluid. For example, when a metallic rod is heated

at one end, the heat gets transferred to the other end by conduction.

e Convection
In the process of Convection, heat transfer occurs by actual motion of matter. Con-
vection can be mainly of two types: Natural Convection and Forced Convection.
Convection can take place because of irregular motion of fluid particles in the fluid
and also due to temperature gradients. Boiling of water is the best example of con-

vection. Figure 1.1, is the best example to understand all types of heat transfer.

e A

The sun heats the ground

Radiation

The warm air rises

Convection

Figure 1.1: kinds of heat transfer

We can divide the convective mechanism as follows:

e Natural convection is a type of convection in which heat transfers in fluid because
of the difference of density which occurs due to temperature gradient without any
external disturbances. For Example boiling of water, mantle convection, and oceanic

motions etc.

e Forced convection is another type of convection in which heat transport is not only
because of temperature gradients but it is also driven by some external force such as

fan, pump etc.
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e Mixed convection, is a type of convection when both types of convection men-
tioned above take place simultaneously. For Example solar receivers exposed to wind

currents, electronic devices cooled by fans etc.

1.2.2 Mass transfer

The driving forces for mass transfer are relatively easy to define. These forces give the
expressions for the flux, which can be used in the equations for conservation of mass.
When these equations are discretized using a numerical method and when the resulting
numerical model equations are solved, the results give the concentration distribution and
fluxes in a system as functions of the modeled space coordinates and time. Mass transfer
refers to mass in transit due to species concentration gradient in a mixture, must have a

mixture of two or more species to occur. Mass transfer occurs by two Mechanisms:

e Diffusion mass transfer
In diffusion mass transfer the transfer of matter occurs by the movement of molecules
or species or particles of one component to other. Diffusional mass transfer may occur
either due to concentration gradient (Molecular Diffusion) or temperature gradient

(Thermal Diffusion) or pressure gradient (Pressure Diffusion).

e Convective mass transfer
Convective mass transfer is a mechanism in which mass is transferred between the
fluid and the solid surface as a result of movement of matter from the fluid to the
solid surface or fluid. Convective mass transfer is again classified as Natural or Free

Convection mass transfer and Forced Convection Mass Transfer.

1.3 Rayleigh Bénard convection

The mathematical theory first developed by Rayleigh is now known as Rayleigh-Benard
convection. When the temperature variations within the fluid layer remain small, the
Boussinesq approximation is adopted, which neglects compressibility except for the presence

of a buoyancy term in the momentum equation. Furthermore, viscous heating is often
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negligible compared to thermal driving from the boundary conditions. Rayleigh Bénard
convection is essentially a type of natural convection. It takes place when a horizontal fluid
layer is heated from below, because of this fluid acquires regular patterns of convection
cells known as Bénard cells. The main reason of generation of these convective cells is the
buoyant force acting between the fluid layers because of temperature differences, see Figure

1.2. Rayleigh Bénard convection depends on the buoyancy force, viscous force and depends

ozTgATdS
VKT

on a non-dimensional number known as Rayleigh number defined as Ra = , where
d is the depth of fluid layers, AT is the temperature difference between the fluid layers,
v is the kinematic viscosity of fluid, k7 is the thermal diffusivity of the fluid, ar is the
coefficient of thermal expansion and ¢ is the acceleration due to gravity. Chandrasekhar
(1961) introduced the classical Rayleigh-Bénard convection as an interesting phenomenon,

due to bottom heating of a fluid layer. The convection takes place in the system when the

Rayleigh number exceeds a certain value, known as critical Rayleigh number.

i

T+ AT

Figure 1.2: Rayleigh Bénard convection

1.3.1 Thermal instability

Consider an infinitely extended horizontal fluid layer of depth d which is confined between
two parallel plates, the bottom plane at z = 0 while top one is at z = d. A Cartesian
coordinate system is adopted in such a way that the origin lies on the lower plate and z
axis is considered to be vertically upward. The fluid layer is heated from below and cooled
from above. The physical configuration of the system is explained in Figure 1.3. After
getting enough heat fluid molecules expand and become lighter and so they are forced

by heavy molecules to move up and void space is created due to these molecules, which
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is filled by nearby molecules. The repetition of this mechanism starts the movement in
the fluid. When the temperature gradient is so enough between the fluid layers, a small
pocket of fluids starts moving up into the colder region having higher density. During
this period onset of convection takes place in the system. Bénard(1900), gave the first
quantitative experiments of thermal instability in fluid layers. Lord Rayleigh (1916) gave

the first theoretical treatment to Bénard experiments.

ﬁ

cool z=d
Fluid 9 l
'
Hot 0 z=0 X
Y

Figure 1.3: Thermal instability Diagram

1.3.2 Porosity

It is ratio of the volume of the voids to the total volume of the porous medium. The porosity
of any porous medium ranges between (0,1). The porosity of porous medium is depicted
in Figure 1.4. Let, V} denotes the volume of the fluid (voids), and V,,, denotes the volume

of the material (total volume), then the porosity € is given by,

_

7 (1.3.1)

€

Generally, it is assumed that all the void space are connected. If in a medium some pore
space is disconnected, then one has to introduce an effective porosity defined as the ratio

of connected void space to total volume.
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FILLED PORE SPACE

NO POROSITY

PORE SPACE

POROSITY

Figure 1.4: Figure of Porosity

1.3.3 Permeability

Permeability is a measure of the ease with which a fluid flows through the porous medium.
The degree to which porous within the material is inter-connected is known as effective
porosity. The permeability is independent of the nature of the fluid although it depends
on the geometry of the medium. This permeability constant was first introduced by Darcy
(1856) with the help of his famous experiment known as Darcys law which introduced
permeability as a measurable quantity. The permeability of porous medium is depicted in

Figure 1.5. Here it is denoted by parameter K.

no unconnected connected
pac Pore spac

NON-POToUS porous porous
non-permeable non-permeable permeable

Figure 1.5: Figure of Permeable
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1.4 Mechanism of Dimensionless parameters

The magnitude of individual quantities encountered in a physical problem can assemble
into dimensionless group using dimensional analysis and the differential equations govern-
ing the fluid flow can be recast into dimensionless form. Such equations involve one or
more dimensionless parameters and these are the key factors in determining the qualitative
and quantitative nature of the flow phenomenon. The following dimensionless parameters

appear in this thesis:

1.4.1 Thermal Rayleigh number

The thermal Rayleigh number plays a significant role in liquid layers where the buoyancy
forces are important. Physically, it represents the balance of energy released by the buoy-
ancy force and the energy dissipation by viscous and thermal effects. Mathematically, this
number denotes the eigen value in the study of stability of thermal convective instability

problems. The thermal Rayleigh number is defined as

_ BrpogATd?

HoRT

Ry (1.4.1)

where, AT is the temperature difference between the boundaries, S thermal expansion
coefficient, ¢ is the acceleration due to gravity, d is the thickness of the fluid layer,

thermal diffusivity, p is dynamic viscosity of the fluid, p is fluid density.

1.4.2 Solute Rayleigh number

The Solute Rayleigh number is defined by taking the solute concentration gradient into

account. The solute Rayleigh number is defined as

 BsgASd

VRT

Rs (1.4.2)

where, AS is the solute concentration difference between the boundaries, Sg salute expan-

sion coefficient, g is the acceleration due to gravity, d is the thickness of the fluid layer, k
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thermal diffusivity, v is kinematic viscosity of the fluid.

1.4.3 Taylor number

When a layer of liquid is rotating with a uniform angular velocity, a dimensional parameter

called Taylor number arises and is defined as

2 74 2\ 2
Ta— <4Q2d > _ (QQd ) (1.4.3)
1% 1%

It is a measure of the square of the ratio of coriolis force to viscous force, where 2 is the

characteristic angular velocity, d is depth of fluid layer, and v is the kinematic viscosity.

Generally, the studies show that onset of convection gets delayed by the effect of rotation.

1.4.4 Internal Rayleigh number

The internal Rayleigh number represents the relative importance of the temperature de-
pendent heat source(sink) over thermal diffusion. The internal Rayleigh number is defined

as

R = @ (1.4.4)

RT

where () is the quantity of internal heat generation, d is the thickness of the fluid layer.

1.4.5 Prandtl number

It represents the ratio of the kinematic viscosity to the thermal diffusivity. It is defined as
v

p =V 1.4.5

: (1.45)

This parameter is a measure of the relative importance of viscosity and thermal diffusivity

in the flow field.



11 1.5 Couple-stress fluid

1.4.6 Lewis number

It is defined as the ratio of thermal diffusivity to mass diffusivity. It is used to characterize
fluid flows where there is simultaneous heat and mass transfer by convection. It is named
after Warren K. Lewis (1882-1975).

Le="T (1.4.6)
Rs

where k7 is the thermal diffusivity, kg is the mass diffusivity.

1.4.7 Nusselt number

This parameter is an important one associated with heat transfer problems where the

efficiency of convection is measured by a normalized heat transport called a Nusselt number.

N - Heat transport by(conduction + convection)

1.4.7
Heat transport by(conduction) ( )

1.4.8 Sherwood number

It represents the ratio of the convective mass transfer to the rate of diffusive mass transport,
and is named in honor of Thomas Kilgore Sherwood. The Sherwood number (also called the

mass transfer Nusselt number) is a dimensionless number used in mass-transfer operation.

Convective mass transfer rate

Sp =

1.4.8
Diffusion rate ( )

1.5 Couple-stress fluid

Stokes (1966) was the first to propose the model for couple-stress fluid. Couple-stress fluid
is a type of non-Newtonian fluid having polar effects. Couple stress fluid theory is a simple
generalization of the classical theory of viscous Newtonian fluids that allow the sustenance
of couple stresses and body couples in the fluid medium. The utilization of couple-stress
fluid is in the study of mechanisms of lubrication of synovial joints. The synovial fluid

has been modelled as a couple-stress fluid in human joints by Walicki and Walicka (1999).
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Some more examples are in the fields of extrusion of polymer fluids, solidification of liquid
crystals, animal bloods etc. The couple-stress parameter affects the momentum equation
of the system. Some examples of couple-stress fluid are; Paints, Polymer, blood. Let C' is

the couple-stress parameter, then

fie
= (1.5.1)

where p, p. are fluid viscosity and couple stress viscosity respectively.

1.6 Internal heating

Internal heat is the main cause of energy for celestial bodies caused by nuclear fusion and
decaying of radioactive materials, which keeps the celestial objects warm and active. It
is due to the internal heating of the earth that there exists a thermal gradient between
the interior and exterior of the earth’s crust, saturated by multi-components fluids which
helps convective flow. Therefore, there are huge number of applications of internal heat
generation like in geophysics, reactor safety analyses, metal waste form development for
spent nuclear fuel. This term affects the energy equation of convective system. In this
work, it is considered as a convective parameter R;, which shows a destabilize effect and

given by
_Qa
=

R; (1.6.1)

where () is the internal heat coefficient.

1.7 Porous medium

A porous medium is a material containing a large number of voids (also called pores). In
other words, it is a rigid body with a large number of openings (pores). All rocks in the
upper parts of the earths crust, irrespective of their type, age or origin, contain openings.
However, it is difficult to provide an exact geometrical definition of the notion of a pore.
Pores may be either linked (connected) or isolated (non-connected), distributed in the

material more or less frequently either in a regular manner or in an indiscriminate manner.



13 1.7 Porous medium

Interconnected pores are the effective pores, and ineffective pores are those pores through
which fluid can not pass. This may be either due to surface tension caused by fine holes or
the holes may not be interconnected, so that they do not influence the flow behavior but

may influence the compressibility of a medium. In a porous medium, the voids are classified

Figure 1.6: Pore

according to the behavior of the fluid within these spaces. The interstices or capillaries are
the smallest void spaces in which molecular forces between the molecules of the solid and
those of the fluid are significant. Caverns are the largest void spaces in which the fluids are
partially influenced by the walls of the voids. Intermediary space in size between capillaries
and caverns are referred to as pores. In all situations, the void spaces partially or completely
influence the motion of the flowing fluids in these spaces. The interconnectedness of the
pores allows the fluids to flow through the material. The nature of the porous medium
depends on the interconnected pores and their location, size and shape. A porous medium
is homogeneous if its average properties are independent of location, and heterogeneous if
they depend on location. A natural porous medium has an irregular distribution of pores
with respect to shape and size. A porous medium is not necessarily restricted to have
the pores belonging to only one class and may be embedded with the pores of different
sizes and shapes. According to this description, the term porous medium covers a very
wide range of substances. Beach sand, sandstones, limestone, rye bread, wood, rocks, soil
and human lungs are examples of the natural porous medium whereas concrete, cement,

ceramics, bricks, paper cloth and filter paper are some examples of the man-made porous
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medium,biological tissues (e.g. bones). All kinds of porous media both natural and artificial
have a random void structure. It is quite difficult to characterize a porous medium in terms
of sizes, shapes, orientations and interconnections of voids in the medium, but it is rather
characterized by its two properties namely porosity and permeability, which take care of
all the complexity of a porous medium. In a porous medium, the distribution of pores with
respect to shape and size is irregular. The shape of porous medium is depicted in Figure

1.7.

Figure 1.7: Porous Medium Diagram

1.8 Heterogeneity of Porous media

1.8.1 Homogenous porous medium

A medium is homogenous with respect to a property if the property is independent of

position within the medium.

1.8.2 Isotropic porous medium

A medium is isotropic with respect to a property if the property is independent of the

direction within the medium.

1.8.3 Anisotropic porous medium
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Epherre(1977) was the first to study the anisotropic porous medium. Anisotropic porous
medium is defined as a porous medium having different permeability in different direction.
It has its applications in chemical engineering process and insulating purpose. Castinel and
Combarnous (1974) conducted the first study on the convective flow in anisotropic porous
media. Their work was supplemented by Epherre(1977) and Tyvand (1980) which took into
account respectively the anisotropy of the thermal diffusivity and the effect of dispersion
in the case of an uniform flow. The effects of anisotropy on the convective stability of the

porous layer are reported by McKibbin (1992).

1.8.4 Saturated porous medium

A porous medium is said to be saturated porous medium if its pore volume is connected

and inhabited by a specific fluid. As all pores filled with water.

1.8.5 Unsaturated porous medium

A porous medium is said to be unsaturated porous medium if its pore volume is not fully

inhabited by a fluid. e.g. Dry sponge.

1.9 Hoton-Rogers-Lapwood convection

Horton and Rogers (1945) and Lapwood (1948) studied the Rayleigh Bénard convection
in a horizontal porous medium, therefore named as Hoton-Rogers-Lapwood convection or
Darcy Bénard convection. In this case the non-dimensionlised Darcy Rayleigh number is
defined as Rap = %ﬁm, here K is permeability. Thermal convection in porous media
has attracted the researchers very much because of its huge applications in various fields
like petroleum industry, chemical engineering and geophysics etc. Interested authors can

read the unique books (Problem related to thermal instability in a fluid saturated porous

medium) are given by Ingham and Pop(2005), Nield and Bejan(2012) and Vafai(2000).
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1.10 Double diffusive convection

Double-diffusive convection arises due to combined diffusion of heat and mass, driven by
buoyancy effect. The density gradients that provide the driving buoyancy force are induced
by the combined effects of temperature and concentration in the fluid non-uniformly. If
heat and salt are involved in fluid saturated medium, the heat diffuses more rapidly than
a dissolved substance and convection sets in. A two component fluid layer is displaced
vertically and loses excess heat more rapidly than excess solute. To compare with mono
diffusion, a single component fluid layer is stable if the density decreases in the vertically
upward direction whereas a fluid layer consisting of two components can diffuse relative to
each other and may be dynamically unstable. The resulting buoyancy may act either to
increase the displacement of particle, cause of a monotonic instability, or reverse the direc-
tion of displacement of particles, cause of an oscillatory instability, depending on whether
the solute gradient is destabilizing and the temperature gradient is stabilizing or vice-versa.

In terms of temperature T and concentration S, the density of mixture is expressed as

P = ,0()[1 — O./T(T - T()) + BT(S - So)], (1101)

where ap and (7 are the thermal and solute expansion coefficients, 7" and S are the tem-

perature and the solute content, respectively.

1.11 Cross diffusive convection

The convection driven by buoyancy that is contributed by two different diffusion compo-
nents, as temperature and solutal concentration with differing rates of diffusion is widely
known as double diffusive convection or two component convection. Furthermore,when two
transport processes take place simultaneously they interfere with each other, producing
cross diffusion effects. This has two types of effects; one as Soret effect and other is Dufour
effect. Soret effect was introduced by Soret (1879) in fluids, it refers to mass flux produced
by a temperature gradient. The energy flux caused by a composition gradient was discov-

ered in 1873 by Dufour and was correspondingly referred to the Dufour effect. It can also
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be known as diffusion thermo effect to indicate that it is the inverse of thermal diffusion or
Dufour effect refers to heat flux produced by a concentration gradient. For porous media,
the phenomena of cross diffusion are complicated because of the interaction between the
fluid and porous matrix, and accurate values of cross-diffusion coefficients are not available.

The quantitative experimental data suitable for model validation are quite rare.

1.12 Governing equations

In fluid dynamics, every fluid follows certain basic properties, where the hydrodynamical
flow of a viscous fluid is governed by varying density and temperature, which are given

below:

(a) Equation of continuity
The equation of continuity basically represents the conservation of mass. It states that, the
rate of generation of mass within a given volume must be balanced by an equal net outward

flow of mass through the volume. The differential form of equation of continuity is:

9
a—’;+v.<pq> —0. (1.12.1)

For incompressible fluid, the above expression is reduces to
V.¢=0, (1.12.2)

where ¢ is fluid velocity and p is fluid density.

(b) Momentum equation

oq 1
a—(j +(qV)G = — VPt vV2q+ F, (1.12.3)

where v is kinetic viscosity, p is pressure, I is the body force term, represents an external

forces that act on the fluid, for example: gravity, wind, etc.
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(c) Energy or temperature equation

or

- @V = ke VT + Q(T — Tp). (1.12.4)

It is based on the law of conservation of energy. k7t is the thermal conductivity which is

proportional constant in Fourier’s law of heat conduction. () is coefficient of internal heat.

(d) Boussinesq approximation
Boussinesq approximation introduced by Boussinesq (1903) consists essentially of neglect-
ing variation of density in the inertia term but retaining them in the buoyancy term. The
Boussinesq approximation is a common method to deal with the convective problems. This
approximation states that, the density differences are sufficiently small that it can be ne-
glected everywhere except where they appear in terms multiplied by g, the acceleration due

to gravity. Mathematically, it is defined as

Here ar is the thermal expansion coefficient, and subscript 0 is the reference value.

1.13 Hydrodynamic equations for porous medium

(a) Equation of continuity

V.i=0. (1.13.1)
(b) Momentum equation
pOq o,
-— =—-Vp— — . 1.13.2
co = VP~ pdt s (1.13.2)

(c) Energy or temperature equation
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T
%—t +(¢V)T = kpV°T. (1.13.3)

(d) Oberbeck-Boussinesq approximation

ps = poll — ar(T —Ty)], (1.13.4)

where € is porosity of the porous medium, p is the dynamic viscosity, K is permeability

and kr is overall thermal conductivity.

1.13.1 Darcy law

The fluid flow in a porous medium is governed by this law, which is given by Henry Darcy in
(1856). He found that there is a proportionality relation between flow rate and the applied
pressure difference. Darcys law is applicable when the flow is streamlined or laminar in
which the movement of individual fluid particles in a pore flow along paths nearly parallel
to the walls of the pores. The laminar flow region is at low flow rates, where inertial
effects are very small that they can be neglected and it breaks down at adequately high
flow rates. Another restriction on the use of Darcys law applies to the flow of gases at low
pressures. If the velocities in the pores become significantly high, the inertial forces may

become commensurable with the frictional forces. Mathematically defined as
K
qg=——Vp, (1.13.5)
]
where all the parameters already discussed in above sections.

1.13.2 Brinkman-extended Darcy model

The above Darcy law is valid for only sufficiently small and linear seepage velocity (g).
Thus for high velocity i.e. for high Reynold numbers, the extension of Darcy law is given
by

Vp= -0+ av3g, (1.13.6)
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where [z is a quantity having the dimension of viscosity and it is known as the effective

viscosity. The effective viscosity is not expected to be the same as the viscosity of the fluid.

1.14 Boundary conditions

To study any dynamical system, the boundary conditions are used for the calculation of

dependent variables. On the basis of lower and upper boundaries of a convective system,

given below are some different types of boundary conditions such as rigid-rigid, free-free,

rigid-free and free-rigid.

1. Zero normal velocity: ¢ = 0 for both rigid and free boundaries.

2. Rigid boundary

(a)

Zero tangential velocity (no slip): For a viscous fluid, the boundary condition
on a surface assumes no relative velocity between the surface and the liquid im-
mediately at a the surface. If the boundary surface is stationary, with the flow

moving past it, then

For an inviscid fluid, the flow slips over the surface, hence, at the surface the
flow must be tangent to the surface.

gn =20
where 7 is a unit vector perpendicular to the surface. The boundary condi-
tions elsewhere in the flow depend on the type of problem being considered, and
usually pertain to inflow and outflow boundaries at a finite distance from the
surfaces, or aninfinity boundary condition infinitely far from the surfaces.
Boundary condition for the z-component of velocity are

— Ow

w = 52 = 0, for rigid boundaries.
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3. Free boundary
Zero tangential stress: In the case of a free surface the boundary conditions for ve-
locity depends on the whether. If there is no surface tension at the boundary,i.e. the
free surface does not deform in the direction normal to itself, then
w=0
Consider the z-axis perpendicular to the x y plane,therefore w does not vary with

respect to x and y, i.e.

ow __ ow __
%—0 and 8y—0

Boundary condition for the z-component of velocity are

_ %w

w = 5z = 0, for free boundaries.

This is the stress-free condition.

4. Conducting (isothermal): For isothermal boundary wall, the temperature distur-

bances must be zero at the boundary.

5. Insulated (adiabatic): For adiabatic boundary wall, the temperature of the wall

change, but there should be no through-flow of temperature.

1.15 Methods of solution

1.15.1 Numerical and Analytical methods

Stability Theory: Consider a basic state (steady state) of a physical problem whose
stability is to be examined. Consider a state near this basic state and examine whether
the system will tend to the considered basic state as time passes. To examine the stability
or instability of a given physical system, examine as to how the equilibrium configuration
reacts to small fluctuations (disturbances) which are either inherent in the system or man
made. The system is said to be stable with respect to a particular disturbance (also called
perturbation) if the perturbation dies down gradually and the system returns to its original

position. On the other hand, if even a single perturbation grows with time and the system
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never returns to its original position, the system is said to be unstable. A system is said to
be stable if it is stable with respect to all perturbations to which it could be subjected. If
the system is unstable even for one special mode of perturbation, it is said to be unstable.
The stability of any flow depends upon the nature of acting infinitesimal disturbances. If
the initial disturbances are small, the governing equations may be linear. For analysing the

stability there are two methods, given below:

e Energy method
We calculate the kinetic energy of the perturbations in this method, and if this kinetic
energy increases along with time increases, then the flow is unstable, and if it tends to
zero at time tends to infinity then the flow is stable. This method fails to provide the
information of unstable system, so it is not generally used for convective problems.
Energy method is global in nature as the kinetic energy of the whole system is calcu-
lated and because of this its applications are restricted. While this provides a surest
limit for the stability of the flow, it is crude in giving the unstable limit. Moreover,
it gives very little information about the local behavior of the perturbations. For
investigating the stability of a flow, once the fluid is confined within rigid boundaries,

sometimes the vorticity of the perturbations is considered in place of kinetic energy.

e Normal mode method
In this method, for determining the stability of a system, the linearized perturbation
equations are formed, within the linear framework, from the equations of conserva-
tion of mass, momentum and energy, retaining only the linear terms in perturbed
quantities. These equations are then solved either analytically or with the help of
variational method or through an integral equation with a set of appropriate bound-
ary conditions. The stability of the system leads to the dispersion relation in the
parameters. Sometimes this dispersion relation is quite complex and an analytical
interpretation may not be possible. Therefore, to determine the effect of a particular
physical parameter on the growth rate of the perturbations, the change by varying
that parameter is analyzed while keeping the other parameters fixed. An increase in

the growth rate implies the destabilizing influence of that particular parameter and
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a decrease in the growth rate shows the stabilizing influence of the parameter. For
providing a complete stability analysis of a given system, an arbitrary disturbance
is expressed as a superposition of certain possible modes, and then the stability of
the system with respect to each of these modes is investigated, based on oscillations
theory. Thus if f'(z,y,z2,t) is a typical wave component describing a disturbance,
it is expressed mathematically, as f'(z,y, 2,t) = f(z)expli(k.x + kyy) + st] where
k* = k2 + k; is the wave number and s is a constant to be determined which, in
general, is complex so that s = s, + is;. Infinitesimal perturbations of the rest state
may either damp or grow depending on the value of the parameter s. The stability
analysis is performed by using frequency of perturbation (s). If Re(s > 0), then
the disturbance will grow exponentially with time, and it will represent an unstable
system. If Re(s = 0), then the system will be neutrally stable. If Re(s < 0), then it
shows a stable system as the disturbance reduces exponentially with time. When s, =
0 s; = 0, the system is marginally stable under the principle of exchange of stabilities
while s, = 0 but s, # 0 represents overstability of periodic oscillatory motion.

