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PREFACE

The thesis entitled “Convection in Fluid and Porous Medium under Modula-

tion” comprising of analytical/numerical solutions of some problems related with the topic,

is an outcome of the research work carried out by me during the course of investigations

under the supervision of Prof. B.S. Bhadauria, Professor, Department of Applied Mathe-

matics, School for Physical Sciences, Babasaheb Bhimrao Ambedkar University, Lucknow.

Rayleigh-Bénard convection is an example of convective thermal instability, introduced

by Chandrasekhar(1961) in ordinary fluid layers worldwide since last one century. The

porous media corresponding to this problem is known as Horton-Rogers-Lapwood convec-

tion and it has many applications in various fields of engineering, thermal sciences and

geophysics. Regulating the convective phenomenon in thermal sciences is of considerable

importance due to its numerous application, such as in engineering problems, in industries,

etc. Therefore, the relevant studies on regulation of heat and mass transfer in the follow-

ing chapters is performed. For more detailed analysis on thermal instability, refer some

excellent books: Ingham and Pop(2005), Nield and Bejan(2012) and vafai(2000).

The first problem deals with the thermorheological effect of temperature dependent

viscous fluid in the presence of imposed time periodic gravity modulation for double dif-

fusive convection. The temperature dependent viscosity fluid gives rise to variation in top

and bottom structures and referred as a non-Boussinesq effect. A weakly non-linear analy-

sis of thermal instability under gravity modulation, with temperature dependent viscosity,

using the power series expansion in terms of the amplitude of gravity modulation, which is

considered to be small, is carried out for double-diffusive convection in porous media. Nus-

selt number and Sherwood number are calculated numerically through the non-autonomous

equation involving amplitude of convection using Ginzburg-Landau equation. By exploring

the non-linear effect of solute Rayleigh number (Ras), Lewis number (Le), Vadász number

(V a), thermorheological parameter and amplitude of gravity modulation analytically. The

curves for heat and mass transfer with respect to slow time variation are depicted graph-

ically. Further, streamlines, isotherms and isohalines for different values of time are also



drawn.

In the second problem, the combined effect of internal heating and time periodic grav-

ity modulation on oscillatory convection in a viscoelastic fluid layer, using complex non-

autonomous Ginzburg-Landau equation, is studied. A weakly non-linear stability analysis

has been performed by using power series expansion in terms of the amplitude of gravity

modulation. The Nusselt number has been obtained in terms of the amplitude for oscil-

latory mode of convection. The influence of relaxation (λ1) and retardation (λ2) time of

viscoelastic fluid, on heat transfer, have been discussed. It is found that modulation has a

destabilizing effect at low frequencies and stabilizing effect at high frequencies. Further, it

is also found that overstability advances the onset of convection more with internal heating,

hence increases heat transfer. The subcritical Hopf bifurcation and Pitchfork bifurcation

are also studied.

The third study deals with the effect of various parameters on chaotic convection in

an anisotropic porous medium, under gravity modulation, is investigated. For this, the

problem is reduced into Lorenz system (nonautonomous) by employing truncated Galerkin

expansion method. It is found that the system shows either chaotic or periodic nature for

suitable values of scaled Rayleigh number (R). The influence of amplitude of modulation

(δ) is to advance the chaotic nature in the system while that of frequency of modulation

(Ω) has tendency to delay the chaotic behaviour. The effects of Péclet (Pe) number and

anisotropic parameters on the chaotic system are also studied and found that they delay

the chaotic nature. The phase portrait and time domain diagrams of the Lorenz system for

suitable parametric values have been used to analyse the system.

The fourth study deals with the investigation on thermal instability in a couple-stress

fluid saturated rotating porous medium under temperature modulation for oscillatory as

well as chaotic convection by adopting complex Ginzburg-Landau equation and Lorenz sys-

tem. Couple-stress fluid is a kind of non-Newtonian fluid having polar effects. To study

oscillatory mode, a weakly non-linear stability analysis has been carried out in terms of the

amplitude of temperature modulation(assumed to be small quantity), using power series



expansion. Here, three cases of temperature modulation are considered; In-phase modu-

lation, Out-phase modulation and Lower-boundary modulation for oscillatory convection.

The Nusselt number has been obtained in terms of the small amplitude for oscillatory mode

of convection to govern the heat transport in the system. On the other hand, for chaotic

convection, the governing equations are reduced into a (non-autonomous) Lorenz system by

using truncated Galerkin expansion method. The effects of Vadász number, Couple-stress

parameter (C1) and amplitude of modulation are found to have destabilizing effect, whereas

the frequency of modulation and Taylor number (Ta) show a stabilizing effect on oscillatory

convection. Further, it is found that the effect of scaled Rayleigh number R and amplitude

of modulation δ are to advance the chaotic convection while scaled Taylor number (TA) is

to delay the chaotic convection.

In the fifth problem, the effect of temperature modulation on chaotic convection in

a viscoelastic fluid saturated porous medium has been investigated. For this, the problem

is reduced into Lorenz system by employing truncated Galerkin expansion method. The

effect of scaled Rayleigh number R on the chaotic system is studied and found that it

has periodic and chaotic both nature in a defined interval. Amplitude of modulation is to

advance the chaotic nature in the system. The effects of scaled relaxation (Γ) parameter

and retardation parameter (Λ′) on the system are also studied. The phase portrait and

time domain diagrams of the Lorenz system for suitable parametric values have been used

to analyse the system.

In the last problem, a nonlinear convection in nanofluid saturated porous medium is

studied in the presence of effective throughflow and internal heating under gravity modu-

lation. Nanofluid is mixture of a base fluid and nanoparticles. A weakly nonlinear stability

analysis has been carried out to obtain the Nusselt number, which is found to be the func-

tion of various parameters related to heat and mass transport across the porous medium.

The time periodic vertical vibration is used to regulate the thermal instability in the sys-

tem. The parameters arise due to nanofluid like Le,Na,Rn are destabilizing the system.

The effects of remaining parameters are also studied thoroughly.
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Chapter 1

Introduction

Initially, we write some definitions, hydrodynamic equations and laws, methods, literature

review and applications beautifully to comprehend the upcoming chapters.

1.1 Basic Definitions

1.1.1 Heat transfer

When heat moves from a high temperature object to a lower temperature object, then heat

transfer occurs in that object. Thermal instability occurs in any kind of system due to this.

There are mainly three types of heat transfer process, as given below.

• Radiation

Radiation is the transmission of energy in the form of electromagnetic waves through

a material medium. Sunshine is one of the live example of radiation in our life.

• Conduction

Conduction is the transfer of energy, which takes place from more energetic to the less

energetic particles of a substances due to interaction between the particles. In this

process temperature gradient exists in a stationary medium, which may be a solid or

a fluid. For example, a spoon in a cup of hot tea becomes warmer because heat moves

from tea to spoon in the form of conduction.

1



2 1.1 Basic Definitions

• Convection

Convection is a kind of heat transfer (hot to cool) which is found in fluids or gases.

There are two types of convective mechanisms, such as energy transfer due to fluid

particle’s irregular motion in the fluid, form of bulk (diffusion) and another way of

heat transfer is due to temperature gradient. Making of tea, boiling of milk are daily

life examples of convective heat transfer. Figure 1.1, is the best example to understand

all types of heat transfer.

Figure 1.1: All kind of heat transfer

We can divide the convective mechanism into the following convection.

• Natural convection is a physical phenomenon in which heat can be transported in

fluid due to density differences, occurring by means of temperature gradient without

any external appliances. The examples are mantle convection, boiling water and

oceanic circulation etc.

• Forced convection is another form of heat transport in which fluid motion is driven

by external forces. The use of a fan to provide forced convection, air cooling of hot

electrical components on a stack of printed circuit boards is an example of forced

convection.

• Mixed convection, when convection and forced convection occurred simultaneously,

the physical phenomenon is known as mixed convection. Mixed convection would

result if a fan is used to force air upward through the circuit boards, thereby opposing

the buoyancy flow, or downward, thereby opposing the buoyancy flow.
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1.1.2 Rayleigh Bénard convection

Rayleigh Bénard convection is basically natural convection, taking place in horizontal fluid

layer heated from below in which fluid attains regular patterns of convection cells known as

Bénard cells. These convective cells are generated from the buoyant force acting between

the fluid layers due to temperature gradient, see hypothetical Figure 1.2. Its analytical

and experimental is common in real world scenario. Rayleigh Bénard convection depends

on the buoyancy force, viscous force and defined as Ra = αT g∆Td
3

νκT
, a non-dimesionlised

quantity. Where d is the depth of fluid layers, ∆T is the temperature difference between

the fluid layers, ν is the kinematic viscosity of fluid, κT is the thermal diffusivity of the

fluid, αT is the coefficient of thermal expansion and g is the acceleration due to gravity. The

classical Rayleigh-Bénard convection is found to be an interesting phenomenon introduced

by Chandrasekhar(1961), due to bottom heating of a fluid layer. When the Rayleigh number

exceeds a certain value, known as critical Rayleigh number the convection takes place in

the system.

Figure 1.2: Rayleigh Bénard convection

1.1.3 Porous medium

A material which contains interconnected void space (pore) such that the fluid motion is

possible in it, is known as porous material or porous medium. The example of porous

medium are rocks, soils, biological tissues (e.g. bones), cement, foams, sand, wood, human

lung and ceramics. In a porous medium, the distribution of pores with respect to shape

and size is irregular. The shape of porous medium is depicted in Figure 1.3.
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Figure 1.3: A sketch of porous medium

1.1.4 Anisotropic porous medium

It is defined as a porous medium having different permeability in different direction. It is

used in chemical engineering process and for insulating purpose. Epherre(1977) was the

first to study the anisotropic porous medium.

1.1.5 Saturated porous medium

A porous medium is said to be saturated porous medium if its pore volume is connected

and occupied by a specific fluid.

1.1.6 Unsaturated porous medium

A porous medium is said to be unsaturated porous medium if its pore volume is not fully

occupied by a fluid.

1.1.7 Porosity

It is ratio of the volume of the voids to the total volume of the porous medium. The porosity

of any porous domain lies in the interval (0, 1). Let, Vf denotes the volume of the fluid



5 1.1 Basic Definitions

(voids), and Vm denotes the volume of the material (total volume), then the porosity ε is

given by,

ε =
Vf
Vm

. (1.1.1)

In general, we assume that all the void space is connected. If in fact one has to deal with a

medium in which some pore space is disconnected, then one has to introduce an effective

porosity defined as the ratio of connected void space to total volume.

1.1.8 Permeability

It is a measure of the ease with which a fluid can flow through a porous medium. The degree

to which porous within the material is inter-connected is known as effective porosity. In

this work we consider it, as parameter K.

1.1.9 Hoton-Rogers-Lapwood convection

Horton and Rogers(1945) and Lapwood(1948) studied the Rayleigh Bénard convection in

a horizontal porous medium, therefore named as Hoton-Rogers-Lapwood convection or

Darcy Bénard convection. The non-dimensionlised Darcy Rayleigh number is defined in

this case as RaD = αT g∆TKd
νκT

, here K is permeability. Thermal convection in porous media

has attracted the researchers during the last three decades due to its huge applications

in various fields such as petroleum industry, chemical engineering and geophysics, etc.

Interested authors can read the unique books (problem related to thermal instability in a

fluid saturated porous medium) are given by Ingham and Pop(2005), Nield and Bejan(2012)

and Vafai(2000).

1.1.10 Mechanism of thermal instability

We consider an infinitely extended horizontal fluid layer of depth d, confined between two

parallel planes, the lower plane at z = 0 while upper one is at z = d. A Cartesian frame

of reference is adopted in such a way that the origin lies on the lower plane and z axis
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is vertically upward. The fluid layer is heated from below and cooled from above. The

physical configuration of the system is depicted in Figure 1.4. After getting sufficient heat

fluid molecules expand, become lighter and so they are pushed by heavy molecules to

move up and void space is formed due to these molecules, filled by neighbouring molecules.

The repetition of this process starts the motion in the fluid layer. When the temperature

gradient is so enough between the fluid layers, a small pocket of fluids starts to move up

into the colder region of higher density. During this period onset of convection occurs in

the system. Bénard(1900), gave the first quantitative experiments of thermal instability

in fluid layers. Lord Rayleigh(1916) gave the first theoretical treatment to the theory of

Bénard experiments.

Y

Z

X
O Z = 0

Z = d

Fluid
®

g

cool

Hot

Figure 1.4: Mathematical diagram of thermal instability

1.1.11 Newtonian and non-Newtonian fluids

In the Newtonian fluid, viscosity is proportional to shear stress. Water, mineral oil and

alcohol are some examples of Newtonian fluid. An opposite effect is followed in non-

Newtonian fluid i.e. there is no linear relation between viscosity and shear stress. For

example cream, paint, glue etc. Further, viscoelastic fluid is also a kind of non-Newtonian

fluid which is centre point of research and industrial applications. There are some viscoelas-

tic fluids, given by

• Maxwell fluid.

• Rivlin-Ericksen fluid.
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• Jeffrey (Oldroyd) fluid.

1.1.12 Throughflow mechanism

The concept of throughflow is used to control the convective mechanism in engineering

sciences, industries, geophysics etc. The basic state temperature profile of throughflow

changes from linear to non-linear with layer height, which affects the stability of the system.

In this study, we find a convective parameter Pe (Péclet number) which handles the heat

and mass transport in the system. This term is included in the energy equation and shows

dual nature, according as Pe > 0 (upward throughflow) or Pe < 0 (downward throughflow),

on the system. Mathematically, it is expressed and depicted in Eq.(1.1.2) and Figure 1.5

respectively

Pe =
w0d

κT
, (1.1.2)

where w0= fluid velocity at basic state in z direction, κT= thermal diffusivity and d= depth

of fluid layer.

Y

Z

X
O Z = 0

Z = d

Fluid or Porous Medium

upward flow

downward flow

Hot

Cool

Figure 1.5: Physical assumptions for throughflow model

1.1.13 Couple-stress fluid

Couple-stress fluid is a kind of non-Newtonian fluid having polar effects. The application

of couple-stress fluid is in the study of mechanisms of lubrication of synovial joints. The

synovial fluid has been modelled as a couple-stress fluid in human joints by Walicki and

Walicka(1999). Some more applications of couple-stress fluids are in the fields of industrial
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sciences, solidification of liquid crystals, cooling of metallic plate in a bath etc. Stokes(1966)

was the first to propose the model for couple-stress fluid. The couple-stress parameter affects

the momentum equation of the system. Let C1 is the couple-stress parameter, then

C1 =
µc
µd2

, (1.1.3)

where µ, µc are fluid viscosity and couple stress viscosity respectively.

1.1.14 Rotation

The effect of rotation on the onset of thermal instability introduces a new parameter into

the problem known as Taylor number, Ta. The effect of rotation can be explained by

certain general theorems, relating to vorticity, in the dynamics of fluids. Mathematically,

we can write

Ta =

(
2Ω1d

ν

)2

, (1.1.4)

where Ω1 is a characteristic angular velocity, d is depth of fluid layer, and ν is the kinematic

viscosity. Generally, the studies corresponding to rotation represent a stabilizing behaviour.

1.1.15 Internal heating

Internal heat is the main source of energy for celestial bodies caused by nuclear fusion and

decaying of radioactive materials, which keeps the celestial objects warm and active. It is

due to the internal heating of the earth that there exists a thermal gradient between the

interior and exterior of the earth’s crust, saturated by multi-components fluids which helps

convective flow. Therefore, the role of internal heat generation becomes very important

in several applications that include geophysics, reactor safety analyses, metal waste form

development for spent nuclear fuel. This term affects the energy equation of convective

system. In this work, we consider it as a convective parameter Ri, which shows a destabilize

effect and given by

Ri =
Qd2

κT
, (1.1.5)
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where Q is the internal heat coefficient.

1.1.16 Nanofluid

Nanofluids are engineered colloids. It is mixture of a base fluid (like water or ethylene-

glycol) and nanoparticles (like metallic or metallic oxide: Cu, Cuo, Al2O3). Nanoparticles

are particles having diameters between 1-100 nm. and are made of metal or metallic oxides,

such as copper and alumina. The base fluid is usually a conductive fluid, such as water or

ethylene glycol. The thermal conductivity and convective properties of nanofluid over the

properties of the base fluid is good enough. Heat transfer coefficient enhances up to 40%

in case of nanofluids. Its uses are in medical sciences, auto-mobiles and engineering fields

etc. Choi(1995) was the first to propose the term “nanofluid”.

1.1.17 Doubble diffusive convection

When the convective phenomenon of fluid is driven by two different density gradients, it is

known as double-diffusive convection. These density variations may by caused by gradients

in the composition of fluid or by temperature differences. In the oceanography, heat and

salt concentrations are present having different gradients. In this case, the thermal and

concentration (solute) gradients are present, so Boussineq approximation is revised as in

the form

ρ = ρ0[1− αT (T − T0) + βT (S − S0)], (1.1.6)

where αT and βT are the thermal and solute expansion coefficients, T and S are the tem-

perature and the solute content, respectively.

1.1.18 Chaos

Some problems of dynamical system in non-linear case are so difficult to be solved directly.

Poincaré(1890) was the first to study the dynamical system generated by the three body

problem, is quite sensitive to the initial conditions exhibiting chaotic behaviour. The chaotic

systems are mainly unpredictable and their solutions may show either periodic or chaotic
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nature. For the chaotic mode, there is no guarantee for converge of its solution. Today

chaotic motion is a growing subject for research and applications field as many scientists

and industries are taking interest in it. There are some live examples of chaotic motion in

daily life such as: the ring of smoke, signal of any receiver and in weather sciences etc. In

fluid dynamics, to study chaotic convection, the basic model is to be converted into Lorenz

model. In chapter four, all mechanism related to chaotic system is given. In Eq.(1.1.7) a

particular dynamical system for chaotic motion is considered as





dx
dτ

= F1(x, y, z),

dy
dτ

= F2(x, y, z),

dz
dτ

= F3(x, y, z),

(1.1.7)

where x, y, z are dynamical variables and τ is time.

0 20 40 60 80 100

-2

-1

0

1

2

Τ

x

Figure 1.6: A diagram for chaotic motion

It is clear from the Figure 1.6 that in chaotic motion, solution does not repeat its

previous value.

1.1.19 Modulation

Controlling of the convective phenomenon is much necessary for industrial research to save

money, energy and time etc. Keeping this in mind, scientists are now giving the theory

and doing research with modulation effect for application purpose. Hence modulation is
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a tool to handle the convective phenomenon. Many types of modulations are used by the

authors in their studies such as temperature, gravity and magnetic modulation. When

we apply modulation theory, we get the two additional terms like amplitude and frequency

of modulation. These terms help to control the convective mechanism either by increasing

or decreasing the values of these parameters.

• Temperature Modulation

In many practical problems, the temperature at the boundaries found to be non-

uniform (periodic) in transient heating or cooling. Consequently, the basic tempera-

ture field depends explicitly on position and time, this is known as thermal modulation

problem. Mathematically, we express as

T =





T0 + ∆T
2

[1 + χ2δcos(Ωt)], at z = 0,

T0 − ∆T
2

[1− χ2δcos(Ωt+ θ)], at z = d,

(1.1.8)

where the physical variables are given in the nomenclature.

• Gravity Modulation

The time dependent gravitational field, one of the complex forces, is of interest in

space laboratory experiments, in areas of crystal growth, atmospheric sciences, etc.

The idea of using mechanical vibration as a tool to improve the heat transfer rate has

received much attention. However, the regulation of convection is important from

the applications point of view and thermo-gravitational vibration is known to be

an effective means of controlling instabilities. The gravity modulation of the system

leads to the variable coefficients in the momentum equation of thermal instability and

involves the vertical time periodic vibrations of the system, and is known as G-jitter

in literature. Eq.(1.1.9) represents the mathematical form of gravity modulation as

g = g0(1 + χ2δcos(Ωt), (1.1.9)

where g0 is the constant gravity field.
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• Magnetic modulation

In general, the magnetic fluids differ from the ordinary fluids by showing magnetic

as well as flow properties. The magneto convection arises due to the interaction

of electrically conducting fluid flow and the applied magnetic field. Convection can

also take place in these fluids due to temperature dependence of their magnetization.

This property is useful in space research, where the role of gravity can be replaced

by a magnetic body force. The magnetic force can be used to create circulation in

small passages where natural convection is either absent or ineffective. Generally, the

magnetization depends on the magnetic field, temperature and density. Hence, the

magnetic force depend on the thermal state of the fluid and may lead to convection.

Mathematically, it is defined as

H = H0(1 + χ2 cos(Ωt)), (1.1.10)

where H0 is the mean value of magnetic field.

1.2 Hydrodynamic equations for fluid layer

In fluid dynamics, the following are the basic properties that every fluid obeys, where the

hydrodynamical flow of a viscous fluid is governed by varying density and temperature:

(a) Equation of continuity

The continuity equation states that, the rate of generation of mass within a given volume

must be balanced by an equal net outward flow of mass through the volume. The differential

form of equation of continuity is given by

∂ρ

∂t
+∇.(ρ~q) = 0. (1.2.1)
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For incompressible fluid, the above expression is reduces to

∇.~q = 0, (1.2.2)

where ~q is fluid velocity and ρ is fluid density.

(b) Momentum equation

∂~q

∂t
+ (~q.∇)~q = −1

ρ
∇p+ ν∇2~q + F, (1.2.3)

where ν is kinetic viscosity, p is pressure, F is the body force term, represents an external

forces that act on the fluid, for example: gravity, wind, etc.

(c) Energy or temperature equation

∂T

∂t
+ (~q.∇)T = κT∇2T +Q(T − T0). (1.2.4)

It is based on the law of conservation of energy. κT is the thermal conductivity which is

proportional constant in Fourier’s law of heat conduction. Q is coefficient of internal heat.

(d) Boussinesq approximation

The Boussinesq approximation is a common method to solve the convective problems. This

approximation states that, the density differences are sufficiently small to be neglected

everywhere except where they appear in terms of multiplied by ~g, the acceleration due to

gravity. Mathematically, we define as

ρ = ρ0[1− αT (T − T0)]. (1.2.5)

Here αT is the thermal expansion coefficient, and subscript 0 is the reference value.
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1.3 Hydrodynamic equations for porous medium

(a) Equation of continuity

∇.~q = 0. (1.3.1)

(b) Momentum equation

ρ

ε

∂~q

∂t
= −∇p− µ

K
~q + ρfg. (1.3.2)

(c) Energy or temperature equation

∂T

∂t
+ (~q.∇)T = κT∇2T. (1.3.3)

(d) Oberbeck-Boussinesq approximation

ρf = ρ0[1− αT (T − T0)], (1.3.4)

where ε is porosity of the porous medium, µ is the dynamic viscosity, K is permeability

and κT is overall thermal conductivity.

1.3.1 Darcy law

The fluid flow in a porous medium is governed by this law, which is given by Henry Darcy in

(1856). He found that there is a proportionality relation between flow rate and the applied

pressure difference. Mathematically defined as

~q = −K
µ
∇p, (1.3.5)

where all the parameters already discussed in above sections.
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1.3.2 Brinkman-extended Darcy model

The above Darcy law is valid for only sufficiently small and linear seepage velocity (~q).

Thus for high velocity i.e. for high Reynold numbers, the extension of Darcy law is given

by

∇p = − µ
K
~q + µ∇2~q, (1.3.6)

where µ is a quantity having the dimension of viscosity and it is known as the effective

viscosity. The effective viscosity is not expected to be the same as the viscosity of the fluid.

1.4 Boundary conditions

To study any dynamical system, the boundary conditions are used to calculate the depen-

dent variables. On the basis of lower and upper boundaries of a convective system, we

have given below some different types of boundary conditions such as rigid-rigid, free-free,

rigid-free and free-rigid.

1. Zero normal velocity: ω = 0, for both rigid and free boundaries.

2. (a) Zero tangential velocity (no slip): ∂ω
∂z

= 0, for rigid boundaries.

(b) Zero tangential stress: ∂2ω
∂z2 = 0, for free boundaries.

3. Conducting (isothermal): For isothermal boundary wall, the temperature distur-

bances must be zero at the boundary.

4. Insulated (adiabatic): For adiabatic boundary wall, the temperature of the wall

change, but there should be no through-flow of temperature.

1.5 Methods of solution

1.5.1 Analytical methods

Stability analysis: The stability of any flow depends upon the nature of acting infinites-

imal disturbances. If the initial disturbances are small, the governing equations may be
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linear. For analysing the stability there are two methods, given below:

• Energy method

We calculate the kinetic energy of the perturbations in this method, and if this kinetic

energy increases along with time, then the flow is unstable, and if it decays with time

then the flow is stable. This method is fail to provide the information of unstable

system, so it is not generally used for convective problems.

• Normal mode method

In this method, an arbitrary disturbance is expressed as a superposition of certain

possible modes, and then the stability of the system with respect to each of these

modes is investigated, based on oscillations theory. Mathematically, we write the

expression exp[i(kxx+kyy)+st] for normal mode method, where s is the frequency of

perturbation and k2 = k2
x+k2

y is the wave number. The stability analysis is performed

by using frequency of perturbation (s). If Re(s > 0), then the disturbance will grow

exponentially with time, and it will represent an unstable system. If Re(s = 0), then

the system will be neutrally stable. If Re(s < 0), then it shows a stable system as

the disturbance reduces exponentially with time.

Perturbation method: Some time, we face difficulties in solving the engineering prob-

lems, mathematical non-linear governing equations in real life directly. In this method, the

solution is represented by the initial few terms of an asymptotic expansion. The expansions

may be carried out in terms of introduced parameter which appears in the considered equa-

tion, known as perturbation parameter. Here, we suppose χ as a perturbation parameter

such that the solution is available and reasonably simple for χ = 0, this process known as

regular perturbation method. There is one more kind of perturbation method, known as

singular perturbation method, where the solution cannot be approximated by setting the

parameter value to zero. Mathematically, we can write an expression for approximation to

the solution of U

U = U0 + χU1 + χ2U2 + ....., (1.5.1)
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where U0 would be the known solution to the exactly solvable initial problem and U1, U2, ..

are represent the higher-order terms which may be found by successive iterations.