In particular, the stability of the system will depend on its stability to the distur-
bances of all wave numbers, and its instability will emanate from the instability with

respect to even one wave number.

Perturbation method: Sometimes, it is not easy to solve an engineering problems,

mathematical non-linear governing equation in real life, directly. In this method, the so-

lution is represented by the initial few terms of an asymptotic expansion. The expansions

may be carried out in terms of introduced parameter which appears in the considered equa-

tion, known as perturbation parameter. Here, y is assumed as a perturbation parameter

such that the solution is available and reasonably simple for xy = 0, this process is known

as regular perturbation method. There is one more kind of perturbation method, known as

singular perturbation method, where the solution cannot be approximated by setting the

parameter value to zero. Mathematically, an expression can be used for approximation to

the solution of U
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U:U0+XU1+X2U2+ ..... , (1151)

where Uy would be the known solution to the exactly solvable initial problem and Uy, Us, ..

are represent the higher-order terms which may be found by successive iterations.

A truncated representation of Fourier series method: The linear stability anal-
ysis is sufficient to find the stability condition of the motionless solution and the corre-
sponding eigenfunctions describing qualitatively the convective flow, however it cannot give
information related to the values of the convection amplitudes, nor regarding the rate of
heat and mass transfer. In order to get this additional information, non-linear analysis is
performed which will help in understanding the physical mechanism with minimum amount
of mathematical analysis and is a step forward toward understanding full non-linear prob-
lem. The Fourier expressions for the physical variables such as stream function, temperature

and solute concentration, are given by

Y = ZZAWL sin(max) sin(nrz), (1.15.2)

n=1m=1

T = Z Z Byyn (T) cos(max) sin(nmz), (1.15.3)
n=1 m=1

o = Z Z Crun(T) cos(max) sin(nmz). (1.15.4)
n=1 m=1

1.16 Heat and Mass transfer in fluid layer and porous
medium

Heat and mass transfer phenomena are found everywhere in nature and are important in
all branches of science and technology. The application of heat mass transfer processes go
to greater lengths in numerous fields of science, engineering and technology. Heat and mass
transfer operations quite often occur in the fields of electric engineering, civil engineering,
aeronautics, metallurgy, environmental engineering, refrigeration, air conditioning, biologi-

cal and industrial processes. The study of geophysics, astronomy, meteorology, agriculture,
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oceanography and food processing demand the knowledge of heat and mass transfer. Heat
and mass transfer flows are highly significant for their varied practical importance. Many
examples of heat and mass transfer applications can be cited from the environment. Beavers
and Joseph (1967) proposed boundary conditions at a naturally permeable wall. Natural
convection in a volumetrically heated fluid layer at high Rayleigh numbers is investigated
by Fan-bill B. Cheung (1977). Chen and Chen (1988) studied onset of finger convection in
a horizontal porous layer underlying a fluid layer. Poulikakos (1986) proposed Buoyancy-
driven convection in a horizontal fluid layer extending over a porous substrate. Beavers
et al. (1974) analysed boundary conditions at a porous surface which bounds a fluid flow.
Kim and Kim (2001) studied the onset of natural convection and heat transfer correlation
in horizontal fluid layer heated uniformly from below. Abdullah AbbasKendoush (2009)
shows theoretical analysis of heat and mass transfer to fluids flowing across a flat plate.
The porous media analogue of Rayleigh-Bénard convection is known as Horton Rogers
Lapwood convection, and was first studied by Horton and Rogers (1945) and by Lapwood
(1948), independently. Nield (1968) was the first to investigate double diffusive general-
ization of the Horton Rogers Lapwood problem. Lapwood examined the breakdown of a
stability of a fluid subject to a vertical temperature gradient in a porous medium and also
discussed the possibility of convective flow. The linear stability analysis of the thermoso-
lutal convection in a sparsely packed porous layer was made by Poulikakos (1986) using
DarcyBrinkman model. The double- diffusive convection in porous media in the presence
of Soret and Dufour coefficients has been analyzed by Rudraiah and Malashetty (1986).
Malashetty and Gaikwad (2002) studied the effect of cross diffusion for Soret and Dufour
coefficients on the double-diffusive convection in an unbounded vertically stratified two
component system with compensating horizontal thermal and solute gradients.

The theory of polar fluids has received wider attention in recent years because the tradi-
tional newtonian fluids cannot precisely describe the characteristics of the fluid flow in-
volved therein. These fluids deform and produce a spin field due to the microrotation of
suspended particles forming micropolar fluid developed by Eringen (1966). The micropolar
fluids take care of local effects arising from microstructure and as well as the intrinsic mo-

tions of microfluidics. The spin field due to microrotation of freely suspended particles set
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up an anti-symmetric stress, known as couple stress, and thus forming couple-stress fluid.
Thus, couple-stress fluid, according to Eringen (1966), is a particular case of micropolar
fluid when microrotation balances with the natural vorticity of the fluid. Malashetty et
al. (2006) investigated the double-diffusive convection in a two-component couple stress
liquid layer with Soret effect using both linear and nonlinear stability analyses. Stability
analysis of a Maxwell fluid in a porous medium heated from below was investigated by
Wenchang Tan and Takashi Masuoka (2007). Gaikwad and Kouser (2013) performed onset
of Darcy-Brinkman convection in a binary viscoelastic fluid-saturated porous layer with
internal heat source. The work was extended by Gaikwad and Dhanraj (2014) to study
Soret effect on DarcyBrinkman convection in a binary Viscoelastic fluid-saturated porous
layer. Alok Srivastava et. al. (2014) investigated the effect of internal heating on double
diffusive convection in a couple stress fluid saturated anisotropic porous medium. Moli
Zhao (2014) analysed double diffusive convection in a Maxwell fluid saturated porous layer
with internal heat source.

More recently Gaikwad and Javaji (2016) examined the onset of Darcy-Brinkman Con-
vection in a Maxwell Fluid saturated anisotropic porous layer. Gaikwad et. al. (2016)
investigated the effect of Soret parameter on the onset of double diffusive convection in a
binary viscoelastic fluid saturated porous layer with internal heat source using linear stabil-
ity theory. Sumathi and Aiswarya (2017) studied a stability analysis of thermal convection
of a saturated rotating, viscoelastic porous layer. Altawallbeh et. al.(2017) examined
the linear stability analysis of double diffusive convection in a viscoelastic fluid saturated
porous layer with cross diffusion effects and internal heat source. Srivastava and Singh
(2018) performed linear and weak nonlinear double diffusive convection in a viscoelastic

fluid saturated anisotropic porous medium with internal heat source.
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1.17 Applications

Convection in porous media has so many practical applications in modern science and
engineering. Scientists and Engineers study flow aspects like momentum, heat and mass
transfer etc in porous media to apply them to a huge area of modern industrial fields that

include:

(a) Petroleum industries need complete knowledge of flow mechanism in order to increase

their recovery.

(b) Since the earth has huge amount of energy resources trapped inside it, especially near
the core. This heat needs to be brought upto the surface from deep interiors travelling its
way through different porous rocks. Here seems to be a need for effective thermal conduc-

tive fluids.

(c) Chemical engineers require the knowledge for mass transfer and chemical reaction pro-

cesses in porous reactors.

(d) Nuclear scientists also require porous media knowledge for effective coolants and mass

transfer fluids for proper functioning of nuclear rectors.

(e) Medical implants are a very crucial applications of porous materials. Porous mate-

rials like stainless steels and titanium are mainly used for this purpose.

(f) Porous materials can also be used as cells, grinding wheels, thermal insulators, ca-

pacitors, catalysts etc.



Chapter 2

Internal heating and Soret effect on
Darcy - Brinkman convection in a
binary viscoelastic fluid saturated

porous layer

2.1 Introduction

There is a large number of practical situations in which convection is driven by internal
heat source in a porous medium. The wide applications of such convection occur in nuclear
reactions, nuclear heat cores, nuclear energy, nuclear waste disposals, oil extractions and
crystal growth. The study concerning internal heat source in porous media is provided by
Tveitereid (1977), who obtained the steady solution in the form of hexagons and two dimen-
sional rolls for convection in a horizontal porous layer with internal heat source. Horton and
Rogers (1945) and Lapwood (1948) were the first to obtained analytically the expression

for critical Rayleigh number for the onset of convection in a fluid-saturated porous layer

This chapter is based on the research article: Internal heating and Soret effect on Darcy - Brinkman
convection in a binary viscoelastic fluid saturated porous layer, Published in International Journal of
Engineering and Research Vol. 6 No. 4 pp. 119-130, ISSN : 2321-9939.
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heated from below. Bejan (1978) studied analytically the buoyancy induced convection with
internal heat source, Parthiban and Patil (1995) studied the effect of non-uniform bound-
aries temperature on thermal instability in a porous medium with internal heat source and
predicted that internal heat source parameter advances the onset of convection. Hill(2005)
performed linear and nonlinear analyses on double-diffusive convection in a porous layer
with a concentration based internal heat source. Bhadauria et al. (2014)-(2012) studied
effect of internal heating on double diffusive convection in a couple stress fluid saturated
anisotropic porous medium and also natural convection in a rotating anisotropic porous
layer with internal heat source. Khan and Aziz(2012) studied transient heat transfer in a
heat-generating fin with radiation and convection with temperature-dependent heat trans-
fer coefficient. Further, there are many studies available on the effect of cross-diffusion on
onset of double-diffusive convection in a porous medium. Thermal convection in a binary
fluid driven by the Soret and Dufour effects has been investigated by Knobloch (1980).
Hurle and Jakeman (1971) performed a theoretical study of Soret driven thermosolutal
convection in a binary fluid mixture. Linear and nonlinear analyses of double diffusive
convection in a fluid saturated porous layer with cross-diffusion effects has been carried out
by Malashetty and Biradar (2012). Rudraiah and Malashetty (1986) carried out a study
on double diffusive convection in a porous medium in the presence of Soret and Dufour
effects, while Gaikwad et. al.(2009 a,b, 2012 a,b) performed a linear and nonlinear double
diffusive convection in a fluid-saturated anisotropic porous layer with cross-diffusion and
obtained the effect of cross diffusion coefficients. Bhadauria et al. (2013) investigated the
double diffusive convection in a fluid saturated anisotropic porous layer with Soret effect
and internal heat source. Rudraiah and Siddheshwar (1998) did a weak nonlinear stabil-
ity analysis of double diffusive convection with cross diffusion in a fluid saturated porous
medium and obtained some very interesting results. Convection in binary fluids is a com-
plex process. The presence of concentration currents as well as thermal currents leads to
linear and nonlinear behavior. In a binary fluid, the density depends on both temperature
and solute concentration. This leads to a competition between heat diffusion and solute
diffusion, and consequently oscillatory motions may occur. The oscillatory convective insta-

bility in binary fluid mixtures is well understood by Platten and Legros (1984).Taslim and
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Narusawa (1986) investigated binary fluid composition and double diffusive convection in a
porous medium. Further, the studies of double diffusive convection in porous media plays
very significant roles in many areas such as in petroleum industry, solidification of binary
mixture, migration of solutes in water saturated soils. Other examples include; geophysics
system, crystal growth, electrochemistry, the migration of moisture through air contained
in fibrous insulation, Earth’s oceans, magma chambers etc. The studies on double diffusive
convection in a porous media has been presented in details by Ingham and Pop (2005),
Nield and Bejan (2013), Vafai (2000),(2005) and Vadasz (2008) in their books. Further, it
was performed by many other researchers, namely; Poulikakos (1986), Travison and Bejan
(1986), Momou (2002) etc. The very first study on double diffusive convection in porous
media was mainly concerned with linear stability analysis, and was performed by Nield
(1968). It is well known that the Darcy’s law is not valid for non-Newtonian fluid flows
in porous media. Swamy et. al.(2012) studied the onset of Darcy-Brinkman convection
in a binary viscoelastic fluid saturated porous layer, where the modified Darcy-Brinkman-
Oldroyd model has been developed. However, published works on thermal convection of
viscoelastic fluids in porous media are fairly limited. Rudraiah et al.(1990) have studied
the thermal stability of a viscoelastic fluid saturated sparsely packed porous layer. Kim
et al.(2003) studied the thermal instability of viscoelastic fluids in a porous medium by
performing linear and nonlinear analyses. Yoon et al.(2004) analyzed a linear theory the
onset of thermal convection in a horizontal porous layer saturated with a viscoelastic liquid.
Zhang et. al.(2008) carried out thermal convection for Oldroyd-B fluids in porous media
with linear and nonlinear, heated from below. Gaikwad and Kouser (2013) investigated
the onset of convection in a binary viscoelastic fluid saturated porous layer with internal
heat source use of Darcy-Brinkman. Gaikwad and Dhanraj (2014) studied Soret effect on
Darcy-Brinkman convection in a binary viscoelastic fluid-saturated porous layer and stud-
ied the cross diffusion effects on convective instability. Stability analysis of Soret-driven
double diffusive convection of a Maxwell fluid in a porous medium has been investigated
by Wang and Tan (2011). Narayana et al. (2012) performed linear and nonlinear stability
analysis of binary Maxwell fluid convection in a porous medium with Soret and Dufour

effects. Malashetty et al. (2009) have investigated the onset of convection in a binary
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viscoelastic fluid saturated porous layer. Kumar and Bhadauria (2011) performed stability
analysis to study thermal instability in a rotating anisotropic porous layer saturated by a
viscoelastic fluid. Malashetty et al. (2006) did an analytical study of linear and nonlinear
double diffusive convection with Soret effect in couple stress liquids. More recently, Gaik-
wad and Kamble (2015) have studied theoretically, the cross diffusion effects on convective
instability in porous media and Gaikwad et al. (2016) have performed a study on double
diffusive convection in a binary viscoelastic fluid saturated porous layer with Soret effect
and internal heat source. Therefore in the present chapter, linear and nonlinear stability
analyses have been performed to study the effect of internal heat and Soret parameter on

Darcy-Brinkman convection in a binary viscoelastic fluid saturated porous layer.

2.2 Mathematical Formulation

Consider a viscoelastic fluid saturated porous layer, confined between two infinitely ex-
tended horizontal planes at z = 0 and z = d, heated from below and cooled from above.
An internal heat source term has been included in the energy equation. A cartesian frame
of reference is chosen so that the origin lies on the lower plate and the z-axis as vertical
upward. An adverse temperature gradient is applied across the porous layer. The lower
planes is kept at temperature Ty + AT , while upper planes is kept at temperature Ty with

concentration Sy + AS , and Sy respectively. The governing equations are as given

Y& 4+ (@V)T = K, V2T + Q(T — Ty), (2.2.1)

8@ + (JV)S = K22V2S —+ Kzl.V2T,
p=poll — pr(T —Tp) + Bs(S — Syl

\
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where the physical variables have their usual meanings as given in the nomenclature. The

externally imposed thermal and solutal boundary conditions are given by

T ="T,+ AT, at z=0 and T =Ty, at 2z =d,
S =5+ AS, at z=0 and S =29, at 2z =d,

2.3 Basic state

At the state, velocity, pressure, temperature, concentration and density profiles are given
by
@& =0,p=pp(2), T =Tp(2),S = Sp(2), p = pp(2). (2.3.1)

Substituting Eq. (2.3.1) in Eq. (2.2.1), the following relations are obtained:

dpy

5 = P (2.3.2)
d?T,
Ky, 122 +Q(Ty, —Tp) =0, (2.3.3)
d?S,
-, (2.3.4)
po = poll — Br(Ty, — To) + Bs(Sy — So)]. (2.3.5)

Use of the boundary conditions (2.2.2),in the solution of Eq. (2.3.3), is given by

sinv/R;(1 — 3)

T, =To+ AT 2.3.6
b=l T, (2:3.8)

Use of the boundary conditions (2.2.2),in the solution of Eq. (2.3.4)
Sy =Sy + AS(1— ) (2.3.7)

d

Now, superimposing infinite amplitude disturbances on the basic state in the form:

F=@+¢.T=T,+T . p=p+p,.S=S+S5,p=p+ 7, (2.3.8)



33 2.3 Basic state

the following set of equations is obtained:

(1+ /\1%)(%0%—({ + Vp' — p(BrT" — BsS")g) = (1 + Ag%)(uCVQq’ — Lg),
VG (@ VT + w5 = Ky V2T + QT (2.3.9)

e% + (V) —w'BE = Kp V25" + Ky V2T,

L 7= —po(BrT" — BsS")

Infinitesimal perturbation was applied to the basic state of the system and then the pressure
term was eliminated by taking curl twice of Eq. (2.2.1)(b). The above resulting equations

are non-dimensionalized using the following transformations,

7d2 K11

j=— 2.3.10

(Q:/’y/’zl) — (.’,C*7y*7z*)d7 t/ t (

K
(u,v,w) = (u”‘,v”‘,w*)(i

L), T = (AT, S = (AS)S"

T, , Sy in dimensionless form are given as
T, = (1-2), (2.3.11)

Sb = (1 - Z)
The non dimensionalized equations (on dropping the asterisks for simplicity) are

1
0 Qv% RarV3T + RagV3is

0
8t)(P7*D ot )~

ot

(1+ X\ (14 A=) (D Viw — VZw) =0 (2.3.12)

VR0 ¥|T—w=0 (2.3.13)
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0 1
[en— - VQ—] S+ (¢.V)S — S, V2T —w =0 (2.3.14)
ot L.
where Prp = 2= Cf( is Darcy-Prandtl number, Rar = %ITIKd is the thermal Rayleigh

_ BsgASKd
- vKi1

— QF

number, Rag is the solute Rayleigh number, R; oo s the internal Rayleigh

parameter, \; = (%))\1 is relaxation parameter , \y = (%))\2 is retardation parameter,

— Ku ; ; _
L, = T 18 Lewis number, S, =

Ko AT
K11AS

the Soret parameter, €, = % normalised poros-

ity. The above system will be solved by considering stress free and isothermal boundary
conditions as given below:

0*w

:W:T:S:O on z=0,z=1. (2.3.15)

w

2.4 Linear stability Analysis

In order to do the linear stability analysis of the system, Eq. (2.3.12)-(2.3.14) subject to the
boundary condition given in Eq.(2.3.15), time dependent periodic disturbance in horizontal

plane are used as

(w,T,S) = (W,0, p)exp(i(lx + my) + ot) (2.4.1)

where a are horizontal wave number and o = o, +i0;, growth rate. Substituting eq.(2.4.1)

into the linearized eq.(2.3.12)-(2.3.14), it is obtained

(I4+A0)( PiD (D?—a®)W +a?Rar©—a?Ragd)— (1410 ) (D> —a?)[(Dy (D> —a?)*~1)]W = 0
(2.4.2)
[0 —(D*—a*) — RO -W =0 (2.4.3)
2 _ 2

leno — 2 7 C)o—W — (D? - a?)S,0 = 0. (2.4.4)

where a? = [? + m?, The boundary conditions (2.3.15) are now

d*W

W=——F=0=¢=0o0n 2=0,z=1. (2.4.5)

dz2
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The solution w, ©, ¢ are assumed as

(W(2),0(z2),0(2)) = (Wo, O, po)sinnrz (n=1,2,3,...) (2.4.6)

The most unstable mode corresponds to n = 1 (fundamental mode). Therefore, substitut-

ing Eq. (2.4.6) with n = 1 into Eq. (2.4.2)-(2.4.4), the matrix form A x=0 is obtained as

(P:D + /\(Da52 + 1))(52 —GQRGT CLQRCLS WO 0
-1 o+ 62 — R; 0 @0 =10
-1 S,.62 €,0 + i—i b0 0

The thermal Rayleigh number can be expressed as

U—Ri+(52(1 —ST)

52
€,0 + .

2
Rap = & (L 4 A(Dyd? + 1)) (0 +82— R)+

R 24.7
a’\Prp s ( )

where 62 =72 +a% A= % The growth rate o is in general a complex quantity such
that 0 = o, + i0;. The system with o, <0 is always stable, while for ¢, >0 it will become

unstable. For neutral stability state o, = 0.

2.4.1 Stationary State

Setting ¢ = 0 at the margin of stability, the expression for thermal Rayleigh number for

stationary mode of convection is as given below:

2 2
Ray = % (1 + D,6%)(8% — R,) +

a?

(682(1 = S,) — R;)L

= °Rasg, (2.4.8)

It is important to note that the critical wave number a = a5¢, where a5* = /S satisfies the

following equation

2D,S* + (3D,m* 4+ 1)S? — m*(D,m* +1) =0 (2.4.9)
In the absence of Soret effect,i.e. S, =0, Eq.(2.4.8) becomes

2 2
Ray = (1 4 D82)(8% — R) +

a?

(62 — R;) L.
62

Ras. (2.4.10)
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For the system without internal-heating, i.e., R; =0

(1% + a?)?

Rast = - (1+ D.6%) + L.Ras (2.4.11)

This is exactly the same as obtained by Swamy et. al.(2012) When D, — 0

(7 + a2)?

Rat = = + L.Rags (2.4.12)

In case of single component fluid, the solutal Rayleigh number is zero i.e. Rag = 0,

(72 + a2)?
a? ’

Ra = (2.4.13)

which is the classical result obtained by Horton and Rogers (1945) and Lapwood (1948) for

single component fluid in porous layer.

2.4.2 Oscillatory State

Now set 0 = i0; in Eq.(2.4.7) and removing the complex quantities from the denominator,

to obtain Ra%¢ = Ay +i0;A,.
where
52 2 2 1 + /\1A20’2 2 1 (Da62 + 1)(/\2 — )\1)
N (G 1)(T/\%a2> ~ (5t 1 o )| @2a1)
€no? + 0L (1 - S,) — LR,
R(ls
(02L:1)? + €202
52 1 (D 52 + 1)()\2 — )\1) 1 + /\1/\20’2
Ny == |(8*—R; 2 D6 4+ 1) — 55— 2.4.1
2T [(5 Rl)(PTD—i_ 1+ \o? >+( a0+ )< 1+ \o? )} ( )

52[/6_1 — Gn(52(1 - ST) - R’L)

+ (02L;1)2 + €202

RCLS

for oscillatory mode Ay = 0 and (0; # 0).which is not given for brevity. The thermal

Rayleigh number for oscillatory mode is given as:

Rag*® = A. (2.4.16)
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2.5 Nonlinear stability Analysis

In this section, nonlinear stability analysis is done using minimal truncated Fourier series.

For simplicity, one can confine oneself only to two dimensional rolls, so that all the physical

quantities do not dependent of y. Introducing the stream function ¢ as u = g—f,w = —g—?ﬁ
and taking curl of Eq. (2.2.1)(b) to eliminate pressure term,
0 1 0 or oS 0
1 ) =—=(V? — = — ) =(1 —)(D, V% — V? 2.5.1
(1405 (g (V) + Rar Gy — Bas ) = (14 M) (DV'e = V20) - (25.0)
(E v R1>T 502 " 9w =" (2.5.2)
0 _ o, S) oy
— = L'V?)§ — - — =S, V’T = 2.5.
(6"(% eV )S 9w 2) "ar VI (253)

It is to be noted that the effect of nonlinearity is to distort the temperature and concen-
tration fields through the interaction of ¢y and T ;| 1 and S. As a result a component of
the form sin(27z) will be generated. A minimal Fourier series which describes the finite

amplitude convection is given by

= Ay (t)sin(ax)sin(mz), (2.5.4)
T = As(t)cos(ax)sin(mz) + As(t)sin(2mz), (2.5.5)
S = Ay(t)cos(ax)sin(rz) + As(t)sin(2mz), (2.5.6)

where the amplitudes A;(t) , Aa(t), As(t) ,As(t), As(t) are functions of time and are to be
determined. Substituting above expressions in Eqgs. (2.5.1)-(2.5.3) and equating the like

terms, the following set of nonlinear autonomous differential equations were obtained

dA,
— =20 2.5.7
7 (2.5.7)
dB . _PT’D ( 52
dt 82\ L Prp

+ Ae D0t 4 62 Xg) B + 62(1 + Do) Ay (2.5.8)

dA dA
+aRarAs — aRagAy + a)\lRaTd—tz — a)\lRan—;]
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dA
_dt2 = —|ad; + (6% — R;) Ay + 7TCLA1A3] (2.5.9)
dA
OO (R, — An?) Ay + "2 A, A, (2.5.10)
dt 2
dA 1
d_t‘* = —€—<aA1 + L7602 Ay + maA  As + 5,62 Ay) (2.5.11)
dA 1
o L %GA1A4 + 4728, As) (2.5.12)

2.5.1 Steady finite amplitude motions

Set % =0, the above system becomes

B=0 (2.5.13)
6%(1 + Do6*) A1 + aRap Ay — aRagAy = 0 (2.5.14)
aA; + (6% — R;) Ay + maA Az =0 (2.5.15)

9 ma
aAy + L710% Ay + maA As + S,.0°A; = 0 (2.5.17)
AT LT A — %GA1A4 + 4728, A5 = 0 (2.5.18)

Numerical method was used to solve the above nonlinear differential equation to find the

amplitudes. On solving for the amplitudes in terms of Ay, Ay, A3, A4, A5 are obtained.

2.5.2 Steady Heat and Mass Transports

In the study of this type problem, quantification of heat and mass transport is very impor-

tant. If H and J are the rate of heat and mass transport per unit area,then

aTtoml >
z=0

i = _KH< 0z

(2.5.19)

J— _K21<8Tt0tal >Z:O _ K22< O0Siotal >Z:0 (2'5'20)
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where the angular bracket corresponds to a horizontal average and

Thota = Tp — AT% +T(x, 2,t) (2.5.21)

Stotal = S0 — AS% + S(IE,Z,t)

Subsitituting eq. (2.5.5)-(2.5.6)into eq.(2.5.21) and using the resultant eq.(2.5.19),(2.5.20),

K1 AT
g B

(1— 27 A,) (2.5.22)

 K»AS
T4

J (1—27As) + S, Le(1 — zwAg)] (2.5.23)

The Nusselt number and Sherwood number, which denote the rate of heat and mass trans-

port respectively, are given by

Nu = gxg = (1 -2714) (2.5.24)
d
J
Sh = Ko NS = (1 — 27TA5) —|— STLe(l — 27TA3)
d

Using the expressions (2.5.22)-(2.5.23) and substituting As, As of into eqs.(2.5.24),finally

the expressions for N, , S} are obtained.
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Figure 2.1: Variation of Stationary Rayleigh number with wave number for the different
values of R; and S,
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Figure 2.2: Variation of Stationary Rayleigh number with wave number for the different
values of Rag and D,

Figure 2.3: Variation of Stationary Rayleigh number with wave number for the different
values of L,

2.6 Results and Discussion

This paper investigates the combined effect of internal heating and Soret parameter on sta-
tionary and oscillatory convection in a porous medium saturated with a binary viscoelastic
fluid and discusses the effects of various parameters on the onset of double diffusive convec-
tion. The expressions for the stationary and oscillatory modes of convection for different
values of the parameters such as Prantdl number, relaxation parameter, retardation pa-
rameter, solute Rayleigh number, Lewis number, Soret parameter and Darcy number are
computed, and the results are depicted in figures. The neutral stability curves in the (Ray,a)
plane for various parameter values are as shown in Figs. 2.1 - 2.6. The values of the parame-

ters are fixed as Prp = 10, Ay = .8, Ay = .1, Rag = 100, L, = 2, S, =.05, D,=.1 and R; = 3,



41 2.6 Results and Discussion
500 [ T 500 N T T
450} 400 -
[ 1 300f
400} i
2 g |
: {200}
350j [
i 100}
I oF

Figure 2.4: Variation of Oscillatory Rayleigh
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Figure 2.5: Variation of Oscillatory Rayleigh number with wave number for the different
values of Rag, D,

and except the varying parameter. From Figs. 2.1, 2.4(a) , it is observed that an increment
in the value of internal heat source R; , decreases the values of stationary and oscillatory
Rayleigh number, which means that the effect of increasing the internal heat source R; is to
destabilize the system. In Figs. 2.1, 2.4(b), the effect of Soret parameter (S, ) is depicted,
respectively for both stationary and oscillatory convection. It is found that an increment in
the value of Soret parameter, decreases the value of Rayleigh numbers for both stationary
and oscillatory mode of convection, thus onset of convection takes place at an early point.
Figs. 2.2, 2.5(a) depict the effect of solute Rayleigh number Rag on the onset of convection.
It is found that the effect of increasing the value of Rag is to increase the value of Rayleigh
number Rar thus stabilizing the system in both stationary and oscillatory modes. Further,

Figs. 2.2, 2.5(b) show that the effect of increasing the Darcy number D, is to increase the
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Figure 2.6: Variation of Oscillatory Rayleigh number with wave number for the different
values of L., \1,Prp, Ao

value of Rayleigh number Rar thus stabilizing the system that is the onset of convection
will take place at a later point. However, the effect of increasing the Lewis number L, is
found to increase the value of Rayleigh number for stationary mode and decrease the value
for oscillatory modes, thus to stabilize the stationary mode of convection and destabilize
the oscillatory convection [Figs.2.3, 2.6(a)]. Also, from Figs.2.6(b, c),It is found that the
oscillatory Rayleigh number decreases on increasing the value of the relaxation parameter
and Prandtl number , indicating that the effect of relaxation parameter A\; and the Prandtl
number Prp is to destabilize the system. Thus, the oscillatory convection takes place at
an early point. However, from Fig. 2.6(d), the effect of retardation parameter \s is found
to stabilize the system, thus opposite to that due to A;.

Now, fix the values of the parameters as Rag = 100, L, = 2,D, =.1,5, = .05 and R; =
3 to compute the heat and mass transports across the porous medium. The results have
been obtained for steady state motion, in terms of the Nussult and Sherwood numbers and
depicted in the Figs. 2.7, 2.8 respectively. It is found that the steady state values of N,

and Sy approach 3 as Rar increases. Further, it is found from Figs. 2.7, 2.8(a) that the
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Figure 2.7: Graph between Nusselt number and Rayleigh number for the different values
of parameter (a), (b), (c), (d)

value of N, decreases, while that of S increases on increasing the values of Soret parameter
S,.. This shows that the effect of Soret parameter is to decrease the heat transport, thus
stabilizing the system and increase the mass transport in the system. In Figs. 2.7(b, ¢)
and Figs.2.8(b, ¢), it is found that heat and mass transports increase on increasing R; and
L. , thus destabilizing the system. However, Rag has a stabilizing effect on the system as

heat and mass transport decrease on increasing its value [Fig. 2.7, 2.8(d)].

2.7 Conclusions

Effects of Soret parameter and internal heat source on double diffusive convection
in a binary viscoelastic fluid saturated porous layer, heated and salted from below, is
investigated analytically using linear and nonlinear stability analysis. Following conclusions

are drawn:

1) The Internal heat source R; and Soret parameter S, have destabilizing effect on the

system in both stationary and oscillatory modes of convection.
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2)

The Darcy number D, and Solute Rayleigh number Rag have stabilizing effect on

both stationary and oscillatory convection.

The Lewis number L. has stabilizing effect on stationary mode of convection while

destabilizing effect on oscillatory mode of convection.

Relaxation parameter A\; and Prandtl number Prp have destabilizing effect, while

retardation parameter Ay has stabilizing effect on the oscillatory convection.

Increments in Lewis number L. and internal Rayleigh number R; increase, while in

decrease heat and mass transports in the system.

Effect of Soret parameter S, is to decrease the heat transfer and increase the mass

transfer in the system.



Chapter 3

Double diffusive convection in a
couple stress fluid saturated rotating
anisotropic porous layer with internal

heating and Soret effect

3.1 Introduction

A well-known phenomenon that involves coupled heat and mass transfer is the thermal
energy flux that is generated by concentration gradients is called the Dufour (diffusion-
thermal) effect. However, the effect of the temperature gradient on mass flux is known as
the Soret (thermo-diffusion) effect. Swiss scientist J. Soret was the first to study the thermo
diffusion in 1879. Hurle and Jakeman (1971) performed theoretical study of Soret driven
thermosolutal convection in a binary fluid mixture. Gaikwad et. al.(2009) studied linear
and non-linear double diffusive convection in a fluid saturated anisotropic porous layer with

cross-diffusion effects. Malashetty et.al.(2012) studied linear and nonlinear double diffusive

This chapter is based on the research article: Double diffusive convection in a couple stress fluid
saturated rotating anisotropic porous layer with internal heating and Soret effect, Published in Samridhi-
JPSET Vol. 10 No. 2 pp. 121-136, ISSN : 2229-7111.
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convection in a fluid saturated porous layer with cross diffusion effect. Recently, Altawall-
beh et al. (2013) have done Soret effect and internal heat source with double diffusive
convection in a fluid saturated anisotropic porous layer. Internal heat generation arises in
many important situations, including reactor safety analyses, metal waste that is produced
by spent nuclear fuel, fire and combustion studies, and the storage of radioactive materials.
The study concerning internal heat source in porous media was provided by Tveitereid
(1977), who studied thermal convection in a horizontal porous layer with internal heat
sources. Hill (2005) performed linear and nonlinear analyses on the double-diffusive con-
vection in a porous layer with a concentration based internal heat source. Bhadauria et al.
(2011),(2012),(2014) studied the effect of internal heating on double diffusive convection in
a couple stress fluid saturated anisotropic porous medium.

The study of double diffusive convection in a rotating porous media is importance both
theoretically and due to its practical applications in engineering. Some of the important
areas of application in engineering include the food and chemical process, solidification
and centrifugal casting of metals, rotating machinery, petroleum industry and biomechan-
ics problems. Chakrabarti and Gupta (1981) have analyzed the nonlinear thermohaline
convection in a rotating porous medium. The effect of rotation on linear and nonlinear
double diffusive convection in a sparsely packed porous medium was studied by Rudra-
iah et.al.(1986). Malashetty et al.(2010),(2013) performed double diffusive convection in a
Darcy porous medium saturated with couple stress and also carried out effect of rotation on
the onset of double diffusive convection in a Darcy porous medium saturated with couple
stress fluid. Malashetty and Heera(2008) studied the onset of double diffusive convection
in a horizontal anisotropic porous layer with rotation. Gaikwad (2012) have studied linear
stability analysis of double diffusive convection in a horizontal sparsely packed rotating
anisotropic porous layer in presence of Soret effect. Sulochana et.al (2012) performed the
onset of double diffusive convection in a couple stress fluid saturated rotating anisotropic
porous layer. Bhadauria et al.(2013) studied cross diffusion convection in a Newtonian
fluid saturated rotating porous medium. Very first study on double diffusive convection in
porous media mainly concerns with linear stability analysis, and was performed by Nield

(1968).
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With the growing importance of non-Newtonian fluids with suspended particles in modern
technology and industries, the investigation of such fluids is desirable. Applications of such
fluids are found in extrusion of polymer fluids in industry, exotic suspension, fluid film
lubrication, solidification of liquid crystals, cooling of metallic plate in bath, colloidal and
suspension solutions. In the category of non-Newtonian, couple stress fluids have specific
features, such as polar effect. The theory of polar fluids and related theories are models
for fluids whose microstructure is mechanically significant. Theory for couple stress fluid
was proposed by Stokes (1966), which is a simpler polar fluid theory and shows all the
important features and effect of such fluids that occur inside a deforming continuum. Sta-
bilizing effect of couple stress parameter is reported in the works of Sharma and Thakur
(2000), who investigated thermal instability in an electrically conducting couple stress fluid
with magnetic field. Sunil et al. (2004) studied the effect of suspended particles on double
diffusive convection in a couple stress fluid saturated porous medium, Sharma and Sharma
(2004) investigated the effect of suspended particles on couple stress fluid, heated from
below, in the presence of rotation and magnetic field. Malashetty et al. (2006) have done
an analytical study of linear and nonlinear double diffusive convection in couple stress lig-
uids with Soret effect. Gaikwad et al. (2014) performed linear stability analysis of double
diffusive convection in a horizontal sparsely packed rotating anisotropic porous layer in the
presence of Soret effect. Malashetty and Kollur (2011) investigated the onset of double dif-
fusive convection in a couple stress fluids saturated anisotropic porous layer. Shivkumara
(2011) carried out linear and non linear stability analysis of double diffusive convection in
a couple stress fluid saturated porous layer. No work is available in the present literature
related to the rotation with an internal heat source and Soret parameter. Therefore, in
the present chapter stability analysis of Soret effect and internal heating effect on double
diffusive convection in a rotating anisotropic porous medium saturated with a couple stress

fluids has been investigated.
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3.2 Mathematical Formulation

We consider an infinitely extended horizontal planes at z=0 and z=d fluid saturated porous
medium, which is heated from below and cooled from above. Darcy model has been em-
ployed in the momentum equation. Further, an internal heat source term has been included
in the energy equation. A cartesian frame of reference is chosen in such a way that the
origin lies on the lower plane and the z-axis as vertical upward. The system is rotating
about z-axis with a constant angular velocity €2. An adverse temperature gradient is ap-
plied across the porous layer. The lower planes is kept at temperature Ty + AT , while
upper planes is kept at temperature T}, with concentration Sy + AS , and Sy respectively.

The governing equations are as given below

V.i=0, (3.2.1)
1.0 2 S -
5(a—i’) = —=Vp+ pog(BrT — BsS) — %Q X q— (1= 1eV?)a, (32.2)
or .. a7,
g + (V)T =V (kr.VT)+ QT —w 5, (3.2.3)
60 4 (GV)S = 0S4 kTS 4 K VT, (3.2.4)
p = —polBrT — BsS] (3.2.5)

where the physical variables have their usual meanings as given in the nomenclature.

The externally imposed the thermal and solutal boundary conditions are given by

T="T,+ AT, at 2=0 and T =Ty, at  z=d,
S =50+ AS, at z=0 and S =29, at z=d,

3.3 Basic state

At this state the velocity, pressure, temperature, concentration and density profiles are
given by
@& =0,p=pp(2), T =Tp(2),S = Sp(2), p = pu(2). (3.3.1)
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Putting Eq.(3.3.1) in Eq.(3.2.1)-(3.2.4), the following equations are obtained:

dpy
_— = 3.3.2
d*T
9 _ (3.3.4)
dz2 o
Tb = (1 — Z), Sb = (1 — Z) (335)

Use of the boundary conditions (3.2.6), in the solution of Eq. (3.3.3), is given by

sin Qd -2
T, =Ty + AT (<\/:>(d12 d)). (3.3.6)
sin <\/%>

Use of the boundary conditions (3.2.6), in the solution of Eq. (3.3.4),

Sy = Sy + AS(1 — §> (3.3.7)

The following non dimensional variable has been introduced

vd?

Rz

(7,y,2) = (2", y",27)d, t=1t"(—), (3.3.8)

(u, v, w) = (u*, V", w*)(“;), T = (AT)T*, S = (AS)S*

To obtain non dimensional equation (After dropping the asterisks for simplicity and

testing)y = 1, the non dimensional equation aref

18, , 10 ), 1 0 1 ) 02
[(PTdav + (Vh+ g@)(l cV ))(Prda +g CV )+Ta@ w (339>
(L ) (Rar VT - RagV2S) =0
Pgor g Y VHATYal TGS Yas) =
9 2o, 07 Ty _
=~ (V34 5) — RZ}T fuws =0, (3.3.10)
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[% - L%VQ] S—w—SVT=0 (3.3.11)
where T, = (%)2 is Taylor number, P4 = %7212 is Darcy-Prandtl number, Ray =
%ﬁ@d is the thermal Rayleigh number, Rag = %ﬁf@d is the solute Rayleigh number,
R, = g;f is the internal heat source parameter, C' = % is the couple stress fluid, L. = %

Ky

is Lewis number, n = % is thermal anisotropy parameter, £ = == is mechanical anisotropy
z

K
parameter. consider the stress free and isothermal boundary conditions as given below will
be solved the above system:

0?w

W= ——
022

=T=S=0o0n 2=0,z=1 (3.3.12)

3.4 Linear stability Analysis

In order to do linear stability analysis one needs to solve the eigenvalue problem defined
by Eq.(3.3.9)-(3.3.11) subject to the boundary conditions Eq.(3.3.3),(3.3.4), Using time

dependent periodic disturbance in horizontal plane, one can write
(w, T, 8) = (W,0, ¢)expli(lx + my) + ot] (3.4.1)

where 1,m are horizontal wave number and o = o, + i0;, growth rate. Substituting Eq.

(3.4.1) into the linearized Eq.(3.3.9)-(3.3.11). We obtain

o 1

2 2 2 _
ot O =)+ LD ]W = (3.42)

— —a))(1—c(D* —a?)) )

g L 2 2 2 2
<Prd+f C(D a))( a“Rar® + a Ra5¢>
[0 — (D* —na®) — Rj]© —W =0 (3.4.3)
[0 — —(D* - a*)]¢p — W — (D* — a*)S,0 = 0. (3.4.4)
where D = d/dz and a* =[* +m? The boundary conditions (3.4.1), now reads
W=DW=0=¢=0 at 2=0,1:
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Solutions of Eqgs. (3.3.9)-(3.3.11) satisfying the boundary conditions (3.4.1), are assumed
as

(W(2),0(z2),0(2)) = (Wo, O, po)sinnrz (n=1,2,3,...)

od? 9 o, O 1 9 9
[(Pd+51(1+05 ))(Pd+g+05)+Taw]W0+ (3.4.5)
1
(;d + E + C6?) |:a2RaT®() + aZRagqu] =0
|:O' + (53 - Rz} @0 - W() =0 (346)
52 9
[o + L—} do — Wo + 628,00 = 0 (3.4.7)

Solve the above Egs. to get the thermal Rayleigh number in the form

T,

R pu—
o (= + Ly Co)

(0 +02 —Ry) [(052

+02(1 4 C6%)) +
Prd

2 + (3.4.8)

(O’ + 5% - Rl) - (52S7~
(0 + L) + ¢+ 09

Rag [

where a? = [ +m?, 6 = %2 +a?, 62 = *+na®. The growth rate o is in general a complex
quantity such that o = o, + io;. The system with o, <0 is always stable, while for o, >0

it will become unstable. For neutral stability state o, = 0.
A. Stationary State

The steady omnset corresponds to 0,=0 (i.e.0, =0;=0). The expression for the thermal
Rayleigh number and the corresponding wave number of the system for a stationary mode

of convection are as given below:

62 — R; T,m? (02 — R;) — 6%S
Rast — 201+ 06%) 4 —2 }+Ra [ 2 Tt o, 3.4.9
P P el T e e )
It is important to note that the critical wave number a = a2' depends on the couple

stress parameter and Taylor number. In the absence of Taylor number, i.e. when Ta = 0,
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Eq.(3.4.9) gives

st
Rayp =

52 — R
- (3.4.10)

(14 C0?)

(5%(1 + 052)) + Rag [
L
For isotropic porous media when £ = 1 and without internal-heating, i.e., R; = 0 we get

(72 + a2)?
a?

(7% 4+ a?) — (7% + aQ)ST]
F(1+C)

Rast = (1+C62) + Rag[ (3.4.11)

which is the result given by Malashetty et. al. (2011) For single component fluid, Rag = 0

(w2 + a?)?

st __
Ray = "

(1+C6?) (3.4.12)

which is the one obtained by Shivakumara et. al. (2011). When C = 0 (i.e. Newtonian

fluid case), s
(7% +a?)

st
Ray = "

(3.4.13)

which has the critical value Ra3! = 47 for a5t = 72 obtained and which are the classical
results by Horton and Rogers (1945) and Lapwood (1948).

B. Oscillatory State

For oscillatory mode of convection set o = io; in Eq.(3.4.8) and removing the complex
quantities from the denominator, to obtain

RCL%SC = Al + iUiAz.

. d1d3 + U2d2d4

Ay = 3.4.14

&+ od (3.4.14)
dods — dydy

_ 2% 7 it 3.4.15

2T B+ o2 ( )

For oscillatory onset Ay = 0 and (o; # 0. where o is the oscillatory frequency which is not
given for brevity.
where

2

Ay = T,72Pra(62 — Ry) — 0202 (B0 4 14 06%) 4 62 P01+ C82)((03 — Ri) (L + %) — £-)
Ay = (02(03 — Ri)(} + C82) — 222 + 52P,(1 + C62) (5 4+ L 4 C8) + Tun® Bry)

Py
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Bl = RCL5<(5§ — Rz - (5257)

BQ == RCLS
Cy = a? P} + C5?)
Cg == CL2

2

Cs= (&3 +C) — &)
Ci= (£ + 1+ C6)
dy = A1C5 + BiCy — 02(AyCy + BoCs)
dy = AyC5 + A1Cy + ByCy + B1Ch
dy = C1C3 — 02CoC4

dy = CyCs + C1C4

we have the necessary expression for oscillatory Rayleigh number as:

d1d3 + 0'2d2d4

Ragc = A, =
g Y B+

(3.4.16)

3.5 Nonlinear stability Analysis

In this section, nonlinear stability analysis using minimal truncated Fourier series has been
considered. For simplicity, only two dimensional rolls have been considered, so that all

physical quantities do not dependent of y. Introducing stream function ¢ such that u =

g—f, w = _8—8;” then taking curl to eliminate pressure term from Eq.(3.2.2) and then non-

dimensionalizing the resulting equations by using transformation given by Eq.(3.3.8) the

following equations are ontained

(Ptd% : (8‘9—; + %aa—;)u ~ V)0~ (L0 4 Rar S~ Rasor =0, (35.)
(;d% I (% _ cv2)>v 4 (Ta)ég—f =0, (3.5.2)
<%§‘W£;+§;_&DT+%%_?£i?:Q (3:5:3)

(% - Liev2)s + g—i’ - ?é: f)) —8,V2T =0 (3.5.4)
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It is to be noted that the effect of nonlinearity is to distort the temperature and concen-

tration fields through the interaction of ¢ and T, ¢ and S. As a result, a component of

the form sin(27z) will be generated. Here V is zonal velocity induced due to rotation. A

minimal Fourier series which describes the finite amplitude convection is given by

W = My(t)sin(ax)sin(mz),

T = M, (t)cos(ax)sin(rz) + My(t)sin(2rz),
S = Mj(t)cos(ax)sin(mz) + My(t)sin(27z),

V = F(t)sin(ax)cos(mz) + G(t)sin(2nz),

(3.5.5)

(3.5.6)
(3.5.7)

(3.5.8)

where the amplitudes My(t) , Mi(t), Ma(t) ,Ms(t), My(t) , F(t) and G(t) are functions of

time and are to be determined. Substituting above expressions in Eqs. (3.5.1)-(3.5.4) and

equating the like terms, the following set of nonlinear autonomous differential equations are

obtained

where

dX
— =D
dt
X = (MOaM17M27M37M4aF7 G)T
D — (D07D17D27D37D47D57D6)T
—-P. )
Dy = —2[(1 + C8*)6? My — n(T,)2 F + aRar M, — aRasMs)

62

Dy = —[aMy + maMyM; + (63 — R;)M,]
Dy = —[(47% — R))M> — %aMoMl]

1
D3 = —[CLMO + 62L_M3 + 7TCLM0M2 + Sr(52M1]

1
Dy = [ =M, - %MOM3 + 4728, M)

D5 = —Prd[(é + C(SZ)F + W(Ta)%Mo]

(3.5.9)

(3.5.10)
(3.5.11)

(3.5.12)

(3.5.13)

(3.5.14)

(3.5.15)
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Dy = _prd% + )G (3.5.16)

Numerical method was used to solve the above nonlinear differential equation to find the

amplitudes.
A. Steady finite amplitude convection

For steady state finite amplitude convection, left hand sides of the eq.(3.5.10)-(3.5.16) are

put to zero.