A truncated representation of Fourier series method: The linear stability analy-

sis is sufficient to find the stability condition of the motionless solution and the correspond-

ing eigenfunctions describing qualitatively the convective flow, it cannot give information

related to the values of the convection amplitudes, nor regarding the rate of heat and mass

transfer. In order to get this additional information, we perform the non-linear analysis,

which will help in understanding the physical mechanism with minimum amount of math-

ematical analysis and is a step forward toward understanding full non-linear problem. The

Fourier expressions for the physical variables such as stream function, temperature and

nanoparticle fraction, are given by

ψ =
∞∑

n=1

∞∑

m=1

Amn(τ) sin(max) sin(nπz), (1.5.2)

T =
∞∑

n=1

∞∑

m=1

Bmn(τ) cos(max) sin(nπz), (1.5.3)

φ =
∞∑

n=1

∞∑

m=1

Cmn(τ) cos(max) sin(nπz). (1.5.4)

1.5.2 Numerical methods

Galerkin method: This method is used for converting a continuous operator problem to

a discrete problem. Galerkin method is mainly a weighted residual method used to solve

boundary value problems. Some basic steps of this method are given below:

(a) Expand the unknown solution in a set of basis functions, with unknown coefficients

or parameters; it is known as the trial solution.

(b) Check whether the trial solution satisfy the boundary conditions as well as initial

conditions.
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(c) Define the residual, set the weighted residual to zero and solve the equations.

(d) Find out the error by taking successive approximations, and show convergence as the

number of basis functions increases.

Runge-Kutta method: It is well known method of numerical analysis. The Runge-

Kutta methods are used in family of implicit and explicit iterative methods for the approx-

imation of solutions of ordinary differential equations. The mathematicians C. Runge and

M.W. Kutta(1900) introduced this wonderful technique.

1.6 Some earlier work

1.6.1 Temperature modulation in fluid layer

The effect of temperature modulation on thermal stability in a viscous fluid layer was first

considered by Venezian(1969). He performed a linear stability analysis of small amplitude

temperature modulation and derived the onset criteria using a perturbation expansion in

powers of the amplitudes of oscillations. His results showed that the onset of convection

can be delayed or advanced by the out of phase or in-phase modulation of the boundary

temperatures respectively, as compared to the unmodulated system. A similar problem was

studied earlier by Gershuni and Zhukhovitskii(1963), for a temperature profile obeying the

rectangular law. Rosenblat and Herbert(1970), investigated the low-frequency modulation

of thermal instability of a Boussinesq fluid heated from below. They considered the applied

temperature gradient as the sum of a steady component and a low frequency sinusoidal

component. Rosenblat and Tanaka(1971) studied the effect of thermal modulation on the

onset of Rayleigh-Bénard convection using Gelerkin technique and discussed the stability

of the system using Floquet theory. Theoretical and experimental investigation of thermal

modulation in a horizontal fluid layer has been performed by Finucane and Kelly(1976).

They found both experimentally and numerically that at low frequencies, the modulation

is destabilizing, whereas at high frequencies it is stabilizing. Bhadauria and Bhatia(2002),
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studied the time-periodic heating (temperature modulation) of Rayleigh-Bénard convec-

tion using rigid-rigid boundaries and compared the results for various temperature profiles.

The shift in the critical Rayleigh number is calculated and it is found that it is possible

to advance or delay the onset of convection. Bhadauria(2006a), investigated the convec-

tive instability in a horizontal layer of electrically conducting fluid heated from below in

the presence of an applied vertical magnetic field. The temperature gradient between the

walls of the fluid layer consists of a steady part and a time dependent oscillatory part.

The temperature of both walls is modulated. It is found that the effect of magnetic field

has a stabilizing influence on the onset of thermal instability. Further, it is also found

that it is possible to advance or delay the onset of convection by proper tuning of the

frequency of modulation of the walls temperature. Bhadauria et al.(2009), examined the

stability of a horizontal fluid layer heated from below. The temperature gradient between

the walls of the fluid layer consists of a steady part and a time-dependent part, which

is oscillatory. By considering the weekly non-linear analysis, it is shown that the modu-

lation produces a range of stable hexagons near the critical Rayleigh number. Raju and

Bhattacharyya(2010), studied thermal instability in a horizontal fluid layer with the bound-

ary temperature modulated sinusoidally in time. This was extension of the Venezian(1969)

work for rigid-rigid boundaries. Perturbation technique was used to calculate the correction

in the value of the critical Rayleigh number. Bhadauria and Kiran(2014c), sudied weakly

nonlinear double diffusive magneto-convection in a Newtonian liquid under temperature

modulation. Bhadauria and Kiran(2014d), studied heat and mass transfer for oscillatory

convection in a binary viscoelastic fluid layer subject to temperature modulation by using

complex Ginzburg-Landau equation. Recently, Bhadauria and Kiran(2016), gave a model

for weakly non-linear oscillatory convection in a rotating fluid layer under temperature

modulation.

1.6.2 Temperature modulation in porous medium

The porous media analogue of Rayleigh-Bénard convection is known as Horton Rogers Lap-

wood convection, and was first studied by Horton and Rogers(1945) and by Lapwood(1948),



20 1.6 Some earlier work

independently. Horton and Rogers studied the convection of a fluid through permeable

medium as the result of a vertical temperature gradient, the medium being in the shape

of a fluid layer bounded above and below by perfectly conducting media. Lapwood exam-

ined the breakdown of a stability of a fluid subject to a vertical temperature gradient in a

porous medium and also discussed the possibility of convective flow. A detailed study on

the effect of temperature modulation on convection in a porous medium was given by Cal-

tagirone(1976), Chhuon and Caltagirone(1979). Rudraiah and Malashetty(1990), analyzed

the effect of temperature modulation on convection in a sparsely packed porous medium.

Malashetty and Basavaraja(2002), investigated the effect of time periodic temperature mod-

ulation at the onset of convection in a Boussinesq fluid saturated anisotropic porous medium

using a linear stability analysis. Brinkman flow model with effective viscosity larger than

the viscosity of the fluid is considered to give a more general theoretical result. It is shown

that the small anisotropy parameter has a strong influence on the stability of the system.

Shivakumara et al.(2011) examined theoretically linear stability of Walters B viscoelastic

fluid saturated horizontal porous layer, when the walls of the porous layer are subjected to

time periodic temperature modulation. The effect of all three types of modulations is found

to be destabilizing as compared to the unmodulated system. Malashetty and Begum(2011),

studied the effect of thermal modulation on the onset of convection in a Maxwell fluid sat-

urated porous layer. A theoretical analysis of thermo convective instability in a densely

packed porous medium is carried out when the boundary temperatures vary with time in

a sinusoidal manner by Siddheshwar et al.(2013), by performing a weakly non linear sta-

bility analysis. A new result that shows that asynchronous temperature modulation may

be used to either enhance or reduce heat transport by suitably adjusting the frequency

and phase difference of the modulated temperature. Recently, Suthar et al.(2016) studied

the onset of thermally modulated Darcy-Bénard convection. The correction in the critical

Darcy-Rayleigh number was computed and depicted graphically.
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1.6.3 Gravity modulation in fluid layer

Gresho and Sani(1970) have studied the linear stability of a fluid layer with rigid bound-

aries and found influence of the gravitational modulation on the convection threshold of the

system. Biringen and Peltier(1990) investigated the nonlinear three dimensional Rayleigh-

Bénard problem under gravity modulation numerically, and confirmed the results obtained

by Gresho and Sani(1970). Clever et al.(1993), considered the problem of two dimensional

oscillatory convection in a graviatationally modulated fluid layer. Chen and Chen(1999)

studied the effect of gravity modulation on the stability of convection in a vertical slot.

They examined the stability for fluids of different Prandtl numbers. Shu et al.(2005), ex-

amined the effects of modulation of gravity and thermal gradients on natural convection

in a cavity, numerically as well as experimentally. It is found that for low Prandtl num-

ber fluids, modulations in gravity and temperature produce the same flow field both in

structure and in magnitude. Gravity modulation in a fluid layer has been investigated

by Bhadauria (2006b). Siddheshwar et al.(2012a), studied a weakly non-linear stability

problem of magneto-convection in an electrically conducting Newtonian fluid, confined be-

tween two horizontal surfaces, under a constant vertical magnetic field, and subjected to

an imposed time-periodic boundary temperature or gravity modulation. Siddheshwar and

Revathi(2013), studied the effect of gravity modulation on weakly non-linear stability of

stationary convection in a dielectric liquid. Gupta et al.(2016a) studied a local nonlinear

stability analysis of modulated double diffusive stationary convection in a couple stress

liquid. Recently, Kiran et al.(2017) studied weakly nonlinear oscillatory convection in an

electrically conduction fluid layer under gravity modulation. It is found that modulation is

used as a controller for the convective system.

1.6.4 Gravity modulation in porous medium

Malashetty and Padmavathi(1997), investigated the stability of a horizontal fluid and

porous layer heated from below for the case of a time dependent buoyancy force generated

by gravity modulation. By performing a linear stability analysis they showed that the grav-

ity modulation can significantly affect the stability limits of the system. Govender(2004),
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investigated the effect of low amplitude gravity modulation on the onset convection in a

porous layer heated from below. It is noticed that on increasing the frequency of modula-

tion stabilizes the convection. Govender(2005a) used linear stability theory to investigate

analytically the effects of gravity modulation on convection in a homogenous porous layer

heated from below. The linear stability results were presented for both, the synchronous

and subharmonic solutions, and the exact point for the transition from synchronous to

subharmonic solutions was computed. He demonstrated that increasing the excitation

frequency, rapidly stabilizes the convection up to the transition point from synchronous to

subharmonic convection. Beyond the transition point, the effect of increasing the frequency

is to slowly destabilize the convection. Saravanan and Kumar(2010) studied the effect of

gravity modulation on the onset of convection in a horizontal fluid saturated porous layer

heated from below. They focused on low amplitude gravity modulation and the thresholds

were found using Mathieu’s functions. The emergence of instability via the synchronous

and subharmonic modes and the transition between them are discussed. Malashetty and

Swamy(2011), studied the effects of G-jitter on the convection in a fluid or porous layer

using linear stability analysis. They found that, the onset of convection can be advanced or

delayed by proper tuning of various convective parameters. Bhadauria and Kumar(2012),

studied stability analysis of Temperature/Gravity-Modulated stationary Rayleigh-Bénard

convection in a rotating porous medium. Recently, Kiran et al.(2016) studied thermal

convection in a nanofluid saturated porous medium with internal heating and gravity mod-

ulation. They performed linear and nonlinear stability analyses to investigate the onset of

convection and heat and mass transfer in the system. It was found that gravity modulation

can be used effectively to regulate heat and mass transfer in the system.
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1.7 Applications

Convection in porous media is of practical importance in modern science and engineering.

Scientists and Engineers study flow aspects like momentum and heat and mass transfer in

porous media to apply them to a huge spectrum of modern industrial fields which include:

(a) Petroleum industries need knowledge of flow mechanism in order to increase the recov-

ery.

(b) It is known that the earth has huge amount of energy resources trapped in it, spe-

cially near the centre. This heat needs to be brought upto the surface from deep interiors

travelling its way through porous rocks. Here seems to be a need for effective thermal

conductive fluids.

(c) Chemical engineers require the knowledge for mass transfer and chemical reaction pro-

cesses in porous reactors.

(d) Nuclear scientists require porous media knowledge, effective coolants and mass transfer

fluids for efficient functioning of nuclear rectors.



Chapter 2

An analytical study of heat and mass

transport in Bénard-Darcy

convection with G-jitter and variable

viscosity liquids in porous media

2.1 Introduction

Rayleigh-Bénard convection in porous media commonly called Horton-Rogers-Lapwood

convection has its own importance due to its wide range of applications in mechanical

engineering, chemical engineering, geophysics and real problems. Double-diffusive con-

vection in porous media concerns instability in fluid-saturated porous media with two

diffusing components like temperature and salt contributing to the instability in an op-

posing sense and with the components having unequal diffusivity coefficients. Applica-

tions of this problem is found in metallurgy, solidification of polymeric liquids, geother-

mal energy extraction, oil recovery process, nuclear waste disposal and the migration of

This chapter is based on the research article: An analytical study of heat and mass transport in Bénard-
Darcy convection with G-jitter and variable viscosity liquids in porous media, accepted in STRPM (Begell
House-2017).
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moisture through air contained in fibrous insulation. Neild and Bejan(2012), Ingham and

Pop(2005), Vadász(2008), Vafai(2010), Vafai(2015) provide an excellent review in this area.

Studies related to stability analysis have been done by Nield(1968), Taunton(1972), Grif-

fith(1981), Rudraiah(1982), Poulikakos(1986), Rudraiah and Siddheshwar(1998), Mulone

and Straughan(2006), Kuznetsov and Nield(2008), Kuznetsov and Nield(2010), Kuznetsov

and Nield(2011), Nield and Kuznetsov(2011a), Bhadauria(2012).

The temperature dependent viscosity fluid gives rise to variation in top and bottom

structures and referred as a non-Boussinesq effect. Non-linear energy stability theory has

been derived by Richardson and Straughan (1993) for the problem of convection in porous

medium when the viscosity depends on the temperature for vanishingly small initial data

thresholds, Payne (1999) derived unconditional non-linear stability for temperature sen-

sitive fluid in porous media. Qin and Chadam (1996), Nield (1996), Holzbecher (1998),

Rees(2002), Siddheshwar and Chan(2004), Vanishree and Siddheshwar (2010) and Sid-

dheshwar and Vanishree(2012) studied the effect of variable viscosity on convection prob-

lems in a porous medium, Srivastava(2013) studied the effect of variable viscosity in the

presence of internal heat source and gravity modulation, Bhadauria and Kiran(2013) inves-

tigated the effect of variable viscosity in the presence of temperature modulation.

Research articles related to the gravity modulation are provided by Malashetty and

Padmavathi(1997), Rees and Pop(2000), Rees and Pop(2001), Rees and Pop(2003),

Malashetty and Basavaraja(2005), Govender(2004), Govender(2005), Govender(2005a),

Kuznetsov(2005), Kuznetsov(2006a), Kuznetsov(2006b), Siddhavaram and Homsy(2006),

Strong(2008a), Strong(2008b), Razi(2009), Saravanan and Purusothaman(2009), Saravanan

and Arunkumar(2010), Saravanan and Sivakumar(2010), Saravanan and Sivakumar(2011),

Siddheshwar(2012) Bhadauria(2013), Swamy(2014) and Matta(2016).

Most of the studies concern linear stability of the thermal or double-diffusive system

in porous media in the absence/presence of gravity modulations, and hence address only

questions on onset of convection. If one were to quantify heat and mass transports in
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porous media in the presence of gravity modulations, then the linear stability analysis is

inapplicable and the nonlinear stability analysis becomes inevitable. There are no reported

studies on this aspect of the problem. In the light of the above, we make a weakly nonlinear

analysis of the problem using the Ginzburg-Landau equation and, in the process, quantify

the heat and mass transports in terms of the amplitude governed by the Ginzburg-Landau

equation.

2.2 Governing equations

We consider an infinitely extended horizontal anisotropic porous layer saturated by variable

viscosity Newtonian fluid with temperature-dependent viscosity confined between the planes

z = 0 and z = d , which is heated and salted from below. We choose a Cartesian frame

of reference as, origin in the lower boundary and the z-axis vertically upward direction.

The gravity force is acting in vertically downward direction, we consider only free-free

boundaries. A uniform adverse temperature gradient ∆T/d and concentration gradient

∆S/d is maintained between the surfaces. All these assumptions reported in Figure 2.1.

Further the density variation is considered under Boussinesq approximation. The governing

equations under above considerations are given by

T = T0

Y

Z

X
O Z = 0

Z = d

Newtonian fluid

variable viscosity
g HtL = g0@1+ Χ

2 ∆ cos HW tLD

T = T0 + DT

S = S0 +DS

S = S0

Figure 2.1: Physical configuration of the problem

∇.q = 0, (2.2.1)
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ρ0
∂q

∂t
= −∇p+ ρg(t)− µK.q, (2.2.2)

∂T

∂t
+ (q.∇)T = κT∇2T, (2.2.3)

∂S

∂t
+ (q.∇)S = κS∇2S, (2.2.4)

ρ = ρ0 [1− αT (T − T0) + αS (S − S0)] , (2.2.5)

g(t) = g0

[
1 + χ2δCos(Ωt)

]
k̂, (2.2.6)

µ(T ) =
µ0

1 + χ2δ0 (T − T0)
, (2.2.7)

where q is velocity, p is the pressure, g is the acceleration due to gravity, µ is viscosity,

ρ is density. T and S represents temperature and concentration respectively, K is the

permeability of the porous media. ρ0 is reference density, g0 is mean gravity, δ is amplitude

of gravity modulation, Ω is the frequency, χ is the quantity that indicates smallness in

order of magnitude of modulation and t is time. Further more κT and κS are thermal

and solutal diffusivity respectively, αT is thermal volume expansion coefficient and αS is

density coefficient for salinity. Introducing the stream function ψ and eliminating the

pressure term from Eq.(2.2.2), and then nondimensionalizing the resultant equations using

the substitution

(x, y, z) = (x∗, y∗, z∗) d, t = t∗
(
d2/κT

)
,

ψ = (κT )ψ∗, T = (∆T)T ∗, S = (∆S)S∗.
(2.2.8)

The nondimensionlized Eqs.(2.2.2)-(2.2.4) obtained as follows:

1

V a

∂ (∇2ψ)

∂t
=−Ra

(
1 + χ2δCos(Ωt)

) ∂T
∂x

+RaS
(
1 + χ2δCos(Ωt)

) ∂S
∂x

− −µ(T )

(
∂2

∂x2
+

∂2

∂z2

)
ψ −

(
∂
−
µ

∂x

∂ψ

∂x
+
∂
−
µ

∂z

∂ψ

∂z

)
,

(2.2.9)

∂T

∂t
−∇2T =

∂(ψ, T )

∂(x, z)
, (2.2.10)



28 2.2 Governing equations

∂S

∂t
− 1

Le
∇2S =

∂(ψ, S)

∂(x, z)
, (2.2.11)

where V a = νd2

KκT
is the Vadász number, Ra = αT g0∆TdK

νκT
is the thermal Rayleigh number,

RaS = αSg0∆SdK
νκT

is the solute Rayleigh number, Le = κT
κS

is the Lewis number, furthermore

−
µ(T ) = 1

1+χ2V (T−T0)
and the appearance of χ2 indicates that the viscosity variation is weak

as χ is small quantity, V = δ0∆T thermo-rheological parameter.

The boundary condition for solving Eqs.(2.2.9)-(2.2.11) are

ψ = 0, T = 1 and S = 1 at z = 0, (2.2.12)

ψ = 0, T = 0 and S = 0 at z = 1. (2.2.13)

The conduction profile is given by

ψb = 0, Tb(z) = 1− z and Sb(z) = 1− z. (2.2.14)

Using
−
µ =

−
µ (Tb) Eq.(2.2.9) reduces to

1

V a

∂ (∇2ψ)

∂t
=−Ra

(
1 + χ2δCos(Ωt)

) ∂T
∂x

+RaS
(
1 + χ2δCos(Ωt)

) ∂S
∂x

− −µ(T )

(
∂2

∂x2
+

∂2

∂z2

)
ψ − ∂

−
µ

∂z

∂ψ

∂z
,

(2.2.15)

where
−
µ (Tb) = µ′

µ0
= 1

1+χ2V (1−z) and Ω∗ = Ωd2

κTz
.

Now imposing finite amplitude perturbations on the basic quiescent state given by

Eq.(2.2.14) as

ψ = Ψ, T = 1− z + Θ and S = 1− z + Φ (2.2.16)



29 2.2 Governing equations

and substituting the above Eq.(2.2.16) in Eqs.(2.2.10), (2.2.11), (2.2.15), we have

1

V a

∂ (∇2Ψ)

∂t
=−Ra

(
1 + χ2δCos (Ω∗0t)

) ∂Θ

∂x
+RaS

(
1 + χ2δCos (Ω∗0t)

) ∂Φ

∂x

− 1

1 + χ2V (1− z)

(
∂2

∂x2
+

∂2

∂z2

)
Ψ− χ2V

[1 + χ2V (1− z)]2
∂Ψ

∂z
,

(2.2.17)

∂Ψ

∂x
+
∂Θ

∂t
−∇2Θ =

∂(Ψ,Θ)

∂(x, z)
, (2.2.18)

∂Ψ

∂x
+
∂Φ

∂t
− 1

Le
∇2Φ =

∂(Ψ,Φ)

∂(x, z)
. (2.2.19)

Boundary conditions to solve Eqs.(2.2.17)-(2.2.19) are

Ψ = 0 ,Θ = 0 and Φ = 0 at z = 0, (2.2.20)

Ψ = 0 ,Θ = 0 and Φ = 0 at z = 1. (2.2.21)

We now introduce the following asymptotic expansion

Ra = R0 + χ2R2 + χ4R4 + . . . , (2.2.22)

Ψ = χΨ1 + χ2Ψ2 + χ3Ψ3 + . . . , (2.2.23)

Θ = χΘ1 + χ2Θ2 + χ3Θ3 + . . . , (2.2.24)

Φ = χΦ1 + χ2Φ2 + χ3Φ3 + . . . , (2.2.25)

where R0 is the critical value of the Rayleigh number at which the onset of convection takes

place in the absence of gravity modulation.

We now assume the variation of time only at the slow time scale τ = χ2t and arranging the

systems at different order of χ.
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At the first order, we have




(
∂2

∂x2 + ∂2

∂z2

)
R0

∂
∂x
−RaS ∂

∂x

∂
∂x

−∇2 0

∂
∂x

0 − 1
Le
∇2







Ψ1

Θ1

Φ1


 = 0, (2.2.26)

solution at the lowest order is given by

Ψ1 = A[τ ]Sin (ax) Sin(πz), (2.2.27)

Θ1 =
−a
c
A[τ ] Cos (ax) Sin(πz), (2.2.28)

Φ1 =
−aLe
c

A[τ ] Cos (ax) Sin(πz), (2.2.29)

where c = a2 + π2. The critical value of the Rayleigh number and the corresponding wave

number for the onset of stationary convection is calculated numerically and the expression

for Rayleigh number is given by:

R0c =
(c2 +RaSa

2Le)

a2
. (2.2.30)

2.3 Amplitude equation and heat and mass transport

for stationary instability

At the second order, we have




(
∂2

∂x2 + ∂2

∂z2

)
R0

∂
∂x
−RaS ∂

∂x

∂
∂x

−∇2 0

∂
∂x

0 − 1
Le
∇2







Ψ2

Θ2

Φ2


 =




R21

R22

R23


 , (2.3.1)

where

R21 = 0, (2.3.2)

R22 =
−a2π

2c
A[τ ]2Sin(2πz), (2.3.3)
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R23 =
−a2Leπ

2c
A[τ ]2Sin(2πz). (2.3.4)

The second order solution subject to the boundary conditions (2.2.20)-(2.2.21), are given

by

Ψ2 = 0, (2.3.5)

Θ2 =
−a2

8πc
A[τ ]2Sin(2πz), (2.3.6)

Φ2 =
−a2Le2

8πc
A[τ ]2Sin(2πz). (2.3.7)

The horizontally averaged Nusselt number and Sherwood number, Nu and Sh, for station-

ary mode of convection (the mode considered in this problem) is given by:

Nu(τ) =

[
a

2π

∫ 2π
a

0
(1− z + Θ2)z dx

]
z=0[

a
2π

∫ 2π
a

0
(1− z)z dx

]
z=0

, (2.3.8)

Sh(τ) =

[
a

2π

∫ 2π
a

0
(1− z + Φ2)z dx

]
z=0[

a
2π

∫ 2π
a

0
(1− z)z dx

]
z=0

. (2.3.9)

One can notice here that the gravity modulation and variable viscosity parameter are

effective at O(χ2) and affects Nu(τ) and Sh(τ) through A[τ ] is shown next. Substituting

expressions of Θ2 and Φ2 in the above Eqs.(2.3.8)-(2.3.9) and simplifying, we get

Nu(τ) = 1 +
a2

4c
(A[τ ])2, (2.3.10)

Sh(τ) = 1 +
Le2a2

4c
(A[τ ])2. (2.3.11)

At the third order, we have




(
∂2

∂x2 + ∂2

∂z2

)
R0

∂
∂x
−RaS ∂

∂x

∂
∂x

−∇2 0

∂
∂x

0 − 1
Le
∇2







Ψ3

Θ3

Φ3


 =




R31

R32

R33


 , (2.3.12)
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where

R31 = − 1

V a

∂

∂τ

(
∇2Ψ1

)
− V (1− z)

(
∂2

∂x2
+

∂2

∂z2

)
Ψ1 − V

∂Ψ1

∂z
(2.3.13)

− (R0c (2V (1− z) + δCos(Ωτ)) +R2)
∂Θδ

∂x
+RaS (2V (1− z) + δCos(Ωτ))

∂Φ1

∂x

R32 =
∂Ψ1

∂x

∂Θ2

∂z
− ∂Θ1

∂τ
, (2.3.14)

R33 =
∂Ψ1

∂x

∂Φ2

∂z
− ∂Φ1

∂τ
, (2.3.15)

and Ω = Ω∗
χ2 = Ωd2

χ2κTz
.

Substituting the value of Ψ1,Θ1,Θ2,Φ1 and Φ2 in the above equations to get the expressions

of R31, R32, R33. Applying the solvability condition for the existence of third order solution,

we get the non-autonomous Ginzburg-Landau equation with time periodic coefficients in

the form

A1A
′[τ ] + A2A[τ ] + A3(A[τ ])3 = 0, (2.3.16)

where

A1 =
(

c
V a

+ a2R0c

c2
− a2Le2RaS

c2

)
,

A2 =
(
−δcCos(Ωτ)−R2

a2

c
− δ2V

2

)
,

A3 =
(
a4R0c

8c2
− a4Le3RaS

8c2

)
.

The Ginzburg–Landau equation given by (2.3.16) is a Bernoulli equation and obtaining

its analytical solution is difficult due to its non-autonomous nature. Therefore, it has been

solved numerically by the in-built function NDSolve of Mathematica 7.0, subject to the

initial condition A[0] = a0, where a0 is the chosen initial amplitude of convection. In our

calculations, we may assume R2 = R0c to keep the parameters to the minimum.
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2.4 Results and Discussion

We perform weakly non-linear analysis of gravity modulation for temperature depen-

dent viscosity fluid in closely packed anisotropic porous media, therefore the Darcy model

is considered for the governing equation for linear momentum. The work of Nield(1996) has

been used for the thermo-rheological relationship of temperature dependent viscosity of the

fluid. We investigated the effect of gravity modulation and thermo-rheological parameter

on heat and mass transport. We consider the effect of gravity modulation to be of order

O(χ2) and this will provide us only small amplitude vibrations. Such an assumption will

help us in obtaining the amplitude equation of convection in a rather simple and elegant

manner and is much easier to obtain than in the case of the Lorenz model.