(1+ C6%)62My — m(T,)2 F + aRarM; — aRagMs = 0 (3.5.17)
aMy + maMoMy + (65 — R))M; = 0 (3.5.18)
9 ma
1
aMy + 52L—M3 + TaMoyM; + S,.6*M, = 0 (3.5.20)
9 1 Ta 9
4 L_M2 - 7MOM3 + 47 STMQ =0 (3521)
1 ,
(E + CO*)F +7(T,)2 My =0 (3.5.22)
1 2
(E + Cr*)G =0 (3.5.23)

On solving for the amplitudes in terms of My, it is obtained

( M, = 2a(4m2—R;) My

T a2Ar242(R,—4n2)(R;—02)’

a?m M3
M2 - _aQA%W2+2(Ri—4(;T2)(R¢—5§)’
3 (3.5.24)
Ms = _ (8aMoLe)[a* M32 (14 Le Sr)+2(Ri —47) (62 S+ Ri—03)]

(a2 M@ L2+852) (a2 MEm2+2(R;—4n?)(R;—62)) ’

M, —  (a®MZLe)[2Le(Ri—4n2) (Ri—83)+n%(a> M3 Le—85,82)]
(4T 7(a?MZL2+862) (a2 M2 72 +2(R; —4n2)(R; —02))
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B. Steady Heat and Mass Transports
In the study of this type problem, quantification of heat and mass transport is very impor-
tant in porous media. Let H and J denote the rate of heat and mass transport per unit

area for the fluid phase, defined by

H= —KT<M;;W >Z:0 (3.5.25)
1= R KT (3520

where the angular bracket corresponds to a horizontal average and
Tyorar = To — AT% +T(x, 2,t) (3.5.27)

Spopat = So — Asg 4 S(z,2,1)

Substituting Eq. (3.5.6)-(3.5.7)into Eq.(3.5.27) and using the resultant eq.(3.5.25),(3.5.26)

H= KTdAT(l — 27 M) (3.5.28)
KsA
== & [(1 — 9w M) + S, Lo(1 — 27 M) (3.5.20)

substituting the value of egs.(3.5.28)-(3.5.29), The Nussalt number and Sherwood number

are defined by

d
J
Sh = KAS = (1 — 27TM4) + STLE(]_ - 27TM2)

d

Using the expression of My, M, in Eqgs.(3.5.30) the expression of Nu and Sh can be obtained,
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Figure 3.2: Stationary neutral stability curves for different values of T,
3.6 Result and discussion

Effects of Soret parameter and internal heat source have been studied on double diffusive
convection in a couple stress fluid saturated rotating anisotropic porous layer using linear
and nonlinear stability analyses. In this section, the effects of the existing parameters on
onset of double diffusive convection have been obtained numerically and presented graph-
ically. The expressions of the thermal Rayleigh number for the stationary and oscillatory
modes of convection have been computed for different values of the parameters; Taylor num-
ber, couple stress parameter, solute Rayleigh number, Darcy-Prandtl number, and Soret

parameter and depicted in figures.
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Figure 3.3: Stationary neutral stability curves for different values of Rag

3000 [+

2800
2600
2400

g B

& 2200
2000

1800}

1600 F

Figure 3.4: Stationary neutral stability curves for different values of S,

3.6.1 Linear analysis

The marginal stability curves in the (Rar, a) plane for the stationary and oscillatory modes
are presented for different values of various governing parameters. The values of the pa-
rameters are fixed as T, = 100, C' = 2, Rag = 100, L, = 2, =.5, Prp = 10, S,=.05, =.5
and R; = 2, except the varying parameter.

In Fig. 3.1 and Fig. 3.9, it is observed that the stationary and oscillatory Rayleigh
numbers decrease with the increase in internal Rayleigh number R;, which indicates that
the internal Rayleigh number destabilizes the system. From Fig. 3.2 and Fig. 3.10, it is
observed that on increasing the value of Taylor number T}, values of stationary Rayleigh
number and oscillatory Rayleigh number increase, thus stabilizing the system and delaying
the onset of convection. Besides, the critical wave number increases with increasing 7.

Fig. 3.3 and Fig. 3.11 depict that the stationary and oscillatory Rayleigh number increase
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with an increment in solutal Rayleigh number Rag, which indicates that the effect of solutal
Rayleigh number is to enhance the stability of the system. Therefore, the solutal Rayleigh
number Rag has a stabilizing effect on the system. Fig. 3.4 and Fig. 3.12 show that in-
creasing the value of Soret parameter S, is to decrease the stationary Rayleigh number, so
it has a destabilizing effect on the stationary convection. On the other hand, the oscillatory
Rayleigh number increases with increasing Soret parameter, which means that the Soret
parameter S, has a stabilizing effect on oscillatory mode of convection. From Fig. 3.5, and
Figs. 3.13, 3.15 it can be found that an increment in the value of couple stress parameter C
and thermal anisotropic parameter are to increase the stationary and oscillatory Rayleigh
number. Thus the system has stabilizing effect for both the modes. It is found from Fig.
3.6 and Fig. 3.14 that the effect of increasing the value of Lewis number L. is to increase
stationary Rayleigh number, which indicates that the Lewis number stabilizes the station-

ary mode of convection, while it has opposite effect on oscillatory Rayleigh number. In Fig.
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3.7 and Fig. 3.15, it is found that increasing the value of thermal anisotropic parameter,
stationary Rayleigh number and oscillatory Rayleigh number increase thus is to stabilize
the system. However in Figs. 3.8 and Figs. 3.16, the oppose effect is found for mechanical
anisotropic parameter. Fig. 3.17(i), shows that increasing the value of the Darcy-Prandtl
number Prp decreases the oscillatory Rayleigh number, indicating that the Darcy-Prandtl

number is to destabilizing the onset of oscillatory convection.

3.6.2 Nonlinear Analysis

The effect of various parameters on the rate of heat and mass transfer is shown in Figs. 3.18
and 3.19 respectively. Figs. 3.18 (a) and 3.19 (a) shows that an increment in the value of the
internal Rayleigh number R; increases both the rate of heat and mass transfer. Figs. 3.18
(b), (c) - Figs. 3.19 (b) and (c) depict that the Nusselt number N, and Sherwood number S},

increase with increasing Soret parameter .S, and mechanical anisotropic parameter, which
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indicates that the effect of mechanical anisotropic parameter and Soret parameter S, is to
increase the rate of heat and mass transfer. In Figs. 3.18 (d), (f) - Figs. 3.19 (d), (g), it can
be seen that both the rates of heat and mass transfer decrease on increasing solute Rayleigh
number Rag and thermal anisotropic parameter. From Figs. 3.18 (e), (g) - Figs. 3.19 (e),
(h), it is noted that increasing the value of couple stress parameter C and Taylor number
T, is to decrease the Nusselt number N, and Sherwood number S}, thus reducing the heat
and mass transfer. In Fig. 3.18 (h) and Fig. 3.19 (f), it is shown that an increment in the
value of Lewis number L, decreases the value of Nusselt number N, and increases the value
of Sherwood number Sy, thus the effect of Lewis number L, has a stabilizing effect on heat

transfer.
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Conclusion

In the present chapter, Soret and internal heating effect on double diffusive convection

in a couple stress fluids saturated rotating anisotropic porous layer, heated and salted

from below, is investigated. The problem has been solved analytically, performing linear

and nonlinear analyses. The linear analysis is done using normal mode technique. The

following findings are made:

1.

2.

The Taylor number T, couple stress fluid C, solute Rayleigh number Rag and thermal
anisotropic parameter has a stabilizing effect on both stationary and oscillatory modes

of convection.

The internal heat parameter R; , mechanical anisotropic parameter destabilize the

stationary and oscillatory system.
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. The effect of Lewis number L, has a stabilizing effect on the stationary and opposite

effect has oscillatory convection.

. The Soret parameter S, has a stabilizing effect on the oscillatory and opposite effect

has stationary convection.

. The Darcy-Prandtl number Prp has a destabilize effect in case of oscillatory convec-

tion.

. The Increasing the value of internal Rayleigh number R; ,Soret number .S, and me-

chanical anisotropic parameter then increase the value of Nusselt number N, i.e.
increased heat transfer but increasing the value of Taylor number 7, ,solute Rayleigh
number Rag, Lewis number L., thermal anisotropic parameter and couple stress pa-

rameter C decrease the value of Nusselt number N,,.
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7. Mass transfer increased with increasing the value of Soret number S, and mechanical
anisotropic parameter, Internal Rayleigh number R;, Lewis number L. i.e. stable and
decrease with thermal anisotropic parameter, Taylor number T, ,and couple stress

parameter C, solute Rayleigh number Rag i.e. destable.
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Chapter 4

Double diffusive convection in a
viscoelastic fluid saturated rotating
anisotropic porous layer with internal

heat source

4.1 Introduction

Most of the studies in relevant area are mainly dealt with isotropic porous media; how-
ever there are many physical situations where thermal and mechanical anisotropy exists in
porous matrix, one of such examples is our geothermal environment. Anisotropy is generally
a consequence of preferential orientation of asymmetric geometry of porous matrix or fibers
and is in fact encountered in numerous systems in industry and nature, also in artificial
porous matrix anisotropy can be made deliberately according to applications. Srivastava
et al.(2014) studied the effect of internal heating on double diffusive convection in a couple

stress fluid saturated anisotropic porous medium.

This chapter is based on the research article:Double diffusive convection in a viscoelastic fluid satu-
rated rotating anisotropic porous layer with internal heat source, published in International Journal of
Research in Advent Technology,Vol.6, No.12,3524-3536 (2018).

68
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There is large number of practical situations in which convection is driven by internal heat
source. Internal heat generation arises in many important contexts, including reactor safety
analyses, metal waste that is produced by spent nuclear fuel, fire and combustion studies,
and the storage of radioactive materials. The study concerning internal heat source in
porous media was done by Tveitereid (1977), performing thermal convection in a horizontal
porous layer with internal heat source. Hill (2005) performed linear and nonlinear analyses
on the double-diffusive convection in a porous layer with a concentration based internal
heat source. Bhadauria (2012) studied the effect of internal heating on double diffusive
convection in a fluid saturated anisotropic porous medium. The study of double diffusive
convection in a rotating porous media is important due to both, its theoretical and practi-
cal applications in engineering. Some of the important areas of applications in engineering
include the food and chemical process, solidification and centrifugal casting of metals, rotat-
ing machinery, petroleum industry and biomechanics problems. There are only few studies
available on double diffusive convection in the presence of rotation.Chakrabarti and Gupta
(1981) have analyzed the nonlinear thermohaline convection in a rotating porous medium.
The effect of rotation on linear and nonlinear double diffusive convection in a sparsely
packed porous medium was studied by Rudraiah et.al. (1986). Malashetty et al.(2013)
studied the effect of rotation on the onset of double diffusive convection in a Darcy porous
medium saturated with couple stress fluid. Malashetty and Heera (2008, 2009) studied the
effect of rotation on the onset of double diffusive convection in a horizontal anisotropic
porous layer. Gaikwad (2012) have done the linear stability analysis of double diffusive
convection in a horizontal sparsely packed rotating anisotropic porous layer in presence of
Soret effect. Sulochana et.al (2012) studied the onset of double diffusive convection in a
couple stress fluid saturated rotating anisotropic porous layer. Bhadauria et al. (2013)
studied cross diffusion convection in a Newtonian fluid-saturated rotating porous medium.
The work published on natural convection of viscoelastic fluids in porous media is fairly
limited. Convection in a viscoelastic fluid-saturated sparsely packed porous layer is stud-
ied by Rudraiah et al. (1990, 1982). Mardones et al. (2000, 2003) have investigated the
Rayleigh-Benard convection for stationary convection in a binary viscoelastic fluid. Yoon et

al. (2003, 2004), Kim et al. (2003), and Bertola and Cafaro (2006) studied the stability of a
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viscoelastic fluid where an existing constitutive model, which is rather simple, was employed
to examine the effects of relaxation and retardation times on the stationary and oscillatory
convection in a horizontal porous layer heated by a constant temperature. Park and Park
(2004) studied Rayleigh-Benard convection of viscoelastic fluids in arbitrary finite domains.
Convective instabilities in a viscoelastic-fluid-saturated porous medium with throughflow
have been studied by Shivakumara and Sureshkumar (2007). Linear and nonlinear stability
analyses of thermal convection for Oldroyd-B fluids in a porous media heated from below
has been studied by Zhang et al.(2008). Malashetty et al. (2007) studied the onset of con-
vection in a binary viscoelastic fluid-saturated porous layer. Kumar and Bhadauria (2011)
have studied non-linear two-dimensional double diffusive convection in a rotating porous
layer saturated by a viscoelastic fluid. Gaikwad et al. (2013) performed a binary vis-
coelastic fluid-saturated porous layer in internal heat source with onset of Darcy-Brinkman
convection. Recently Srivastava et al.(2018) have studied linear and weak nonlinear double
diffusive convection in a viscoelastic fluid saturated anisotropic porous medium with inter-
nal heat source. In the literature, no work is available on double diffusive convection in a
rotating porous layer saturated by a viscoelastic fluid with an internal heat source. There-
fore, in the present study stability analysis of internal heating effect on double diffusive
convection in a rotating anisotropic porous medium saturated with a viscoelastic fluid has

been done.

4.2 Mathematical Formulation

Consider a viscoelastic fluid saturated porous medium, confined between two infinitely
extended horizontal planes at z = 0 and z = d , heated from below and cooled from above.
Darcy model has been employed in the momentum equation. Further, an internal heat
source term has been included in the energy equation. A Cartesian frame of reference is
chosen so that the origin lies on the lower plane and the z-axis as vertical upward. The
system is rotating about z-axis with a constant angular velocity €2. An adverse temperature
gradient is applied across the porous layer. The lower planes is kept at temperature T +

AT . while upper planes is kept at temperature Ty, and concentration Sp + AS , and
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Sp respectively. The physical configuration of the model is reported in Figure 4.1. The

z
a _A
. ~
T
T=Ts, S=% 7 =d
>
viscodastic fluid
..‘...‘.
PYY X X1 XL L .
T =To+AT, S=Sy+AS o z=0

Y

Figure 4.1: Physical configuration of the problem

governing equations are as given below

V.7=0, (4.2.1)
—0 —0 —0
(1+ Ala)%Q X q+ %(1 +thaz)a= 1+ Ao (=Vp+pg), (4.2.2)
oT .
15+ (@V)T = V(wr.VT) + QT - Ty), (1.23)
qb%—f +(¢.V)S = kgV?2S, (4.2.4)
p = po[l = Br(T —Tp) + Bs(S — So)] (4.2.5)

The externally imposed thermal and solutal boundary conditions are given by

T="T,+ AT, at 2=0 and T =Ty, at z=d,
(4.2.6)

S =55+ AS, at z=0 and S =29, at z=d,



72 4.3 Basic state

4.3 Basic state

At this state, the velocity, pressure, temperature, concentration and density profiles are
given by
@ =0,p=py(2), T = Tp(2), 5 = Sp(2), p = py(2). (4.3.1)

Putting Eq. (4.3.1) in Eq. (4.2.1)-(4.2.4), we get the following equations:

dpy
- 4.3.2
dz Pvy, ( 3 )
d*T;,
I{TW + Q(Tb - T()) = 07 (433)
9 _ (4.3.4)
dz2 7 o

The solution of Eq.(4.3.3) and Eq. (4.3.4), subject to the boundary conditions (4.2.6), are

given by
sin((/92) (1 - 2))
Ty, = Ty + AT W) R (4.3.5)
sin (,/%)
Sy = So+ AS(1 — 2) (4.3.6)

4.4 Perturbed equation

Now, superimpose a infinite amplitude disturbances on the basic state in the form:

=+, T=T,+T p=p+0,S=S+S p=pp+ 7, (4.4.1)



73 4.5 Non-Dimensionilized equation

and get the following equations

(14X 5) %00 x ¢+ 41+ Xad)d = —(1+M5)(Vp — po(BrT — BsS')g)
VO 4 (G )T+ w2 = by V3T + kg 28+ QT (4.4.2)

65” (q v)S/+w/85b = Kg VZS/

L P = —po(BrT" — BsS')

The resulting equations are non dimensionalized, using the following transformations:

42 .
(', #) = (", 20t = (), (w0, w) = (u*,v*,w*)("g ), (4.4.3)
Tz
T' = (AT)T*, S = (AS)S*, \; = LA VO WAl VO
— 5 — 5 1_/§TZ 19 Q_HTZ 27p_ sz

4.5 Non-Dimensionilized equation

The non-dimensionalized equations (on dropping the asterisks for simplicity) are obtained

as,
V.q=0, (4.5.1)
A M Tl x @)+ (1 4+ D) = —(1+ M2y (4.5.2)
lat al\R q QatQ(z_ 1815 p s
0
+(1+ )xla )(RarT — TRasS)k
or T _ o, &
oS 851,

5 TV, = TV2S (4.5.4)
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20K,
[z

— BSgASKz
VKT,

where ¢, = (gu 2v,w) is anisotropic modified velocity vector, T, = ( )? is Taylor

B3
— BTgATKz

VRTz

number, Rarp is the thermal Rayleigh number, Rag = is the solute

Rayleigh number, R; = KT2 is the internal heat source parameter, 7 = :j is diffusivity
ey

K s mechanical anisotropy parameter.

ratio, n = :% is thermal anisotropy parameter,& =

sin v R;(1 — 2)
sin v/R;

T, = , (4.5.5)

Sb:(l—Z)

The above system will be solved by considering stress free and isothermal boundary condi-

tions as given below:

62
w = 02’2_T S=0on z=0,z=1 (4.5.6)

The pressure term from eq.(4.5.2) is eliminated by taking curl of the momentum equation

9.1 0 dq 9
(1+ Ao ~ U+ AV = L4+ ) (4.5.7)
oT orT oS oS
|Rar (G i = ) = TRes (i = 500)]

where w = V X ¢ is vorticity vector. On further taking curl,

) 0. 0w )
(14 25)Q = L+ M) VIS = (1+ M) [RavaT - TRaSvfs} (4.5.8)

where @) = (Qla Q2, Q3) , Q= éaayzax + 3o 3yam - (M + %%) Q2 = éad;ay + 509 ayaz - %(% +
%)7 Qi’::_( +é(96;2)w
4.6 Linear stability Analysis

Linear equation are

o1 0 dw
(1+)\2§)sz = (1+A1§)¢f@ (4.6.1)
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0 2 102 0 ow,
(1+)\20 (Vi + €0 2)w—I—(l—i—/\lat)\/T P (4.6.2)
9 2 2
— 1+ M) [RaTVIT - TRaSVIS}
ot
R 8
8 2 -
(& — 7V )s —w (4.6.4)
By eliminating T, S, w, from above equations, it is obtained
[(2— V2—8—2—R-)(2—7V2)(1+>\ 2)2(v2+1 : )+ ETL(1+ A a) : (4.6.5)
ot V1T gz MGy 29t \V1 T €922 Y9’ 922
0 0.y, 0 0 , 0? B
—(1+ M) (1+ M) Vi = TVA Rar = (5 —nVi = 5 —Ri)TRas]w—O
Pw  Ftw
w:ﬁzﬁzo on z=0,z=1 (4.6.6)
Use Normal mode technique as
w = W (z)eletmtad gin 75 (4.6.7)

where 1, m are horizontal wave numbers and o = o, + io; is the growth rate. Solving the

above equations, the thermal Rayleigh number can be obtained as

(0 + 062 — R;)(1+ X\p0)d? N T,m2(1+ Moo ) (0 + 02 — Ry)
a?(1+ \o) a?(1+ \o)

RCLT = (468)

(0’ + (5% - Rl)
+rRag 20,
TS (o + 762?)

where a? = 2 +m?, 07 = %2 +a?, 05 = m*+na®. The growth rateo is in general a complex
quantity such that o = o, + io;. The system with o, <0 is always stable, while for o, >0

it will become unstable. For neutral stability state o, = 0.



76 4.6 Linear stability Analysis

4.6.1 Stationary State

Now set 0,=0 (i.e.0,, =0;=0) in Eq.(4.6.8) at the margin of stability. The expression of the

thermal Rayleigh number for stationary mode of convection is found as given below:

(65 — R;)67 n T,m?6(05 — Ry)

a?) a?

(63 — 1)

+ 7R
Thas 762

Rasl = (4.6.9)

It is important to note that the critical wave number a = a2* depends on the Taylor number.

In the absence of Taylor number, i.e. when T, = 0, Eq.(4.6.9) gives

03 — R;)62
Ra?z%—i—ﬂ%as

(03 — Ri)

— (4.6.10)

For isotropic porous media, £ = n = 1 and without internal-heating, i.e., R; = 0 then

(7 + a2)?

st
Ra7 = >

+ Rag (4.6.11)
which is the result given by Malashetty et al. (2009). For single component fluid, Rag = 0,

then
(7?2 + a2)2

st
Ray = p

(4.6.12)

which has the critical value Ra3! = 472 for a5! = 7 are the classical results by Horton

and Rogers (1945) and Lapwood (1948) for single component fluid in porous layer.

4.6.2 Oscillatory State

For the oscillatory mode of convection, set o = i0; in Eq.(4.6.8) and removing the complex
quantities from the denominator, to obtain
Ra%sc = Al + iUiAQ.

where

(10% + 02)(62 + 72ET,)[03 — Ry — Moo + oA (1 + 63 — R;)]
Ay = 4.6.1
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a*(1 4 0*\)TRag[16%(62 — R;) + 0]
(162 + 0?)
(’7'52 + 0'2)(52 + 7T2§Ta)[(1 + (52 - Rz) - )\1((52 - Rz - /\20’2)]
Ay = ! o +20—2A%) : (4.6.14)
a*(1 4 o?\)TRag|[T6* — (62 — R;)]
(162 + 02)

For oscillatory mode Ay = 0 and (0; # 0, where o is the oscillatory frequency which is not

given for brevity. The necessary expression for oscillatory Rayleigh number is given by

Ra% = A,. (4.6.15)

4.7 Nonlinear stability Analysis

In this section, nonlinear stability has been studied using minimal truncated Fourier series.

For simplicity, only two dimensional rolls have been considered, so that all physical quan-

tities do not dependent of y. Now introducing the stream function ¢ as u = W , W= _8‘17/’,
then taking curl to eliminate pressure term from Eq.(4.2.2), to get
0 0? 1 0? 6’22/1
<1+)\2§) ( + 55 2>¢+< + A= ) T (4.7.1)
0 0 a8 orT
= (L4 gy (14 2e) [rRasiy = Rargy |
0 0? 0? oYy o, T)
g 9 _p)r+ &L 47.2
(5 75 52— B)T+ 5, ow,2) (4.7.2)
) 0> 0 oy 9y, 5)
Y G = 4.7.
(875 T(axz * 822>)S+ Jr  O(z,2) (47.3)

It is to be noted that the effect of nonlinearity is to distort the temperature and concentra-
tion fields through the interaction of ¢ and T ,1) and S. As a result a component of the form
sin(2mrz) will be generated. A minimal Fourier series which describes the finite amplitude
convection is given by

W = My(t)sin(az)sin(nz), (4.7.4)
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T = M, (t)cos(ax)sin(rz) + My(t)sin(2rz), (4.7.5)
S = Mjs(t)cos(ax)sin(mz) + My(t)sin(27z), (4.7.6)

where the amplitudes M(t) , M;(t), My(t) ,M5(t), My(t) are functions of time and are to
be determined. Substituting above expressions in Eqgs. (4.7.1) - (4.7.3) and equating the

like terms, the following set of nonlinear autonomous differential equations is obtained

dM,
= Dy(t 4.7.7
2 = Dyt (4.7.7)
dD, 1 2 2 22 2 2
1 a
dM dM.
+aRarM; — TaRasMs 4+ aRar (A + A2) dtl — 1aRag(A1 + A\2) dt3
d> M d? M.
+aRaT(>\1)\2)T21 - Ta/RaS(A]_)\Q)ng] =0
dM-
dtl = —GMO — 7T(ZMOM2 + (Rz — 5§)M1] (479)
dM.
2 = (R —4n*)My + %MOMl (4.7.10)
M.
% = —aMy — 76° M3 — maMyM, (4.7.11)
M

Numerical method was used to solve the above nonlinear differential equation to find the

amplitudes.

4.7.1 Steady finite amplitude convection

For steady state finite amplitude convection set left hand side of the Eqs.(4.7.7)-(4.7.12)
equal to zero.

Di(t) =0 (4.7.13)
(63 + 7%€T,) My + aRar M, — TaRasMs = 0 (4.7.14)

aMy + maMoMy — (R; — 63)M; = 0 (4.7.15)
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(R — An?) M, + %‘ZMOM1 =0 (4.7.16)
aMy + 76° Mz + maMoMy = 0 (4.7.17)
%MOMg — 427 M, = 0 (4.7.18)

On solving the above equation for the amplitudes, My, My, Ms, M, are obtained in terms

of M, as
(
_ 8aMot
M3 T a2MZ+85272)
2
M — _ a“ Mot
1T n(@Mgser) (4.7.19)
M _ 2aM0(47r27R,‘)
L= T 2MZn22(4n2—R;) (03— R;)’
a2Mg7r
L M, = T a2MZn2+2(4n2—R;)(83—R;)

4.7.2 Steady Heat and Mass Transports

In the study of this type problem, quantification of heat and mass transport is very im-
portant in porous media. Nusselt number and Sherwood number which denote the rate of

heat and mass transport per unit area for the fluid phase respectively, are given by

0 0z

27/a 9T,
fo Edm’

N, =1+

2n/a o7
or g
J o ] (4.7.20)
2=0

0 oz

27 /a 98s,
fo Wd%

Shzl—l—

2m/a 93
52d
u] (4.7.21)
z=0

Substituting My M, in eqs.(4.7.19), the expressions for NV, and S), are obtained as

N, = (1 — 21 Ms) (4.7.22)

Sh - (1 — 27TM4)

4.8 Results and Discussion

The effect of internal heat source on double diffusive convection in a viscoelastic fluid satu-

rated rotating anisotropic porous layer has been studies using linear and nonlinear stability
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Figure 4.2: Stationary neutral stability curves for (a) R;,(b) T,,(c) Rag,(d) n, (e) &

analyses. In this section, the effects of various parameters on the onset of double diffusive
convection has been obtained numerically and expressed them graphically. The numeri-
cal values of thermal Rayleigh number for stationary and oscillatory modes of convection
for different values of the parameters such as Taylor number, relaxation and retardation

parameters, solute Rayleigh number, and parameter are computed, and depicted in figures.