V = 0.3, 0.2, 0.1

Le = 1, ∆ = 0.3, Va = 1,

RaS = 50, W = 2
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N
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Figure 2.2: Variation of Nusselt number with time for different values of V

Before writing the discussion of the results, we enlighten some features of the following

aspects of the problem:

1. The need for nonlinear stability analysis.

2. The relation of the problem to a real application.

3. The selection of all dimensionless parameters utilized in computations.

If one wants to quantify heat and mass transfer, which linear stability analysis is unable to

do, this problem needs to perform the nonlinear analysis and hence the importance.
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Le = 1.1, 1.05, 1.0

∆ = 0.3, Va = 1, V = 0.1,
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Figure 2.3: Variation of Nusselt number with time for different values of Le
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Figure 2.4: Variation of Nusselt number with time for different values of RaS

Le = 1, ∆ = 0.3, V = 0.1,

RaS = 50, W = 2

Va = 2, 1, 0.8
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Figure 2.5: Variation of Nusselt number with time for different values V a
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External regulation of convection is important in the study of double-diffusive convec-

tion in porous media. The objective of this study is to consider gravity modulation and

temperature dependent viscosity variation for either enhancing or inhibiting convective heat

transport as is required by a real application.

The parameters that appeared in this article and effect heat and mass transfer are V, Le,

RaS, V a, δ,Ω. The first four parameters relate to the fluid and the structure of the porous

medium, and the last two concern external mechanisms of controlling convection.

Some real world applications like fractured porous medium, sedimentation of rocks and

the formation of mushy layer in the solidification of binary alloys where the value of V a

may be considered to be of unity order Vadász(1998); therefore, we keep the time-derivative

term in the present study, furthermore that is why we have kept the values of V a around

one in our calculations, and retained the local acceleration term 1
V a

∂q
∂t

.

The values of Nu(τ) and Sh(τ) are obtained numerically from the expressions of Nu(τ)

and Sh(τ) by using the numerical value of amplitude obtained from the Ginzburg-Landau

equation. We use the values to plot the curve for Nu(τ) and Sh(τ) versus τ and are

presented in the Figures 2.2-2.13. Figures 2.2-2.7 correspond to heat transfer and 2.8-2.13

correspond to mass transfer. A close observation of Eq.(2.3.10)-(2.3.11) in conjunction with

Eq.(2.3.16) reveals that Nu(τ) and Sh(τ) depends on Lewis number Le, solute Rayleigh

number RaS, Vadász number V a, thermo-rheological parameter and amplitude of g-jitter.

Initially the value of Nusselt number and Sherwood number is one which shows that, initially

the heat transfer is by conduction alone and as time increases the value of Nusselt number

and Sherwood number increases showing convection takes place and after reaching a certain

value Nusselt number and Sherwood number starts oscillations sand remains oscillatory for

the further elapses of time.

Following result has been found from Figures (2.2, 2.3, 2.4, 2.5, 2.6, 2.7) for heat trans-

port
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Figure 2.6: Variation of Nusselt number with time for different values δ
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Figure 2.7: Variation of Nusselt number with time for different values Ω
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Figure 2.8: Variation of Sherwood number with time for different values of V
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∆ = 0.3, Va = 1, V = 0.1,

RaS = 50, W = 2

Le = 1.1, 1.05, 1.0
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Figure 2.9: Variation of Sherwood number with time for different values of Le

1. [Nu]V=0.1 < [Nu]V=0.2 < [Nu]V=0.3

2. [Nu]Le=1.0 < [Nu]Le=1.05 < [Nu]Le=1.1

3. [Nu]RaS=30 < [Nu]RaS=40 < [Nu]RaS=50

4. [Nu]V a=0.8 < [Nu]V a=1 < [Nu]V a=2

5. [Nu]δ=0.3 < [Nu]δ=0.4 < [Nu]δ=0.5

6. [Nu]Ω=10 < [Nu]Ω=5 < [Nu]Ω=2

Following result has been found from Figures (2.8, 2.9, 2.10, 2.11, 2.12, 2.13) for mass

transport

1. [Sh]V=0.1 < [Sh]V=0.2 < [Sh]V=0.3

2. [Sh]Le=1.0 < [Sh]Le=1.05 < [Sh]Le=1.1

3. [Sh]RaS=30 < [Sh]RaS=40 < [Sh]RaS=50

4. [Sh]V a=0.8 < [Sh]V a=1 < [Sh]V a=2

5. [Sh]δ=0.3 < [Sh]δ=0.4 < [Sh]δ=0.5

6. [Sh]Ω=10 < [Sh]Ω=5 < [Sh]Ω=2

From the Figure 2.2, we observe that for the increasing value of thermo-rheological pa-

rameter heat transfer increases, from the Figure 2.3, it is clear that when the value of Lewis
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Figure 2.10: Variation of Sherwood number with time for different values of RaS
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Figure 2.11: Variation of Sherwood number with time for different values V a
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Figure 2.12: Variation of Sherwood number with time for different values δ
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Figure 2.13: Variation of Sherwood number with time for different values Ω

number increases heat transfer increases, the variation of Nusselt number for the different

values of solute Rayleigh number is shown in Figure 2.4 and is observed that from the graph

that for the increasing value of solute Rayleigh number heat transfer increases, Figure 2.5

shows the variation of Nusselt number for the different values of Vadász number and it is

observed that the heat transfer increases for the increasing value of Vadász number, from

Figure 2.6 we see that for the increasing value of the amplitude of gravity modulation heat

transfer increases, from Figure 2.7 we observe that the heat transfer decreases for the in-

creasing value of Ω , furthermore for large values of frequency the effect of modulation is

frail.

Figure 2.8 shows the variation Sherwood number for the different values of thermo-

rheological parameter and it is found that for the increasing value of thermo-rheological

parameter mass transfer increases, the variation of Sherwood number for the different val-

ues of Lewis number is shown in Figure 2.9 and from the graph we observe that for the

increasing value Lewis number mass transfer increases, from the Figure 2.10, it is clear that

for the increasing value of solute Rayleigh number mass transfer increases, the effect of

Vadász number on the mass transfer is shown in Figure 2.11 and it is clear from the graph

mass transfer increases for the increasing value of Vadász number, from Figure 2.12 we

observe that the mass transfer increases to increase in the amplitude of gravity modulation,

from Figure 2.13, it is clear that the mass transfer decreases for the increasing value of Ω,

furthermore for large values of frequency, the effect of modulation is frail. We also found
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Figure 2.14: Streamlines at (a) τ = 0.1, (b) τ = 1, (c) τ = 2, (d) τ = 3, (e) τ = 4, (f)
τ = 5, (g) τ = 6, (h) τ = 7, (i) τ = 8

that the effect of Vadász number is not only on the heat transfer and mass transfer directly

but also affects the heat and mass transfer through frequency of the modulation, we found

that for some bigger value of Vadász number the effect of Vadász number is weak on the

heat and mass transfer as well as the effect of frequency of modulation is not significant on

the heat and mass transfer.

Variation of stream lines, isotherms, isohalines is shown graphically in Figures 2.14-2.16

at τ = 0.1, 1, 2, 3, 4, 5, 6, 7, 8 for V = 0.1, V a = 1, Le = 1,Ω = 2, δ = 0.5, Ras = 50, χ = 0.3.

From Figures 2.14a-2.14i it is clear that the magnitudes of stream lines increases as time

increases, Figures 2.15a-2.15i shows the variation of isotherms at the different instant of

time and it is found that from the graph initially, isotherms are flat and parallel showing
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Figure 2.15: Isotherms at (a) τ = 0.1, (b) τ = 1, (c) τ = 2, (d) τ = 3, (e) τ = 4, (f) τ = 5,
(g) τ = 6, (h) τ = 7, (i) τ = 8

the heat transport is only by conduction and as time increases isotherms starts oscillating

showing convective regime is in place and then forms contour showing that as time increases

convection contributes in heat transport, similar behaviour is observed for isohalines in Fig-

ures 2.16a-2.16i, moreover, it is clear that from the Figures 2.14-2.16 after reaching at some

instant stream lines, isotherms, isohalines oscillates for the further elapses of time.

2.5 Conclusions

We perform the weakly nonlinear analysis using the Ginzburg-Landau equation for dou-

ble diffusive convection in an infinite horizontal anisotropic porous layer which is heated
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Figure 2.16: Isohalines at (a) τ = 0.1, (b) τ = 1, (c) τ = 2, (d) τ = 3, (e) τ = 4, (f) τ = 5,
(g) τ = 6, (h) τ = 7, (i) τ = 8

and salted from below saturated with temperature sensitive fluid in the presence of gravity

modulation. We study the effect of gravity modulation and temperature dependent vis-

cosity on the heat and mass transfer. We found that the Vadász number is effective for

its value around unity and less and its effect is frail when we consider higher values. The

following conclusions have been made from the present analysis, for the increasing values

of parameters:

1. Thermo-rheological parameter V : heat transfer increases, mass transfer increases.

2. Lewis number Le : heat transfer increases, mass transfer increases.

3. Solute Rayleigh number RaS : heat transfer increases, mass transfer increases.
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4. Vadász number V a : heat transfer increases, mass transfer increases.

5. Amplitude of modulation δ: heat transfer increases, mass transfer increases.

6. Frequency of modulation Ω: heat transfer decreases, mass transfer decreases.



Chapter 3

Stability analysis and internal heating

effects on oscillatory convection in a

viscoelastic fluid layer under gravity

modulation

3.1 Introduction

In this chapter, we study internal heating effects for oscillatory convection in a viscoelastic

fluid layer under gravity modulation. We also study the Hopf bifurcation and Pitchfork

bifurcation on different parameters, which give the more control parameters to study the

stability of the system.

Thermal convection in a horizontal fluid layer subject to constant but different tem-

perature at the boundaries has been studied extensively due to its applications in various

fields. The classical Rayleigh-Bénard convection is found to be an interesting phenomenon

This chapter is based on the research article: Stability analysis and internal heating effects on oscillatory
convection in a viscoelastic fluid layer under gravity modulation, published in APJEST (2016).
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introduced by Chandrasekhar(1961), due to bottom heating of a fluid layer. For more de-

tailed analysis on thermal instability, refer some excellent books: Ingham and Pop(2005),

Nield and Bejan(2012) and vafai(2000). From the applications point of view, the regulation

of convection is very important. Thermo-gravitational vibration is known to be an effective

technique for controlling the instability. The first idea of using mechanical vibration as

a tool to enhance the heat transfer rate is presented by Gresho and Saini(1970). Further

studies on gravity modulation are due to Malashetty and Padmavathi(1997), Malashetty

and Swamy(2011), Bhadauria et al.(2005) and Siddhavaram and Hosmy(2006).

Industrial fluids are basically non-Newtonian fluids. In particular, viscoelastic fluids

have found a wide range of industrial applications. The characteristics of heat transfer

in viscoelastic fluid layer are also important in chemical processing industries. Therefore,

proper understanding of convective motion and its behaviour is necessary for controlling

many processes; such as, geothermal reservoirs, filtration, enhanced oil recovery, to name

a few. In the literature, several articles are available in which different physical models

with viscoelastic fluid layer have been used to study thermal instability. Green(1968) was

the first to study the oscillatory convection in a viscoelastic fluid layer, the occurrence of

overstability for typical Rayleigh-Bénard convection in a horizontal layer of homogeneous

Maxwellian fluid, heated from below, is reported by Vest and Arpaci(1969). Convective

instability in a rotating viscoelastic fluid layer was studied by Bhatia and Steiner(1972).

Thermal instability in a viscoelastic fluid saturating a porous medium was studied by Kim

et al.(2003). The Bénard-Marangoni thermal instability problem in a viscoelastic Jeffrey’s

fluid layer with internal heat generation was introduced by Comissiong et al.(2011); onset

of oscillatory convection was studied using linear stability analysis and the dependence of

critical Rayleigh number for oscillatory convection on internal heat generation, relaxation

and retardation times was derived. Thermal instability using linear stability analysis was

studied by Rajib and Layek(2012). Recently, Bhadauria and Kiran(2014b) investigated

oscillatory convection in a viscoelastic fluid layer under gravity modulation by making a

non-linear stability analysis.



46 3.2 Mathematical structure

Haajizadeh et al.(1984) have studied a uniform heat-generation term across an enclosure

with isothermal vertical walls and adiabatic horizontal walls. Further, for more studies on

internal heating we refer to Rao and wang(1991), Magyari and Pop(2007) and Bhadauria

et al.(2013).

The qualitative analysis of a dynamical system provides much knowledge about the sys-

tem. Bifurcations, the appearance of a topologically non-equivalent phase portrait under

variation of parameters, are scientifically more important as they provide models of tran-

sitions and instabilities Strogatz(2007). In the present chapter, two types of bifurcation

(1) Pitchfork bifurcation (common in physical problems that have a symmetry); (2) Hopf

bifurcation (bifurcation corresponding to the presence of purely complex eigenvalue) are

discussed, for details we refer to Kuznetsov(2004).

3.2 Mathematical structure

Consider an infinitely extended horizontal viscoelastic fluid layer of depth d, confined be-

tween two parallel planes, the lower plane at z = 0 while upper one is at z = d. A Cartesian

frame of reference is adopted in such a way that the origin lies on the lower plane and z

axis is vertically upward. The fluid layer is heated from below and cooled from above. The

physical configuration of the model is depicted in Figure 3.1. The Oberbeck-Boussinesq

approximation is adopted to solve the model equations. The governing equations of the

flow and temperature fields as Bhadauria and Kiran(2014b) are given by

T = T0

Y

Z

X
O Z = 0

Z = d

T = T0 + DT

g HtL = g0@1 + Χ
2

∆ sin HW tLD k
`non - Newtonianfluid layer

Figure 3.1: Physical configuration of the problem
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



∇.~q = 0,

(
λ1

∂
∂t

+ 1
)(

∂~q
∂t

+ (~q.∇)~q − 1
ρ0
∇p+ ρ

ρ0
~g
)
− ν
(
λ2

∂
∂t

+ 1
)
∇2~q = 0,

∂T
∂t

+ (~q.∇)T = κT∇2T +Q(T − T0),

ρ = ρ0[1− αT (T − T0)],

(3.2.1)

where the physical meaning of the variables is as given in the nomenclature. The externally

imposed gravitational field and the thermal boundary conditions are as follows

~g = g0[1 + χ2δ cos(Ωt)]k̂, (3.2.2)





T = T0 + ∆T, at z = 0,

= T0, at z = d,

(3.2.3)

where g0 is the mean gravity and ~k is the unit vector along the positive z-axis.

3.3 Basic state

The basic state is assumed to be quiescent, the quantities are taken as

~qb = 0, p = pb(z), T = Tb(z), ρ = ρb(z). (3.3.1)

The following relations, which define basic state pressure and temperature mathematically,

are obtained by putting Eq.(3.3.1) in Eq.(3.2.1):

dpb
dz

= −ρbg, (3.3.2)



48 3.3 Basic state

κT
d2(Tb − T0)

dz2
+Q(Tb − T0) = 0, (3.3.3)

ρb = ρ0[1− αT (Tb − T0)]. (3.3.4)

The exact solution of Eq.(3.3.3) subject to the boundary conditions (3.2.3) is obtained as

Tb = T0 + ∆T
sin(
(√

Q
κT

)
(1− z

d
))

sin
(√

Q
κT

) . (3.3.5)

Now, we superimpose the finite amplitude perturbations on the basic state in the form:

~q = qb + q′, T = Tb + T ′, p = pb + p′, ρ = ρb + ρ′, (3.3.6)

where the primes represents the perturbation quantities. The dimensionless governing sys-

tem as mentioned in Bhadauria and Kiran(2014b) is given as

(
λ1
∂

∂t
+ 1
)( 1

Pr

∂

∂t
∇2ψ − 1

Pr

∂(ψ,∇2ψ)

∂(x, z)
+ gmRa

∂T

∂x

)
−
(
λ2
∂

∂t
+ 1
)
∇4ψ = 0, (3.3.7)

−∂ψ
∂x

∂Tb
∂z

+
( ∂
∂t
−∇2 −Ri

)
T =

∂(ψ, T )

∂(x, z)
, (3.3.8)

where gm = (1 + χ2δcos(Ωt)), Ra = αT g0∆TKd3

νκT
is the thermal Rayleigh number, Ri = Qd2

κT

is the internal Rayleigh number, ν = µ
ρ0

is the kinematic viscosity, and Pr = ν
κT

is the

Prandtl number. The above system will be solved by considering stress free and isothermal

boundary conditions:

ψ =
∂2ψ

∂z2
= T = 0 on z = 0, z = 1. (3.3.9)

The dimensionless steady temperature Tb(z), appearing in Eq.(3.3.8) is

dTb
dz

= −
√
Ri cos(

√
Ri(1− z))

sin
√
Ri

. (3.3.10)

On introducing a small perturbation parameter χ, which shows a deviation from the critical

state of onset of convection, the variables for a weak non-linear state may be expanded in
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power series of χ as Malkus and Veronis(1958); Venezian(1969)

Ra = R0 + χ2R2 + χ4R4 + · · · (3.3.11)

ψ = χψ1 + χ2ψ2 + χ3ψ3 + · · · (3.3.12)

T = χT1 + χ2T2 + χ3T3 + · · · (3.3.13)

where R0 denotes the critical value of the Rayleigh number for the onset of convection in

the absence of gravity modulation.

3.4 Analysis of the periodic solutions

In order to study the time periodic convective phenomenon, the slow and fast time scales

are introduced by ∂
∂t

= ∂
∂τ

+χ2( ∂
∂s

). The above system (3.3.7) and (3.3.8) is solved for each

order of χ.

For the first order, the matrix operator is obtained similar to linear case as:




1
Pr

(λ1
∂
∂τ

+ 1) ∂
∂τ
∇2 − (λ2

∂
∂τ

+ 1)∇4 R0(λ1
∂
∂τ

+ 1) ∂
∂x

− ∂
∂x

∂Tb
∂z

( ∂
∂τ
−∇2 −Ri)







ψ1

T1


 =




0

0


 . (3.4.1)

The solution of the first order system subject to the boundary conditions Eq.(3.3.9), is

assumed to be

ψ1 = (B(s)eiωτ +B(s)e−iωτ ) sin ax sin πz, (3.4.2)

T1 = (A(s)eiωτ + A(s)e−iωτ ) cos ax sinπz. (3.4.3)

The unknown amplitudes are functions of slow time scale, and are related by the following

expression:

B(s) = −(c+ iω −Ri)(4π
2 −Ri)

4π2a
A(s), (3.4.4)

where c = a2 + π2. The values of the critical Rayleigh number and the corresponding wave
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number of the system for a stationary mode of convection are as given below:

Rst
0c =

c2(c−Ri)(4π
2 −Ri)

4π2a2
, (3.4.5)

a2
c =

(Ri − π2)±
√

(π2 −Ri)2 + 8π2(π2 −Ri)

4
. (3.4.6)

In particular, for Ri = 0 (without internal-heating), we have

R0c =
c3

a2
, (3.4.7)

ac =
π√
2
, (3.4.8)

which are the classical results as obtained by Chandrasekhar(1961). The critical Rayleigh

number for the oscillatory mode of convection is computed as follows

Rosc
0c =

( c3

a2
+

(λ1ω
2Ric− PrRic

2)− (λ1 + λ2Pr)ω
2c(c+ 1)

a2Pr

)4π2 −Ri

4π2
, (3.4.9)

where ω is the oscillatory frequency as given below

ω2 =
−1 +Ri/c+ (λ1 − λ2)Prc− Pr(1− λ2Ri + λ1Ri)

λ1(λ1 + λ2Pr)− λ2
1Ri/c

, (3.4.10)

which is the same as computed by Rajib and Layek(2012) without internal-heating. Here,

we compute the wave number, known as the critical wave number for which the Rayleigh

number is minimum. It is to be noted that the critical Rayleigh number and the correspond-

ing wave number do not depend on relaxation(λ1) and retardation(λ2) time in stationary

mode of convection but it is not so in case of oscillatory mode of convection. Since ω2 has

to be positive and real, therefore from the relation (3.4.10), the necessary condition for

oscillatory convection is obtained as

λ1 > λ2 +
1 + Pr(1 + λ1Ri − λ2Ri)−Ric

cPr
. (3.4.11)
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Now at second order, we have




1
Pr

(λ1
∂
∂τ

+ 1) ∂
∂τ
∇2 − (λ2

∂
∂τ

+ 1)∇4 R0(λ1
∂
∂τ

+ 1) ∂
∂x

− ∂
∂x

∂Tb
∂z

( ∂
∂τ
−∇2 −Ri)







ψ2

T2


 =




R21

R22


 , (3.4.12)

where

R21 = 0, (3.4.13)

R22 =
∂ψ1

∂x

∂T1

∂z
− ∂ψ1

∂z

∂T1

∂x
. (3.4.14)

The second order solution subject to the boundary condition (3.3.9) is given by

ψ2 = 0, (3.4.15)

( ∂
∂τ
−∇2 −Ri

)
T2 = (R22). (3.4.16)

Now, we compute the temperature fields having the frequency 2ω, and independent of fast

time scale. Thus, second order temperature terms can be expressed in the following form:

T2 = {T20 + T22e
2iωt + T 22e

−2iωt}sin(2πz), (3.4.17)

where T22 and T20 are temperature fields having the terms with the frequency 2ω and

independent of fast time scale, respectively. The solutions of the second order problems are

T20 =
πa

8π2 − 2Ri

{A(s)B(s) + A(s)B(s)}, (3.4.18)

and

T22 =
πa

8π2 + 4iω − 2Ri

A(s)B(s). (3.4.19)

The horizontally averaged Nusselt number, Nu(s), for the oscillatory mode of convection

is given by

Nu(s) = 1 +
[
χ2
(∂T2

∂z

)
z=0

/
(dTb
dz

)
z=0

]
. (3.4.20)
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By using Eqs.(3.3.10), (3.4.17), (3.4.18) and (3.4.19), we can simplify Eq.(3.4.20) as

Nu(s) = 1+
((c−Ri)4π

2

8π2 − 2Ri

+
2π2
√

(c−Ri)2 + ω2

√
(8π2 − 2Ri)2 + 16ω2

)(4π2 −Ri

4π2

)tan
√
Ri√

Ri

|A(s)|2. (3.4.21)

It is clear that the gravity modulation is effective at third order, and affects Nu(s) through

A(s), which is evaluated at third order.

At the third order, we have




1
Pr

(λ1
∂
∂τ

+ 1) ∂
∂τ
∇2 − (λ2

∂
∂τ

+ 1)∇4 R0(λ1
∂
∂τ

+ 1) ∂
∂x

− ∂
∂x

∂Tb
∂z

( ∂
∂τ
−∇2 −Ri)







ψ3

T3


 =




R31

R32


 , (3.4.22)

where

R31 = λ2
∂

∂s
∇4ψ1 −R0λ1

∂

∂s

∂T1

∂x
− (R2 +R0δ cos(Ωs))(λ1

∂

∂τ
+ 1)

∂T1

∂x
− (3.4.23)

1

Pr
(λ1

∂

∂τ
+ 1)

∂

∂s
(∇2ψ1)− 1

Pr
λ1

∂

∂s
(
∂

∂τ
∇2ψ1),

R32 =
∂ψ1

∂x

∂T2

∂z
− ∂T1

∂s
. (3.4.24)

Using first and second order solutions, the expressions of R31 and R32 are determined. Now,

under the solvability condition for the existence of third order solution, one may derive the

complex Ginzburg-Landau equation for finite amplitude convection.

dA(s)

ds
− γ−1F (s)A(s) + γ−1k|A(s)|2A(s) = 0, (3.4.25)

where

γ =
[
1−a∆1R2λ1+

c2∆1λ2(c+ iω −Ri)(4π
2 −Ri)

a4π2
+
c∆1(c+ iω −Ri)(1 + 2λ1iω)(4π2 −Ri)

aPr4π2

]
,

F (s) = [a∆1R2(1 + iωλ1)(1 + δ cos(Ωs))], ∆1 =
[ aPr
iωc(1 + λ1iω) + (1 + λ2iω)c2Pr

]
and
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k =
[(c−Ri)(c+ iω −Ri)(4π

2 −Ri)π
2

16π4
+

[(c−Ri)
2 + ω2](4π2 −Ri)

2π2

(8π2 − 2Ri + 4iω)16π4

]
.

Writing A(s) in the phase-amplitude form, we get

A(s) = |A(s)|eiφ. (3.4.26)

Now, substituting Eq.(3.4.26) in Eq.(3.4.25), we get the following expression for the ampli-

tude |A(s)| as
d|A(s)|2
ds

− 2pr|A(s)|2 + 2lr|A(s)|4 = 0, (3.4.27)

d(ph(A(s)))

ds
= pi− li|A(s)|2, (3.4.28)

where γ−1F (s) = pr + ipi, γ
−1k = lr + ili and ph(.) represents the phase shift. The

Eq.(3.4.27) solved numerically using the function NDSolve of Mathematica, subject to the

suitable initial condition A(0) = a0, where a0 is the chosen initial amplitude of convection.

In our computation, we assume R2 = R0 to keep the parameters to a minimum.

3.5 Bifurcation analysis

In this section, a study of dynamical behaviour of the Complex Ginzburg−Landau equa-

tion (3.4.25) and amplitude equation (3.4.27) is done. It is shown that the Complex

Ginzburg−Landau equation (3.4.25) undergoes subcritical Hopf bifurcation and amplitude

equation (3.4.27) undergoes Pitchfork bifurcation.

3.5.1 Hopf bifurcation

The complex Ginzburg−Landau equation (3.4.25) can be written as





dx
ds

= prx− piy − (lrx− liy)(x2 + y2),

dy
ds

= pix+ pr − (lix+ lry)(x2 + y2),

(3.5.1)
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where A(s) = x(s) + iy(s), pr = Re
[F (s)

γ

]
, pi = Im

[F (s)
γ

]
, lr = Re

[
k
γ

]
, li = Im

[
k
γ

]
.

Clearly the origin is the equilibrium point of the system (3.5.1). The Jacobian matrix of

the system (3.5.1) at the origin is

J =


 pr −pi
pi pr


 .

The trace and determinant of the Jacobian matrix J is tr(J) = 2pr and det(J) = p2
r+p2

i > 0

respectively.