4.8.1 Linear analysis

The marginal stability curves in the (Rar, a) plane for the stationary and oscillatory modes

are presented through graphs for different values of parameters.Figs. 4.2(a-e) are for sta-
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Figure 4.3: Oscillatory neutral stability curves for (a) R;,(b) Ty,(c) Ras,(d) n ,(e)¢ , (f)7,

(g) A1, (h) A
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tionary mode,while Figs. 4.3(a-h)correspond to oscillatory mode of convection. We fix the

values for the parameters as T, = 30, £ = .5,Rag = 100, 7 =.3, A\;=.5, \s=.9,n=.9 and R;

= 2, except the varying parameter.
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From Fig. 4.2(a), Fig. 4.3(a), it is observed that on increasing the value of internal

Rayleigh number R; the critical values of stationary and oscillatory Rayleigh number de-

crease, thus destabilizing the system. This shows that the effect of an increment in the value

of R;, is to advance the onset of both stationary as well as oscillatory modes of convection.

However, from Fig. 4.2(b), Fig. 4.3(b) for Taylor number T, Figs. 4.2(c), Fig. 4.3(c) for

solutal Rayleigh number Rag, Figs. 4.2(d), Fig. 4.3(d) for thermal anisotropic parameter

n and Fig. 4.2(e), Fig. 4.3(e) for mechanical anisotropic parameter &, it is observed re-

spectively that on increasing the values of T,, Rag, 1, £ the critical values of stationary

and oscillatory Rayleigh numbers increase, thus stabilizing the system. This shows that the

effect of increasing the values of T,,, Rag, n, £ is to delay the onset of stationary and oscil-

latory convection. Further, it is found from Figs. 4.3(f), 4.3(h) that the effect of increasing
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the values of diffusivity ratio 7 and the parameter A, is to increase the critical value of the

oscillatory Rayleigh number, thus delaying the onset of oscillatory convection.

30

251

Nu

20+

15-

(C)

0 500

1500 2000 2500 3000

Rat

1000

30—

Figure 4.4: Graph between Nusselt number and Rayleigh number for different values of (a)
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However opposite effect is found in Figs. 4.3(g),where an increment in the value of
parameter \; decreases the critical value of the oscillatory Rayleigh number, thus advancing

the onset of oscillatory convection.

4.8.2 Nonlinear analysis

The effects of various parameters on the rate of heat and mass transfer are shown in Fig.
4.4 and Figs. 4.5 respectively.

Figs. 4.4(a),4.5(a) show that an increment in the value of the internal Rayleigh number
R; increases the values of both Nusselt number N, and Sherwood number S}, which is
due to the fact that increasing the value of R; advances the onset of convection. From

Figs. 4.4(b),4.5(b) for Taylor number 7,, Figs. 4.4(c),4.5(c) for solute Rayleigh number



{4 4.9 Conclusions

3.0

28}
26[
24f

22

204 ! L L L 2.0 L | I I I I
200 400 600 800 1000 200 400 600 800 1000
Rat Rat

Rag, Figs. 4.4(d),4.5(d) for diffusivity ratio 7, Figs. 4.4(e), 4.5(e) for thermal anisotropic
parameter 7, Figs. 4.4(f),4.5(f) for mechanical anisotropic parameter £ , it is observed that
on increasing the values of T,, Rag, n and & the values of both Nusselt number N, and

Sherwood number S}, decrease, thus stabilizing the system.
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Figure 4.5: Graph between Sherwood and Rayleigh number for different values of (a) R;,(b)
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4.9 Conclusions

In this chapter, internal heating effect on double diffusive convection in a viscoelastic fluid
saturated rotating anisotropic porous layer,which is heated and salted from below, is inves-
tigated. The problem has been solved analytically,performing linear and nonlinear analyses.

Linear analysis is done using normal mode technique. Following conclusions are drawn:

1) The Taylor number T,, mechanical anisotropic parameter £, solute Rayleigh num-
ber Ras and thermal anisotropic parameter 1 has a stabilizing effect on the both

stationary and oscillatory convection.
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2)

The internal heat parameter R; destabilizes the system in the stationary and oscilla-

tory system.

The effect of diffusivity ratio 7, retardation parameter A\, has a stabilizing effect on

the oscillatory convection.
The relaxation parameter A\; has a destabilizing effect on the oscillatory convection.

Increasing the value of internal Rayleigh number R;, increases the value of Nus-
selt number N, i.e. increases heat transfer but increasing the value of mechanical
anisotropic parameter &, Taylor number 7}, solute Rayleigh number Rag, diffusivity
ratio 7 and thermal anisotropic parameter n decreases the value of Nusselt number

N,.

Mass transfer that is the value of Sherwood number increases on increasing the value
of internal Rayleigh number R; while decreases on increasing the values of mechanical
anisotropic parameter Taylor number 77, solute Rayleigh number Rag, diffusivity ratio

7 and thermal anisotropic parameter 7).



Chapter 5

Linear and Nonlinear Double
Diffusive Convection in a Couple
Stress Fluid Saturated Anisotropic
Porous Layer with Soret Effect and

Internal Heat Source

5.1 Introduction

The study of double diffusive convection in porous media plays a significant role in many
areas, such as petroleum industry, solidification of binary mixtures, and migration of so-
lutes in water-saturated soils. Other example include geophysics systems, crystal growth,
electrochemistry, the migration of moisture through air contained in fibrous insulation,

the Earth’s oceans, and magma chambers. The problem of double diffusive convection in a

This chapter is based on the research article:Linear and Nonlinear Double Diffusive Convection
in a Couple Stress Fluid Saturated Anisotropic Porous Layer with Soret Effect and Internal Heat
Source, published as a book chapter advances in mathematical methods and high performance
computing,(Springer),pp.429-448,(2019).

86
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porous media has been presented by Ingham and Pop (2005), Nield and Bejan (2013), Vafai
(2000,2005), and Vadasz (2008). The study was continued by Poulikakos (1986), Travison
and Bejan (1986), and Momou (2002) among others. The first study of double diffusive
convection in porous media was mainly concerned with linear stability analysis and was
performed by Nield (1968) .

The growing importance of non-Newtonian fluids with suspended particles in modern
technology and industries makes the investigation of such fluids desirable.These fluids are
applied in the extrusion of polymer fluids in industry, exotic suspension, fluid film lubrica-
tion, solidification of liquid crystals, cooling of metallic plate in baths, and colloidal and sus-
pension solutions. Non-Newtonian stress fluids have specific features, such as polar effect.
The theory of polar fluids and related theories are models for fluids whose microstructure is
mechanically significant. The theory for couple stress fluid was proposed by Stokes(1966),
it is simpler polar fluid theory, that shows all the important features and effects of such
fluids that occur inside a deforming continuum. The stabilizing effect of couple stress pa-
rameter is reported in the works of Sharma and Thakur (2000), who investigated thermal
instability in an electrically conducting couple stress fluid with a magnetic field. Sunil et
al.(2004) studied the effect of suspended particles on double diffusive convection in a couple
stress fluid-saturated porous medium, Sharma and Sharma (2004) investigated the effect of
suspended particles on couple stress fluid, heated from below, in the presence of rotation
and a magnetic field. Malashetty et al.(2006) performed an analytical study of linear and
nonlinear double diffusive convection with the Soret effect in couple stress liquids. Gaikwad
and Kamble (2014) analyzed the effect of soret parameter on the onset of double diffusive
convection in a Darcy porous medium saturated with couple stress fluid. Malashetty and
Kollur (2011) investigated the onset of double diffusive convection in an anisotropic porous
layer saturated with couple stress fluid. Shivkumara et al.(2011) analyzed the linear and
non linear stability of double diffusive convection in a couple stress fluid-saturated porous
layer. Recently Banyal (2013) has investigated a mathematical theorem on the onset of
stationary convection in a couple stress fluid.

In the study of double diffusive convection with a Soret effect, some of the important

areas of application and in engineering, in geophysics, oil reservoirs, and groundwater. Re-
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searchers have developed a great interest in these type of flows. In the presence of cross
diffusion two transport properties are produced: the Soret effect and Dufour effect. The
Soret, effect describes the tendency of a solute to diffuse under the influence of a temper-
ature gradient. There are only few studies available on double diffusive convection in the
presence of Soret effect. The effect was described by Swiss scientist J.Soret, who was the
first to study thermodiffusion (1879). Hurle and Jakeman (1971) conducted an experiment
and theoretical, studied Soret-driven thermosolutal convection in a binary fluid mixture.
Rudraiah and Malashetty (1986) discussed double diffusive convection in a porous medium
in the presence of Soret and Dufour effects. Bahlol et al. (2003) studied double diffusive con-
vection and Soret-induced convection in a shallow horizontal porous layer analytically and
numerically. Malashetty and Birader (2012) carried out an analytical study of linear and
nonlinear double diffusive convection in a fluid-saturated porous layer with Soret and Dufour
effect. Bhadauria et al.(2014) performed linear and nonlinear double diffusive convection
in a saturated anisotropic porous layer with couple stress fluid. Recently, Malashetty et
al.(2016) performed an analytical study of linear and nonlinear double diffusive convection
with Soret effect in couple stress liquids. Also in another study by Malashetty et al.(2013)
investigated Soret effect on double diffusive convection in a darcy porous medium saturated
with a couple stress fluids. A study concerning an internal heat source in porous media was
provided by Tveitereid (1977), who performed thermal convection in a horizontal porous
layer with internal heat sources. Hill (2005) performed linear and nonlinear analyses on
the double-diffusive convection in a porous layer with a concentration based internal heat
source. Srivastava et al.(2014) studied on double diffusive convection in a couple stress
fluid-saturated anisotropic porous medium with internal heating. Govender (2007) inves-
tigated on the stability of centrifugally driven convection in a rotating anisotropic porous
layer subject to gravity with Coriolis effect . Kapil (2015) studied at the onset of convection
in a dusty couple stress fluid saturated porous medium under magnetics effect, and with
variable gravity through.

The aim of this chapter was to study the Soret effect in a couple stress fluid under
an internal heat source. Thus stability analysis of the Soret and internal heating effect on

double diffusive convection in a anisotropic porous layer saturated with a couple stress fluid
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has been done.

5.2 Mathematical Formulation

We consider an infinitely extended horizontal porous medium saturated with a couple stress
fluid, heated from below and cooled from above and confined between the planes at z=0
and z=d. The Darcy model has been employed in the momentum equation. Further, an
internal heat source term has been included in the energy equation. A cartesian frame of
reference is chosen in such a way that the origin lies on the lower plane and the z-axis is
vertical upward. An adverse temperature gradient is applied across the porous layer. The
lower planes is kept at temperature Ty + AT , while upper planes is kept at temperature
Ty, with a concentration Sy + AS, and S, respectively. The physical configuration of the

model is reported in Figure 5.1.

v

T=Ty,S=% 7-d
'
couple stressfluid
000 000000
00 (]
Y XX X XXX —
T =To+AT, S=Sy+AS 0 z=0
Y

Figure 5.1: Physical configuration of the problem

The governing equations are given below
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(%) = —Vp+ pg — = (1 — 1V?),
VL 1 (GV)T = V(kr.. VT) + Q(T — Ty), (5.2.1)
£% 4 (§V)S = K, V2S + DV?T,

| r= poll = Br(T —Ty) + Bs(S — So)]

where the physical variables have their usual meanings as given in the nomenclature. The

externally imposed thermal and solutal boundary conditions are given by

T ="T,+ AT, at z=0 and T =Ty, at 2z =d,
S =5+ AS, at z=0 and S =29, at 2z =d,
5.2.1 Basic state

In this state, the velocity, pressure, temperature, concentration and density profiles are
given by
@& =0,p=pp(2), T =Tp(2),S = Sp(2), p = pp(2). (5.2.3)

Putting Equation (5.2.3) in Equation (5.2.1), the following relations are obtained:

dpy
—_— = — 24
dz P9, (5 )
d2(Tb — TO)
w1 QT — T) =0, (5.2.5)
d?S, A>T,
i T D 2.
R dz? 0 (526)
Po = po[l — ﬁT(Tb — To) + ﬁS(Sb — TO)] (527)

The solution of Equation (5.2.5), subject to the boundary conditions (5.2.2), is given by

T =Ty + AT (WEEa-») . (5.2.8)

sin <,/Q—d2>
KTz
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Use of the boundary conditions (5.2.2), in the solution of Equation (5.2.6),

. Qd? z
DAT parsin ((22)(1-3))
Sy = 8o + (AS + )(1 35 r ’ (5.2.9)
Fs d Fs sin (, / Qd2>
RTz
Now, superimposing infinite amplitude disturbances on the basic state in the form:
(=a+d. T=T+T p=p+p,5=S%+5,p=p+/, (5.2.10)

The pressure term was eliminated by taking the curl twice of Equation (5.2.1) i.e. mo-
mentum equation. The resulting equations were non dimensionalized using the following

transformations:
v’

(z,y,2) = (2%, 4", 2")d, t=1t(—), (5.2.11)

(u, v, w) = (u*, 0", w*)("L2), T = (AT)T*, S = (AS)S*

d
. . . . . . . ) Y
On dropping the asterisks for simplicity and using the stream function u = a—f, w=—%,
it is obtained
0?1 0? oT 08
——V? — +-—)(1-CV})¢¥ = Rar— — Rag— =0 5.2.12
V@tvw+< +ga2>( D = Rare = Ras o (52.12)
0 0? 0? oy O, T)
o g — BT - - 5.2.13
[ﬁt 922 oz Us )8x 0(z, 2) ( )
0 0? 0? Rar oy 0, S)
—— = S -5, T —b =0 5.2.14
[815 Le(8z2 8;1:2)] Rasv (= )(91: 0(z, z) ( )
where V, = % is Vadasz number, Rar = %ﬁ‘;&d is the thermal Rayleigh number,
Rag = %ﬁf@d is the solute Rayleigh number, R; = S_;f is the internal heat source

parameter, C' = “C is the couple stress fluid, L, = "‘TZ is Lewis number , n = m is thermal
anisotropy parameter, £ = Kﬂ” is mechanical anisotropy parameter. consider the stress free
and isothermal boundary conditions as given below will be solved the above system:

a2

w = 8z2_T S=0on z=0,z=1. (5.2.15)
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Ty , Sp in dimensionless forms are given by

_ sin VRi(1—2)

T
’ sin v/ R; ’

(5.2.16)

. S, L.Rar sin (\/E-(l - Z)) SiLeRar |
pu— - 1 B
b Ragsin v/R; ( Rag i ) .

5.3 Linear stability Analysis

To do linear stability analysis of the eigenvalue problem defined by Equations (5.2.12)-
(5.2.14) subject to the boundary conditions (5.2.15),the time-dependent periodic distur-

bance in horizontal plane are considered as:

(w, T, 8) = (W,0, ¢)expli(lx + my) + ot] (5.3.1)

where 1,m are horizontal wave numbers and o = o, + i0;, is growth rate. Substituting

equation (5.3.1) into the linearized equations (5.2.12)-(5.2.14), it is obtained

%52 +6%(1 — C6%)|W + aRar® — aRagep = 0 (5.3.2)
[0 +m — RO — 2aFW =0 (5.3.3)

(52 QRaT
[O' + L—e]gb — QCLBW ‘I— Sr5 R_CLS@ = O (534)

where D = d/dz and a® = [?> + m?. The boundary conditions (5.2.15) are now read as
W=DW=0=¢=0 at 2=0,1:

Assume the solutions of Equations (5.2.12)-(5.2.14) satisfying the boundary conditions
(5.2.15) as

(W(2),0(2),0(z)) = (Wy, O, ¢o)sinnrz  (n=1,2,3,...)

The thermal Rayleigh number can be obtained as

RCLT =

Ri— (o +m) [(52 + Leo) (&6 + 01(1 — C6%)) — 2a° BL.Ras (535)

2a*F o+ 0%+ 625, L,
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where a? = 2 +m?, 6% = n2+ad?, 67 = %2—1—&2, m = w2 +na?, F:fol o 5in*(wz)dz, B=

01 %smg(ﬂz)dz, 7 is a representative viscosity of fluid. The growth rate o is in general a
complex quantity such that 0 = o + iog;. The system with o, <0 is always stable, while for

o, >0 it will become unstable. For neutral stability state o, = 0.

5.3.1 Stationary State

The value of the thermal Rayleigh number for stationary mode of convection is given below:

Rasl = (5.3.6)

Ri — ™m [52(5%(1 — 052) — QGZBRasLe]
242 F 32(1+ L.S,) ’

St

c

The critical wave number a = a_’, is the same as given by Malashetty et al.(2006). For

single component fluid, Rag = 0 i.e. in the absence of solute, the Rayliegh number, is

Rast = 5.3.7
T TR+ L.S,) (5:3.7)
For the system without internal heating, i.e., R; = 0, we have F=-1/2 and
52(1 — Co?
Rast = ) ) (5.3.8)

a’(1+ L.S;)

which is the one obtained by Shivakumara et al. (2011). When C = 0 (i.e. Newtonian fluid

case),
7T2
Pt — (m? +nPa?)(a® + %) (5.3.9)
T a2(1+ L.S,) -
In the case of no Soret effect
72+ n2a?)(a? + =
&ﬁ:( ? e) (5.3.10)
a
Lastly, in case of isotropic porous medium, put n = & = 1, then
2 2,2
Rad! = (W o ) (5.3.11)
a
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which has the critical value Ra3! = 472 foraSt = , the classical results obtained of Horton

and Rogers (1945) and Lapwood (1948).

5.3.2 Oescillatory State

For oscillatory mode of convection, set 0 = io; in Equation (5.3.5) and clear the complex
quantities from the denominator, to obtain

Ra%sc = Al + iUiAQ.

where
1 AlBl + O'QAQBQ
A = 5.3.12
"7 2a®F B} + 0?B3 (5.3.12)
and
1 A,B, — AB
Ay = Ehut B el (5.3.13)

20°F Bi+o%B3 '’
Ar = (Ri —m)(0%63(1 — C9?) — ZL.8%) + 0?(Leb3(1 — C9) + &) — (R; — 1) Ras2a® BL,
Ay = (Ri — m1)(Leb2(1 — C0%) + &) — 6262(1 — C0%) + & L.6% + Ras2a’BL.

By = 6*(1+ S,L.)

By =1

For oscillatory onset Ay = 0 and (o; # 0), where o; is the oscillatory frequency which is
not given for brevity.

The necessary expression for the oscillatory Rayleigh number is:

Ra%* = A, (5.3.14)

5.4 Nonlinear stability Analysis

In this section, nonlinear stability analysis using a minimal truncated Fourier series has

been done. For simplicity only two dimensional rolls are considered so that all the physical

quantities do not dependent of y. Consider the stream function v such that v = g—f,
w = —g—f, then taking curl to eliminate pressure term from Equation (5.2.1), the resulting

non-dimensional equations by using transformation given by Equation (5.2.11) and the
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following equation

10, o 10 , oT 25
(Eavliﬁ + (@ + g@)(l - CV1>¢> + RGT% - RGS% =0, (5'4'1)
o o 92 oy o, T)
(5t 92 "~ B)T 15, ~ 5 =0 (5.42)
0 1 0? 0? oY A, S) Rar o,
5L G a5 T 5t s SR YT =0 (543)

It should be noted that the effect of nonlinearity is to distort the temperature and concen-
tration fields through the interaction of 1) and T, v and S. As a result, a component of the
form sin(27z) will be generated, where V is zonal velocity induced by rotation. A minimal

Fourier series that describes the finite amplitude convection is given by

= Ai(t)sin(ax)sin(nz), (5.4.4)
T = By(t)cos(ax)sin(mz) + Ba(t)sin(2nz), (5.4.5)
S = Cy(t)cos(ax)sin(nz) + Co(t)sin(2mz), (5.4.6)

where the amplitudes A;(t) , Bi(t), Ba(t) ,C1(t), Ca(t) are functions of time and are
to be determined. Substituting the above expressions in Equations. (5.4.1)-(5.4.3) and
equating the coefficients like terms of the resulting equation, the following set of nonlinear

autonomous differential equations were obtained

dA(t) =V,
dlt( ) _ S (O12(1 4 CF) Ay + aRar By — aRasC:) (5.4.7)
dB (¢
dlt< ) = 2CLFA1 — 7T(ZA]_BQ + (Rl — 771)31 (548)
B
dBa(t) _ T 4By + (R, — 47°) By (5.4.9)
dt 2

dC, (t R 1

1( ) = 2CLBA1 — 525’ ﬂ131 — (52—01 — 7TCLA102 (5410)

dt " Rag L.
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Cs (5.4.11)

The numerical method was used to solve the above nonlinear differential equation to find

the amplitudes.

5.4.1 Steady finite amplitude convection

For steady-state finite amplitude convection, the left hand side of the Equations (5.4.7)-

(5.4.11) is set to be zero.

612(1 4+ C6*) Ay + aRar B, — aRasCy = 0 (5.4.12)
2CLFA1 — WaAlBQ —+ (RZ - Th)Bl =0 (5413)
Ta 2
Ra 1
2CLBA1 - 5ZSTR_CL,;:B1 - 52L_601 - 7T(IA102 =0 (5415)
a Ra 4qr?
7T§A101 — 47T25T RGZBQ — Le 02 =0 (5416)

On solving for the amplitudes in terms of Ay, it is obtained

B — 4aF(z)(47* — R) A B — 20*F (2)m A2
YT a2A2n2 — 8m2R; + 2R2 4 8n?yy — 2Rm 0 a?Ar? — 8w2R; + 2R2 + 8721 — 2R’

16 (841 BL.m*RasR;a + 2A; BL.RasRi*a + A3BL.7? Raga® + A3 F L?>7? Rarsa®

—8AFL.m?RarS,ad? + 2A,F L. Rar R;S,a0*> + 8 Ay BL.n? Ragan — 2A; BL.RasR;an, )

O, —
! Rag(A3L2a? 4+ 80%)(—8m2R; + 2R? + A3w2a? + 8m2n; — 2R;my) ’
2 (8A2BLm*RasR;a® + 2A3BL?RasR?a*> + A1 BL?*m* Raga* — 8A?F L.m*RarSa?§?
C, — —8A2F L2712 RarSa?0? + 2A3F L2 Rar R;Sa?0% + 8 A3 BL2m2 Raga®n, — 2A2BL2RagR;a*m) '

Ragm(A2L2a% + 852)(—8n2R; + 2R? + A?m2a® 4+ 8m?n; — 2Rym1)

2
To solve the above equation, a quadratic equation in % is given by
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apr? +a1x+ay =0

where x = Aé,

ap = L2a*7*62 Rag(1 + C6?)

a1 = 30;Ras(1+C6?)(R;—m)L2a*(R;—47*)— 2 (R;—4n?) FRar RasL*a*—2L.a*n® Ras(B+

L.FS,) + a*m6%6i Rag(1 + C6?%)

as = B4 (5252 Ra o (14 C62)(R; — 1) — 2Lea? BRag(R; — 1) — 2a26%F Rag(L.S, + Rar
1

The required root of the above equation is

. —a1++/ a%—4aoa2

- 2a0

5.4.2 Steady Heat and Mass Transports

In the study of this type of problem, quantification of heat and mass transport is very
important in porous media. Let Nu and Sh denote the rate of heat and mass transport
for the fluid phase, known as Nusselt number and Sherwood number respectively, and are

defined by

0 0z

27 /a 4T,
Jo P,

Nu=1+

2r/a o7
d
u] » (5.4.17)

0 0z

2n/a dS,
o Rde,

f27r/a ﬁdl',]
z=0

Sh=1+ (5.4.18)

Substituting the values of T, Ty, S, S in eqs.(5.4.17)-(5.4.18), and simplifying

27TB2

Ny=1-——""2
“ vV Rz cot vV R,;7

(5.4.19)

2nCyRag sin\/ R;
—S,Rarcosv/ R/ R; +sinvR;Ras +sin+/R;S, Rar

Substituting B, Cy of Equations (5.4.1) into (5.4.19) gives

Sh=1-

Nu, Sh (5.4.20)
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5.5 Results and Discussion

This chapter investigates the combined effect of internal heating and Soret effect on linear

and nonlinear convection in a anisotropic porous medium saturated by a couple stress fluid.
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In this section, effect of various parameters appearing in the governing equations is dis-

cussed on double diffusive convection. The stationary and oscillatory Rayleigh for different
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values of the parameters such as Vadasz number, the couple stress parameter, the solute
Rayleigh number, the mechanical anisotropic parameter, and the thermal anisotropic pa-
rameter are computed, and depicted in figures. The neutral stability curves in plane (Rar,a)
for various parameter values are presented in Figs.5.2(a-g) and Figs.5.3(a-h).