If pr < 0, both eigenvalues of the Jacobian matrix J have negative real parts, and hence

the origin is asymptotically stable. If pr > 0, both eigenvalues of the Jacobian matrix J

have positive real parts, and hence the origin is unstable. If pr = 0, the eigenvalues of

the Jacobian matrix are purely imaginary, therefore, by implicit function theorem a Hopf

bifurcation occurs and a periodic orbit arises as the stability of origin changes. Here, we

assume λ1 as bifurcation parameter. We shall sketch the phase portrait diagram for the

system (3.5.1).

We consider Pr = 1, Ri = 1, λ2 = 0.1, δ = 0.3 and Ω = 50. If λ1 = 0.4, then pr < 0,

and from the above discussion, the origin is asymptotically stable. From Figure 3.11, we

can see that the origin is a stable focus, surrounded by an unstable unique limit cycle. If

λ1 = 0.47, then pr = 0, and the origin is unstable focus, Figure 3.12. If λ1 = 0.5, then

pr > 0, and from the above discussion, the origin is unstable. From Figure 3.13, we can see

that origin is a focus. This is the subcritical Hopf bifurcation.

3.5.2 Pitchfork bifurcation

The system (3.4.27) can be written as

d|A(s)|
ds

− pr|A(s)|+ lr|A(s)|3 = 0 (3.5.2)
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It is clear that the system (3.5.2) has three equilibrium points, |A(s)| = 0 for all value of

pr, lr, and |A(s)| = ±
√

pr
lr

for pr > 0, lr > 0, and the solution of the differential equation

(3.5.2) is given by

|A(s)|2 =
A2

0
lr
pr
A2

0 + (1− lr
pr
A2

0)e−2prs
, pr > 0, lr > 0 (3.5.3)

where A0 is the initial value of the amplitude. From equation (3.5.3), we see that solution

trajectories approach |A(s)| = 0 as s→ −∞, grow towards
√
pr/lr when 0 < A0 <

√
pr/lr

as s → ∞, decrease towards
√
pr/lr when A0 >

√
pr/lr as s → ∞. Thus, if pr < 0 then

A(s) = 0 is the only equilibrium point which is stable. If pr = 0 then origin is again

the only equilibrium point, which is still stable but much more weakly. So, if pr > 0 and

lr > 0 then |A(s)| = 0 is still an equilibrium point but now it becomes unstable, and two

new stable equilibrium points appear on either side of |A(s)| = 0, symmetrically located at

|A(s)| = ±
√
pr/lr, Figure 3.14. This is called the supercritical pitchfork bifurcation. The

pitchfork bifurcation diagram is shown in the Figure 3.15.

3.6 Results and Discussion

This chapter deals with the combined effect of internal-heating and gravity modulation on

oscillatory convection in a viscoelastic fluid layer. A weakly non-linear stability analysis

is performed. The effect of gravity modulation on the Rayleigh-Bénard system has been

assumed to be of order of (χ2). The values of δ are assumed to be in the interval (0, 0.5). It

is observed that the relation (3.4.11) leads to an interesting result that the oscillatory type

of instability exists only when the relaxation parameter λ1 is greater than the retardation

parameter λ2. From the relation (3.4.21), it can be seen that the value of Nu starts with

1, thus showing the conduction state initially, that is heat transfer across the fluid layer

is taking place through conduction only when s is small. The value of Nu increases for

intermediate values of s thus showing that convection is in progress, and finally when s is

very large, the oscillatory state is achieved. The numerical value of Nu is obtained from

the expression (3.4.21) by solving the amplitude equation (3.4.27).
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Figure 3.2: Effect of Ri on Nu for fixed other parameters
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Figure 3.3: Effect of Pr on Nu for fixed other parameters

The combined effect of internal-heating and gravity modulation have been depicted in

Figures 3.2-3.8, where Nu has been plotted with respect to the slow time s. From Figure

3.2, it can be see, that the effect of internal Rayleigh number on thermal instability is

destabilizing, as Nu increases on increasing Ri, thus the heat transport is more for higher

values of Ri. This confirms the results obtained by Bhadauria(2012). In Figure 3.3, it is

found that as Pr increases, there is an increment in the heat transfer compatible with the

results obtained by Bhadauria and kiran(2014b), thus the Prandtl number has a tendency

to destabilize the system. Figure 3.4 indicates the effect of relaxation parameter λ1 on

oscillatory convection, and gives a destabilized system due to increasing heat transfer on
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Figure 3.4: Effect of λ1 on Nu for fixed other parameters
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Figure 3.5: Effect of λ2 on Nu for fixed other parameters
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Figure 3.6: Effect of δ on Nu for fixed other parameters
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Figure 3.7: Effect of Ω on Nu for fixed other parameters
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Figure 3.8: Comparison between internal and non-internal heating system

increasing λ1. Further, the effect of retardation parameter, λ2 is found to stabilize the

system as the heat transfer decreases on increasing λ2, given in Figure 3.5. The effects

of the amplitude of modulation δ and frequency of modulation Ω on heat transport are

given in Figures 3.6-3.7 respectively. In Figure 3.6, one can see that an increment in the

amplitude of modulation increases the magnitude of Nu, thus enhances the heat transfer

and advancing the onset of convection. An opposite effect is obtained in the case of fre-

quency of modulation Ω as given in Figure 3.7. Hence, it is found that the effect of gravity

modulation decreases as the frequency of modulation increases. The present result of inter-

nal heating has been compared with the results of non-internal heating in Figure 3.8. We

observe that in the presence of internal heat source in the system, the value of Nu is more

than that in the absence of internal-heating, i.e. the heat transport in the system is more
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Figure 3.9: Streamlines at (a) s = 0.0, (b) s = 0.4, (c) s = 0.8, (d) s = 1.0, (e) s = 1.2, (f)
s = 1.5

due to internal-heating. Thus, internal-heating advances the onset of convection, which is

the same obtained by Bhadauria et al.(2013).

In Figures 3.9-3.10, the streamlines and corresponding isotherms are depicted respec-

tively at s = 0.0, 0.4, 0.8, 1.0, 1.2, 1.5 for λ1 = 0.4, λ2 = 0.1, δ = 0.1,Ω = 2, Pr = 1, χ = 0.5

and Ri = 0.1. From the figures, it is observed that initially when time is small, the magni-

tude of streamlines is also small, as given in Figure 3.9(a,b), and isotherms are straight, that

is the system is in the conduction state, Figure 3.10(a,b). However, as time increases, the

magnitude of streamlines increases and the isotherms lose their evenness Figures 3.9(c,d)-

3.10(c,d). This shows that convection is taking place in the system. The system achieves the

steady state beyond s = 1.0 as there is no further change in the streamlines and isotherms,

Figures 3.9(e,f)-3.10(e,f ).

It is also shown that the system represented by Landau equation (3.4.25) enters sub-

critical Hopf bifurcation as stress relaxation time λ1 is taken as the bifurcation parameter.
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s = 1.5
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Figure 3.11: An unstable limit cycle (red) is created through Hopf bifurcation. The origin
is asymptotically stable. Pr = 1, Ri = 1, λ1 = 0.4, λ2 = 0.1, δ = 0.3,Ω = 50

Thus, there exists a critical value of λ1 such that if λ1 is less than the critical value then

the system is stable and if λ1 is greater than the critical value then the system is unsta-

ble. The phase portrait diagrams for the subcritical Hopf bifurcation are shown in Figures
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Figure 3.12: Hopf bifurcation diagram. Pr = 1, Ri = 1, λ1 = 0.47, λ2 = 0.1, δ = 0.3,Ω = 50
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Figure 3.13: The origin is unstable. Pr = 1, Ri = 1, λ1 = 0.5, λ2 = 0.1, δ = 0.3,Ω = 50

3.11-3.13. The pitchfork bifurcation for the amplitude equation (3.4.27) on the parameter

amplitude of gravity modulation δ is also discussed. The phase portrait diagram is shown in

Figure 3.14. The supercritical Pitchfork bifurcation diagram in Figure 3.15 and subcritical

Pitchfork bifurcation diagram in Figure 3.16 show that the system becomes unstable as δ

increases.
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Figure 3.16: subcritical pitchfork bifurcation. Pr = 1, Ri = 1, λ1 = 0.5, λ2 = 0.1, a =
2.61411,Ω = 1, s = 2100
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3.7 Conclusions

Here, the combined effect of internal heating and gravity modulation on oscillatory con-

vection in a viscoelastic fluid layer has been considered and a weakly non-linear stability

analysis has been performed by using Ginzburg-Landau equation. The following conclu-

sions are drawn:

a) Heat transport is more in the present case than in the absence of internal heating.

b) It is important that for the oscillatory convection the relaxation time λ1 of fluid must

be greater than the retardation time λ2.

c) Effect of relaxation time λ1 is to advance the onset of convection and hence enhances

the heat transport.

d) Effect of retardation time λ2 is to delay the onset of convection and hence decreases

the heat transport.

e) An increment in the amplitude of modulation δ is to advance the onset of convection

and thus increasing the heat transfer.

f) The frequency of modulation Ω is to decrease the heat transfer.

g) An increment in the value of Prandtl number Pr destabilizes the system, thus heat

transfer increases.

h) The system is stable if relaxation time λ1 is less than the critical point and becomes

destabilized if the relaxation time λ1 is greater than the critical point.

i) The system is destabilized as the amplitude of gravity modulation δ increases in

bifurcation analysis.



Chapter 4

Throughflow and G-jitter effects on

chaotic convection in an anisotropic

porous medium

4.1 Introduction

In the previous chapters, the stationary and oscillatory convection has been studied using

various physical models. In this chapter, we study convection in a porous medium system

with chaotic analysis by employing trauncated Galerkin expansion method to obtained the

Lorenz system.

The study of thermal instability in an anisotropic porous media plays very significant

role in various fields, among them, in petroleum industry, chemical engineering, sedimen-

tation and compaction. The problem with anisotropic porous medium has been studied in

many researches, some of them are; Epherre(1977), Kvernvold and Tyvand(1979), Nisen

and Storesletten(1990), Tyvand and Storesletten(1991). Alok et al.(2013), Bhadauria and

This chapter is based on the research article: Throughflow and G-jitter effects on chaotic convection
in an anisotropic porous medium, published in AIN SHAMS J. (Elsevier-2017).
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Kiran(2013) gave the model for anisotropic porous medium with variable viscosity.

Reza and Gupta(2012) investigated the effect of through flow on the onset of convection

in a horizontal layer of electrically conducting fluid, confined between two rigid permeable

boundaries, and heated from below, in the presence of a uniform vertical magnetic field.

They found that magnetic field inhabits the onset of steady convection, and a positive

throughflow is more stabilizing than negative throughflow. Nield and Kuznetsov(2010),

Bhadauria and Kiran(2015) studied the effect of throughflow in porous medium for differ-

ent models. The chaos model was proposed first of all by Poincaré(1890). In this model the

author found that the dynamical system generated by the three body problem is quite sensi-

tive to the initial conditions exhibiting chaotic behaviour. Later on, Edward Lorenz(1963)

studied the system of three ordinary differential equations and developed the model for

atmospheric convection. Vadász with his colleague Olek(1998-2000) presented a number of

articles on the transition to chaotic behaviour in porous layer heated from below. Long et

al.(2008) studied the chaotic convection of viscoelastic fluid in porous medium. Recently,

Gupta and Singh(2013), Vadász(2014) and Bhadauria and Kiran(2015a, 2015b) studied

chaotic convection in porous medium by using different physical model.

4.2 Mathematical structure of the problem

An infinitely extended horizontal anisotropic porous layer of depth d confined between two

parallel planes is considered, the lower plane is at z = 0, while upper plane is at z = d. A

Cartesian frame of reference is adopted in such a way that the origin lies on the lower plane

and z axis is vertically upward. The porous layer is heated from below and cooled from

the above. The physical configuration of the model is depicted in Figure 4.1. The Darcy

law and Oberbeck-Boussinesq approximation is adopted to solve the model equations. The

non-dimensionlized system of the model equations is obtain according as Alok et al.(2013),

Gupta and Singh(2013)

1

V a

∂

∂t
(∇2ψ) = −∇2

ξψ −Ra(1 + δsin(Ωt))
∂T

∂x
, (4.2.1)
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T = T0

Y

Z

X
O Z = 0

Z = d

anisotropic porous medium

upward flow

T = T0 + DT

g HtL = g0@1 + ∆ sin HW tLD

Figure 4.1: Physical configuration of the problem

−∂ψ
∂x

∂Tb
∂z
−
(
∇2
η − Pe

∂

∂z

)
T = −∂T

∂t
+
∂(ψ, T )

∂(x, z)
, (4.2.2)

where V a = φνd2

KzκTz
Vadász number, Ra = αT g0∆TdKz

νκTz
thermal Rayleigh number, Pe = w0d

κTz

Péclet number, (1 + δsin(Ωt)) modulation term and other variables have their usual mean-

ings as given in the nomenclature.

The externally imposed thermal boundary conditions are given by

T =





T0 + ∆T, at z = 0,

T0, at z = d.
(4.2.3)

The basic state temperature (non-dimensionlized) present in Eq.(4.2.2) is obtained by using

the above boundary condition Eq.(4.2.3) as Bhadauria and Kiran(2015)

Tb =
(ePez − ePe

1− ePe
)
. (4.2.4)

4.3 Method of solution

The solution of nonlinear Eqs.(4.2.1) and (4.2.2) are obtained by using truncated Galerkin

expansion method. The stream function and temperature field are taken in the forms as
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mentioned in Vadász(2014)

ψ = A11 sin
(πx
L

)
sin(πz), (4.3.1)

T = Tb +B11 cos
(πx
L

)
sin(πz) +B02 sin(2πz). (4.3.2)

Using Eqs.(4.3.1) and (4.3.2) in to Eqs.(4.2.1) and (4.2.2), multiplying the equations by

orthogonal eigenfunctions corresponding to Eqs.(4.3.1) and (4.3.2), and then integrating

them over the spatial domain, yield a set of three differential equations for the time evolution

of the amplitudes, in the form of

dA11

dτ
= −Vaγ

π2

(Ra
πθ

(1 + δ sin(Ωτ))B11 + ζA11

)
, (4.3.3)

dB11

dτ
= − 1

πθ

( 4π2

P 2
e + 4π2

)
A11 −

1

θ
A11B02 − χB11, (4.3.4)

dB02

dτ
=

1

2θ
A11B11 − 4γB02, (4.3.5)

where the time has been re-scaled and the following notations are introduce.

τ =
(L2 + 1)π2

L2
t, θ =

L2 + 1

L
, γ =

L2

L2 + 1
,Ω =

L2

(L2 + 1)π2
Ω, σ =

Vaγ

π2
and R =

Ra

π2θ2
,

χ1 =
η + L2

L2
, ζ =

(L2/ξ) + 1

L2
.

Again re-scale the amplitude in the form of

X = −
√
ζA11

2θ
√

2γ(R− ζχ1)
, Y =

πRB11

2
√

2γζ(R− ζχ1)
and Z = − πRB02

(R− ζχ1)
.
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The following set of equations is obtained





dX
dτ

= σζ((1 + δ sin(Ωτ))Y −X),

dY
dτ

= 1
ζ

(
R
(

4π2

P 2
e+4π2

)
X − ζχ1Y − (R− ζχ1)XZ

)
,

dZ
dτ

= 4γ(XY − Z).

(4.3.6)

If the amplitude of gravity modulation δ = 0 and Pe = 0, then the system (4.3.6) reduces

into Gupta and Singh(2013) model as





dX
dτ

= σζ(Y −X),

dY
dτ

= 1
ζ
(RX − ζχ1Y − (R− ζχ1)XZ),

dZ
dτ

= 4γ(XY − Z).

(4.3.7)
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Figure 4.2: Phase portrait and time domain diagrams for the system (4.3.6) with parameters
R = 5 and ζ = 0.4, χ1 = 0.4, Pe = 1.0, δ = 0.1, Ω = 5



69 4.4 Results and Discussion

-1.5-1.0-0.5 0.0 0.5 1.0 1.5

-2

-1

0

1

2

3

x

y
-2 -1 0 1 2 3

0.0

0.5

1.0

1.5

y

z

-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5

0.5

1.0

1.5

x

z

0 20 40 60 80
-2

-1

0

1

2

Τ

x

0 20 40 60 80
-3

-2

-1

0

1

2

3

Τ

y

0 20 40 60 80
0.0

0.5

1.0

1.5

Τ

z

Figure 4.3: Phase portrait and time domain diagrams for the system (4.3.6) with parameters
R = 8.5 and ζ= 0.4, χ1 = 0.4, Pe = 1.0, δ = 0.1, Ω = 5
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Figure 4.4: Phase portrait and time domain diagrams for the system (4.3.6) with parameters
R = 15 and ζ= 0.4, χ1=0 .4, Pe = 1.0, δ = 0.1, Ω = 5

4.4 Results and Discussion

MATHEMATICA 7.0 has been used for the numerical simulation of the Lorenz system

(4.3.6). In this simulation, we considered the initial conditions τ = 0 : X = Y = Z = 0.9

and fixed the parameters σ = 10, γ = 0.5. The parameters R,Pe, δ,Ω, χ1, ζ are considered
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Figure 4.5: Phase portrait and time domain diagrams for the system (4.3.6) with parameters
R = 23 and ζ= 0.4, χ1 = 0.4, Pe = 1.0, δ = 0.1, Ω = 5
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Figure 4.6: Phase portrait and time domain diagrams for the system (4.3.6) with parameters
R = 24 and ζ= 0.4, χ1 = 0.4, Pe = 1.0, δ = 0.1, Ω = 5
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Figure 4.7: Phase portrait and time domain diagrams for the system (4.3.6) with parameters
R = 200 and ζ= 0.4, χ1 = 0.4, Pe = 1.0, δ = 0.1, Ω = 5

as variables to examine the behaviour of modulated chaotic system. The phase-portrait

diagrams depict how modulation term affects the dynamics of the thermal convection for a

combination of varied parameters. The results are further depicted in Figures 4.2-4.26 to

analyse the Lorenz model by using phase-portrait and time domain diagrams.
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Figure 4.8: Phase portrait and time domain diagrams for the system (4.3.6) with parameters
Pe =5 and ζ= 0.4, χ1 = 0.4, R=15, δ = 0.1, Ω = 5

-1.0 -0.5 0.0 0.5 1.0
-2

-1

0

1

2

x

y

-2 -1 0 1 2

0.2
0.4
0.6
0.8

y

z

-1.0 -0.5 0.0 0.5 1.0

0.2
0.4
0.6
0.8

x

z

0 20 40 60 80 100

-1.0

-0.5

0.0

0.5

1.0

Τ

x

0 20 40 60 80 100

-2

-1

0

1

2

Τ

y

0 20 40 60 80 100
0.0

0.2

0.4

0.6

0.8

Τ

z

Figure 4.9: Phase portrait and time domain diagrams for the system (4.3.6) with parameters
Pe =6 and ζ= 0.4, χ1 = 0.4, R=15, δ = 0.1, Ω = 5

The effects of scaled Rayleigh number R on the system are depicted in Figures 4.2-4.7,

keeping fixed the other parameters. Figure 4.2 shows a periodic solution (R = 5) and for

(R = 8.5) system moves from periodic to weak chaotic solution in Figure 4.3. Figure 4.4

(R = 15) depicts a chaotic behaviour or aperiodic solution of the Lorenz system which shows

that heat transfer is more in this case in comparison to previous two case. Further in Figures
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Figure 4.10: Phase portrait and time domain diagrams for the system (4.3.6) with param-
eters Pe =7 and ζ= 0.4, χ1 = 0.4, R=15, δ = 0.1, Ω = 5
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Figure 4.11: Phase portrait and time domain diagrams for the system (4.3.6) with param-
eters ζ= 0.4 and Pe =1, χ1 = 0.4, R=15, δ = 0.1, Ω = 5

(4.5, 4.6) system shows periodic solution for (R = 23, R = 24) respectively. On increasing

the higher value of R > 100 system always shows periodic solution depicts in Figure 4.7.

Hence, we conclude that the system has either periodic or chaotic behaviour depending

upon the value of scaled Rayleigh number which agrees with the results obtained by Long

et al.(2008). The impact of Péclet number Pe on the system, for different parametric values

Pe = 5, 6, 7, keeping fixed the other parameters, is depicted in Figures (4.8, 4.9, 4.10),



73 4.4 Results and Discussion

-2 -1 0 1 2

-2

-1

0

1

2

x

y
-2 -1 0 1 2

0.20.40.60.81.01.21.41.6

x

y

-2 -1 0 1 2
0.2
0.4
0.6
0.8
1.0
1.2
1.4
1.6

x

z

0 20 40 60 80 100
-2

-1

0

1

2

Τ

x

0 20 40 60 80 100

-2

-1

0

1

2

3

Τ

y

0 20 40 60 80 100
0.2
0.4
0.6
0.8
1.0
1.2
1.4
1.6

Τ

z

Figure 4.12: Phase portrait and time domain diagrams for the system (4.3.6) with param-
eters ζ= 0.7 and Pe =1, χ1 = 0.4, R=15, δ = 0.1, Ω = 5
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Figure 4.13: Phase portrait and time domain diagrams for the system (4.3.6) with param-
eters ζ= 0.9 and Pe =1, χ1 = 0.4, R=15, δ = 0.1, Ω = 5

respectively. From these Figs. it is observed that system transition from chaos to periodic

i.e. heat transfer level down on increasing the value Pe, clear from the diagrams.

Figures (4.11, 4.12, 4.13) depict the effects of different values of scaled mechanical

anisotropic parameter ζ = 0.4, 0.7, 0.9, keeping fixed the other parameters. The phase-
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Figure 4.14: Phase portrait and time domain diagrams for the system (4.3.6) with param-
eters χ1 = 0.5 and Pe =1, ζ= 0.4, R=15, δ = 0.1, Ω = 5
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Figure 4.15: Phase portrait and time domain diagrams for the system (4.3.6) with param-
eters χ1 = 0.7 and Pe =1, ζ= 0.4, R=15, δ = 0.1, Ω = 5

portrait diagrams and time domain solutions show that the system has chaotic nature for

ζ = 0.4 and = 0.7, while the system shows a periodic nature for ζ = 0.9. Thus, the system

returns to periodic solution from the chaotic solution as ζ increases, and so, mechanical

anisotropic parameter ζ delays the heat transfer. Effects of another anisotropic parameter

χ1 on the system are depicted in Figures (4.14, 4.15, 4.16) for χ1 = 0.5, 0.7, 0.9 respectively.
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Figure 4.16: Phase portrait and time domain diagrams for the system (4.3.6) with param-
eters χ1 = 0.9 and Pe =1, ζ= 0.4, R=15, δ = 0.1, Ω = 5
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Figure 4.17: Phase portrait and time domain diagrams for the system (4.3.6) with param-
eters Ω = 10 and Pe =1, ζ= 0.4, R=15, δ = 0.1, χ1 = 0.4

It is evident from the time domain solution, heat transfer decreases, finally system tends

to periodic behaviour on increasing χ1 compatible with the result of Gupta and Singh(2013).

The effect of frequency of gravity modulation, Ω, is depicted in Figures (4.17, 4.18, 4.19)
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Figure 4.18: Phase portrait and time domain diagrams for the system (4.3.6) with param-
eters Ω = 40 and Pe =1, ζ= 0.4, R=15, δ = 0.1, χ1 = 0.4
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Figure 4.19: Phase portrait and time domain diagrams for the system (4.3.6) with param-
eters Ω = 80 and Pe =1, ζ= 0.4, R=15, δ = 0.1, χ1 = 0.4

for Ω = 10, 40, 80, keeping fixed other parameters. In this case, the system looses its chaotic

behaviour and shifts into periodic behaviour, and so, heat transfer delays the convection.

The impact of amplitude of gravity modulation δ on the system for different parametric
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Figure 4.20: Phase portrait and time domain diagrams for the system (4.3.6) with param-
eters δ = 0.01 and Pe =1, ζ= 0.4, R=15, Ω = 5, χ1 = 0.4
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Figure 4.21: Phase portrait and time domain diagrams for the system (4.3.6) with param-
eters δ = 0.2 and Pe =1, ζ= 0.4, R=15, Ω = 5, χ1 = 0.4

values δ = 0.01, 0.2, 0.4 keeping fixed the other parameters, is depicted in Figures (4.20,

4.21, 4.22), respectively. These figures depict that the trajectories are much disturbed on

increasing δ. Therefore, the chaotic behaviour advances, that is, the heat transfer is in-

creases gradually.
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Figure 4.22: Phase portrait and time domain diagrams for the system (4.3.6) with param-
eters δ = 0.4 and Pe =1, ζ= 0.4, R=15, Ω = 5, χ1 = 0.4
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Figure 4.23: Phase portrait and time domain diagrams for the system (4.3.6) with param-
eters δ = 0.0 and Pe =1, ζ= 0.4, R=5, Ω = 5, χ1 = 0.4

Further, we compare the result of gravity modulated and unmodulated systems. For

δ = 0, R = 5 and fixed the other parameters, the Figure 4.23 shows a stable solution, while

for δ = 0.1, R = 5, the system has periodic solution, as depicted in Figure 4.24. It is noticed
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Figure 4.24: Phase portrait and time domain diagrams for the system (4.3.6) with param-
eters δ = 0.1 and Pe =1, ζ= 0.4, R=5, Ω = 5, χ1 = 0.4

that in gravity modulated system heat transfer is more in comparison to unmodulated sys-

tem. Lastly, a comparison between the present results and the results already obtained by

Gupta and Singh(2013) is depicted in Figure 4.25. In Figure 4.25, all the trajectories are

moving into fixed point and time domain solution shows a stable solution for given para-

metric values. On the other hand, all the trajectories are much disturbed in Figure 4.26

due to presence of the modulation term δ, and time domain solution depicted a periodic

system, hence the heat transfer is more in modulated system.

4.5 Conclusions

In this chapter, throughflow and G-jitter effects on chaotic convection in an anisotropic

porous medium are studied. The adopted model is first reduced into Lorenz system by em-

ploying trauncated Galerkin expansion method. By using phase portrait and time domain

diagrams the following findings are made

a) The effect of scaled Rayleigh number R is to either increase(chaotic) or de-
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Figure 4.25: Phase portrait and time domain diagrams for the system (4.3.6) with param-
eters δ = 0.0 and ζ= 1.5, R=16, χ1 = 0.6, σ = 5
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Figure 4.26: Phase portrait and time domain diagrams for the system (4.3.6) with param-
eters δ = 0.1 and Pe =1, ζ= 1.5, R=16, Ω = 5, χ1 = 0.6, σ = 5

crease(periodic) the heat transport in the Lorenz system.

b) The throughflow parameter Pe is to delay the chaotic convection i.e. heat transfer

decreases in the system.

c) The amplitude δ (frequency Ω) of modulation is to advance (delay) the heat transfer

in the Lorenz system.
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d) The anisotropic parameters χ1 and ζ has tendency to delay the chaotic behaviour in

the system.

e) Finally, it is found that heat transfer is more in modulated system in comparison to

the unmodulated system.