The values of the parameters as V, = 5, C = 2, Rag = 100, L, = 20, {&=.5, n = .5,
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Figure 5.3: Oscillatory neutral stability curves for different values of (a) R;, (b) Ras, (c)
Le, (d) Sy, (e) C, () m, (2) &, () Va
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S, = .05 and R; = 2, are fixed except for the varying parameter. From the Figs. 5.2,5.3
(a, b, d, g) it is found that on increasing the values of R;, Rag, S, and &, then values of
stationary as well as of oscillatory Rayleigh numbers decrease, which shows that the effect
of these parameters is to destabilize both stationary and oscillatory modes of convection.
From Figs. 5.2,5.3(e) the effect of increasing the couple stress parameter C' is to increase
the value of both stationary and oscillatory Rayleigh numbers thus delaying the onset
of convection for both stationary as well as of oscillatory modes of convection. In Fig.

5.2(c), it is found that the effect of increasing Lewis number L. is to decrease the value
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of stationary Rayleigh number and from Fig. 5.3(c), to increase the value for oscillatory
mode, thus to destabilize the stationary but stabilize the oscillatory mode of convection.
Further, From Figs. 5.2,5.3(f), it is observed that an increment in the value of thermal
anisotropic parameter 7, increases stationary Rayleigh number but decreases oscillatory
Rayleigh number. Thus stabilizes stationary mode but destabilizes oscillatory mode of
convection. From Fig. 5.3(h) it is found that the minimum value of Rayleigh number for
the oscillatory mode increases on increasing Vadasz number Va, indicating that the effect

of the Vadasz number is to stabilize the system.
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Considering the values of the parameters as C = 2, Rag =50, L, = 2,{=.5,n= .5, 5, =
.05 and R; = 2, the graph for Nusselt and Sherwood are plotted and depicted respectively.
In the Figs.5.4(a, g) and Figs.5.5(a, g) number. Figs.5.4(a, ¢) and Figs.5.5(a, ¢) show
that an increment in the values of internal Rayleigh number R;, mechanical anisotropic
parameter £ increases the rate of heat transfer but mass transfer first increases and then
decreases as Rar increases. In Figs.5.4,5.5(b) it is noted that the effect of increasing the
Soret parameter S, is to increase the value of Nusselt number N, and Sherwood number S},

. From Fig.5.4,5.5(d,g) it can be seen that increasing the value of solute Rayleigh number
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Figure 5.4: Nusselt number for different values of (a) R;, (b) S,, (¢) &, (d) Ras, (e) C, (f)
Le, (g)n
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Rag, thermal anisotropic parameter 7 is to decrease the value of Nusselt number N, and
Sherwood number S}, thus reducing the heat and mass transfer. From Figs.5.4(e, f), it is
clear that the Nusselt number decreases on increasing the value of couple stress parameter
C and the Lewis number L.. However Sherwood number first decreases and then increases

for C but increases and then decreases first Lewis number as Rar increases.
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5.6 Conclusions

The Soret effect and the internal heating effect on double diffusive convection in a

anisotropic porous medium saturated with a couple stress fluid which is heated and salted

from below is investigated using linear and nonlinear stability analyses. The linear analysis

is carried out using the normal mode technique. The following conclusions were drawn:

1) The Vadasz number Va has a stabilizing effect on the oscillatory convection.

2) The Internal heat parameter R;, solute Rayleigh number Rag, the Soret parameter S,

and the mechanical anisotropic parameter £ destabilize the system in the stationary

and oscillatory modes.

3) The Couple stress fluid C, the normalized porosity parameter n have a stabilizing

effect on the both stationary and oscillatory convection.
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4)

The Lewis number L. has a destabilizing effect in case of stationary and opposite

oscillatory convection.

On increasing the value of internal Rayleigh number R;, the mechanical anisotropic
parameter &, the Soret parameter S, the value of Nusselt number N, increases, but
on increasing the value of the couple stress C, the normalized porosity parameter 7,
the solutal Rayleigh number Rag and Lewis number L. the value of Nusselt number

N, decreases.

Mass transfer Sy, increases with the increasing value of the internal Rayleigh number
R; , the mechanical anisotropic parameter £, the Soret parameter S, and decreases
with normalized porosity parameter 7, the Lewis number L., couple stress C and the

solutal Rayleigh number Rag.



Chapter 6

Cross diffusion effects on thermal
instability in a Maxwell fluid
saturated rotating anisotropic porous

medium

6.1 Introduction

Anisotropy is generally a consequence of preferential orientation of asymmetric geometry
of porous matrix or fibers and is in fact encountered in numerous systems in industry and
nature. Anisotropy is particularly important in a geological context, since sedimentary
rocks generally have a layered structure; the permeability in the vertical direction is often
much less than in the horizontal direction. Anisotropy can also be a characteristic of artifi-
cial porous materials like pelleting used in chemical engineering process and fiber material
used in insulating purpose. The review of research on convective flow through anisotropic

porous medium has been well documented by McKibbin (1992) and Storesletten (1998,

This chapter is based on the research article:Cross diffusion effects on thermal instability in a Maxwell
fluid saturated rotating anisotropic porous medium, communicated.

106
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2004). Bhadauria et al.(2011) have studied natural convection in a rotating anisotropic
porous layer with internal heat source. Gaikwad et al.(2014) performed linear stability
analysis of double diffusive convection in a horizontal sparsely packed rotating anisotropic
porous layer in the presence of Soret effect. Malashetty and Kollur (2011) investigated the
onset of double diffusive convection in a couple stress fluids saturated anisotropic porous
layer. Gaikwad et al. (2016) have carried out cross-diffusion effects on the onset of double
diffusive convection in a couple stress fluid saturated rotating anisotropic porous layer.

The studies of double diffusive convection in porous media plays very significant roles in
many areas such as in petroleum industry, solidification of binary mixture, migration of
solutes in water saturated soils. Other examples include geophysics system, crystal growth,
electrochemistry, the migration of moisture through air contained in fibrous insulation,
Earth’s oceans, magma chambers etc. The problem of double diffusive convection in a
porous media has been presented by Ingham and Pop (2005), Nield and Bejan (2013),
Vadasz(2008) and Vafai (2000,2005). Very first study on double diffusive convection in
porous media mainly concerns with linear stability analysis, was performed by Nield (1968).
Thermal convection in a binary fluid driven by the Soret and Dufour effects has been inves-
tigated by Knobloch(1980). He has shown that equations are identical to the thermosolutal
problem except regarding a relation between the thermal and solute Rayleigh numbers. The
double-diffusive convection in a porous medium in the presence of Soret and Dufour coef-
ficients has been studied by Rudraiah and Malashetty (1986) for a Darcy porous medium
using linear analysis, which was extended to include weak nonlinear analysis by Rudraiah
and Siddheshwar (1998). Linear and nonlinear study of double diffusive convection in a fluid
saturated porous layer with cross-diffusion effects has been carried out by Malashetty and
Biradar (2011). The onset of double diffusive convection in a binary Maxwell fluid saturated
porous layer with cross-diffusion effects has been carried out by Malashetty and Biradar
(2012).Gaikwad and Dhanraj (2012) analyses the onset of double diffusive convection in a
couple stress fluid saturated anisotropic porous layer with cross-diffusion effects. Recently,
as some new technologically significant materials are discovered acting like non-Newtonian
fluids, therefore, mathematicians, physicists and engineers are actively conducting research

in rheology. Maxwell fluids can be considered as a special case of a Jeffreys-Oldroyd B
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fluid, which contain relaxation and retardation time coefficients. Maxwells constitutive re-
lation can be recovered from that corresponding to Jeffreys-Oldroyd B fluids by setting the
retardation time to be zero. Several fluids such as glycerin, crude oils or some polymeric
solutions, behave as Maxwell fluids. Viscoelastic fluid flow in porous media has attracted
considerable attention due to the large demands of such fluids in diverse fields such as
biorheology, geophysics, chemical industries, and petroleum industries.Wang et al.(2008)
have made the stability analysis of double diffusive convection of Maxwell fluid in a porous
medium. The onset of double diffusive convection in a viscoelastic saturated porous layer
has been considered by many researchers as Gaikwad et al. (2009), Kim et al.(2003),
Malashetty et al.(2011), Srivastava and Singh(2018). Bhadauria et al.(2011) have studied
nonlinear two dimensional double diffusive convection through viscoelastic fluid in a rotat-
ing porous layer. Narayana et al.(2012) performed linear and nonlinear stability analysis
of binary Maxwell fluid convection in a porous medium.

Recently, Zhao at al.(2014) have done linear and nonlinear stability analysis of double diffu-
sive convection in a Maxwell fluid saturated porous layer with internal heat source.Gaikwad
et al.(2013) used the onset of double diffusive convection in a Maxwell fluid saturated porous
layer and also Gaikwad et al.(2016) have done onset of convection in a Maxwell fluid sat-
urated anisotropic porous layer use of Darcy-Brinkman model. Ram et al.(2015) have
studied onset instability of thermosolutal convective flow of viscoelastic Maxwell fluid thor-
ough porous medium with linear heat source effect. More recently, Awad et al.(2010) have
studied linear stability of a Maxwell fluid with cross-diffusion and double-diffusive convec-
tion used the Darcy-Brinkman-Maxwell model. They found that the effect of relaxation
time is to decrease the critical Darcy-Rayleigh number. Altawallbeh et al. (2017) have
done linear stability analysis of double diffusive convection in a viscoelastic fluid saturated
porous layer with cross diffusion effects and internal heat source.

However, to the best of my knowledge no literature is available in which linear and nonlin-
ear stability analysis for cross diffusive convection has been done in an anisotropic porous
media saturated with viscoelastic fluid of type Oldroyd-B. Therefore, in the present chapter
stability analysis of Maxwell fluid saturated rotating anisotropic porous layer has been done

on double diffusive convection in the presence of cross diffusion. Our objective is to study
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how the onset criterion for oscillatory convection is affected by Maxwell fluid and the other
parameters, and also to find heat and mass transports. We can obtain, some previously

published results in the limiting cases of the present results.

6.2 Mathematical Formulation

Consider an infinitely extended horizontal anisotropic porous layer saturated with Maxwell
fluid mixture, confined between the planes at z=0 and z=d, which is heated from below and
cooled from above. Darcy model that includes the Coriolis term is used for the momentum
equation. A Cartesian frame of reference is chosen with x -and y -axes at the lower boundary
plane and z -axis directed vertically upwards in the gravity field. The axis of rotation is
assumed to coincide with the z -axis, rotating with a constant angular velocity 2. An
adverse temperature gradient is applied across the porous layer. The lower planes is kept
at temperature 1o+ AT , while upper planes is kept at temperature Ty, with concentration

So + AS | and S, respectively. The governing equations are as given below

V.qi=0, (6.2.1)
O \[P09 P04 0
1+ M=) |——= +2—0Q =14+ MN=)(— K. 2.2
(14 Xi5) | 25 +2220 x| = 1+ X5)(=Vp + pg) + ul(K.q) (6:22)
o . > 2
N . 2 2
€or +(¢.V)S = kgV*S + Kgp V7T, (6.2.4)
p=poll = Br(T —To) + Bs(S — So)] (6.2.5)

where the physical variables have their usual meanings as given in the nomenclature. The

externally imposed thermal and solutal boundary conditions are as given by

T ="T,+ AT, at 2z=0 and T =Ty, at 2z =d,
S =50+ AS, at z=0 and S =29, at z=d,
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6.3 Basic state

At this state the velocity, pressure, temperature, concentration and density profiles are
given by
@& =0,p=pp(2), T =Tp(2),S = Sp(2), p = pp(2). (6.3.1)

Putting the Eq. (6.3.1) in Eq. (6.2.1)-(6.2.5), the following equations are obtained

dpy

T = P (6.3.2)
T,
— =0, (6.3.3)
9 _ (6.3.4)
dz2 s
py = poll — Br(Ty, — To) + Bs (S, — So)].- (6.3.5)

Now, superimpose infinite amplitude disturbances on the basic state in the form:

(=@+d.T=T+T p=p+p.S=5S+5,p=p+/. (6.3.6)

Substituting Eqgs.(6.3.6) into Eqs.(6.2.1)-(6.2.5), using Eqgs.(6.3.2)-(6.3.5), to get

V.¢ =0, (6.3.7)
1+ T[22 2290« 7] + w(KG) = (1+ X -2) =V = pogbrT' + BsS") (63.8)
ot’'Le Ot € ot

(A T

78 +(¢.V)T + w T _ k. V2T + Krg. V25, (6.3.9)
ot 0z

27 (¢.V)S" + w2 g V2 4 Ker VOT” (6.3.10)
ot 0z

p' = —polBrT" + BsS'] (6.3.11)

The pressure term was eliminate by taking curl of the Eq. (6.3.8). Once again taking the

curl of the resulting equation, the resulting equation and the Eq.(6.3.9) - Eq.(6.3.10) are



111 6.3 Basic state

then non-dimensionalized using the following transformations:

(x,y,2) = (2", y",2")d, t=t (1—T),p = (M—/:)p (6.3.12)
2
(u,v,w):(u*,v*,w*)(%), T = (AT)T*,S = (AS)S*, A\ = A*(z ).
T

The non dimensional equations (on dropping the asterisks for simplicity) are obtained as

0 0
1+ A5) [V L+ VT % a a0 = (14 i) (Vp 4+ kRarT — bRasS)  (63.13)
0 2 RCLS 2
9 _ WT-w=D S 6.3.14
[E% Vit V)] v fRaTV ( )
a ) RGT 9

—— V= . =5,—VT 3.1
[A(% Vi +(qV)]S w= 55tV (6.3.15)
where T, = (22)2 is Taylor number, V, = % is Vadasz number, Rar = %ﬁf{zd is

— BsgASK.d

the thermal Rayleigh number, Rag is the solute Rayleigh number, A = 5 is

VRT

normalized parameter, L, = Z—f‘s"is Lewis number, g = (0,0, g) is gravitational accelaration,

S, = IZST;S the soret parameter, D; = I?;—Sﬂﬁ; the Dufour parameter, £ = % is mechanical
1

anisotropic parameter, q, = (1u 2v,w) is anisotropic modified velocity vector.

£77¢
0.11 0w owy 1 o.r,0r. 0T . 1 .08, 0S8
(1+A1§)[VGE—VT@$]+€ (1+>\18t) (8_ 9 ) L_e(a_y 5 ) Rag
(6.3.16)
where w = V X ¢ is vorticity vector
(1+)\2)[ (V2q) + /T, } 1+ M) [V2TRa —VQSRa] (6.3.17)
Yo’ LV, ot ot RV
where Q = (Q1, @2, Q3)
1 0% 0*w v 10%u
@ =500 Tare: o T o) (6.3.18)
0, :1 9%*u Pw 1,00 v

& 0xdy + oydz g(ﬁmQ * 8z2)
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1 9
Qs = —(Vi+ g@)w

consider the stress free and isothermal boundary conditions as given below will be solved

the above system:
82@/1

¥= 022

=T=5=0o0n 2=0,z=1. (6.3.19)

6.4 Linear stability Analysis

In order to study linear stability, the eigenvalue problem defined by Eqs.(6.3.16)-(6.3.17) is

solved. Taking vertical component the equation are

0 ow
w, = (14 Alﬁ)g\/ﬁ‘& (6.4.1)

1 9 0. —ow, 0
(V34 egw+ L+ M VTS = (L4 hg )[ V3T Rar - L—vfsms} (6.4.2)

£0z ot 0z
o2 ., 9w B
(Vi+ ggw+ 1+ g Ty = 1+ gy )[v TRay — —ev‘f‘SRaS}, (6.4.3)

where w, = V x w. For linear stability analysis, normal mode technique is used to solve
the eigenvalue problem defined by Eq. (6.4.3), (6.3.14) and (6.3.15), by using time periodic

disturbance in horizontal plane. For fundamental mode

Wo

= | O | expli(lx + my) + ot]Sin(rz) (6.4.4)
b0

»nn N E

where 1, m are the horizontal wave numbers, a* = [* + m? and o = o, + i0; is the growth

rate. Substituting expression (6.4.4) into the linearized eqs. (6.3.13)-(6.3.14), it is obtained

1
[5% + (1 + M\o)*6T, 7 | wo — (1 + \o)a* Rar© + L—(l + A1o)a’Ragpy = 0 (6.4.5)

e

[0’ + 52]@0 — wWo + 52Df%¢0 =0 (646)
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pa+%;@pwm+ﬁ%y%%@oza (6.4.7)
where §° = (72 +a?), 87 = a®+ ¢7°. The above equations can be expressed in matrix form
as

2+ (1+ Mo)*6T,7? —(1+ \o)a?Rar —l—i(l + Mio)a*Ras | |wo 0
= o+ 62D, s 0| = [0
~1 028, ex Ao+ & bo 0

For non zero solution, the determinant of the matrix has to be zero, therefore, the thermal

Rayleigh number can be obtained as

L
R(lT = c

2 2 2
~ @2(1+Mo)(Ledo + 62 + 62S,) [(‘51 + (14 M) (Tom ) (6.4.8)

((cr 6 (M\o + 2—2) - 54Dfsr) + a®Rag (1 + Mo (82D, + Li(o— + 52))] .

e e
The growth rate o is in general a complex quantity such that ¢ = o, + io;. The system
with o, <0 is always stable, while for o, >0 it will become unstable. For neutral stability

state o, = 0.

6.4.1 Stationary State

The steady onset corresponds to o=0 (i.e.0, =0;=0) and becomes the Eq.(6.4.8). The
value of the thermal Rayleigh number of the system for a stationary mode of convection is

as given below:

1

st
RaT - a252<1 +Sr)

(67 + €T, 7%)(6* — 6* Dy S, L) + a*Ras(0°L.Dy + 6%)|,  (6.4.9)

6.4.2 Oscillatory State

Now set 0, = 0 and 0, # 0 (i.e.0 = io; ) in Eq.(6.4.8) and removing the complex quantities
from the denominator, to obtain

Ra"TSC = Al + inAg.
(Ady) + 02(Bdy)
CL2<A2 + 0-2BQ>

Ay = (6.4.10)
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(Ady) — (Bdy)
a2(A2 1 o2 B2)’

Ay = (6.4.11)

where, a; = 07 + (1 — 0%\ )T, 72,
ay = 26T,
asz = i—i — 1S, Dy — \o?
a, = \6% + Z—i
as = (0°Dy + g—i - LLGUQ)\l)

= (M&Dy+ £+ £N)
A=£ 4585 g2
B=X+X\ (52& +2)
di = (a1a3 — 0%asay + asa®Rag)
dy = (azaz + ajay + aga®Rag)
for oscillatory mode Ay = 0 and (0; # 0). The Rayleigh number Ra%“ has to be real,

therefore, The expression for oscillatory Rayleigh number is obtained as

Ra$® = A,. (6.4.12)

6.5 Nonlinear stability Analysis

In this section, nonlinear stability analysis has been done using minimal truncated Fourier
series. For simplicity, only two dimensional rolls are considered, so that all the physical
quantities do not dependent of y. Taking curl to eliminate the pressure term from Eq.
(6.2.1), introducing the stream function ¢ by using u = dw , W= g—f and then for steady

state assuming % = 0, it is obtained

o2 1 52 o? oT 1 oS
(@ + gﬁ + ( a) @)w + (RQT% — L_SRGS%> =0, (6'5'1>
Ra 8¢ 8(¢ T)
2 Sv2a —
VT + Dy RaTV S 830 2. 2) 0, (6.5.2)
2
VigygBargey o0 0W5) (6.5.3)

L. "Rag Jdr  J(z,2)
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It is to be noted that the effect of nonlinearity is to distort the temperature and concentra-
tion fields through the interaction of 1) and T, v and S. As a result a component of the form
sin(27z) will be generated. A minimal Fourier series which describes the finite amplitude

convection is given by

Y = Ay (t)sin(ax)sin(mz), (6.5.4)
T = By(t)cos(ax)sin(mz) + Ba(t)sin(2mz), (6.5.5)
S = C\(t)cos(ax)sin(mz) + Cy(t)sin(27mz), (6.5.6)

where the amplitudes A;(t) , By(t), B2(t) ,Ci(t), Ca(t) are functions of time and are to be

determined.

6.5.1 Steady finite amplitude motions

Substituting above expressions (6.5.4)-(6.5.6) in Eqs. (6.5.1)-(6.5.3) and equating the like

terms, the following set of nonlinear autonomous differential equations were obtained

1

(5% + Ta§7T2> A +aRarBi — —aRasCy = 0 (6.5.7)
2 2 RCLS
1) Bl + aA1 + WaAlBQ -+ ) Df Cl =0 (658)
RCLT
2 5 as
WaAlBl — 87 B2 — 87 Df CQ =0 (659)
PLGT
1 R
2820, + ad, + maA,Cy + 628,21 B, = 0 (6.5.10)
Le RCLS
872 Ra
T Cy — maA,Cy + 87285, RQZBQ— =0 (6.5.11)

Numerical method is used to solve the above nonlinear differential equation to find the

amplitudes. On solving for the amplitudes in terms of Ay, By, Bs, C, (5 can be obtained.



116 6.6 Results and Discussion

6.5.2 Steady Heat and Mass Transports

In the study of this type problem, quantification of heat and mass transport is very impor-
tant. Let Nu and Sh denote the rate of heat and mass transport for the fluid phase. The

Nusselt number and Sherwood number are defined by

0 0z

27/a 9T,
Jo ' Grda

2w /a 9T
or g
u} By (6.5.12)

Nu:1+[

0 0z

2n/a 9S,
fo de

f27r/a @dI :|
z=0

Sh=1+ (6.5.13)

Substituting the expressions of T, Ty, S and S} in Eqgs.(6.5.12)-(6.5.13), it is obtained

Nu = (1—27By) + Dy (1 _ 9mcy), (6.5.14)
RCLT
RCLT

Sh = (1 - 21Cs) + Sy Le—L (1 — 27 By).
Ras

Further, using the expressions of By, (5 into (6.5.14), the final expressions of Nu and Sh

can be obtained in terms of various parameters governing the system.
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6.6 Results and Discussion

This paper investigates the effects of rotation and cross diffusion on stationary and os-
cillatory convection in a Maxwell fluid saturated anisotropic porous medium. The effects

of various parameters such as mechanical anisotropy parameter, solute Rayleigh number,
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Figure 6.1: Stationary neutral stability curves for different values of (a) T,
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Lewis number, relaxation parameter, Soret and Dufour parameters are computed and the

results are depicted in figures.

The neutral stability curves in the (Rar,a) plane for various parameter values are as
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shown in Figures. The values for the parameters are fined as T, = 100, \; = .5, A =

5, Ras = 50, L, = 5, S,=.05, Dy=.05 and £ = .5, except the varying parameter. Figs.

6.1(a-f) are for stationary mode of convection, while Figs. 6.2(a-g) are for oscillatory mode
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Figure 6.3: Nusselt number for different values of (a) Ty, (b) L., (¢) Ras, (d) Sy, (e) Dy,
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of convection.

In the Figs. 6.1 (a, ¢, f) and Figs. 6.2 (a,c,f),effects of the parameters; Taylor num-
ber T,, solute Rayleigh number Rag and mechanical anisotropy parameter ¢ are depicted
respectively. From these figures, it is observed that an increment in the values of these pa-
rameters, increases the values of stationary and oscillatory Rayleigh number, thus stabilize
the system, means onset of convection will take place at later point. In Figs. 6.1,6.2(b,
e), it is shown that the effect of increasing Lewis number L, and Dufour parameter Dy is
to increase the value of Rayleigh number for stationary mode but decrease the value for
oscillatory mode, thus to stabilize the stationary and destabilize the oscillatory mode of
convection. Further,Figs. 6.1,6.2(d), show the effect of Soret parameter, respectively for
both stationary and oscillatory modes. It is found that increasing the value of the Soret pa-
rameter S,., decreases the value of stationary Rayleigh number, thus destabilizing the onset
of stationary mode of convection but increases the value of oscillatory Rayleigh number,
thus stabilizing the system. Also Fig.6.2(g) shows the effect of relaxation parameter on
the onset of convection. It is observed that the oscillatory Rayleigh number decreases on
increasing the value of the relaxation parameter \;, indicating that the effect of relaxation

parameter is to destabilize the system, as the oscillatory convection takes place little early.

Now, the quantity of heat and mass transfer across the porous medium is computed
in terms of the thermal Nusselt number and Sherwood number as functions of various
parameters, which are fixed at T, = 10, Rag = 50, L. = 5, S,=.05, Dy=.5 and { = .5

with varying one of the parameters. The results are depicted in the Figs.6.3(a-f) through
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the Rayleigh-Nusselt number plane and in the Figs.6.4(a-f) through the Rayleigh-Sherwood
number plane. It is found from the Figs.6.3,6.4 (a,d),that the value of Nusselt number N,
decreases, while that of S} increases on increasing the values of Taylor number 7, and of the
Soret parameter S,. This shows that the effect of Taylor number and Soret parameter is to
decrease the heat transport, while increase the mass transport in the system. Figs.6.3,6.4(b)
show that heat and mass transports increase on increasing the value of Lewis number L.,
thus destabilizing the system. it is found from the Figs.6.3, 6.4(c,e) that the effects of
increasing Rag, Dy have a stabilizing effect on the system as heat transport increase and

mass transport decrease on increasing the values of these parameters. Further, it is found
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from the Figs.6.3, 6.4(f) that the effects of increasing £ has a destabilizing effect on the

system as heat and mass transport decrease on increasing the values of these parameters.