Chapter 5

Oscillatory and chaotic convection in

a couple-stress fluid saturated

rotating porous medium under

temperature modulation

5.1 Introduction

In the previous chapters, onset of convection and heat transfer has been studied under

gravity modulation considering various models. Therefore, in this chapter a study has been

done under thermal modulation.

Some studies on the onset of convection in a rotating porous medium have been done by-

Friedrich(1983), Palm and Tyvand(1984), Straughan(2001), Govender(2003) and Bhadau-

ria(2007). Stability analysis under temperature/gravity-modulated for stationary Rayleigh-

Bénard convection in a rotating porous medium is done by Bhadauria and Kumar(2012).

This chapter is based on the research article: Oscillatory and chaotic convection in a couple-stress fluid
saturated rotating porous medium under temperature modulation, communicated.
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Recently Bhadauria and Kiran(2016) studied oscillatory convection in a rotating fluid layer

under temperature modulation and shown the effect of each convective parameters on the

system by computing the Nusselt number.

Couple-stress fluid is a kind of non-Newtonian fluid having polar effects. The applica-

tions of couple-stress fluid is in the study of mechanisms of lubrication of synovial joints.

The synovial fluid has been modelled as a couple-stress fluid in human joints by Walicki

and Walicki(1999). Moreover, applications of couple-stress fluids in various fields named

some as, industrial sciences, solidification of liquid crystals, cooling of metallic plate in a

bath etc. Firstly, Stokes(1966) proposed the model for couple-stress fluid and found that

the rotational field is defined in terms of velocity field itself and the stress tensor is no

longer symmetric. In the literature, many study are available on couple-stress fluid, some

of them are Sunil et al.(2004), Malashetty et al.(2005, 2006), Shivakumara et al.(2011). Re-

cently, Gupta et al.(2016a) studied heat and mass transport in a couple-stress liquid under

G-jitter. The stability of a convective system can be controlled by adjusting the modu-

lation parameter like amplitude and frequency. Thus, in the present model, temperature

modulation is considered as an external regulation. The effect of temperature modulation

has been studied by many authors some of them are; Venezian(1969) was the first who con-

sidered temperature modulation in a viscous fluid layer, Caltagirone(1976) studied thermal

instability in a horizontal porous layer with temperature modulation, Chhuon and Calta-

girone(1979), Malashetty and Wadi(1999), Bhadauria and kiran(2013, 2014a) found that

amplitude of modulation destabilizes the system whereas frequency of modulation stabilizes

the system.

The study of chaotic convection has numerous applications in different areas such as

production of crystals, weather sciences, signals and industrial systems. Firstly, the study

of chaos model was given by Poincaré(1890) and found that the dynamical system gen-

erated by the three body problem is quite sensitive to the initial conditions, exhibiting

chaotic behaviour. Long et al.(2008) studied the chaotic convection of viscoelastic fluid in

porous medium and discuss the stability of chaotic system. The effect of magnetic field on
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chaotic convection in fluid layer is studied by Mahmud and Hasim(2011). They found that

the system looses its stability via a subcritical Hopf bifurcation producing a homoclinic

explosion.

The motive of this chapter is to study oscillatory and chaotic convection in a couple-

stress fluid saturated rotating porous medium under temperature modulation. The heat

transfer rate is examined by computing the Nusselt number in terms of the amplitude of

convection by solving the complex Ginzburg-Landau equation. The effect of all oscillatory

convection parameters on the system has been shown through the diagrams, plotted as

Nusselt number versus slow time scale. Further, for chaotic convection the problem has

been converted into (non-autonomous) Lorenz system by employing truncated Galerkin

expansion method and all findings are obtained by using phase portrait and time domain

diagrams analysis numerically.

5.2 Mathematical formulation of the problem

We consider an infinitely extended horizontal incompressible couple-stress fluid saturated

porous medium of depth d, confined between two parallel planes, the lower plane at z = 0

while upper one is at z = d, which is heated from below and cooled from above. A cartesian

frame of reference is adopted in such a way that the origin lies on the lower plane and z

axis is vertically upward. In this model, we suppose that porous layer is rotating about the

z-axis with a constant angular velocity Ω1. Darcy model and couple-stress parameter has

been employed in the momentum equation. The physical sketch of the problem is depicted

in Figure 5.1. The non-dimensionlized system of the model equations is obtain according

as Bhadauria and Kumar(2012), Gupta et al.(2016a)

( 1

V a

∂

∂t
+ 1− C1∇2

)
(∇2ψ)−

√
Ta

∂V

∂z
= −Ra∂T

∂x
, (5.2.1)

−∂ψ
∂x

∂Tb
∂z
−∇2T = −∂T

∂t
+
∂(ψ, T )

∂(x, z)
, (5.2.2)
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Y
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X
O Z = 0

Z = d

couple - stress liquid

T = T0 +
DT

2
A1 + Χ

2
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T = T0 -
DT

2
A1 -Χ

2
∆ CosHW t + ΘLE

z

Figure 5.1: Physical configuration of the problem

( 1

V a

∂

∂t
+ 1− C1∇2

)
V = −

√
Ta

∂ψ

∂z
, (5.2.3)

where V a = φνd2

KκT
Vadász number, Ra = αT g∆TdK

νκT
thermal Rayleigh number, Ta = (2Ω1d

ν
)2

Taylor number, C1 = µc
µd2 couple-stress parameter and remaining variables have their usual

meanings as given in the nomenclature. The externally imposed temperature field is given

by as Venezian(1969)

T =





T0 + ∆T
2

[1 + χ2δcos(Ωt)] at z = 0,

T0 − ∆T
2

[1− χ2δcos(Ωt+ θ)] at z = d.

(5.2.4)

The above system will be solved using stress free and isothermal boundary conditions as

given below:

ψ =
∂2ψ

∂z2
= T = 0 on z = 0, z = 1. (5.2.5)

The dimensionless basic temperature term Tb(z), appearing in Eq.(5.2.2), is defined math-

ematically as
∂Tb
∂z

= −1 + χ2δ(f2(z, t)), (5.2.6)
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where

f2(z, t) = Re[f(z)e−iΩt],

f(z) = [A(λ)eλz + A(−λ)e−λz], A(λ) =
λ

2

(e−iθ − e−λ
eλ − e−λ

)
and λ = (1− i)

√
Ω

2
.

A small perturbation parameter χ which shows a deviation from the critical state of onset of

convection has been introduced. The variables for a weak non-linear state may be expanded

in power series of χ as Venezian(1969), Malkus(1958)

Ra = R0 + χ2R2 + χ4R4 + · · · , (5.2.7)

ψ = χψ1 + χ2ψ2 + χ3ψ3 + · · · , (5.2.8)

T = χT1 + χ2T2 + χ3T3 + · · · , (5.2.9)

where R0 denotes the critical value of the Rayleigh number for the onset of convection in

the absence of temperature modulation.

5.3 Formulation of Ginzburg-Landau (amplitude) equa-

tion

For further study of the time periodic convective phenomenon, we rescale the time as

( ∂
∂t

= ∂
∂τ

+ χ2 ∂
∂s

). The above system (5.2.1), (5.2.2) and (5.2.3) is computed for each order

(up to third order ) of χ.
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At the first order, the matrix operator is obtained similar to linear case as:




[ 1
V a

∂
∂τ

+ (1− C1∇2)]∇2 R0
∂
∂x

−
√
Ta ∂

∂z

∂
∂x

( ∂
∂τ
−∇2) 0

√
Ta ∂

∂z
0 [ 1

V a
∂
∂τ

+ (1− C1∇2)]







ψ1

T1

V1




=




0

0

0




.

(5.3.1)

The solution of the first order system subject to the boundary condition Eq.(5.2.5), is

assumed to be

ψ1 = (A(s)eiωτ + A(s)e−iωτ ) sin ax sin πz, (5.3.2)

T1 = (B(s)eiωτ +B(s)e−iωτ ) cos ax sinπz, (5.3.3)

V1 = (C(s)eiωτ + C(s)e−iωτ ) sin ax cosπz. (5.3.4)

The unknown amplitudes are functions of rescale time (s), and are related by the following

expression:

B(s) = − a

(c+ iω)
A(s), (5.3.5)

C(s) = − π
√
Ta

( iω
V a

) + (1 + C1c)
A(s), (5.3.6)

where c = a2 +π2. The values of the critical Rayleigh number for stationary and oscillatory

mode of convection are as given below respectively:

Rst
0c =

1

a2

(
c2 + c3C1 +

cπ2Ta

(1 + C1c)2
+
c2C1π

2Ta

(1 + C1c)2

)
, (5.3.7)

Rost
0c =

1

a2

(
c2 + c3C1 −

cω2

V a
+

cπ2Ta

(1 + C1c)2 + ω2

V a2

+
c2C1π

2Ta

(1 + C1c)2 + ω2

V a2

+
π2Taω2

V a((1 + C1c)2 + ω2

V a2 )

)
,

(5.3.8)
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where ω is the oscillatory frequency given by

ω2 =
−cV a2(c+ V a)− 2c3C1V a

2 − c4C2
1V a

2(1 + C1V a) + π2TaV a2(c− V a)

c2 + cV a+ C1c2V a

+
−3c2C1V a

3(1 + C1c)− C1cπ
2TaV a3

c2 + cV a+ C1c2V a
. (5.3.9)

Now, the critical wave number ac is computed for which the Rayleigh number is minimum

with respect to a2. Since ω2 has to be positive and real, therefore from the relation (5.3.9),

the necessary parametric relation for the existence of oscillatory convection in the system

is given by

Ta >
−c(c+ V a)− 2c3C1 − c4C2

1(1 + C1V a)− 3C1c
2V a(1 + C1c)

−cπ2 + π2V a+ C1cπ2V a
. (5.3.10)

For particular case, we take (C1 = 0, ω = 0), the Rayleigh number reduces as

R0c =
1

a2
(c2 + cπ2Ta). (5.3.11)

The above result presented in Eq.(5.3.11) for stationary mode is obtained by Bhadauria

and Kumar(2012).

Now, at second order, we have




[ 1
V a

∂
∂τ

+ (1− C1∇2)]∇2 R0
∂
∂x

−
√
Ta ∂

∂z

∂
∂x

( ∂
∂τ
−∇2) 0

√
Ta ∂

∂z
0 [ 1

V a
∂
∂τ

+ (1− C1∇2)]







ψ2

T2

V2




=




R21

R22

R23




,

(5.3.12)

where

R21 = 0, (5.3.13)

R22 =
∂ψ1

∂x

∂T1

∂z
− ∂ψ1

∂z

∂T1

∂x
, (5.3.14)

R23 = 0. (5.3.15)
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The second order solution subject to the boundary condition (5.2.5) is given by

ψ2 = 0, (5.3.16)

( ∂
∂τ
−∇2

)
T2 = R22, (5.3.17)

V2 = 0. (5.3.18)

Now, we compute the temperature fields having the frequency 2ω and free from the rescale

time τ . Thus, second order temperature terms can be expressed in the following form:

T2 = {T20 + T22e
2iωt + T 22e

−2iωt}sin(2πz), (5.3.19)

where T22 and T20 are temperature fields having the terms with the frequency 2ω and free

from the rescale time τ , respectively. The solutions of the second order temperature field

are as

T20 =
a

8π
{A(s)B(s) + A(s)B(s)}, (5.3.20)

and

T22 =
πa

8π2 + 4iω
A(s)B(s). (5.3.21)

The horizontally averaged Nusselt number, Nu(s), for the oscillatory mode of convection

is given by

Nu(s) = 1 +
[
χ2
(∂T2

∂z

)
z=0

/
(dTb
dz

)
z=0

]
. (5.3.22)

By using Eqs.(5.2.6), (5.3.19), (5.3.20) and (5.3.21), the Eq.(5.3.22) is simplified as

Nu(s) = 1 +
( ca2

2(c2 + ω2)
+

π2a2

√
c2 + ω2

√
16π4 + 4ω2

)
|A(s)|2. (5.3.23)

It is clear that the temperature modulation is effective at third order and affects Nu(s)

through A(s) which is evaluated at next order.
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At the third order, we have




[ 1
V a

∂
∂τ

+ (1− C1∇2)]∇2 R0
∂
∂x

−
√
Ta ∂

∂z

∂
∂x

( ∂
∂τ
−∇2) 0

√
Ta ∂

∂z
0 [ 1

V a
∂
∂τ

+ (1− C1∇2)]







ψ3

T3

V3




=




R31

R32

R33




,

(5.3.24)

where

R31 = − 1

V a

∂

∂s
(∇2ψ1)−R2

∂T1

∂x
, (5.3.25)

R32 =
∂ψ1

∂x

∂T2

∂z
− ∂T1

∂s
+ δf2(z, s)

∂ψ1

∂x
, (5.3.26)

R33 = − 1

V a

∂V1

∂s
. (5.3.27)

Using first/second order solutions, the expressions of R31, R32 and R33 are computed.

Applying solvability condition for the existence of third order solution, one may derive the

complex Ginzburg-Landau equation.

dA(s)

ds
− L−1G(s)A(s) + L−1M |A(s)|2A(s) = 0, (5.3.28)

where

L =

(
c

V a
+

a2R0

(c+ iω)2
− π2Ta

V a( iω
V a

+ (1 + C1c)2)

)
,

G(s) =

(
a2R2

c+ iω
− 2a2R0δI1

c+ iω

)
, I1 =

1∫

0

f2(z, s) sin2(πz)dz,

M =

(
a4cR0

4(c2 + ω2)(c+ iω)
+

a4π2R0

(8π2 + 4iω)(c+ iω)2

)
.

Writing A(s) in the phase-amplitude form, we get

A(s) = |A(s)|eiφ. (5.3.29)
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Now, substituting Eq.(5.3.29) in Eq.(5.3.28), the following expression for the amplitude

|A(s)| has been obtained

d|A(s)|2
ds

− 2pr|A(s)|2 + 2lr|A(s)|4 = 0, (5.3.30)

d(ph(A(s)))

ds
= pi− li|A(s)|2, (5.3.31)

where L−1G(s) = pr + ipi, L
−1M = lr + ili and ph(.) represents the phase shift. The

Eq.(5.3.30) solved numerically using the function NDSolve of Mathematica, subject to the

suitable initial condition A(0) = a0, where a0 is the chosen initial amplitude of oscillatory

convection.

5.4 Formulation of the Lorenz system

To obtain chaotic system we reconstruct the model equations of Bhadauria and Ku-

mar(2012) analogous to Gupta et al.(2015) as well as leaving the perturbation parameter

χ from the modulation term and couple-stress parameter C1 to reduce the complexity for

further study. The new non-dimensionlized system equations are obtained as

((
1

V a

∂

∂t
+ 1

)2

∇2 + Ta
∂2

∂z2

)
ψ = Ra

∂T

∂x

(
1

V a

∂

∂t
+ 1

)
, (5.4.1)

∂T

∂t
− ∂ψ

∂z

∂T

∂x
+
∂ψ

∂x

∂T

∂z
= ∇2T. (5.4.2)

The solution of nonlinear Eqs.(5.4.1) and (5.4.2) are obtained by using truncated Galerkin

expansion method. The stream function and temperature field are taken in the forms as

mentioned in Gupta et al.(2015).

ψ = A11 sin(ax) sin(πz), (5.4.3)

T = Tb +B11 cos(ax) sin(πz) +B02 sin(2πz). (5.4.4)
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Using Eqs.(5.4.3) and (5.4.4) in to Eqs.(5.4.1) and (5.4.2), multiplying the equations by

orthogonal eigenfunctions corresponding to Eqs.(5.4.3) and (5.4.4), and then integrating

them over the spatial domain, yield a set of three differential equations for the time evolution

of the amplitudes, in the form of

d2A11

dτ 2
= −2V a

c

dA11

dτ
− V a2

c2

(π2Ta
c

+ 1
)
A11 +

aRaVa
c2

(V a
c

+
∂

∂τ

)
B11, (5.4.5)

dB11

dτ
=
a

c
(1− 2δI1)A11 +

aπ

c
A11B02 −B11, (5.4.6)

dB02

dτ
= −aπ

2c
A11B11 −

4π2

c
B02, (5.4.7)

where c = a2+π2, time has been re-scaled (τ = ct) and the following notations are introduce.

Ω =
Ω

c
, σ =

V a

c
,R =

a2Ra

c2
, TA =

π2Ta

c
and γ = −4π2

c
.

Again re-scale the amplitude in the form of

X =
πaA11

c
√

2
, Y =

πRB11√
2

and Z = −πRB02

which provide the following set of equations





dX
dτ

= W,

dY
dτ

= R(1− 2δI1)X − Y −XZ,

dZ
dτ

= γZ +XY,

dW
dτ

= −2σW + σ(R(1− 2δI1)− σ(TA + 1))X + σ(σ − 1)Y − σXZ.

(5.4.8)
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Figure 5.2: Effect of Ta on Nu for IPM case (θ = 0)
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Figure 5.3: Effect of V a on Nu for IPM case (θ = 0)
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Figure 5.4: Effect of C1 on Nu for IPM case (θ = 0)
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Figure 5.5: Effect of Ta on Nu for OPM case (θ = π)
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Figure 5.6: Effect of V a on Nu for OPM case (θ = π)

C1 = 0.15, 0.16, 0.17

Ta = 50, Va = 1.0, ∆ = 0.2, W = 1

0 5 10 15 20

1.0

1.5

2.0

2.5

3.0

s

N
u

Figure 5.7: Effect of C1 on Nu for OPM case (θ = π)
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In this chapter, the effect of oscillatory and chaotic convection in a couple-stress fluid

saturated rotating porous medium under temperature modulation has been studied. A

weakly non-linear stability analysis has been performed by adopting power series expan-

sion in terms of the amplitude of temperature modulation. Here three cases arise due to

temperature modulation as

1. In-phase modulation (IPM, θ = 0)

2. Out-phase modulation (OPM, θ = π)

3. Lower-boundary modulation (LBMO, θ = −i∞)

∆ = 0.3∆ = 0.2∆ = 0.05

Ta = 50, Va = 1.0, C1 = 0.2, W = 1

0 5 10 15 20

1.0

1.5

2.0

2.5

3.0

3.5

4.0

s

N
u

Figure 5.8: Effect of δ on Nu for OPM case (θ = π)
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Figure 5.9: Effect of Ω on Nu for OPM case (θ = π)

It is evident that the value of Nu begins with 1, thus showing the conduction state

(IPM) initially, the value of Nu increases as time increases thus showing the convection

state, becomes oscillatory (OPM or LBMO), thus showing the modulation effect. For the
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Figure 5.10: Effect of Ta on Nu for LBMO case (θ = −i∞)
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Figure 5.11: Effect of V a on Nu for LBMO case (θ = −i∞)

existence of oscillatory mode, the parametric relation of Eq.(5.3.10) must hold. The numer-

ical values of Nu have been obtained from the expression (5.3.23) by solving the amplitude

Eq.(5.3.30). Heat transfer analyses of the system is done in terms of the Nusselt number by

taking different convective parameters, and depicting in Figures 5.2-5.15 graphically (Nu

versus s) for each cases of modulation.

From Figures 5.2-5.4, one can see the effect of IPM (θ = 0) on the system. At the initial

state (very small time) the modulation effect about to negligible because the numeric value

of Nu is not affected by amplitude and frequency of modulation on increasing time, so the

system shows constant behaviour for both parameters. In Figure 5.2, the effect of Taylor

number Ta on the system is depicted where it is noticed that on increasing the value of Ta

heat transport decreases, since the value of Nu decreases in the system. Consequently, the
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Figure 5.12: Effect of C1 on Nu for LBMO case (θ = −i∞)
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Figure 5.13: Effect of δ on Nu for LBMO case (θ = −i∞)
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Figure 5.14: Effect of Ω on Nu for LBMO case (θ = −i∞)

system is stabilized, which is similar to results obtained by Bhadauria and Kumar(2012). In

Figure 5.3, as V a increases the value of Nu increases, therefore heat transfer rate advances

in the system compatible with the results obtained by Bhadauria and Kumar(2012), thus
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Figure 5.15: Comparison of stationary and oscillatory systems
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Figure 5.16: Phase portrait diagrams and time domain for the system (5.4.8) with param-
eters R = 10, TA = 0.1, δ = 0.1

the Vadász number has a tendency to destabilize the system. In Figure 5.4, the effect of

couple-stress parameter C1 on the system is depicted where it is found that on increasing

the value of C1 heat transport increases, consequently, the system is destabilized, similar

to the results obtained by Gupta et al.(2016a).

From Figures 5.5-5.9, one can see the effect of all convective parameters for the case

OPM (θ = π) on the system. The effect of Taylor number Ta on the system is depicted

in Figure 5.5, where it is observed that on increasing the value of Ta, heat transport is
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Figure 5.17: Phase portrait diagrams and time domain for the system (5.4.8) with param-
eters R = 25.5, TA = 0.1, δ = 0.1

-10 0 10 20

-20

-10

0

10

20

30

x

y

-20 -10 0 10 20 30

0

10

20

30

40

50

y

z

-10 0 10 20

0

10

20

30

40

50

x

z

0 10 20 30 40
-20

-10

0

10

20

Τ

x

0 10 20 30 40

-20

-10

0

10

20

30

Τ

y

0 10 20 30 40
0

10

20

30

40

50

Τ

z

Figure 5.18: Phase portrait diagrams and time domain for the system (5.4.8) with param-
eters R = 33, TA = 0.1, δ = 0.1

suppressed in the system, therefore the system is stabilized. In Figure 5.6, as V a increases

the value of Nu increases, thus heat transfer gradually increases in the system on increasing

V a, thus the Vadász number has a destabilizing effect. The effect of couple-stress parameter

C1 on the system is depicted in Figure 5.7, here it is found that on increasing the value

of C1, heat transport increases as Nu increases, and so the system is destabilized. The

effects of the amplitude of modulation δ and frequency of modulation Ω on the system are

given in Figures 5.8-5.9 respectively. Figure 5.8 shows that an increment in the amplitude
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Figure 5.19: Phase portrait diagrams and time domain for the system (5.4.8) with param-
eters R = 75, TA = 0.1, δ = 0.1
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Figure 5.20: Phase portrait diagrams and time domain for the system (5.4.8) with param-
eters R = 33, TA = 0.2, δ = 0.1

of modulation increases the magnitude of Nu, thus enhances the heat transfer and so ad-

vancing the onset of convection. An opposite effect is obtained in the case of frequency of

modulation Ω as given in Figure 5.9. Hence, it is found that the effect of temperature mod-

ulation decreases as the frequency of modulation increases, both results are analogous to

Bhadauria and Kiran(2016) for fluid layer. The results for LBMO (θ = −i∞) are depicted

in Figures 5.10-5.14. From the figures, it is found that the results are similar as obtained

for OPM case in Figures 5.5-5.9. In Figure 5.15, we compare the stationary and oscillatory

system and found that heat transfer is more in oscillatory system than in stationary system.
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Figure 5.21: Phase portrait diagrams and time domain for the system (5.4.8) with param-
eters R = 33, TA = 0.5, δ = 0.1
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Figure 5.22: Phase portrait diagrams and time domain for the system (5.4.8) with param-
eters R = 33, TA = 0.8, δ = 0.1

The numerical simulation of the Lorenz system (5.4.8) is done by Mathematica 7.0.

In this simulation, the initial conditions τ = 0 : X = Y = Z = 0.9,W = 0.1 are considered

and the parameter values are fixed as σ = 10, γ = −8/3, Ω = 5 and θ = π. The parameters

R, TA, δ are considered as variable to examine the behaviour of modulated chaotic system.

The phase-portrait and time domain diagrams depict how modulation term affect the dy-
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Figure 5.23: Phase portrait diagrams and time domain for the system (5.4.8) with param-
eters R = 33, TA = 0.2, δ = 0.01
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Figure 5.24: Phase portrait diagrams and time domain for the system (5.4.8) with param-
eters R = 33, TA = 0.2, δ = 0.1

namics of the thermal convection for a combination of varied parameters. The results are

further depicted in Figures 5.16-5.27 to analyse the Lorenz system by using phase-portrait

and time domain diagrams.

The effect of scaled Rayleigh number R on the chaotic system is depicted in Figures

5.16-5.19, keeping fixed the other parameters. Figure 5.16 shows a periodic solution for
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Figure 5.25: Phase portrait diagrams and time domain for the system (5.4.8) with param-
eters R = 33, TA = 0.2, δ = 0.2
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Figure 5.26: Phase portrait diagrams and time domain for the system (5.4.8) with param-
eters R = 13.1, TA = 0.1, δ = 0.0

R = 10 and for R = 25.5, system transition from periodic to weak chaotic solution in Figure

5.17. Figure 5.18 (R = 33) depicts a initially chaotic behaviour or aperiodic solution of

the Lorenz system, which shows that heat transfer is more in this case in comparison to

earlier two cases. Moreover, on increasing the values of R, system always shows chaotic
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Figure 5.27: Phase portrait diagrams and time domain for the system (5.4.8) with param-
eters R = 13.1, TA = 0.1, δ = 0.1

solution in Figure 5.19. Hence it is concluded that the system has either periodic or chaotic

nature depending upon the suitable value of scaled Rayleigh number, which is same as

obtained by Long et al.(2008). Figures 5.20-5.22 depict the effect of different values of

scaled Taylor number TA = 0.2, 0.5, 0.8, keeping fixed the other parameters. The phase-

portrait diagrams and time domain solutions show that the system has chaotic nature for

TA = 0.2, for TA = 0.5 system looses its chaotic nature very slowly while the system shows

a periodic nature for TA = 0.8. Therefore, on increasing the value of TA system always has

periodic nature, compatible with the results obtained by Gupta et al.(2015). The impact

of amplitude of temperature modulation δ on the chaotic system for different parametric

values δ = 0.01, 0.1, 0.2 keeping fixed the other parameters, is depicted in Figures 5.23-5.25,

respectively. These figures depict that the trajectories are much disturbed on increasing δ.