6.7 Conclusions

Soret effect and Dufour effect on cross diffusion convection in a rotating anisotropic
porous medium saturated with a Maxwell fluid which is heated and salted from below, is
investigated analytically using linear and nonlinear stability analyses. The linear analysis
is done using normal mode technique while the nonlinear analysis is based on a minimal

representation of double Fourier series. Following conclusions are drawn:

1) The Taylor number T,, solute Rayleigh number Rag, and mechanical anisotropy pa-
rameter £ have stabilizing effect on the system in both stationary and oscillatory

modes of convection.

2) The Soret parameter S, has destabilizing effect on stationary mode while stabilizing

effect on oscillatory mode of convection.

3) The Lewis number L. and Dufour parameter D, have a stabilizing effect on stationary

convection while opposite effect on oscillatory convection.
4) The relaxation parameter \; has destabilizing effect on oscillatory convection.
5) The Lewis number L. increases both Nusselt number and the Sherwood number.

6) Increments in Solute Rayleigh number Rag and Dufour parameter D; increase the

Nusselt number and decrease the Sherwood number.

6) Increments in mechanical anisotropy parameter ¢ decrease both Nusselt number and

the Sherwood number.

7) Increments in Taylor number 7, and Soret parameter S, decrease the Nusselt number

and increase the Sherwood number.
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Double Diffusive Convection in a Viscoelastic Fluid
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Abstract-In this paper, the effect of internal heating on double diffusive convection in a rotating anisotropic
porous medium saturated with a viscoelastic fluid,which is heated and salted from below,is studied analytically.
Linear stability analysis has been performed by using Normal mode technique and nonlinear theory is based on
minimal representation of Fourier series up to two terms. The modified Darcy model,which includes the time
derivative and Coriolis terms has been employed in the momentum equation. The effects of Taylor
number,solute Rayleigh number,internal heat source parameter, diffusivity ratio,relaxation and retardation
parameters, thermal and mechanical anisotropy parameters on the stationary and oscillatory convection are
obtained and shown graphically. Also, heat and mass transports have been obtained in terms of the Nusselt

number and Sherwood number respectively and presented through Figs.

Index Terms-Viscoelastic fluid; Double diffusive convection; Rotation; Internal heat source; Porous media.

1. INTRODUCTION

Most of the studies in relevant area are mainly dealt
with isotropic porous media; however there are many
physical situations where thermal and mechanical
anisotropy exists in porous matrix, one of such
examples is our geothermal environment. Anisotropy
is generally a consequence of preferential orientation
of asymmetric geometry of porous matrix or fibers and
is in fact encountered in numerous systems in industry
and nature, also in artificial porous matrix anisotropy
can be made deliberately according to applications.
Srivastava et al. [5] studied the effect of internal
heating on double diffusive convection in a couple
stress fluid saturated anisotropic porous medium.

There is large number of practical situations
in which convection is driven by internal heat source.
Internal heat generation arises in many important
contexts, including reactor safety analyses, metal
waste that is produced by spent nuclear fuel, fire and
combustion studies, and the storage of radioactive
materials. The study concerning internal heat source in
porous media is provided by Tveitereid [27],
performing thermal convection in a horizontal porous
layer with internal heat source. Hill [3] performed
linear and nonlinear analyses on the double-diffusive
convection in a porous layer with a concentration
based internal heat source. Bhadauria et al.[9] studied
the effect of internal heating on double diffusive
convection in a couple stress fluid saturated
anisotropic  porous  medium.  Govender  [14]
investigated the Corioliseffect on the stability of

centrifugally driven convection in a
anisotropic porous layer subject to gravity.

rotating

The studies of double diffusive convection in
porous media plays very significant roles in many
areas such as in petroleum industry, solidification of
binary mixture, migration of solutes in water saturated
soils. Other example includes geophysics system,
crystal growth, electrochemistry, the migration of
moisture through air contained in fibrous insulation,
Earth's oceans, magma chambers etc. The onset of
thermal instability in a horizontal porous layer was
first studied extensively by Horton and Rogers [15]
and Lapwood [18]. However, Nield [28] was first to
investigate double diffusive generalization of the
Horton—-Rogers-Lapwood problem, performing only
linear stability analysis. Some other researchers who
have worked on double diffusive convection in a
porous medium are Taunton et al.[37], Patil and
Vaidyanathan [31,32], Griffith [13]. The onset of
double diffusive convection in a horizontal porous
layer has been investigated by Rudraiah et al. [34]
using a weak non-linear theory. The problem of
double diffusive convection in a porous media has
been presented by Ingham and Pop [16], Nield and
Bejan [19] and Vafai [39,40], Vadasz[41,42]. The
study was continued by Poulikakos [30], Travison and
Bejan [38], Momou [22] etc.

The study of double diffusive convection in a
rotating porous media is important due to both, its
theoretical and practical applications in engineering.
Some of the important areas of applications in
engineering include the food and chemical process,
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solidification and centrifugal casting of metals,
rotating  machinery, petroleum industry and
biomechanics problems. There are only few studies
available on double diffusive convection in the
presence of rotation. Chakrabarti and Gupta [4] have
analyzed the nonlinear thermohaline convection in a
rotating porous medium. The effect of rotation on
linear and nonlinear double diffusive convection in a
sparsely packed porous medium was studied by
Rudraiah et.al. [34]. Malashetty et al. [23] studied the
effect of rotation on the onset of double diffusive
convection in a Darcy porous medium saturated with
couple stress fluid. Malashetty and Heera [24, 25]
studied the effect of rotation on the onset of double
diffusive convection in a horizontal anisotropic porous
layer. Gaikwad [12] have done the linear stability
analysis of double diffusive convection in a horizontal
sparsely packed rotating anisotropic porous layer in
presence of Soret effect. Sulochana et.al [10] studied
the onset of double diffusive convection in a couple
stress fluid saturated rotating anisotropic porous layer.
Bhadauria et al. [7] studied cross diffusion convection
in a Newtonian fluid-saturated rotating porous
medium.

The work published on natural convection of
viscoelastic fluids in porous media is fairly limited.
Convection in a viscoelastic fluid-saturated sparsely
packed porous layer is studied by Rudraiah et al. [33,
35]. Mardones et al. [20, 21] have investigated the
Rayleigh-Benard convection for stationary convection
in a binary viscoelastic fluid. Yoon et al. [43, 44], Kim
et al. [17], and Bertola and Cafaro [6] studied the
stability of a viscoelastic fluid where an existing
constitutive model, which is rather simple, was
employed to examine the effects of relaxation and
retardation times on the stationary and oscillatory
convection in a horizontal porous layer heated by a
constant temperature. Park and Park [29] studied
Rayleigh-Benard convection of viscoelastic fluids in
arbitrary finite domains. Convective instabilities in a
viscoelastic-fluid-saturated  porous medium  with
throughflow have been studied by Shivakumara and
Sureshkumar [36]. Linear and nonlinear stability
analyses of thermal convection for Oldroyd-B fluids in
a porous media heated from below has been studied by
Zhang et al. [45]. Malashetty et al. [26] studied the
onset of convection in a binary viscoelastic fluid-
saturated porous layer. Kumar and Bhadauria [1] have
studied non-linear two-dimensional double diffusive
convection in a rotating porous layer saturated by a
viscoelastic fluid. Gaikwad et al. [11] performed onset
of Darcy-Brinkman convection in a binary viscoelastic
fluid-saturated porous layer with internal heat source.
Recently Srivastava et al. [2] have studied linear and
weak nonlinear double diffusive convection in a
viscoelastic fluid saturated anisotropic porous medium
with internal heat source.

In the present literature, no work is available
on double diffusive convection in a rotating porous
layer saturated by a viscoelastic fluid with an internal
heat source. Therefore, in the present study stability
analysis of internal heating effect on double diffusive
convection in a rotating anisotropic porous medium
saturated with a viscoelastic fluid has been done.

2. GOVERNING EQUATION

Consider a viscoelastic fluid saturated porous medium,
confined between two infinitely extended horizontal
planes at Z=0 and Z=d, heated from below and
cooled from above. Darcy model has been employed
in the momentum equation. Further, an internal heat
source term has been included in the energy equation.
A Cartesian frame of reference is chosen in such a
way that the origin lies on the lower plane and the z-
axis as vertical upward. The system is rotating about
z-axis with a constant angular velocity Q. An adverse
temperature gradient is applied across the porous layer
and the lower and upper planes are kept at temperature

T,+ATand T,, and concentration S;+AS and

S, respectively. The physical configuration of the
model is reported in the Fig.A.

z
A
T~
LD
T=Ty.S=S
Z=’lr
viscoelastic fluid
@
Pryx s 011 .
T=Ty+AT,S=5,+AS o z=0 -
¥
Fig .A: Physical configuration of the problem
v.g=0 @
w et
1+, — |==2(Q S+ 4= =1+ A4 —
[+ilatj ; ( xq)+K +A20t +i16t
(-Vp+p,9) @
oT
;/E+(q-V)T:V(KT-VT)+Q(T7T0) 3)
¢%+(q»V)S:KSVZS 4
P:Po[l_ﬁT(T_To)_ﬂs(s_su)] ®)
T=T,+AT; at z=0 and T =T,; atz=d; (6)

S=S,+AS; at z=0 and S=S;; atz=d;
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2.1 Basic Solution
At this state, the velocity, pressure, temperature and
density profiles are given by

6, =0, p=p,(2), T=T,(2). S=5,(2). p=p,(2). (7)
Substituting Eq. (7) in Eq. (1-4), we get the following
equations:

dp,

dz =—9, (8)
2
x4 oT =0, ©)
z
d 2Sb
=0, 10
dz® (10)
The solution of Eq. (9) and Eq. (10) subject
to the boundary conditions (6), are given by
singR; (1-&)
T, =T, + AT ————=. 11
2 =T, Y (11)
Z
S, =S, +AS (1—5) (12)

2.2 Perturbed Equation
Now, we superimpose finite amplitude perturbations
on the basic state in the form:
0=0,+0\ T=T,+T, p=p,+p’ $=5,+5' p=p+p’ (13)

and get the following equations

Vg =0 (14)
722 axq)+ 4147 2 g =-(1+7 2

O e S L

(Vo-pg (BT~ 58") (19

}/%T,+(q'4V)T'=(KTX'VZT’)‘*'QT’

—w

™ (o

s, o B o2

E+(q -V)s +WE—K‘SV S (17)

P ==po[ BT -S| (18)

The resulting equations are non-dimensionalized using
the following transformations;

(x,y.z)=(x,y,2)d, t'=t*[d—2],

KTZ

ke, d
Q=" 4= 4
Kr,

2
L= (U.v,W):(U‘,V‘,w')(ij.
Ky, d
T'=(AT)T, $'=(AS)S", p':% P’ (19)
z
2.3 Non-Dimensionilized Equation
The non-dimensionalized equations (on dropping the

asterisks for simplicity) are obtained as,

[1+11§]\/T:(qu')+[1+4§)qa+(1+4§ij:(1+11§)

(Ra,T-zRa,S)k (20)
or oT, &
E+WE"—[77VIZ+E]+ RT (21)
B wP v )
ot oz

1 1
where q=(EU,EV,WJ is anisotropic modified

2
velocity vector, PrD:¢7/Vd is Darcy-Prandtl
KT
number, Ra, :M is the thermal Rayleigh
VKTZ
number, RaS:'BSLSKZd is the solute Rayleigh
VKTZ
Qd? . _ _
number, R =—— is the internal Rayleigh
KTz
20K, Y’
parameter, Ta=[ ZJ is Taylor number,
ug
n =5 s thermal anisotropy parameter, | =Kz
Kz Ks
. ; Kg . ;
is Lewis number, 7=—= s diffusivity ratio,

KTZ
S = K, AT
ICTZAS z
mechanical anisotropy parameter. The above system
will be solved by considering stress free and
isothermal boundary conditions as given below:
o'w
w=—2=T =S=0o0nz=0,z=1.
oz

is the Soret parameter, gzﬁ

(23)

The pressure term from Eq. (20) is eliminated by
taking curl of the momentum equation.
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s sg-fond)

{ [6T. aT ] (as. as H
Ra;| —i——j |-7Ray| —i——]
oy OXx oy OXx

where @=Vx(Q is vorticity vector. On further
taking curl, we get

(1+AZ§JQ—(1+11§J\/T:Z—‘Z":(1+4§)

[Ra,V,’T —7Ra,V,’s | (24)
where Q =(Q,,Q,,Q;),
1 0% azw ov 10
Q= 2tz
£ oyox 6y6x oy° Soy
10  dw 1(d az
QZ + 2 -2 |
gaxay 6yaz § ox~ oz
10
Q3:_(V12+E§jw
3. LINEAR STABILITY ANALYSIS
Linear equations are
ow
e

R A PR N

- (1+ﬂl—j[RaTVfT —7Ra,V,’s | (26)
G &

(5_ Vz_a_z_RjT w @)

(g-fvzjszw (28)

By eliminating T,S, e, from above equation,
we obtain

g—q A 7—7RJ(§71V2)(1+AZ§]2 ]

1.8 7_,v Ra,V,’ -

at
g—qv ———R]rRas |
o’w  o'w
=—=—7 0nz=0,2z=1
or* oz

Use normal mode technique

w=W (z)exp(i(Ix+my)+ot)Sinzz (30)
m are horizontal wave numbers and
is the growth rate. Solve the above

wherel,
o=o0,+io;,
equation,

obtained as

the thermal Rayleigh number can be

(c+6," -R)(1+ /120')612 +Ta7r24f(1+ Ao)(o+6, -

R)

e = (1+40)

7Ray (31)

a’ (1+40)
(o+ 522 -R)
¥ (0'+ 2'52)

wherea® =12+m?, 62 =r*+a?,

2
i

512 =Z_+a?, 522 =7+ 77a2. The growth rate

o isin general a complex quantity such that
o =0, +i o;. The system with o, <0 is always
stable, while for o, > 0 it will become unstable. For

neutral stability state o, =0

3.1 Stationary State

Now we set =0 in Eq. (31) at the margin of
stability. The expression of the thermal Rayleigh
number for stationary mode of convection is found as
given below:

(0+8,"~R)S? n T, 7°£(5,° —R)

Rasf —
T a2 a2

5 2
+% ag (32)
It is important to note that the critical wave number
a= af‘ depends on the couple stress parameter and
Taylor number. In the absence of Taylor number i.e.

T, =0 Eq. (32) gives
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(c+6,°-R)&’ (
a’ T

For isotropic porous media when & =77 =1 and the

e = “R)

7Rag

system without internal-heating, i.e., Ri =0, we get
2 2\2
T-+a
Rag = 7 *3) | pa
a

which is the result given by Malashetty et al. [25]. For
single component fluid, Ra; = 0, we obtain

(% +a%)?
Ray =~——— (33)
a
which has the critical value Raf' =4z> for

a’' = 7 are the classical results obtained by Horton

and Roger [16] and Lapwood [19] for single
component fluid in porous layer.

3.2 Oscillatory State

For the oscillatory mode of convection, we set
=i0; in Eq. (27) and clear the complex quantities

from the denominator, to obtain

Rar™ = A, +icA, (34).
where

s ez 2 (522 -R —/120'2 +110'2

(15 +0 )(é‘l +7 §Ta) (1+622—Ri)
Al: 2 2 2
a (1+/11 o )
. a’(1+ ﬂlaz)rRzas (52:(5; -R)o’) -
or+o

(6% +0) (67 + 2°€T, [ (1+ 67 ~R) - 44(87 ~ R — 207 |

)=

a’(1+ 4%0%)
a*(1+ 40°)Ra, (5% -(52-R, ))

St +o?

For oscillatory mode A, =0and o; #0, where &

is the oscillatory frequency which is not given for
brevity.

We have the necessary expression for oscillatory
Rayleigh number as:

Ra% = A, (36)

4. NONLINEAR STABILITY ANALYSIS

In this section, nonlinear stability has been studied
using minimal truncated Fourier series. For simplicity,
we consider only two dimensional rolls, so that all the

physical quantities are mdepegdent ofy. aWe introduce

the stream function y as u——Z ——, then
taking curl to eliminate pressure term from Eq.(2), to
get
(1”?9)2 ziiﬁ +(1+ﬂli)zﬂ 627'/’_(1+A‘1E]
a)la za ) ) e a
0 0S el
1+4,— —-Ra, — 37
( %){ " “x] &)
? ? oy, T
LI USRCS | W v o
a "¢ e o(xz) &
2 2 0 ,S
L A U (39)
a |\ o 6(x,z) ox

It is to be noted that the effect of nonlinearity is to
distort the temperature and concentration fields
through the interaction of y, with T andS. As a
result a component of the form Sin (27z) will be
generated. A minimal Fourier series which describes
the finite amplitude convection is given by

v =M, (t)sin(ax)sin(zz) (40)
T =M, (t)cos(ax)sin(zz) + M, (t)sin(27z) (41)
S = M,(t)cos(ax)sin(zz) +M,(t)sin(2zz) (42)
where the amplitudes M (t), M, (t), M,(t),

M, (t), M, (t)are functions of time and are to be

determined. Substituting above expressions in Egs.
(37) - (39) and equating the like terms, the following
set of nonlinear autonomous differential equations is
obtained

dMm,
dt

=D, (1) (43)

@ ___ 1
dt (2262 +7%T, A0
(82 +7°ET, )Mo +2(2262 + €T, 2,7 ) D,

M, —raRa;M, +aRa, (/11+Az)dM1

+aRa;
(44)

—raRa, (21+A7)—+aRa,r (M.Z) dtz

—raRag (44, )

dt2
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dgfl = —[aM, + zaM M, + (5, ~R )M, | (45)
dz:z :7[(4;;27R,)M27”73M0M1} (46)
%:—[aMowraMoMﬁ&erJ (47)
dzﬂt“ =—{47t2rM4—%aMoM3} (48)

Numerical method was used to solve the above
nonlinear differential equation to find the amplitudes.

41 Steady Finite Amplitude Motions

For steady state finite amplitude convection, we have
to set left hand side of the Eq. (43-48) equal to zero.

D,(t)=0 (49)

(67 +7°€T,)M, +aRa, M, ~zaRa;M, =0 (50)

aM, +7aM,M, +(5," —R )M, =0 (51)

(4ﬂ27Ri)sz%aMoM1:0 (52)

aM, + 7aM,M, + %M, =0 (53)
a

4;r21M4—%M0M3=0 (54)

On solving the above equations for the amplitudes, we
obtain M;,M,, M, M, interms of M as

2a(47” -R M,

M= M s 2(47°-R)(57-R) (%)
Me = e 2?27:;/'—02& )(57-R) (550)
et
M, = ﬂ(az(ysziwjgsﬂ (550)
4.2

Steady Heat And Mass Transports

In the study of this type problem, quantification of
heat and mass transport is very important in porous
media. Let N, and S, be denoted as the rate of heat
and mass transports per unit for the fluid phase known

as Nusselt number and Sherwood number
respectively, defined by
2z 7
=0T
Oa idx
Nu=1+| -2 02 (56)
@ o gy
0 oz Jdz-0
27z N
Oa @dx
Sh=1+|-—2 0Z
= %o gy
°o az dz=0

Substituting M ,, M, in (55a, 55b, 55¢, 55d), the

expressions for N, and S, are obtained as
N, =1-22zM,
S, =1-27M,.
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5. RESULTS AND DISCUSSION

We have studied the effect of internal heat source on
double diffusive convection in a viscoelastic fluid
saturated rotating anisotropic porous layer using linear
and nonlinear stability analyses. In this section, we
obtain the effects of various parameters in the
governing equations on the onset of double diffusive
convection numerically and express them graphically.
The numerical values of thermal Rayleigh number for
stationary and oscillatory modes of convection for
different values of the parameters such as Taylor
number, relaxation and retardation parameters, solute
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Rayleigh number, and parameter are computed, and
depicted in figures.

Linear Stability

The marginal stability curves in the (Ra,,a) plane
for the stationary and oscillatory modes are presented
through graphs for different values of the parameters.
Figs 1(a-e) are for stationary mode, while Figs 2(a-h)
correspond to oscillatory mode of convection. We fix

the values for the parameters as T,= 30, =.5,
Rag =100, r=.3, 4,=.9,4=.5,7=.9and
R, = 2, except the varying parameter.

From Figs 1(a), 2(a), it is observed that on
increasing the value of internal Rayleigh number R;,

the critical values of stationary and oscillatory
Rayleigh number decrease, thus destabilizing the
system. This shows that the effect of an increment in

the value of R;,is to advance the onset of both
stationary as well as oscillatory modes of convection.
However, from Figs 1(b), 2(b) for Taylor number T,,

Figs 1(c), 2(c) for solutal Rayleigh number Ras,
Figs 1(d), 2(d) for thermal anisotropic parameter 77
and Figs 1(e), 2(e) for mechanical anisotropic
parameter £,it is observed respectively that on
increasing the values of T,, Rag, 7, & the critical

values of stationary and oscillatory Rayleigh numbers
increase, thus stabilizing the system. This shows that

the effect of increasing the values of T,, Rag, 7, £
is to delay the onset of stationary and oscillatory
convection.

Further, it is found from Figs 2(f, h) that the effect of
increasing the values of diffusivity ratio 7 and the
parameter A, is to increase the critical value of the
oscillatory Rayleigh number, thus delaying the onset
of oscillatory convection. However opposite effect is
found in Fig 2(g), where an increment in the value of
parameter A, decreases the critical value of the
oscillatory Rayleigh number, thus advancing the onset
of oscillatory convection.

Nonlinear Stability

The effects of various parameters on the rate of heat
and mass transfer are shown in Fig 3 and Fig 4
respectively. Figs 3(a) and 4(a) show that an
increment in the value of the internal Rayleigh number

R;increases the values of both Nusselt number N,
and Sherwood number S, which is due to the fact

that increasing the value of R; advances the onset of
convection. From Figs 3(b) and 4(b) for Taylor

number T,, Figs 3(c), 4(c) for solute Rayleigh
number Rag, Figs 3(d), 4(d) for diffusivity ratio z,
Figs 3(e), 4(e) for thermal anisotropic parameter 77,
Figs 3(f), 4(f) for mechanical anisotropic parameter
&, it is observed that on increasing the values of T,

Rag, 7, nand &,the values of both Nusselt number

N,and Sherwood number thus

stabilizing the system.

S, decrease,

6. CONCLUSIONS

In this paper, internal heating effect on
double diffusive convection in a viscoelastic fluid
saturated rotating anisotropic porous layer, which is
heated and salted from below, is investigated. The
problem has been solved analytically, performing
linear and nonlinear analyses. Linear analysis is done
using normal mode technique. Following conclusions
are drawn:

1) The Taylor numberT,,  mechanical
anisotropic parameter £, solute Rayleigh
number Ragand thermal  anisotropic

parameter 77has a stabilizing effect on the
both stationary and oscillatory convection.
2) The internal heat parameter R, destabilizes

the system in the stationary and oscillatory
system.
3) The of diffusivity ratioz and

retardation parameter A, have stabilizing
effect on the oscillatory convection.

effects

4) The relaxation parameter Ahas a
destabilizing effect on the oscillatory
convection.

5) The increasing the value of internal Rayleigh
number R, then increase the value of Nusselt
number
increasing the value of mechanical
anisotropic parameter &, Taylor number T,

,solute Rayleigh  number Ras,diffusivity
ratio 7 and thermal anisotropic parameter 77

N, i.e. increased heat transfer but

decreases the value ofNusselt number N,.