Therefore, the chaotic behaviour advances slightly in the system, that is, the heat transfer

increases gradually which confirms the results obtained by Bhadauria and kiran(2015a).

Further, the present results are compared with the result already obtained by Gupta et

al.(2015) and depicted in Figure 5.26. In Figure 5.26 all the trajectories are moving in to

fixed point and time domain solution shows a stable solution for given parametric values.
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On the other hand all the trajectories are much disturbed and moving around a fixed point

as presented in Figure 5.27 which is due to the presence of modulation term δ, and time

domain solution depicts a periodic system, therefore we analyse that heat transfer is more

in modulated system.

5.6 Conclusions

Oscillatory and chaotic convection in a couple-stress fluid saturated rotating porous medium

under temperature modulation has been studied. The findings are as follow:

a) NuIPM < NuLBMO < NuOPM exists for temperature modulation.

b) The Taylor number Ta has stablize effect on oscillatory system for each type of

modulation.

c) Vadász number V a has destabilizing effect on the system.

d) Couple-stress parameter C1 destabilizes the oscillatory system for all case.

e) The amplitude δ and frequency Ω of temperature modulation either advance or delay

the convection for OPM and LBMO.

f) The heat transfer is more in oscillatory mode than in stationary mode of convection.

g) The effect of scaled Rayleigh number R is to either increase(chaotic) or de-

crease(periodic) the heat transport for suitable value of R in the Lorenz system.

h) The scaled Taylor number TA reduces the chaotic level in the Lorenz system.

i) The amplitude δ of modulation is to advance the heat transfer in the Lorenz system.

j) Heat transfer is more in present study than in the unmodulation case.



Chapter 6

Numerical study on chaotic

convection in a viscoelastic fluid

saturated porous medium under

temperature modulation

6.1 Introduction

In this chapter, we study chaotic convection in a viscoelastic fluid saturated porous medium

under temperature modulation and by doing numerical simulation. Study in porous media

has attracted the researchers during the last three decades due to its wide range of appli-

cations in various fields such as petroleum industry, chemical engineering and geophysics,

etc. First of all Venezian(1969) investigated the effect of temperature modulation in a vis-

cous fluid layer. A lot of work has been done by many researchers to study the convective

event in a viscoelastic fluid saturated porous medium. At first, Green(1968) studied the

oscillatory convection in a viscoelastic fluid layer. The occurrence of overstability for typi-

This chapter is based on the research article: Numerical study on chaotic convection in a viscoelastic
fluid saturated porous medium under temperature modulation, published as proceeding in NCRAMA
(2015).
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cal Rayleigh-Bénard convection of a horizontal homogeneous Maxwellian fluid layer heated

from below, was reported by Vest and Arpaci(1969).

Now-a-days many researchers have taken interest in the study of chaotic convection.

Such type of convection is applicable in various fields, for instance, in the production of crys-

tals and weather sciences, etc. The chaos model was proposed first of all by Poincaré(1890).

In this model the author found that the dynamical system generated by the three body

problem is quite sensitive to the initial conditions exhibiting chaotic behaviour. Later

on, Edward Lorenz(1963) studied the system of three ordinary differential equations and

developed the model for atmospheric convection. A similar work has been done in Spar-

row(1982).

6.2 Mathematical structure of the problem

In this section, we consider an infinitely extended horizontal viscoelatic fluid saturated

porous medium of depth d, confined between two parallel planes at z = 0 (lower plane)

and z = d (upper plane), heated from below as depicted in Figure 6.1. The Darcy law and

Boussinesq approximation are used to solve the model equations. The governing equations

of this model are as Bhadauria and Kiran(2014a)

Z

O Z = 0

Z = d

T = T0 +
DT

2
@1 + ∆ sinHW tLD

non-Newtonian fluid layer
saturated porous medium

T = T0 -
DT

2
@1 - ∆ sinHW t + ΘLD

Y

Y

Figure 6.1: Physical configuration of the problem
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



∇.~q = 0,

(
λ1

∂
∂t

+ 1
)(

ρ0

φ
∂q
∂t

+∇p− ρ~g
)

+ µ
K

(
λ2

∂
∂t

+ 1
)
~q = 0,

∂T
∂t

+ (~q.∇)T = κT∇2T,

ρ = ρ0[1− αT (T − T0)],

(6.2.1)

where the physical variables have their usual meanings as given in nomenclature. The

externally imposed thermal boundary conditions are given by

T =





T0 + ∆T
2

[1 + δ sin(Ωt)] at z = 0,

T0 − ∆T
2

[1− δ sin(Ωt+ θ)] at z = d.

(6.2.2)

6.3 Basic state

In basic state, the velocity and temperature profiles are given by

~qb = 0, p = pb(z), T = Tb(z), ρ = ρb(z). (6.3.1)

Using Eq.(6.3.1) in Eq.(6.2.1), the following relations are obtained

∂pb
∂z

= −ρbg, (6.3.2)

κT
d2Tb
dz2

=
∂T

∂t
, (6.3.3)

ρb = ρ0[1− αT (Tb − T0)]. (6.3.4)

Now, we superimpose finite amplitude perturbations, on the basic state in the form

~q = qb + q′, T = Tb + T ′, p = pb + p′, ρ = ρb + ρ′, (6.3.5)
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where the primes represent the perturbed quantities. According to Long et al.(2008) and

Bhadauria and Kiran(2015a), the dimensionless governing system is given by

[ 1

PrD

(
λ1
∂

∂t
+ 1
) ∂
∂t

+
(
λ2
∂

∂t
+ 1
)]
∇2ψ = Ra

(
λ1
∂

∂t
+ 1
)∂T
∂x

, (6.3.6)

−∂ψ
∂x

∂Tb
∂z
−∇2T = −∂T

∂t
+
∂(ψ, T )

∂(x, z)
, (6.3.7)

where PrD = φPr
Da

is the Darcy-Prandtl number, Da = K
d2 is the Darcy number, Pr = ν

kT
is

the Prandtl number, Ra = g0αT4TKd
νkT

is the DarcyRayleigh number, ν = µ
ρ0

is kinematic

viscosity.

The above system will be solved by considering stress free and isothermal boundary condi-

tions as given below:

ψ =
∂2ψ

∂z2
= T = 0 on z = 0, z = 1. (6.3.8)

The dimensionless basic temperature term Tb(z), appearing in Eq.(6.3.7) defined mathe-

matically as
∂Tb
∂z

= −1 + δ(f2(z, t)), (6.3.9)

where

f2(z, t) = Re[f(z)e−iΩt],

f(z) = [A(λ)eλz + A(−λ)e−λz], A(λ) =
λ

2

(e−iθ − e−λ
eλ − e−λ

)
and λ = (1− i)

√
Ω

2
.

6.4 Method of solution

The solution of nonlinear Eqs.(6.3.6) and (6.3.7) subject to the boundary condition (6.3.8)

are obtained by using truncated Galerkin expansion method. The stream function and

temperature field are taken in the forms as mentioned in Vadász(2014).

ψ = A11 sin
(πx
L

)
sin(πz), (6.4.1)
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T = Tb +B11 cos
(πx
L

)
sin(πz) +B02 sin(2πz). (6.4.2)

Using Eqs.(6.4.1) and (6.4.2) into Eqs.(6.3.6) and (6.3.7), multiplying the equations by or-

thogonal eigenfunctions corresponding to Eqs.(6.4.1) and (6.4.2), and then integrating them

over the spatial domain, yield a set of three differential equations for the time evolution of

the amplitudes, in the form of

[(
1 + Γ

d

dτ

) d
dτ

+
PrDγ

π2

(
1 + ΓΛ′

d

dτ

)]
A11 =

PrDγRa

χ′π3

(
1 + Γ

d

dτ

)
B11, (6.4.3)

dB11

dτ
= −B11 +

1

πχ′
(1− 2δI1)A11 +

1

χ′
A11B02, (6.4.4)

dB02

dτ
= − 1

2χ′
A11B11 − 4γB02, (6.4.5)

where the time has been re-scaled and the following notations are introduced:

τ = (L2+1)π2

L2 t, χ′ = L2+1
L

, γ = L2

L2+1
, Ω = L2

(L2+1)π2 Ω,

σ = PrDγ
π2 , R = Ra

π2χ′2 and I1 =
1∫
0

f2(z, t) sin2(πz)dz.

Again rescaling the amplitudes in the form of

X =
A11

2χ′
√

2γ(R− 1)
, Y =

πRB11

2
√

2γ(R− 1)
and Z = − πRB02

(R− 1)
.
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This provides the following set of equations





dX
dτ

= W,

dY
dτ

= R(1− 2δI1)X − Y − (R− 1)XZ,

dZ
dτ

= 4γ(XY − Z)

dW
dτ

= σ[(R(1− 2δI1)− 1
Γ
)X + ( 1

Γ
− 1)Y − (R− 1)XZ − (Λ′ + 1

σΓ
)W ].

(6.4.6)

If the amplitude of temperature modulation δ = 0, then the system (6.4.6) reduces into the

model of Long et al.(2008).

6.5 Results and Discussion
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Figure 6.2: Phase portrait and time domain diagrams for the system (6.4.6) with parameters
R = 10 and Γ = 1, Λ′ = 0.7, δ = 0.1

MATHEMATICA 7.0 has been used for the numerical simulation of the Lorenz system

(6.4.6). Here out of phase modulation (OPM) has been considered throughout the study to

see the effect of temperature modulation on the convective system. It was found in previous

chapter that heat transport is more in out of phase modulation than in the other two cases.

In this simulation, the initial conditions are τ = 0 : X = Y = Z = 0.9,W = 0.1 and the
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Figure 6.3: Phase portrait and time domain diagrams for the system (6.4.6) with parameters
R = 11 and Γ = 1, Λ′ = 0.7, δ = 0.1
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Figure 6.4: Phase portrait and time domain diagrams for the system (6.4.6) with parameters
R = 200 and Γ = 1, Λ′ = 0.7, δ = 0.1

values of parameters are fixed as σ = 10, γ = 0.5,Ω = 1, θ = π. The parameters R,Γ, δ,Λ′

are considered as variables to examine the effect of temperature modulation on the chaotic

system. The phase-portrait diagrams depict how modulation term affects the dynamics

of the thermal convection for a combination of varied parameters. The results are further

depicted in Figures 6.2-6.15 to analyse the Lorenz model by using phase-portrait and time
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Figure 6.5: Phase portrait and time domain diagrams for the system (6.4.6) with parameters
Γ = 0.6 and R = 11, Λ′ = 0.7, δ = 0.1
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Figure 6.6: Phase portrait and time domain diagrams for the system (6.4.6) with parameters
Γ = 1.5 and R = 11, Λ′ = 0.7, δ = 0.1

domain diagrams.

The effect of scaled Rayleigh number R on the system is depicted in Figures 6.2-6.4,

keeping fixed the other parameters. Figure 6.2 (R = 10) shows a periodic solution but

this periodicity of the system is not long lasting. Figure 6.3 (R = 11) depicts a transition

from periodic to chaotic behaviour or aperiodic solution of the Lorenz system, which shows

clearly that heat transfer is more on increasing R. Further, for higher values of R = 200,

one can see that the system again represents a periodic behaviour, due to the decrease



114 6.5 Results and Discussion

-2 -1 0 1 2
-2

-1

0

1

2

x

y
-2 -1 0 1 2

0.5

1.0

1.5

y

z

-2 -1 0 1 2

0.5

1.0

1.5

x

z

0 20 40 60 80

-2

-1

0

1

2

Τ

x

0 20 40 60 80

-2

-1

0

1

2

Τ

y

0 20 40 60 80

0.5

1.0

1.5

Τ

z

Figure 6.7: Phase portrait and time domain diagrams for the system (6.4.6) with parameters
Γ = 3 and R = 11, Λ′ = 0.7, δ = 0.1
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Figure 6.8: Phase portrait and time domain diagrams for the system (6.4.6) with parameters
Λ′ = 0.5 and Γ = 1, R = 15, δ = 0.1

of the disturbances i.e. heat transfer. Thus, whenever R increases the heat transfer first

increases and then decreases.

The effect of scaled relaxation parameter Γ can be seen in Figures 6.5-6.7 for its different

values Γ = 0.6, 1.5, 3 respectively, keeping fixed the other parameters. It is evident that

on increasing Γ the disturbance in solution increases, which is depicted by phase-portrait

and time domain diagrams. The system looses its periodicity and transfers into chaotic

solution, and so, heat transfer advances the convection. The scaled retardation parameter
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Figure 6.9: Phase portrait and time domain diagrams for the system (6.4.6) with parameters
Λ′ = 0.7 and Γ = 1, R = 15, δ = 0.1
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Figure 6.10: Phase portrait and time domain diagrams for the system (6.4.6) with param-
eters Λ′ = 0.9 and Γ = 1, R = 15, δ = 0.1

Λ′ shows an opposite effect of the scaled relaxation parameter Γ, and is depicted in Figures

6.8-6.10 for Λ′ = 0.5, 0.7, 0.9, keeping fixed other parameters. In this case, the system

looses its chaotic behaviour and shows periodic behaviour. Heat transfer decreases which

delays the convection, similar as Bhadauria and Kiran(2015b). The impact of amplitude of

temperature modulation δ on the system for different parametric values δ = 0.01, 0.1, 0.3

is depicted in Figures 6.11-6.13, respectively. These figures depict that the trajectories are

much disturbed on increasing δ. Therefore, the chaotic behaviour advances, that is, the
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Figure 6.11: Phase portrait and time domain diagrams for the system (6.4.6) with param-
eters δ = 0.01 and Γ = 1, R = 11, Λ′ = 0.7

-2 -1 0 1 2

-1

0

1

2

x

y

-1 0 1 2

0.5

1.0

1.5

y

z

-2 -1 0 1 2

0.5

1.0

1.5

x

z

0 20 40 60 80

-2

-1

0

1

2

Τ

x

0 20 40 60 80

-1

0

1

2

Τ

y

0 20 40 60 80

0.5

1.0

1.5

Τ

z

Figure 6.12: Phase portrait and time domain diagrams for the system (6.4.6) with param-
eters δ = 0.1 and Γ = 1, R = 11, Λ′ = 0.7

heat transfer increases gradually, which is same as Bhadauria and Kiran(2015a).

Finally, the results of temperature modulated and unmodulated systems are we com-

pared. For δ = 0, R = 1.1, the Figure 6.14 shows a stable solution as Long et al.(2008), clear

from the plots, while for δ = 0.1, R = 1.1, the system has periodic solution, as depicted

in Figure 6.15. Overall, it is noticed from the diagrams that in temperature modulated

system heat transfer is more in comparison to unmodulated system.
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Figure 6.13: Phase portrait and time domain diagrams for the system (6.4.6) with param-
eters δ = 0.3 and Γ = 1, R = 11, Λ′ = 0.7
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Figure 6.14: Phase portrait and time domain diagrams for the system (6.4.6) with param-
eters δ = 0.0 and Γ = 1, R = 1.1, Λ′ = 0.1

6.6 Conclusions

In this chapter, the chaotic convection of viscoelastic fluid saturated porous medium

under temperature modulation is studied. The adopted model is first reduced into Lorentz
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Figure 6.15: Phase portrait and time domain diagrams for the system (6.4.6) with param-
eters δ = 0.1 and Γ = 1, R = 1.1, Λ′ = 0.1

system by employing trauncated Galerkin expansion method. By using phase portrait and

time domain diagrams, the following findings are obtained:

a) The effect of scaled Rayleigh number R is to increase or decease the heat transport

in the Lorenz system.

b) The amplitude δ is to advance the heat transfer in the Lorenz system.

c) The scaled relaxation parameter Γ has tendency to advance the chaotic behaviour

whereas the scaled retardation parameter Λ′ delays the chaotic behaviour in the sys-

tem.

d) Finally, it is obtained that heat transfer is more in the modulated system than in

unmodulated system.



Chapter 7

Nonlinear g-jitter thermal instability

in nanofluid in the presence of

throughflow and heat source

7.1 Introduction

Due to their enhanced abilities over ordinary fluids as heat exchangers and transporters,

nanofluids are being used as heat transfer media from the last few years. Few small quantity

of nanoparticles in base fluid produces a significant enhancement in the heat transfer char-

acteristics. This characteristic of nanofluids depends on the thermo-physical properties of

the base fluid and the suspended nanoparticles. The nanofluids found a wide range of appli-

cations in industrial, commercial, residential and transportation sectors. The main feature

of nanofluids is the thermal conductivity enhancement, which was first given by Masuda et

al.(1993). The term nanofluid was introduced by Choi(1995). Buongiorno(2006) was the

first, to develop a model for convective transport in nanofluids. An extension to the porous

medium of this model was studied by Nield and Kuznetsov(2009). Two-dimensional non-

This chapter is based on the research article: Nonlinear g-jitter thermal instability in nanofluid in the
presence of throughflow and heat source, communicated.
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linear convection in nanofluid saturated porous medium have been studied by Bhadauria

and Agarwal(2011a).

Throughflow during convection is an effective mechanism to control the convective flow

in engineering sciences, industries, geophysics etc. The basic state temperature profile of

throughflow changes from linear state to nonlinear state with layer of height, which affects

the stability of the system. There are many studied available on throughflow mechanism,

some of them are, Wooding(1960), Sutton(1970), Gershuni(1976), Nield(1987), Shivaku-

mara(1999), Barletta et al.(2010), Nield and Kuznetsov(2011). Nield and Kuznetsov(2015)

has done a study with throughflow under the revised boundary conditions, where they

considered that the total nanoparticle flux is the sum of diffusive, convective and ther-

mophoretic terms. Convective heat transfer in porous media has received much attention

during the past few decades because of its wide range of applications in many engineering

and natural systems of practical interest; for instance, in geothermal energy utilization,

in thermal energy storage and recovery systems, in petroleum reservoirs, in industrial and

agricultural water distribution. There are several articles in which the effect of internal

heating on convective flow has been investigated, some of them are; Roberts(1967), Tveit-

ereid(1976), Yu and Shih(1980), Bhattacharya and Jena(1984), Takashima(1989), Joshi et

al.(2006).

Therefore, in this chapter a nonlinear g-jitter thermal instability in nanofluid in the

presence of throughflow and internal heat source has been studied. A weakly nonlinear

stability analysis has been carried out to obtain the Nusselt number to check the heat and

mass transport in the system. Effect of each parameter has been depicted graphically in

terms of the Nusselt number as function of t.

7.2 Mathematical structure of the problem

An infinitely extended horizontal nanofluid layer of depth d, confined between two parallel

planes, the lower plane at z = 0 while the upper plane at z = d is considered. A Cartesian
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frame of reference is adopted in such a way that the origin lies on the lower plane and z axis

is vertically upward. The nanofluid layer is heated from below and cooled from above. The

physical configuration of the model is depicted in Figure 7.1. Darcy law and Oberbeck-

Boussinesq approximation are adopted to model the physical problem. The governing

equations to study the thermal instability in a nanofluid layer are [Buongiorno(2006), Nield

and Kuznetsov (2013)]

T = Tc

Y

Z

X
O Z = 0

Z = d

porous medium

upward flow

T = Th

g HtL = g0@1 + ∆ sin HW tLDnanofluid saturated

Figure 7.1: Physical configuration of the problem





∇.~q = 0,

ρf
∂q
∂t

+ µ
K

q +∇p =
(
φρp + (1− φ)[ρf (1− β(T − Tc))]

)
g,

(ρc)f
(
∂T
∂t

+ q.∇T
)

= knf∇2T + (ρc)p

(
DB∇φ+ DT

Tc
∇T
)
.∇T +Q(T − Tc),

∂φ
∂t

+ 1
ε
q.∇φ = DB∇2φ+ DT

Tc
∇2T,

~g(t) = g0(1 + δ sin(Ωt)),

(7.2.1)

where ρf , ρp are density of fluid and nanoparticle respectively. knf is thermal diffusivity

of nanofluid. Th and Tc are the temperatures at the lower and upper walls such that Th > Tc.

The constants and variables used in the above equations have their usual meanings, and
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are given in the nomenclature. The boundary conditions are taken as





q = 0, T = Th, φ = φ0 at z = 0,

q = 0, T = Tc, φ = φ1 at z = d,

(7.2.2)

where φ1 > φ0.

The non-dimensionalized governing equations are as Bhadauria and Kiran(2014)





∇.~q = 0,

1
Pr

∂q
∂t

+ q = −∇p− gm(Rm−RaT +Rnφ),

∂T
∂t

+ q.∇T = ∇2T + NB
Le
∇φ.∇T + NANB

Le
∇T.∇T +RiT,

∂φ
∂t

+ 1
ε
q.∇φ = 1

Le
∇2φ+ NA

Le
∇2T,

gm = (1 + δ sin(Ωt)),

(7.2.3)

with the boundary conditions





q = 0, T = 1, φ = 0 at z = 0,

q = 0, T = 0, φ = 1 at z = d.

(7.2.4)

The non-dimensionlized parameters in the above equations are as given below

Pe = w0

kT z
, Ri = Qd2

kT
, Pr =

µ(ρc)f
ρfkf

,

Ra =
ρfg0βd(Th−Tc)

µαf
, Rn =

(ρp−ρf )φ0g0d

µαf
, Rm =

(ρpφ0+ρf (1−φ0))g0d

µαf
,

NA = DT (Th−Tc)
DBTcφ0

, NB = (ρc)p
(ρc)f

φ0, Le =
αf
DB
.

(7.2.5)



123 7.3 Basic state

7.3 Basic state

At the basic state, the nanofluid layer is at rest, so it is assumed that

~qb = (0, 0, Pe), p = pb(z), T = Tb(z), φ = φb(z). (7.3.1)

After putting Eq.(7.3.1) in Eq.(7.2.3) the following basic state equations are obtained

d2Tb
dz2
− Pe

dTb
dz

+RiTb = 0,

d2φb
dz2

+NA
d2Tb
dz2
− PeLe

ε

dφb
dz

= 0.

7.4 Perturbed state

Basic state of the system is perturbed by superimposing the finite amplitude disturbances

as

~q = qb + q′, T = Tb + T ′, p = pb + p′, φ = φb + φ′. (7.4.1)

7.5 Non-linear stability analysis

Using Eq.(7.3.1) and Eq.(7.4.1) in system of Eqs.(7.2.3), eliminating the pressure and in-

troducing the stream function, the obtained system is





(
1
Pr

∂∇2

∂t
+∇2

)
ψ =

(
−Ra∂T

∂x
+Rn∂φ

∂x

)
gm,

∂T
∂t
− ∂Tb

∂z
∂ψ
∂x

= ∇2T + ∂(ψ,T )
∂(x,z)

+RiT − Pe ∂T∂z ,

∂φ
∂t
− 1

ε
∂φb
∂z

∂ψ
∂x

= 1
Le
∇2φ+ NA

Le
∇2T + 1

ε
∂(ψ,φ)
∂(x,z)

.

(7.5.1)

The basic state temperature field and basic state nanoparticle volume fraction, involved in
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system of Eq.(7.5.1) are obtained by using basic state equations, given by





Tb = ed1+ 1
2 (Pe−d1)z−e 1

2 (Pe+d1)z

−1+ed1
,

φb = 1
4

(
4e

1
2 (Pe−d1)zNA

(
ed1z(Pe+d1)

d1+Pe−2Λ
+
ed1 (−d1+Pe)
d1−Pe+2Λ

)

−1+ed1

)
,

(7.5.2)

where d1 =
√
P 2
e − 4Ri, Λ = PeLe

ε
.

A local nonlinear stability analysis is performed by taking the following Fourier expressions:





ψ = A11(t) sin(ax) sin(πz),

T = B11(t) cos(ax) sin(πz) +B02(t) sin(2πz),

φ = C11(t) cos(ax) sin(πz) + C02(t) sin(2πz).

(7.5.3)

Substituting the Eq.(7.5.3) in Eq.(7.5.1) and using the orthogonality condition the following

system is obtained





dA11(t)
dt

= Pr
c

(agm(RnC11 −RaB11)− cA11) ,

dB11(t)
dt

= πa
k1
k2A11 − (c−Ri)B11 − πaA11B02,

dB02(t)
dt

= 1
2
(−8π2B02 + 2RiB02 + πaA11B11),

dC11(t)
dt

= 4a
π

(
−k3A11 − 3NA(−8π2+(−2+Pe)Ri)

96πε
A11 − π2

4ε
A11C02

)
− πc

4Lea
(NAB11 + C11),

dC02(t)
dt

= −8π2NAεB02−8π2εC02+πLeaA11C11

2Leε
,

(7.5.4)

where
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c = π2 + a2, k1 = (−1 + ed1)(16π4 + 4π2(P 2
e − 2Ri) +R2

i ),

k2 = (−1 + ed1)(16π3 + 2πP 2
e )− 2π(−1 + 2e

Pe+d1
2 − ed1)Ped1 − 4πRi(−1 + ed1),

k3 = 1
96πε2

PeLe(−12NAπ
2 +NA(3 + π2)Ri).

The above system of simultaneous autonomous ordinary differential equations can be sub-

sequently solved numerically using Mathematica NDSolve.

7.6 Nusselt number for heat and mass transport

The horizontally averaged thermal Nusselt number, is defined as:

Nu(t) =
heat transport by (conduction+convection)

heat transport by conduction
,

Nu(t) = 1 +




2π/a∫

0

(
∂T

∂z

)

z=0

dx/

2π/a∫

0

(
∂Tb
∂z

)

z=0

dx


 .

The nanoparticle concentration Nusselt number Nuφ(t) is defined similar to the thermal

Nusselt number Nu(t) as

Nuφ(t) =
mass transport by (molecular diffusion+advection)

mass transport by molecular diffusion
.

The numerical values of both types of Nusselt numbers are obtained by using Eq.(7.5.2),

Eq.(7.5.3) and are given by





Nu(t) = 1 + 2πB02

k4
,

Nuφ(t) = 1 + 2πC02

k5
+NA(1− 2πB02),

(7.6.1)

where k4 and k5 are given by
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k4 = (−Pe−d1)+ed1 (Pe−d1)

2(−1+ed1 )
, k5 = d1NA(Pe+d1)

(−1+ed1 )(d1+Pe−2Λ)
+

NA(Pe−d1)

(
Pe+d1

d1+Pe−2Λ
+
ed1 (Pe−d1)
d1−Pe+2Λ

)

2(−1+ed1 )
.
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Figure 7.2: Effect of Le on heat and mass transfer
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Figure 7.3: Effect of NA on heat and mass transfer

This chapter investigates the effect of nonlinear g-jitter thermal instability in nanofluid

in the presence of throughflow and internal heating effects, considering gravity modulation.

A weakly nonlinear stability analysis has been performed. It is to be noticed that according

to Buongiorno(2006), for most nanofluids investigated so far Le is large, but in the present

case Le = 10 has been considered as per Bhadauria and Agarwal(2011b). The effect of all

convective parameters on heat and mass transport is depicted in terms of Nusselt number,

in Figures 7.2-7.10. In all Figures parts (a) show heat transfer while parts (b) show mass

transfer in the system.
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Figure 7.4: Effect of Rn on heat and mass transfer
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Figure 7.5: Effect of Pr on heat and mass transfer
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Figure 7.6: Effect of Pe on heat and mass transfer

The influence of nanofluid parameters like Le, NA and Rn is depicted in Figures 7.2-7.4.

It is noticed from these figures that Lewis number Le, modified diffusivity ratio NA and the

concentration Rayleigh number Rn have a destabilizing effect on the system. An increment

in the value of any of these parameters increases heat and mass transfer in the system,

same as the results of Bhadauria and Kiran (2014). Figures 7.5-7.7 show a destabilizing
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Figure 7.7: Effect of δ on heat and mass transfer

effect of each parameters Pr, Pe and δ respectively, as convection advances on increasing

the values of these parameters. Figures 7.8-7.9 show the effect of frequency of modulation

Ω and internal Rayleigh number Ri. It is clear from the graphs that for higher values of Ω,

system represents a stable behaviour due to delay in convection while for increasing values

of Ri, the system has an opposite (destabilize) effect. In the last, the results of modulated

and unmodulated systems are compared. It is found that heat and mass transport is more

in modulated case as presented in the Figure 7.10.
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Figure 7.8: Effect of Ω on heat and mass transfer
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Figure 7.9: Effect of Ri on heat and mass transfer
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Figure 7.10: Comparison between modulated and unmodulated system

7.8 Conclusions

The findings of the physical problem are as follows:

a) The nanofluid parameters Le, NA and Rn have destabilizing effect.

b) The Prandtl number Pr, Péclet number Pe, and amplitude of modulation δ have

destabilizing effects on the system.

c) The frequency of modulation Ω diminishes the heat transfer rate and shows stabilizing

effect on heat and mass transport.

d) The system shows destabilizing effect for internal Rayleigh number Ri.

e) Finally, it is obtained that heat transfer is more in the modulated system in compar-

ison to the unmodulated system.
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ABSTRACT 

In this paper, we study the combined effect of internal heating and time periodic gravity 

modulation on thermal instability in a viscoelastic fluid layer, using complex non-autonomous 

Ginzburg-Landau equation. The influence of relaxation and retardation time of viscoelastic fluid 

on heat transfer has been discussed. A weak non-linear stability analysis has been performed by 

using power series expansion in terms of the amplitude of gravity modulation, which is assumed 

to be small. The Nusselt number has been obtained in terms of the amplitude for oscillatory 

mode of convection. It is found that modulation has a destabilizing effect at low frequencies and 

stabilizing effect at high frequencies. Further, it is also found that overstability advances the 

onset of convection more with internal heating, hence increases heat transfer. We have also 

studied the subcritical Hopf bifurcation and pitchfork bifurcation. The phase portrait diagrams 

are also shown for these bifurcations. 

Keywords: Non-linear stability analysis; Complex Ginzburg-Landau equation; Gravity modulation; 

Internal heating; Bifurcation 

 

1. Introduction  

Thermal convection in a horizontal fluid layer subject to constant but different temperatures 

at the boundaries has been studied extensively due to its applications in various fields. The 

classical Rayleigh-Benard convection is found to be an interesting phenomenon introduced by 

Chandrasekhar [1], due to bottom heating of a fluid layer. For analysis on thermal instability in 

detail, one may refer excellent books due to Ingham and Pop [2], Nield and Bejan [3] and vafai 
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[4]. From the applications point of view, the regulation of convection is very important. Thermo-

gravitational vibration is known to be an effective technique for controlling the instability. The 

first idea of using mechanical vibration as a tool to enhance the heat transfer rate is presented by 

Gresho and Saini [5]. Further studies on gravity modulation are due to Malashetty and 

Padmavathi [6], Malashetty and Swamy [7], Bhadauria et al. [8] and Siddhavaram and Hosmy 

[9].  

Basically, industrial fluids are non-Newtonian fluids. Specially, viscoelastic fluids have been 

found a wide range of industrial applications. The characteristics of heat transfer in viscoelastic 

fluid layer are also important in chemical processing industries, and so, the proper understanding 

of convective motion and its behaviour is necessary for controlling many processes such as 

geothermal reservoirs, filtration, enhanced oil recovery etc. In the recent years, several articles 

are available in which different physical models with viscoelastic fluid layer have been used to 

study thermal instability. First of all Green [10] study the oscillatory convection in a viscoelastic 

fluid layer, the occurrence of over stability for typical Rayleigh-Benard convection in a 

horizontal layer of homogeneous Maxwellian fluid, heated from below, is reported by Vest and 

Arpaci [11]. Convective instability in a rotating viscoelastic fluid layer was studied by Bhatia 

and Steiner [12]. Thermal instability in a viscoelastic fluid saturating a porous medium was 

studied by Kim et al. [13]. The Benard-Marangoni thermal instability problem in a viscoelastic 

Jeffrey’s fluid layer with internal heat generation was introduced by Comissiong et al. [14]; onset 

of oscillatory convection was studied using linear stability analysis and the dependence of 

critical Rayleigh number for oscillatory convection on internal heat generation, relaxation and 

retardation times was derived. Thermal instability using linear stability analysis was studied by 

Rajib and Layek [15]. Recently, Bhadauria and Kiran [16] investigated oscillatory convection in 

a viscoelastic fluid layer under gravity modulation by making a non-linear stability analysis.       

         Internal heat is one of the main sources of energy for celestial bodies, caused by nuclear 

fusion and decaying of radioactive materials. It is due to the internal heating of the earth that 

there exists a thermal gradient between the interior and exterior of the earth’s crust, saturated by 

multi-components fluids, which helps convective flow, thereby transferring the thermal energy 

toward the surface of the earth, and so internal heat generation plays a very significant role in 

several applications which include geophysics, reactor safety analyses, metal waste form 

development for spent nuclear fuel, fire and combustion studies, and storage of radioactive 

materials. Convective heat transfer in porous media has received much attention during the past 

few decades because of its wide range of applications in many engineering and natural systems 

of practical interest; for instance, geothermal energy utilization, thermal energy storage and 

recovery systems, petroleum reservoirs, industrial and agricultural water distribution. Haajizadeh 

et al. [17] have studied a uniform heat generation term across an enclosure with isothermal 

vertical walls and adiabatic horizontal walls. Further, for more studies on internal heating we 

refer to [18- 26]. 

        The qualitative analysis of a dynamical system provides much knowledge about the system. 

Bifurcations, the appearance of a topologically non-equivalent phase portrait under variation of 
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parameters, are scientifically more important as they provide models of transitions and 

instabilities [27]. In the present paper, two types of bifurcation (1) Pitchfork bifurcation 

(common in physical problems that have a symmetry); (2) Hopf bifurcation (bifurcation 

corresponding to the presence of purely complex eigenvalue) are discussed, for details we refer 

to [28]. 

         In the existing literature, no work is available on internal heating system for oscillatory 

mode of convection with viscoelastic fluid layer and bifurcation analysis of the system. 

Therefore, in this paper, we study internal heating effects for a weak non-linear oscillatory 

convection in a viscoelastic fluid layer under gravity modulation. The heat transfer rate is 

examined by computing the Nusselt number in terms of the amplitude of convection by solving 

the complex Ginzburg-Landau equation. We also study the Hopf bifurcation and Pitchfork 

bifurcation on different parameters, which gives the more control parameters to study the 

stability of the system. 

2. Mathematical Structure 

We consider an infinitely extended horizontal viscoelastic fluid layer of depth d , confined 

between two parallel planes, the lower plane at 0z  while upper one is at z d . A Cartesian 

frame of reference is adopted in such a way that the origin lies on the lower plane and z axis is 

vertically upward. The fluid layer is heated from below and cooled from the above. The physical 

configuration of the model is depicted in Fig. 1. The Oberbeck Boussinesq approximation is 

adopted to solve the model equations. The governing equations of the flow and temperature 

fields [16] are given by 

  

2

1 2

0 0

2

0

0 0

. 0,

1
1 ( . ) 1 0,

( . )T (T T ),

{1 (T T )},

T

T

q

q g
q q p q

t t t

T
q T Q

t


  

 



  

 


                           



      


  

                                              (1) 
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where the physical meaning of the variables is as given in the nomenclature. The externally 

imposed gravitational field and the thermal boundary conditions are as follows 

2

0
ˆ{1 cos( t)}k,g g                                                                                                                 (2) 

0

0

,      at  z=0,

      T ,               at z=d,

T T T 



                                                                                                               (3) 

where 0g  is the mean gravity and k̂ is the unit vector along the positive z axis. 

3. Basic state 

The basic state is assumed to be quiescent, the quantities are taken as 

0,     p=p (z),     T=T (z),    = (z).b b b bq                                                                                        (4) 

The following relations, which define basic state pressure and temperature mathematically, 

are obtained by putting Eq. (4) in Eq. (1): 

g,b
b

p

z



 


                                                                                                                                  (5) 

2

0
02

(T T )
(T T ) 0,b

T b

d
Q

dz



                                                                                                        (6) 

0 0{1 (T T )}.b T b                                                                                                                    (7) 

The exact solution of Eq. (6) together with the boundary conditions (3) is given by 

0

sin 1

.

sin

T

b

T

Q z

d
T T T

Q





   
         

 
 
 

                                                                                               (8) 

Now, we superimpose the finite amplitude perturbations on the basic state in the form: 
' ' ' ',  T=T ,  p=p ,  = ,b b b bq q q T p       

 
                                                                (9) 

the primes denote the perturbed quantities. The dimensionless governing system as mentioned in 

[16] is reduces to 

2
2 4

1 2

1 1 ( , )
1 1 0,

(x,z)
m a

r r

T
g R

t P t P x t

 
   

         
           

        
                                 (10) 

2 ( , )
R ,

( , )

b
i

T T
T

x z t x z

    
     
    

                                                                                     (11) 

where 
2(1 cos( ))mg t    , 

3

0T
a

T

g TKd
R








  

is the thermal Rayleigh number, 
2

i

T

Qd
R




 

is 

the internal  Rayleigh number, 
0







 

is the kinematic viscosity and 
r

T

P





 

is the Prandtl 
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number. The above system will be solved by considering stress free and isothermal boundary 

conditions: 
2

2
0  on  z=0, z=1.T

z





  


                                                                                                   (12) 

The dimensionless steady temperature (z)bT , appearing in Eq. (11) is 

 
 

cos (1 z)
.

sin

i i
b

i

R RdT

dz R


                                                                                                       (13) 

On introducing a small perturbation parameter  : a deviation from the critical state of onset 

of convection, the variables for a weak non-linear state may be expanded in power series of   

[29, 30] a 
2 4

0 2 4aR R R R                                                                                                             (14) 

2 3

1 2 3 ....                                                                                                                (15) 

2 3

1 2 3 ....T T T T                                                                                                                (16) 

where 0R  denotes the critical value of the Rayleigh number for the onset of convection in the 

absence of gravity modulation. 

4. Analysis of the periodic solutions  

In order to study the time periodic convective phenomenon, the slow and fast time scales are 

introduced 
2

t s




   
  

   
by   [13, 16]. The above system (10) and (11) is solved for each 

order of  . 

       For the first order, the matrix operator is obtained similar to linear case as: 

2 4 1

1 2 0 1

2

1

01
1 1      R 1

.

                                                   
0

r

b
i

P x

T
R

x z T


  

   



               
                             

     
     

                      

                                   (17) 

      The solution of the first order system subject to the boundary conditions Eq. (12), is assumed 

to be 

1 (B(s)e B(s)e )sinax  sin z,i i                                                                                          (18) 

1 (A(s)e (s)e )cosax  sin z,i iT A                                                                                          (19) 

where the unknown amplitudes are functions of slow time scale, and are related by the following 

expression: 
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2
2 2

2

( )(4 )
(s) (s), .

4

i ic i R R
B A c a

a

 




  
                                                                       (20) 

The values of the critical Rayleigh number and the corresponding wave number of the system 

for a stationary mode of convection are as given below: 
2 2

0 2 2

(c )(4 )
,

4

st i ic R R
R

a





 
                                                                                                           (21) 

2 2 2 2 2

2
(R ) ( R ) 8 ( R )

.
4

i i i

ca
       

                                                                              (22) 

In particular, for 0iR   (without internal-heating), we have 

3

0 2
,

c
R

a
                                                                                                                                       (23) 

,
2

ca


                                                                                                                                      (24) 

which are the classical results as obtained by Chandrasekhar [1]. The critical Rayleigh number 

for the oscillatory mode of convection is computed as follows 

2 2 2 23

1 1 2
0 2 2 2

( R c P R ) ( P ) (c 1) 4
,

P 4

osc i r i r i

r

c c Rc
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a a

    



     
  
 

                                           (25) 

where   is the oscillatory frequency as given below 

1 2 2 1
2

2

1 1 2 1

1 ( ) P P (1 )

,

( P )

i
r r i i

i
r

R
c R R

c
R

c

   


   

      



 

                                                                       (26) 

The similar result is computed by Rajib and Layek [15] without internal-heating. We compute 

the wave number (i.e., the critical wave number for which the Rayleigh number is minimum). It 

is to be noted that the critical Rayleigh number and the corresponding wave number do not 

depend on relaxation 1( ) and retardation 2( )  time in stationary mode of convection but it is not 

so in case of oscillatory mode of convection. Since   has to be positive and real, and so, from 

the relation (26), the necessary condition for oscillatory convection is obtained as 

1 2
1 2

1 (1 R R ) R
.r i i i

r

P c

cP

 
 

   
                                                                                         (27) 

Now at second order, we have  

2 212 4
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
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               
      

        
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                               (28)

 

where 
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21 0,R                                                                                                                                          (29) 

1 1 1 1
22 .

T T
R

x z z x

    
 

   
                                                                                                           (30) 

The second order solution subject to the boundary condition (12) is given by 

2 0,                                                                                                                                           (31) 

2

2 22.iR T R


 
   

 
                                                                                                              (32) 

Next, we compute the temperature fields having the frequency 2 , and independent of fast 

time scale [13, 16]. Thus, second order temperature terms can be expressed in the following 

form: 
2 2

2 20 22 22{ e e }sin(2 z),i iT T T T                                                                                          (33) 

where 22T  and 20T  are temperature fields having the terms with the frequency 2  and 

independent of fast time scale, respectively. The solutions of the second order problems are 

20 2
{A(s)B(s) A(s)B(s)},

8 2 i

a
T

R




 


                                                                                      (34) 

and 

22 2
A(s)B(s).

8 4 2 i

a
T

i R



 


 
                                                                                                  (35) 

Horizontally averaged Nusselt number, (s)uN  for the oscillatory mode of convection is given 

by 

2 2

0 0

(s) 1 / .b
u

z z

TT
N

z z


 

    
      

     
                                                                                         (36) 

By using Eq. (13), (33), (34) and (35), we can simplify Eq. (36) 

2 2 22 2
2

2 22 2 2

2 (c R ) tan R(c R )4 4 R
(s) 1 (s) .

8 2R 4 R(8 2R ) 16

i ii i
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i ii
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  

  

     
     

     

                        (37) 

It is clear that the gravity modulation is effective at third order, and affects (s)uN  through 

A(s), which is evaluated at third order. At the third order, we have    

 

 

 

                            (38) 

 

 

 

where 
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31 2 1 0 1 2 0 1

2 2

1 1 1 1

( cos( s)) 1

1 1
         1 ,

r r
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s s x x

P s P s
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   
 

    
       
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      
       

      

                                           (39) 

1 2 1
32 .

T T
R

x z s

  
 
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                                                                                                                   (40) 

Using first and second order solutions, the expressions of 31R  and 32R  are determined. Now, 

under the solvability condition for the existence of third order solution, one may derive the 

complex Ginzburg-Landau equation for finite amplitude convection. 

21 1(s)
(s)A(s) (s) (s) 0,

dA
F k A A

ds
                                                                                     (41) 

Where 
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(s) (1 i )(1 cos( s)) ,  
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r

r

aP
F a R

i c P
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 
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   
2 2 2 2 2 2 2

4 2 4

(c R )(c i R )(4 R ) {(c R ) }(4 R )
.

16 (8 2R 4i )16

i i i i i

i

k
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   
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Writing A(s) in the phase-amplitude form, we get 

(s) (s) .iA A e                                                                                                                             (42) 

On substituting Eq. (42) in Eq. (41), we get the following expression for the amplitude (s)A  

as 
2

2 4(s)
2 (s) 2 (s) 0,r r

d A
p A l A

ds
                                                                                            (43) 

2(ph(A(s)))
(s) ,i i

d
p l A

ds
                                                                                                         (44) 

where 
1 1(s) ,  r i r iF p ip k l il        and ph(.) represents the phase shift. The Eq. (43) solved 

numerically using the function NDSolve of Mathematica, subject to the suitable initial 

condition 0(0) aA  , where 0a  is the chosen initial amplitude of convection. In our computation, 

we assume 2 0R R  to keep the parameters to a minimum. 

5. Bifurcation Analysis 

In this section we are interested in the study of dynamical behaviour of the Complex 

Ginzburg-Landau Eq. (41) and amplitude Eq. (43). We show that the Complex Ginzburg-Landau 
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Eq. (41) undergoes subcritical Hopf bifurcation whereas amplitude Eq. (43) undergoes pitchfork 

bifurcation. 

5.1 Hopf bifurcation 

The complex Ginzburg-Landau equation (41) can be written as 

2 2

2 2

(l x l y)(x y ),

(l x l y)(x y ),

r i r i

i r i r

dx
p x p y

ds

dy
p x p y

ds

    

    

                                                                                            (45) 

where 

(s) (s)
(s) x(s) iy(s),  p ,  p I ,  l ,  l I .r e i m r e i m

F F k k
A R R

   

       
            

       
 

Clearly the origin is the equilibrium point of the system (45). The Jacobian matrix of the 

system (45) at the origin is 

        -
.

         

r i

i r

p p
J

p p

 
  
 

 

The trace and determinant of the Jacobian matrix J  is (J) 2prtr   and 

2 2det(J) p p 0r i   respectively. 

If 0,rp   both eigenvalues of the Jacobian matrix J  have negative real parts, and hence the 

origin is asymptotically stable. If 0,rp   then real parts of both eigenvalues of J  are positive, 

which confirms that the origin is unstable. For 0,rp   the eigenvalues of J  are purely 

imaginary, and so, from implicit function theorem a Hopf bifurcation occurs and a periodic orbit 

arises as the stability of origin changes. Here, we assume 1  as bifurcation parameter, and sketch 

the phase portrait diagram for the system (45). 

We consider 21,  1,  0.1,  =0.3, and =50.r iP R       If 1 0.4,   then 0,rp   and from 

the above discussion, the origin is asymptotically stable. From Fig. 11, we can see that the origin 

is a stable focus, surrounded by an unstable unique limit cycle. If 1 0.47,   then 0,rp   and the 

origin is unstable focus, Fig 12. If 1 0.5,   then 0,rp   and from the above discussion, the 

origin is unstable. Fig. 13 confirms that the origin is a focus. Such type bifurcation is the 

subcritical Hopf bifurcation. 

5.2  Pitchfork bifurcation 

The system (43) can be written as 

                     
3(s)

(s) (s) 0.r r

d A
p A l A

ds
                                                                               (46) 
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It is clear that the system (46) has three equilibrium points (s) 0A   for all value of 

,  lr rp and (s)  for 0,  l 0,
l

r
r r

r

p
A p     and the solution of the differential equation (46) is 

given by 
2

2 0

22 2

0 0

(s) ,  0,  0,

1 r

r r

p sr r

r r

A
A p l

l l
A A e

p p



  
 
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                                                                     (47) 

where 0A  is the initial value of the amplitude. From Eq. (47), we see that solution trajectories 

approach (s) 0A   as ,s  grow towards r

r

p

l
when 00 r

r

p
A

l
   as ,s   decrease 

towards rp

lr
when 0

r

r

p
A

l
 as s  . Thus, if 0rp   then (s) 0A   is the only equilibrium 

point which is stable. If 0rP  then origin again the only equilibrium point, which is still stable 

but much more weakly. So, if 0rP   and 0rl  then (s) 0A  is still an equilibrium point but 

now it becomes unstable, and two new stable equilibrium points appear on either side of 

(s) 0,A   symmetrically located at (s) ,r

r

p
A

l
  Fig. 14. This is called the supercritical 

pitchfork bifurcation. The pitchfork bifurcation diagram is depicted in Fig. 15.                                                                                                            

6. Results and Discussion 

In present paper, the combined effect of internal-heating and gravity modulation on 

oscillatory convection in a viscoelastic fluid layer has been studied by performing a weak non-

linear stability analysis. The effect of gravity modulation on the Rayleigh-Benard system has 

been assumed to be of order of 
2( ).  The values of  are assumed to be in the interval (0,0.5).  

It is observed that Eq. (27) leads to an interesting result that the oscillatory type of instability 

exists only when the relaxation parameter 1  is greater than the retardation parameter 2.  From 

Eq. (37), it can be seen that the value of uN  starts with 1, thus showing the conduction state 

initially, that is heat transfer across the fluid layer is taking place through conduction only when 

s  is small. The value of uN  increases for intermediate values of s  thus showing that convection 

is in progress, and finally when s is very large, the oscillatory state is achieved. The numerical 

value of uN is obtained from Eq. (37) by solving the amplitude equation (43). 

The combined effect of internal-heating and gravity modulation has been depicted in Figs. 2-

8, where we have plotted uN  with respect to the slow time s . It is evident from Fig. 2 that the 

effect of internal Rayleigh number on thermal instability is destabilizing as uN increases on  
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increasing iR , thus the heat transport is more for higher values of .iR This agreed the results 

obtained by Bhadauria et al. [25]. Fig. 3 confirms that as rP  increases there is an increment in the 

heat transfer compatible with the results obtained by Bhadauria and kiran [16], thus the Prandtl 

number has a tendency to destabilize the system. Fig. 4 indicates the effect of relaxation 

parameter 1  on oscillatory convection, and gives a destabilized system due to increasing heat 

transfer on increasing 1 . Further, the effect of retardation parameter 2  is found to stabilize the 
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system as the heat transfer decreases on increasing 2 , given in Fig. 5. The effects of the 

amplitude of modulation   and frequency of modulation   on heat transport are given in Fig. 

6-7 respectively. In Fig. 6, one can see that an increment in the amplitude of modulation 

increases the magnitude of uN , thus enhances the heat transfer and advancing the onset of 

convection. An opposite effect is obtained in the case of frequency of modulation   as given in 

Fig. 7. Hence, we found that the effect of gravity modulation decreases as the frequency of 

modulation increases. 
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The present result of internal heating has been compared with the results of non-internal 

heating in Fig. 8. We observe that in the presence of internal heat source in the system, the value 

of uN is more than that in the absence of internal-heating, i.e. the heat transport in the system is 

more due to internal-heating. Thus, internal-heating advances the onset of convection, which is 

the same as the result obtained by Bhadauria et al. [26]. 
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In Fig. 9-10, the streamlines and corresponding isotherms are depicted respectively for 

different values of 0.0,s   0.4,  0.8,  1.0,  1.2,  1.5  with 1 0.4,   2 0.1, 
 

0.1,   2,   

1,rP 
 

0.5   and 0.1.iR   From these figures, we observed that initially when time is small, 

the magnitude of streamlines is also small, as given in Fig. 9 (a, b), and isotherms are straight, 

that is the system is in the conduction state, Fig. 10 (a, b). However, as time increases, the 

magnitude of streamlines increases and the isotherms lose their evenness Fig. 9 (c, d)-10 (c, d). 

This shows that convection is taking place in the system. The system achieves the steady state 

beyond 1.0s   as there is no further change in the streamlines and isotherms Fig. 9 (e, f) - 10 (e, 

f). 

 
It is also shown that the system represented by Landau equation (41) enters subcritical Hopf 

bifurcation as stress relaxation time 1  is taken as the bifurcation parameter. Thus there exist 

critical value of 1 such that if 1 is less than the critical value then the system is stable and if 1 is 

greater than the critical value then the system is unstable. The phase portrait diagrams for the 

subcritical Hopf bifurcation are shown in Figs. 11-13. We have also discussed the pitchfork 

bifurcation for the amplitude equation (43) on the parameter amplitude of gravity modulation .  

The phase portrait diagram is shown in Fig. (14). The supercritical Pitchfork bifurcation diagram 

in Fig. (15) and subcritical Pitchfork bifurcation diagram in Fig. (16) show that the system 

becomes unstable as  increases. 
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7. Conclusions 

In the present paper, we consider the combined effect of internal heating and gravity 

modulation on oscillatory convection in a viscoelastic fluid layer, and perform a weak non-linear 

stability analysis by using the Ginzburg-Landau equation. 

The following conclusions are drawn: 

a) Heat transport is more in this case than in the absence of internal heating. 
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b) It is important that for the oscillatory convection the relaxation time 1 of fluid must be 

greater than the retardation time 2.  

c) Effect of relaxation time 1 is to advance the onset of convection and hence enhances the 

heat transport. 

d) Effect of retardation time 2 is to delay the onset of convection and hence decreases the 

heat transport. 

e) An increment in the amplitude of modulation  is to advance the onset of convection and 

thus increasing the heat transfer. 

f) The frequency of modulation   is to decrease the heat transfer. 

g) An increment in the value of prandtl number rP  destabilizes the system, thus heat transfer 

increases. 

h) The system is stable if relaxation time 1 is less than the critical point and becomes 

destabilized if the relaxation time 1 is greater than the critical point. 

i) The system is destabilized as the amplitude of gravity modulation  increases in 

bifurcation analysis. 
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Nomenclature  

      Nomenclature
 

Latin symbols         dynamic viscosity of fluid 

A(s)     amplitude of convection 

a          wave number 

           amplitude of gravity modulation                               
d            depth of fluid layer                                                        

         kinematic viscosity 

        fluid density 

        stream function 

s         slow time scale 

g
 

acceleration due to gravity           perturbation parameter 

 uN        Nusselt number    

p            reduced pressure     

aR          thermal Rayleigh number  

T            temperature                                      

        fast  time scale 

         frequency of modulation   

         oscillatory frequency    

T         temperature difference                                                    Superscripts 
t              time     ,             perturbed quantity                           



46      B.S. Bhadauria, A. Singh, M. K. Singh, B. K. Singh            Asia Pacific J. Eng. Sci. Tech. 2 (1) (2016) 26-47 

 

 

 

References 

[1] S. Chandrasekhar, Hydrodynamic and Hydromagnetic Stability, Oxford University Press, Oxford, UK 

(1961). 