6) Mass transfer that is the value of Sherwood
number increases on increasing the value of

internal  Rayleigh number R, while

decreaseson increasing the values of
mechanical anisotropic parameter &, Taylor
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number T, solute Rayleigh number Rag,

diffusivity ratio 7 and thermal anisotropic
parameter 77
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Appendix

Latin symbols

a wave number
d depth of porous layer
g Acceleration due to gravity
. .. . Ks
T Diffusivity ratio7 = —
K,
RaT Thermal Rayleigh number
ATK
RaT = ’BTg—Zd
VKTZ
Rag Solute Rayleigh number
ASK
Ras = IBSg S zd
VK'-I-Z
K permeability
T temperature
S solute concentration
AT Temperature difference across the
porous layer
AS Solute difference across the porous
layer
t time
p reduced pressure
q Fluid velocity (u,v,w)
2
PrD Prandtl number Pry = #rvd
i K
Ri Internal Rayleigh number
d 2
R - Qd’
K
20K, )’
T, Taylor number T, :( z j
ug
Q Internal heat source
Nu Nusselt number
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Sh
(x.y,2)

Greek symbols

K5

P
Po

Other symbols
V)2

VZ

Subscripts

b

Sherwood number
Space co-ordinates

Effective thermal diffusivity

K (14 Jj) + iy, (Kk)

Effective thermal diffusivity in x-
direction
Effective

direction
Coefficient of thermal expansion

thermal diffusivity in
Coefficient of solute expansion

Stress-relaxation time

Strain-retardation time

o )—
Relaxation parameter [ JZZ jxll
4

Ky, |7
ydzjﬂz

Retardation parameter [

Reference temperature

Reference concentration

Growth rate
Dynamic viscosity of the fluid

Effective viscosity of the fluid
Porosity

Heat capacities ratio (

Kinematic viscosity el
Po
Fluid density

Reference density

o* 0
— + —

aXZ ayZ

82 82 82
6X2 6y2 522
basic state

c
0
Superscripts

>
*

osc
st

critical
reference value

perturbed quantity
Dimensionless quantity
oscillatory

stationary
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Abstract—Linear and nonlinear analyses have been done and the combine effect of internal heating and Soret effect on
Darcy - Brinkman convection in a binary viscoelastic fluid saturated porous layer, heated and salted from below, has
been studied, analytically. Linear stability analysis has been performed by using normal mode technique and nonlinear
analysis is done using truncated Fourier series. The modified Darcy-Brinkman-Oldroyd model, including the time
derivative term, is employed for the momentum equation. The effects of Darcy number, Soret parameter, relaxation
and retardation parameters, solute Rayleigh number, internal heat source, Lewis number and Darcy-Prandtl number
on stationary and oscillatory convection are shown graphically. Also heat and mass transports are calculated in terms
of the Nusselt number and Sherwood number and presented graphically.

Index Terms— Double diffusive convection; Viscoelastic fluid; Internal heat source; Soret parameter; Porous media.

|. INTRODUCTION

There is large number of practical situations in which convection is driven by internal heat source in a porous medium. The
wide applications of such convection occur in nuclear reactions, nuclear heat cores, nuclear energy, nuclear waste disposals,
oil extractions, and crystal growth. The study concerning internal heat source in porous media is provided by Tveitereid [1],
who obtained the steady solution in the form of hexagons and two dimensional rolls for convection in a horizontal porous layer
with internal heat source. Horton and Rogers [2] and Lapwood [3] were the first to obtained analytically the expression for
critical Rayleigh number for the onset of convection in a fluid-saturated porous layer heated from below. Bejan [4] studied
analytically the buoyancy induced convection with internal heat source, Parthiban and Patil [5] studied the effect of non-
uniform boundaries temperature on thermal instability in a porous medium with internal heat source and predicted that internal
heat source parameter advances the onset of convection. Hill [6] performed linear and nonlinear analyses on the double-
diffusive convection in a porous layer with a concentration based internal heat source. Bhadauria et al. [7]-[8] studied effect of
internal heating on double diffusive convection in a couple stress fluid saturated anisotropic porous medium and also natural
convection in a rotating anisotropic porous layer with internal heat source. Khan and Aziz [9] studied transient heat transfer in
a heat-generating fin with radiation and convection with temperature-dependent heat transfer coefficient.

Further, there are many studies available on the effect of cross-diffusion on onset of double-diffusive convection in a porous
medium. Thermal convection in a binary fluid driven by the Soret and Dufour effects has been investigated by Knobloch [10].
Hurle and Jakeman [11] performed a theoretical study of Soret driven thermosolutal convection in a binary fluid mixture.
Linear and nonlinear analyses of double diffusive convection in a fluid saturated porous layer with cross-diffusion effects has
been carried out by Malashetty and Biradar [12]. Rudraiah and Malashetty [13] carried out a study on double diffusive
convection in a porous medium in the presence of Soret and Dufour effects, while Gaikwad et. al. [14]-[16] performed a linear
and nonlinear double diffusive convection in a fluid-saturated anisotropic porous layer with cross-diffusion and obtained the
effect of cross diffusion coefficients. Bhadauria, Hashim et al. [17] investigated the double diffusive convection in a fluid
saturated anisotropic porous layer with Soret effect and internal heat source. Rudraiah, Siddheshwar [18] did a weak nonlinear
stability analysis of double diffusive convection with cross diffusion in a fluid saturated porous medium and obtained some
very interesting results.

Convection in binary fluids is a complex process. The presence of concentration currents as well as thermal currents leads to
linear and nonlinear behavior. In a binary fluid, the density depends on both temperature and solute concentration. This leads
to a competition between heat diffusion and solute diffusion, and consequently oscillatory motions may occur. The oscillatory
convective instability in binary fluid mixtures is well understood by Platten and Legros [19]. Taslim and Narusawa [20]
investigated binary fluid composition and double diffusive convection in a porous medium. Further, the studies of double
diffusive convection in porous media plays very significant roles in many areas such as in petroleum industry, solidification of
binary mixture, migration of solutes in water saturated soils. Other examples include; geophysics system, crystal growth,
electrochemistry, the migration of moisture through air contained in fibrous insulation, Earth's oceans, magma chambers etc.
The studies on double diffusive convection in a porous media has been presented in details by Ingham and Pop [21], Nield and
Bejan [22] and vafai [23]-[24] and Vadasz [25] in their books. Further, it was performed by many other researchers, namely;
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Poulikakos [26], Travison and Bejan [27], Momou [28] etc. The very first study on double diffusive convection in porous
media was mainly concerned with linear stability analysis, and was performed by Nield [29].

It is well known that the Darcy's law is not valid for non-Newtonian fluid flows in porous media. Swamy et al [30] studied the
onset of Darcy-Brinkman convection in a binary viscoelastic fluid saturated porous layer, where the modified Darcy-
Brinkman-Oldroyd model has been developed. However, published works on thermal convection of viscoelastic fluids in
porous media are fairly limited. Rudraiah et al. [31] have studied the thermal stability of a viscoelastic fluid saturated sparsely
packed porous layer. Kim et al. [32] studied the thermal instability of viscoelastic fluids in a porous medium by performing
linear and nonlinear analyses. Yoon et al. [33] analyzed the onset of thermal convection in a horizontal porous layer saturated
with a viscoelastic liquid using a linear theory. Zhang et al. [34] carried out linear and nonlinear analyses of thermal
convection for Oldroyd-B fluids in porous media, heated from below. Gaikwad and Kouser [35] investigated the onset of
Darcy-Brinkman convection in a binary viscoelastic fluid saturated porous layer with internal heat source. Gaikwad and
Dhanraj [36] studied Soret effect on Darcy-Brinkman convection in a binary viscoelastic fluid-saturated porous layer and
studied the cross diffusion effects on convective instability. Stability analysis of Soret-driven double diffusive convection of a
Maxwell fluid in a porous medium has been investigated by Wang and Tan [37]. Narayana et al. [38] performed linear and
nonlinear stability analysis of binary Maxwell fluid convection in a porous medium with Soret and Dufour effects. Rudraiah et
al. [39] have studied the stability of a viscoelastic fluid saturated sparsely packed porous layer. Malashetty et al. [40] have
investigated the onset of convection in a binary viscoelastic fluid saturated porous layer. Kumar and Bhadauria [41] performed
stability analysis to study thermal instability in a rotating anisotropic porous layer saturated by a viscoelastic fluid.

Malashetty et al. [42] did an analytical study of linear and nonlinear double diffusive convection with soret effect in couple
stress liquids. More recently, Gaikwad and Kamble [43] have studied theoretically, the cross diffusion effects on convective
instability in porous media and Gaikwad et al. [44] have performed a study on double diffusive convection in a binary
viscoelastic fluid saturated porous layer with Soret effect and internal heat source. Therefore, in the present paper, we have
carried out linear and nonlinear stability analyses and studied the effect of internal heat and Soret parameter on Darcy-
Brinkman convection in a binary viscoelastic fluid saturated porous layer.

2. MATHEMATICAL FORMULATION
Consider a viscoelastic fluid saturated porous layer, confined between two infinitely extended horizontal planes at z=0and

Z=d heated from below and cooled from above. An internal heat source term has been included in the energy equation. A
cartesian frame of reference is chosen in such a way that the origin lies on the lower plane and the z-axis as vertical upward.
An adverse temperature gradient is applied across the porous layer and the lower and upper planes are kept at temperature

T, + AT , and T, with concentration S;+ AS and S, respectively. The governing equations are as given

v.q=0 (1a)
— 0\ P N -0 2. M

I+ 4= || F2 = +Vp-pg |=|1+ 4 = || ©. V9= 1b
(%atj(g VP pgj (””Zatj(% q qu (1b)
o1 )

yE+(qV)T =K,V T+Q(T-T,) (1c)
oS 2 2

85+(qv)s =K,,V’S +K, VT (1d)
p=py[ 1= (T-Ty)+ 55 (S-S, ] (1e)

where the physical variables have their usual meanings as given in the nomenclature. The externally imposed the thermal and
solutal boundary conditions are given by

T=T,+AT; at z=0 and T =T; atz=d;
§=S,+AS; atz=0 and S=S; atz=d,; )

2.1. BASIC SOLUTION

At this state the velocity, pressure, temperature and density profiles are given by

G, =0,p=p,(2),T =T,(2),S=5,(2), p = p,(2). ®)

Substituting Eq. (3) in Eq. (Lla-1e), we get the following relations:

dp,

b _ _ , 4
4z Pr9 4
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dT,

K11 dz2 +Q(rb To)=O1 (5)
d?s,
= 0, 6
dz? (6)
Po = Fo [1_:8T(Tb =To)+ B (S, _To)]- (M
The solution of Eq. (5), subject to the boundary condition (2),is given by
siny/R; (1— éj
T, =T, + AT ———=. (8)
sinyR;
The solution of Eq. (5), subject to the boundary condition (2),
S, =S, +AS (1— gj ©)
Now, we superimpose finite amplitude perturbations on the basic state in the form:
q=0,+0", T=T,+T" p=p,+p, S=5,+5' p=p,+p' (10)
We get the following set of equations:
V.q'=0
0
(14 5] 28 svp- (a7 500 =144 5 | 7= 2a)
oT' . . L OT! . .
7 at +(q'V)T+w a—b: K,VT'+QT

'V)S-w Ad—s_ K,V2S '+ K, VoT!

P'==p [ﬂTT + BsS ]

Infinitesimal perturbation was applied to the basic state of the system and then the pressure term was eliminating by taking
curl twice of Eqg. (1b). The above resulting equations are non- dimensionalized using the following transformations,

yd? K

(Xlxylle):(x*:y*xz*)dl t':t*( )l q: —i * (UVW) (u V W)( ) T _(AT)T S _(AS)S
K, d (11)

Tb , Sb in dimensionless forms are given as
T,=01-2),S,=01-2) (12)
The non dimensionalized equations (on dropping the asterisks for simplicity) are

1+,11ﬁj L 9 go- Ra, VT + Ra,V?2S —(1”,2 EJ(DaV“W—VZW):O (13)

Pr, ot ot

F 5 2

——V°'—-R+qV |T-w=0
ot

(14)
0 21 2

& ——-V"—|S+(q.V)S-S, VT -w=0 (15)
L at Le
where Pr, = eyvd’ is Darcy-Prandtl number, Ra, ﬁTgASKd is the thermal Rayleigh number, Ra, M is the

11 vKy, vKy

2 — J—
solute Rayleigh number, R = QA" s the internal Rayleigh parameter, 2, = (%)A1 is relaxation parameter , 4, = (%)ﬂq
4 4

11

is retardation parameter, | = & is Lewis number, S, = KuAT the soret parameter, g, = £ normalized porosity. The above

Kz K,AS Y
system will be solved by considering stress free and isothermal boundary conditions as given below:
82
w—a =T=S=0at z=0,z=1. (16)
Z
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3. LINEAR STABILITY ANALYSIS

In order to do the linear stability analysis of the system, Eq. (13)-(15) subject to the boundary condition given in Eq.(16), we
use time dependent periodic disturbance in horizontal plane as

W,T,8)=(W,®,4)exp(i(Ix+my)+ot), 17)
Where o are horizontal wave number ando = o, + icrj is growth rate. Substituting eq. (17) into the lineralized eq. (13)-(15).
We obtain

(1+Ala)(§(oz -a’)w +aZRaT®—a2RaS¢J—(1+/120)(D2 —az)[Da(Dz ~a?f —1}w =0 (18)
[c-(D*-a%)-Ri] ©-W=0 (19)
{8na+¥}¢—W—(D2—a2)Sr®:O. (20)

Where a® =12 +m? . The boundary conditions (16) are now
W
aaz =0=¢=0o0n z=0,z=1 (21)
Z
We assume the solutionW ,®, ¢ as
(W,0,¢)=(W,,0,,4,)Sinnzz (n=1,2,3........),
The most unstable mode corresponds to n = 1 (fundamental mode). Therefore, substituting Eq. (21) with n = 1 into Eq. (18)-
(20), we obtain a matrix form AXx=0 as

W =

o
— +A(D, 5% +1) |52 -a’Ra a’Ra
[PrD ( a )j T S}

W0
-1 (O'+52 - Ri) 0 0, |=0. (22)
2 D,
-1 S,8° £,0+—
Le
The thermal Rayleigh number can be expressed as
5 o o-R+6%(1-S
Ra, =—5| —+A(D,5°+1) |(c+6~R)+ : (2 f)RaS
a’\ Pry o
0+ —
Le
(23)
2 2 2 1+ 120 i Y . .
Whered“ =7z°+a“, A :ﬁ. The growth rate g is in general a complex quantity such thato =o, +1 o;. The
+ A0

system with o, <0 is always stable, while for &, > 0 it will become unstable. For neutral stability state o, =0

3.1. STATIONARY STATE

We now set o =0 at the margin of stability. The expressed for the thermal Rayleigh number of the system for a stationary
mode of convection is as given below:

2432 5*(1-S,)-R )L,
Ray =222 (14+D,5%)(6° ~R) + ( 2 ) Ra,
a o
(24)
It is important to note that the critical wave number a = aft , Where af‘ = \/g satisfied the following equation
2D,S*+(3D, 7% +1)S* - z*(D,7z* +1) =0 (25)

In the absence of Soret effecti.e. S, =0 Eq. (24) becomes
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2 2 2_np
Ras =~ e 1+ Da§2)(52—Ri)+(55—2R')LeRas. (26)
a

2

For the system without internal-heating, i.e., R, =0 we get
(z° +a’)’
Ra.-l§t = T (1+ Da52) + LeRaS (27)

This is exactly the same as obtained by Swamy et al. [30]. When D, — 0

«_(7*+a’)

Ra; = T + L Rag (28)
In case of single component fluid, the Solutal Rayleigh number is zero i.e. Rag =0 , we have
2 2\2
- +a
Ra = % (29)
a

Which is the classical result obtained by Horton and Rogers [2] and Lapwood [3] for single component fluid in porous layer.

3.2. OSCILLATORY STATE

We set o =io; in Eq. (23) and clear the complex quantities from the denominator, to obtain

Ra™ = A, +icA, . (30)
Where
A1=5—§ (52—Ri)(Da52+1)(1+’11’}022J—02 iJr(Daa +1)2(A§—/11) Rk (;L—S,)é LR o,

a 1+A°c Pry 1+A°oc (é‘ZLefl) +&0°

Ra,.

2 D,o% +1)(4, - 2\| &L -¢,(0%(1-S,)-R
=25 (57 R) o CE B, (o g L) T s 050
a Pry 1+ Ao 1+ 4o (52|_e*1) +&’0°
For oscillatory mode A, =0 and o; # 0, which is not given for brevity. The thermal Rayleigh number for oscillatory mode

is given as:
Ra%™ = A, (31)

4. NONLINEAR STABILITY ANALYSIS

In this section, we study the nonlinear stability analysis using minimal truncated Fourier series. For simplicity, we confine
ourself only to two dimensional rolls, so that all the physical quantities are independent of y. Introducing the stream function

v asu= aai’, w= -aal’ and taking curl of Eq. (1 b) to eliminate pressure term we get
Z X

0 1 0_, oT oS 0 4 2
1+ —|| ——=Vw+Ra, ——Ra, — |=|1+4,— ||D,V'y -V 32
( ﬂlatj(PrDﬁt v T X saxj ( A?atj( A ‘//) (32)
0 2 8((//,T) oy
S vRT-2 L WV g
(at '] a(xz) o (33)
o(w,S

(gn o Lelvzjs —M+a—‘/’—srva -0 34)

at o(xz)  ox

It is to be noted that the effect of nonlinearity is to distort the temperature concentration fields through the interaction of

and T ,prand S . As a result a component of the form Sin(2zz) will be generated. A minimal Fourier series which describes
the finite amplitude convection is given by

v = A (t)sin(ax)sin(zz), (35)
T = A, (t)cos(ax)sin(zz) + A, (t)sin(27z), (36)

S = A, (t)cos(ax)sin(zz) + A (t)sin(2zz), 37)
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Where the amplitudes A (t) , A, (t), A (t) , A,(t), A (t) are functions of time and are to be determined. Substituting above

expressions in Eq. (13)-(15) and equating the like terms, the following set of nonlinear autonomous differential equations were
obtained

%_?: (38)
z—?: ;EKP_ZMZD 5“+52/12JB+52(1+D§2)A1+aRa A, —aRa A, +aiRa, dA2 —a/Ra, dA“ (39)
L - fan+(57-R)A, + 7aAA] (o)
—’*—(R ~4r)A+ AR, )
%:—i(aAﬁL8152A4+7raA1A5+Sr52A2) (42)
A L anria - TR A <47 A) 43)
dt & 2

n

4.1. STEADY FINITE AMPLITUDE MOTIONS

We set % =0 , the above system becomes

B=0 (44)
5°(1+D,6%)A +aRa, A, —aRa A, =0 (45)
aA +(5? —R) A, + 7aAA =0 o)
(R -47")A, + 2 AR, =0 @)
aA +L'0°A, + maA A +S,0°A, =0 (48)
4r°LA - T AR 4TS A =0 (49)

Numerical method was used to solve the above nonlinear differential equation to find the amplitudes. On solving for the
amplitudes in terms of A ,we obtain A,, A;, A, A .
4.2. STEADY HEAT AND MASS TRANSPORTS

In the study of this type problem, quantification of heat and mass transport is very important.
If HandJ are the rate of heat and mass transport per unit area,then

H=- 11< total > (50)

— 21< total > 22< total (51)

Where the angular bracket corresponds to a horizontal average and

z
T =To—AT E+T(X’ ,t) (52)

z
Sioal =Sy —AS q +5(x,2,t) (53)

Substituting Eq. (36)-(37) into Eq. (53) and using the resultant Eq. (50), (51) we get
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H = % (1-27A) (54)

J =K22TAS[(1—27zA5)+SrLe(1—27zA3)] (55)

The Nusselt number and Sherwood number , which denotes the rate of heat and mass transports respectively, are defined by
H

NU —m—(l_Zﬂ'As) (56)
d

Sh= J (1-27A)+S,L.(1-27A,)

~ K,AS e (57)

d

Using the expressions Eq.(54)-(55), and substituting A,, A into Eq. (56,57) finally the expressions for Nu , Sh
are obtained.

5. RESULTS AND DISCUSSION

This paper investigates the combined effect of internal heating and Soret parameter on stationary and oscillatory convection in
a porous medium saturated with a binary viscoelastic fluid and discusses the effects of various parameters on the onset of
double diffusive convection. The expressions for the stationary and oscillatory modes of convection for different values of the
parameters such as Prantdl number, relaxation parameter, retardation parameter, solute Rayleigh number, Lewis number, Soret

parameter and Darcy number are computed, and the results are depicted in figures. The neutral stability curves in the (RaT ,a)
plane for various parameter values are as shown in Fig. 1 and Fig. 2. We fixed the values for the parameters as Pr, =10,
D,=1,R =3 4=.8 4,=.1 Rag =100, L, =2, S, =.05, and except the varying parameter.
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From Figs.1, 2(a), it is observed that increasing the value of internal heat source R,, decreases the values of stationary and
oscillatory Rayleigh number, which means that the effect of increasing the internal heat source R is to destabilize the system.

In Figs.1, 2(b), the effect of Soret parameter (S, ) is depicted, respectively for both stationary and oscillatory convection. It is

found that an increment in the value of Soret parameter decreases the value of Rayleigh numbers for both stationary and
oscillatory mode of convection, thus onset of convection takes place at an early point. Figs.1, 2(c) depicts the effect of solute

Rayleigh number Rag on the onset of convection. We find that the effect of increasing the value of Ray is to increase the
value of Rayleigh number Ra thus stabilizing the system in both stationary and oscillatory modes. Further, Figs.1, 2(d) show

that the effect of increasing the Darcy number, D, is to increase the value of Rayleigh number Ra, , thus stabilizing the

a
system that is the onset of convection will take place at a later point. However, the effect of increasing the Lewis number L is

found to increase the value of Rayleigh number for stationary mode and decrease the value for oscillatory modes, thus to
stabilize the stationary mode of convection and destabilize the oscillatory convection [Figs.1, 2(e)].

600 T T T - 500 T T
.I
LL ) | (n
450+ | 4
Le=S5
500+
= = 400+ 1 4
.,2 450+ e y
i Ri=1._.47 —
100 + X 1 50+ 4
3140 : (e) \_» -
- . -~
300 + ——— <4
300 = 3
0 [ 2 3 4 5 ] 2 1 6 8
a . . . . . . .
Fig. 1: Variation of Stationary rayleigh number with Fig. 2: Variation of Oscillatory rayleigh number with
wave number for the different values of Le wave number for the different values of Ri
500 —— : — . : 800 ¢ - - -
(b} : . o
a00f i iay
1 i 600 | Ras = 200 ]
300 1
1 4 4 8
& r 1 &= 500 =
200 1 130
L 3 400
100} Sr=1 ] I 100
: 300 ]
[ — S— — y 1 &_ ¥
0 2 3 6 8 1) 2 1 6 8
a 3
Fig. 2: Variation of Oscillatory rayleigh number with Fig. 2: Variation of Oscillatory rayleigh number with
wave number for the different values of Sr wave number for the different values of Ras
800 [T ——————————p— 800 ry y
g l
700 - - 700 €l
r |
L |
600 | . 600 \
2 sp0f 3 so0f
el Da= .6, 4 2 Le=2.3
L 400
400 ‘ S
. s ] 300
300 I R 4
A " - " A - YV VS T G ) VD S VS VY SIS GRS SS. A 300 ) VSN Y VS S, - A, . Y - - - y W— A FIN -
0 2 4 6 8 10 0 2 4 6 8 10
a a
Fig. 2: Variation of Oscillatory rayleigh number with Fig. 2 : Variation of Oscillatory rayleigh number with
wave number for the different values of Da wave number for the different values of Le

IJEDR1804022 | International Journal of Engineering Development and Research (www.ijedr.org) 126




© 1JEDR 2018 | Volume 6, Issue 4 | ISSN: 2321-9939

Also, from Figs. 2(f, g), we find that the oscillatory Rayleigh number decreases on increasing the value of the relaxation
parameter A, and Prandtl number Pr_, indicating that the effect of relaxation parameter and the Prandtl number is to destabilize
the system. Thus, the oscillatory convection takes place at an early point. However, from Fig.2 (h), the effect of retardation
parameter A, is found to stabilize the system, thus opposite to that due to  A,.
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Now, we fix the values of the parameters as Rag =100, L,=2, D,=.1, S,=.05and R, =3 to compute the heat and mass
transports across the porous medium. The results have been obtained for steady state motion, in terms of the Nussult and
Sherwood numbers and depicted in the Figs.3, 4 respectively. It is found that the steady state values of N, and S, approach 3
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as Ra; increases. Further, it is found from Figs.3,4(a) that the value of N decreases, while that of S, increases on increasing

the values of Soret parameter S, This shows that the effect of Soret parameter is to decrease the heat transport, thus stabilizing

the system and increase the mass transport in the system. In Figs. 3(b, ¢) and 4(b, c), it is found that heat and mass transports
increase on increasing R and L, , thus destabilizing the system. However, Rag has a stabilizing effect on the system as heat

and mass transport decrease on increasing the value of Rag [Fig.3, 4(d)].
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6. CONCLUSIONS

Effects of Soret parameter and internal heat source on double diffusive convection in a binary viscoelastic fluid saturated
porous layer, heated and salted from below, is investigated analytically using linear and nonlinear stability analysis. Following
conclusions are drawn:

1) The Internal heat source R; and Soret parameter S, have destabilizing effect on the system in both stationary and
oscillatory modes of convection.

2) The Darcy number D,and Solute Rayleigh number Raghave stabilizing effect on the both stationary and
oscillatory convection.

3) The Lewis number L, has stabilizing effect on stationary mode of convection while destabilizing effect on oscillatory
mode of convection.

4) Relaxation parameter A, and Prandtl number Pr_ have destabilizing effect, while retardation parameter A, has
stabilizing effect on the oscillatory convection.

5) Increments in Lewis number L, and internal Rayleigh number R, increase, while in Rag decrease heat and mass
transports in the system.

6)  Effect of Soret parameter S, is to decrease the heat transfer and increase the mass transfer in the system.
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