[2] D.B. Ingham, I. Pop, Transport Phenomena in Porous Media, vol. III, 1st ed. Elsevier, Oxford (2005). 

[3] D.A. Nield, A. Bejan, Convection in Porous Media, 3rd ed. Springer, New York (2006). 

[4] K. Vafai, Handbook of Porous Media, Marcel Dekker, New York (2000). 

[5] P.M. Gresho, R. Sani, The effects of gravity modulation on the stability of a heated fluid layer, J. Fluid 

Mech., 40 (1970) 783-806. 

[6] M.S. Malashetty, V. Padmavathi, Effect of gravity modulation on the onset of convection in a fluid and 

porous layer, International Journal of Engineering Science, 35 (1997) 829-839. 

[7] M.S. Malashetty, M. Swamy, Effect of gravity modulation on the onset of thermal convection in rotating 

fluid and porous layer, Phys. Fluids, 23 (6) (2011) 064108. 

[8] B.S. Bhadauria, P.K. Bhatia, L. Debnath, Convection in Hele-Shaw cell with parametric excitation, Int. J. 

Non-Linear Mech., 40 (2005) 475-484. 

[9] V.K.Siddhavaram, G.M. Homsy, The effects of gravity modulation on fluid mixing Part 1 Harmonic 

modulation, J. Fluid Mech., 562 (2006) 445-475. 

[10]  T. Green III, Oscillating convection in an elasticoviscous liquid, Phys. Fluids, (1968) 111410. 

[11]  C.M. Vest, V.S. Arpaci, Overstability of a viscoelastic fluid layer heated from below, J. Fluid Mech., 36 

(1969) 613-623. 

[12]  P.K. Bhatia, J.M. Steiner, Convective instability in a rotating viscoelastic fluid layer, ZAMM, 52 (1972) 

321-327. 

[13] M.C. Kim, S.B. Lee, S. Kim, B.J. Chung, Thermal instability of viscoelastic fluids in porous media, Int. J. 

Heat Mass Transf., 46 (2003) 5065-5072. 

[14] Donna M.G. Comissiong, Tyrone D. Dass, Harold Ramkissoon, Alana R. Sankar, On thermal instabilities 

in a viscoelastic fluid subject to internal heat generation, World Acad. Sci.Eng.Tech., 56 (2011) 08-24. 

[15] B. Rajib, G.C. Layek, The onset of thermo-convection in a horizontal viscoelastic fluid layer heated 

underneath, Thermal Energy Power.Eng., 1 (1) (2012) 1-9. 

[16] B.S. Bhadauria, P.kiran, Weak non-linear oscillatory convection in a viscoelastic fluid layer under gravity 

modulation, Int. J. Non-Linear Mech., 65 (2014) 133-140. 

 q           fluid velocity (u, v, w) 

Q         internal heat source       

*         dimensionless quantity 
Subscripts    

iR         internal Rayleigh number                                                                            

(x,z)     horizontal and vertical co-

ordinates 

b         basic state 

c         critical 

Greek symbols
 
 0         reference value          

T        coefficient of thermal expansion                                        

K         permeability                                                                   Other symbols                                                                                                                                                    

Tk         effective thermal diffusivity 

1         stress relaxation time 

 2          strain retardation time                                      

2 2 2
2

2 2 2x y z

  
   

  
 



47      B.S. Bhadauria, A. Singh, M. K. Singh, B. K. Singh            Asia Pacific J. Eng. Sci. Tech. 2 (1) (2016) 26-47 

 

 

[17] M. Haajizadeh, A.F. Ozguc, C.L. Tien, Natural convection in a vertical porous enclosure with internal heat 

generation, Int. J. Heat Mass Transf., 27 (1984) 1893-1902. 

[18] S.P. Bhattacharya, S.K.Jena, Thermal instability of a horizontal layer of micropolar fluid with heat source, 

Proceedings of the Indian Academy of Sciences (Mathematical Sciences), 93 (1) (1984) 13-26. 

[19] Y.F. Rao, B.X. Wang, Natural convection in vertical porous enclosures with internal heat generation, Int. J. 

Heat Mass Transf., 34 (1991) 247-252. 

[20] C. Parthiban, P.R. Patil, Thermal instability in an anisotropic porous medium with internal heat source and 

inclined temperature gradient, Int. Comm. Heat Mass Transf., 24 (7) (1997) 1049-1058. 

[21] M.V. Joshi, U.N. Gaitonde, S.K. Mitra, Analytical study of natural convection in a cavity with volumetric 

heat generation, ASME J. Heat Transf., 128 (2006) 176-182. 

[22] E. Magyari, I. Pop, A. Postelnicu, Effect of the source term on steady free convection boundary layer flows 

over a vertical plate in a porous medium, Part I. Transp. Porous Media, 67 (2007) 49-67. 

[23] F. Capone, M. Gentile, A.A. Hill, Double-diffusive penetrative convection simulated via internal heating in 

an anisotropic porous layer with throughflow, Int. J. Heat Mass Transf., 54 (2011) 1622-1626. 

[24] B.S. Bhadauria, K. Anoj, K. Jogendra, N.C. Sacheti, P. Chandran, Natural convection in a rotating 

anisotropic porous layer with internal heat generation, Transp. Porous Media, 90 (2) (2011) 687-705. 

[25] B.S. Bhadauria, Double diffusive convection in a saturated anisotropic porous layer with internal heat 

source, Transport in Porous Media, 92 (2012) 299-320. 

[26] B.S. Bhadauria, I. Hashim, P.G. Siddheshwar, Effect of internal-heating on weakly non-linear stability 

analysis of Rayleigh-B´enard convection under g-jitter, Int. J. Non-Linear Mech., 54 (2013) 35-42. 

[27] S.H. Strogatz, Non-linear Dynamics and Chaos, Levant Books, Edition-I Kolkata India (2007). 

[28] Yuri A. Kuznetsov, Elements of Applied Bifurcation Theory. Edition-II, Springer. 

[29] W.V.R. Malkus, G. Veronis, Finite amplitude cellular convection, J. Fluid Mech, 4 (1958) 225-260. 

[30] G. Venezian, Effect of modulation on the onset of thermal convection, J. Fluid Mech., 35 (1969) 243-254. 

 



Engineering Physics and Mathematics

Throughflow and G-jitter effects on chaotic convection in an anisotropic
porous medium

B.S. Bhadauria ⇑, Ajay Singh
Department of Applied Mathematics, School for Physical Sciences, Babasaheb Bhimrao Ambedkar University, Lucknow 226025, India

a r t i c l e i n f o

Article history:
Received 9 June 2016
Revised 26 July 2016
Accepted 21 August 2016
Available online xxxx

Keywords:
Non-linear theory
Gravity modulation
Chaos theory
Throughflow

a b s t r a c t

The present article is to investigate the effect of various parameters on chaotic convection in an anisotro-
pic porous medium under gravity modulation. For this, the problem is reduced into Lorenz system (non-
autonomous) by employing truncated Galerkin expansion method. It is found that the system shows
either chaotic or periodic nature for suitable values of scaled Rayleigh number. The influence of ampli-
tude of modulation is to advance the chaotic nature in the system while that of frequency of modulation
has tendency to delay the chaotic behaviour. The effects of Péclet number and anisotropic parameters on
the chaotic system are also studied and found these are delay the chaotic nature. The phase portrait and
time domain diagrams of the Lorenz system for suitable parametric values has been used to analysed the
system. Finally, we conclude that the system has either chaotic or periodic solution depending upon the
values of the parameters.
� 2017 Ain Shams University. Production and hosting by Elsevier B.V. This is an open access article under

the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

The stability of the convective system depends upon the tem-
perature difference. When this temperature difference between
fluid layer is large enough, instability occurs in the system due to
buoyant force. This instability makes the system unstable which
generates an interesting phenomenon known as convection. The
Rayleigh-Bénard convection in porous medium is called as Darcy
Bénard convection or Horton-Rogers problem. Study in porous
media has attracted the attention of many researchers during the
last three decades due to its applications in various fields such as
petroleum industry, chemical engineering and geophysics. For
more details, we can refer the most excellent books due to Ingham
and Pop [1], Nield and Bejan [2] and Vafai [3], etc. An anisotropy in
porous medium comes from asymmetric geometry of porous
matrix or fibres. The studies of thermal instability in an anisotropic
porous media plays very significant roles in many research fields
such as in petroleum industry, chemical engineering, sedimenta-
tion and compaction. Some of the studies related to the anisotropic
porous medium are due to Epherre [4], Kvernvold and Tyvand [5],

Nisen and Storesletten [6], Tyvand and Storesletten [7], Degan et al.
[8], Nield and Kuznetsov [9,10], Govender [11,12], Malashetty and
Heera [13], Malashetty and Swamy [14], Simmons et al. [15]
and Altawallbeh et al. [16]. Recently Alok et al. [17] Bhadauria
and Kiran [18].

In this article, we consider gravity as a function of time (t)
known as gravity modulation or G-jitter, in literature. This gives
two parameters to understand the dynamics of the system. It is
very useful to control many engineering thermal sciences process.
Therefore, modulation (thermal, gravity, magnetic field) is the
much interesting area for research due to its controlling nature
of convective system. Gresho and Sani [19] were the first to pro-
pose the gravity modulation of the system as a technique to control
the convective flow. They observed that the gravity modulation
enable the system to get control on its instability either by suitable
adjusting the values of frequency or the amplitude of modulation.
For more details on gravity modulation, we refer [20–25].

Further, the concept of throughflow is used to control the con-
vective mechanism in engineering sciences, industries, geophysics,
etc. The basic state temperature profile of throughflow changes
from linear to non-linear with layer height, which affects the sta-
bility of the system. The effect of throughflow on the onset of con-
vection in a horizontal porous layer has been studied by Wooding
[26], Sutton [27], Homsy and Sherwood [28], Jones and Persichetti
[29]. Nield [30] and Shivakumara [31] showed that a small amount
of throughflow can have a destabilizing effect on the system.
Khalili and Shivakumara [32] have investigated the effect of
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throughflow and internal heat generation on the onset of convec-
tion in a porous medium. The non-Darcian effects on convective
instability in a porous medium with throughflow has been studied
by Shivakumara [33]. Shivakumara and Nanjundappa [34] investi-
gated analytically, the effects of quadratic drag and vertical
throughflow on double diffusive convection in a horizontal porous
medium using the Forchheimer extended Darcy equation. It is
found that irrespective of the nature of boundaries, a small amount
of throughflow in either of its direction destabilizes the system.
Shivakumara and Sureshkumar [35] have studied convective insta-
bility in non-newtonian fluid saturated porous medium in the
presence of vertical throughflow and found that throughflow has
stabilizing or destabilizing effect depending on the boundaries
and the directions of the flow. Brevdo [36] investigated three-
dimensional absolute and convective instabilities at the onset of
convection in a porous medium with inclined temperature gradi-
ent and vertical throughflow. Barletta et al. [37] analyzed the con-
vective roll instabilities of vertical throughflow with viscous
dissipation in a horizontal porous medium. Reza and Gupta [38]
investigated the effect of through flow on the onset of convection
in a horizontal layer of electrically conducting fluid, confined
between two rigid permeable boundaries, heated from below, in
the presence of a uniform vertical magnetic field. They found that
magnetic field inhabits the onset of steady convection, and a pos-
itive throughflow is more stabilizing than negative throughflow.
Recently, Nield and Kuznetsov [39], Bhaduria and kiran [40] stud-
ied the effect of throughflow in porous medium for different
model.

Many researchers have studied the chaotic convection due to
its great importance in daily life. Such type of convection is appli-
cable in various kind of fields, for instance, in the production of
crystals and weather sciences, etc. The chaos model was firstly
proposed by Poincaré [41]. In this model the author found that
the dynamical system generated by the three body problem is
quite sensitive to the initial conditions exhibiting chaotic beha-
viour. Later on, Edward Lorenz [42] studied the system of three
ordinary differential equations and developed the model for

atmospheric convection, similar work has been done in [43].
Vadasz with their colleague presented a number of articles on
the transition to chaotic behaviour in porous layer heated from
below [44–48]. Long et al. [49] studied the chaotic convection
of viscoelastic fluid in porous medium. Recently, Vadasz [50],
Bhadauria and Kiran [51,52] and Gupta and Singh [53] have stud-
ied chaotic convection in porous medium by using different phys-
ical models.

In the present article, the combined effect of throughflow and
gravity modulation on chaotic convection in an anisotropic porous
medium is studied. Firstly the adopted model is reduced into Lor-
enz system by employing the truncated Galerkin expansion
method. The influence of amplitude of modulation is to advance
the chaotic nature in the system while that of frequency of modu-
lation has tendency to delay the chaotic behaviour. The effects of
Péclet number and anisotropic parameters on the chaotic system
are also discussed. The proposed Lorenz system has been analysed
by using phase portrait and time domain diagrams.

2. Mathematical structure of the problem

An infinitely extended horizontal anisotropic porous layer of
depth d confined between two parallel planes: the lower plane is
at z ¼ 0 while the upper plane is at z ¼ d. A Cartesian frame of ref-
erence is adopted in such a way that the origin lies on the lower
plane and z-axis is vertically upward. The porous layer is heated
from below and cooled from above. The physical configuration of
the model is depicted in Fig. 1. The Darcy law and Oberbeck-
Boussinesq approximation is adopted to solve the model equa-
tions. The non-dimensionalized system of the governing equations
is obtain according to [17,53]

1
Va

@

@t
ðr2wÞ ¼ �r2

nw� Rað1þ d sinðXtÞÞ @T
@x

; ð1Þ

� @w
@x

@Tb

@z
� r2

g � Pe
@

@z

� �
T ¼ � @T

@t
þ @ðw; TÞ

@ðx; zÞ ; ð2Þ

Nomenclature

Latin symbols
d amplitude of gravity modulation
d depth of fluid layer
L length of porous layer
g
!

acceleration due to gravity
p reduced pressure
RaD thermal Darcy-Rayleigh number
R scaled Rayleigh number
T temperature
Pe Péclet number
DT temperature difference across the porous layer
t time
q fluid velocity(u,v,w)
(x,z) horizontal and vertical co-ordinates

Greek symbols
aT coefficient of thermal expansion
jT effective thermal diffusivity jTx ð̂îiþ ĵ̂jÞ þ jTzðk̂k̂Þ
K permeability Kx ð̂îiþ ĵ̂jÞ þ Kzðk̂k̂Þ
Kx permeability in x direction
Kz permeability z direction
g thermal anisotropic parameter jTx=jTz

n mechanical anisotropic parameter Kx=Kz

v scaled thermal anisotropic parameter

f scaled mechanical anisotropic parameter
X frequency of modulation
l dynamic viscosity of the fluid
/ porosity
c heat capacity ratio
m kinematic viscosity
q fluid density
w stream function
s rescaled time
X rescaled amplitude
Y rescaled amplitude
Z rescaled amplitude

Other symbols
r2 @2

@x2+
@2

@y2+
@2

@z2

Subscripts
b basic state
0 reference value

Superscripts
0 perturbed quantity
⁄ dimensionless quantity
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where Va ¼ /md2
KzjTz

is Vadasz number, Ra ¼ aT g0DTdKz
mjTz

is thermal Rayleigh

number, Pe ¼ w0d
jTz

is Péclet number, ð1þ d sinðXtÞÞ is modulation

term and the other variables have their usual meanings as given
in the nomenclature.

Theexternally imposedthermalboundaryconditionsaregivenby

T ¼ T0 þ DT; at z ¼ 0;
T0; at z ¼ d:

�
ð3Þ

The basic state temperature present in Eq. (2) is obtained by
using the above boundary condition (3) as in [40]

Tb ¼ ePez � ePe

1� ePe
: ð4Þ

3. Method of solution

The solution of nonlinear Eqs. (1) and (2) are obtained by
using truncated Galerkin expansion method. The stream

function and temperature field are taken in the forms as men-
tioned in [50].

w ¼ A11 sin
px
L

� �
sinðpzÞ; ð5Þ

T ¼ Tb þ B11 cos
px
L

� �
sinðpzÞ þ B02 sinð2pzÞ: ð6Þ

Using Eqs. (5) and (6) into Eqs. (1) and (2), multiplying the equa-
tions by orthogonal eigenfunctions corresponding to Eqs. (5) and
(6), and then integrating them over the spatial domain, we get a
set of three differential equations for the time evolution of the
amplitudes, in the form of

dA11

ds ¼ �Vac
p2

Ra

ph ð1þ d sinðXsÞÞB11 þ fA11

� �
; ð7Þ

dB11

ds
¼ � 1

ph
4p2

P2
e þ 4p2

 !
A11 � 1

h
A11B02 � vB11; ð8Þ
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Fig. 2. Phase Portrait and time domain diagrams For the System (10) with parameters R ¼ 5 and f = 0.4, v = 0.4, Pe = 1.0, d = 0.1, X ¼ 5.

Fig. 1. Physical configuration of the problem.
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dB02

ds
¼ 1

2h
A11B11 � 4cB02; ð9Þ

where the time has been re-scaled and the following notations are
introduced

s ¼ ðL2 þ 1Þp2

L2
t; h ¼ L2 þ 1

L2
; c ¼ L2

L2 þ 1
; X ¼ L2

ðL2 þ 1Þp2
X; r

¼ Vac
p2 ; R ¼ Ra

p2h2
; v ¼ gþ L2

L2
and f ¼ ðL2=nÞ þ 1

L2
:

Again, rescaling the amplitudes in the form

X ¼ �
ffiffiffi
f

p
A11

2h
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2cðR� fvÞp ; Y ¼ pRB11

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2cfðR� fvÞp and Z ¼ � pRB02

ðR� fvÞ
will provide the following set of equations

_X ¼ rfðð1þ d sinðXsÞÞY � XÞ;
_Y ¼ 1

f R 4p2

P2eþ4p2

� �
X � fvY � ðR� fvÞXZ

� �
;

_Z ¼ 4cðXY � ZÞ;

8>><
>>: ð10Þ
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Fig. 3. Phase Portrait and time domain diagrams For the System (10) with parameters R ¼ 8:5 and f = 0.4, v = 0.4, Pe = 1.0, d = 0.1, X ¼ 5.

1.5 1.0 0.50.0 0.5 1.0 1.5

3

2

1

0

1

2

x

y

3 2 1 0 1 2 3
0.40.6
0.81.0
1.21.4
1.6

y

z

1.5 1.0 0.5 0.0 0.5 1.0 1.5
0.4
0.6
0.8
1.0
1.2
1.4
1.6

x

z

0 20 40 60 80
2

1

0

1

τ

x

0 20 40 60 80

3
2
1
0
1
2
3

τ

y

0 20 40 60 80

0.4
0.6
0.8
1.0
1.2
1.4
1.6

τ

z

Fig. 4. Phase Portrait and time domain diagrams For the System (10) with parameters R ¼ 15 and f = 0.4, v = 0.4, Pe = 1.0, d = 0.1, X ¼ 5.
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Fig. 5. Phase Portrait and time domain diagrams For the System (10) with parameters R ¼ 23 and f = 0.4, v = 0.4, Pe = 1.0, d = 0.1, X ¼ 5.
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Fig. 8. Phase Portrait and time domain diagrams For the System (10) with parameters Pe = 5 and f = 0.4, v = 0.4, R = 15, d = 0.1, X ¼ 5.
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Fig. 6. Phase Portrait and time domain diagrams For the System (10) with parameters R ¼ 24 and f = 0.4, v = 0.4, Pe = 1.0, d = 0.1, X ¼ 5.
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Fig. 7. Phase Portrait and time domain diagrams For the System (10) with parameters R ¼ 200 and f = 0.4, v = 0.4, Pe = 1.0, d = 0.1, X ¼ 5.
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where the primes (�) denote time derivatives. If the amplitude of
gravity modulation d ¼ 0 and Pe ¼ 0 then the system (10) reduces
into Gupta et al. [53] model as

_X ¼ rfðY � XÞ;
_Y ¼ 1

f ðRX � fvY � ðR� fvÞXZÞ;
_Z ¼ 4cðXY � ZÞ:

8>><
>>: ð11Þ

4. Results and discussion

MATHEMATICA 7.0 has been used for the numerical simulation
of the Lorenz system (10). In this simulation, we considered the
initial conditions s ¼ 0 : X ¼ Y ¼ Z ¼ 0:9 and fixed the parameters
r ¼ 10; c ¼ 0:5. The parameters R; Pe; d;X;v; f are considered as
variable to examine the behavior of modulated chaotic system.
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Fig. 9. Phase Portrait and time domain diagrams For the System (10) with parameters Pe = 6 and f = 0.4, v = 0.4, R = 15, d = 0.1, X ¼ 5.
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Fig. 10. Phase Portrait and time domain diagrams For the System (10) with parameters Pe = 7 and f = 0.4, v = 0.4, R = 15, d = 0.1, X ¼ 5.
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The phase-portrait diagrams depicts how modulation term affect
the dynamics of the thermal convection for a combination of varied
parameters. The results are further depicted in Figs. 2–26 to anal-
yse the Lorenz model by using phase-portrait and time domain
diagrams.

The effect of scaled Rayleigh number R on the system are
depicted in Figs. 2–7, keeping fixed the other parameters. Fig. 2
shows a periodic solution ðR ¼ 5Þ and for ðR ¼ 8:5Þ system moves
from periodic to weak chaotic solution in Fig. 3. Fig. 4 ðR ¼ 15Þ
depicts a chaotic behaviour or aperiodic solution of the Lorenz
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Fig. 11. Phase Portrait and time domain diagrams For the System (10) with parameters f = 0.4 and Pe = 1, v = 0.4, R = 15, d = 0.1, X ¼ 5.
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Fig. 12. Phase Portrait and time domain diagrams For the System (10) with parameters f = 0.7 and Pe = 1, v = 0.4, R = 15, d = 0.1, X ¼ 5.
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system which shows that heat transfer is more in this case in com-
parison to previous two case. Further in Figs. 5 and 6 system shows
periodic solution for (R ¼ 23;R ¼ 24) respectively. On increasing the
higher value of R > 100 system always shows periodic solution
depicts in Fig. 7. Hence, we conclude that the system has either
periodic or chaotic behavior depending upon the value of scaled

Rayleigh number which agrees with the results obtained by Long
et al. [49]. The impact of Péclet number Peon the system for different
parametric values Pe ¼ 5;6;7 keeping fixed the other parameters, is
depicted in Figs. 8–10, respectively. From these figures we can see
that the system transition from chaos to periodic i.e. heat transfer
level down on increasing the value Pe, clear from the diagrams.
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Fig. 14. Phase Portrait and time domain diagrams For the System (10) with parameters v = 0.5 and Pe = 1, f = 0.4, R = 15, d = 0.1, X ¼ 5.
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Fig. 13. Phase Portrait and time domain diagrams For the System (10) with parameters f = 0.9 and Pe = 1, v = 0.4, R = 15, d = 0.1, X ¼ 5.
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Figs. 11–13 depict the effect of different values of scaled
mechanical anisotropic parameter f ¼ 0:4;0:7; 0:9, keeping fixed
the other parameters. The phase-portrait diagrams and time
domain solutions show that the system has chaotic nature for
f ¼ 0:4 and ¼ 0:7 while the system shows a periodic nature for

f ¼ 0:9. Thus, the system returns to periodic solution from the
chaotic solution as f increases, and so, mechanical anisotropic
parameter f delay the heat transfer, similar the result [53]. The
another anisotropic parameter v effects on the system are depicted
in Figs. 14–16 for v ¼ 0:5;0:7;0:9 respectively. Here we notice that
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Fig. 15. Phase Portrait and time domain diagrams For the System (10) with parameters v = 0.7 and Pe = 1, f = 0.4, R = 15, d = 0.1, X ¼ 5.
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Fig. 16. Phase Portrait and time domain diagrams For the System (10) with parameters v = 0.9 and Pe = 1, f = 0.4, R = 15, d = 0.1, X ¼ 5.
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from the time domain solution, heat transfer decreases, finally sys-
tem tends to periodic behavior on increasing v compatible with
result [53].

The effect of frequency of gravity modulation X is depicted in
Figs. 17–19 for X ¼ 10;40;80, keeping fixed other parameters. In

this case, the system looses its chaotic behaviour and shift into
periodic behaviour, and so, heat transfer is delay the convection.
The impact of amplitude of gravity modulation d on the system
for different parametric values d ¼ 0:01;0:2;0:4 keeping fixed the
other parameters, is depicted in Figs. 20–22, respectively. These
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Fig. 18. Phase Portrait and time domain diagrams For the System (10) with parameters X ¼ 40 and Pe = 1, f = 0.4, R = 15, d = 0.1, v = 0.4.
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Fig. 17. Phase Portrait and time domain diagrams For the System (10) with parameters X ¼ 10 and Pe = 1, f = 0.4, R = 15, d = 0.1, v = 0.4.
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figures depict that the trajectories are much disturbed on increas-
ing d. Therefore, the chaotic behaviour advances, that is, the heat
transfer is increases gradually. Both Results are analogous to [51].

Further, we compare the result of gravity modulated and
unmodulated systems. For d ¼ 0;R ¼ 5 and fixed the other param-
eters Fig. 23 shows a stable solution while for d ¼ 0:1;R ¼ 5, the
system has periodic solution, is depicted in Fig. 24. We noticed that
in gravity modulated system heat transfer is more in comparison

to unmodulated system. Lastly we also compare the our result
from the result already obtained by Vinod et al. [53] depicted in
Figs. 25. In Fig. 25 all the trajectories are moving into fixed point
and time domain solution shows a stable solution for given para-
metric values. On the other hand all the trajectories are much dis-
turbed in Fig. 26 due to present the modulation term d and time
domain solution depicted a periodic system, hence we analyse that
in modulated system heat transfer is more.
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Fig. 19. Phase Portrait and time domain diagrams For the System (10) with parameters X ¼ 80 and Pe = 1, f = 0.4, R = 15, d = 0.1, v = 0.4.
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Fig. 20. Phase Portrait and time domain diagrams For the System (10) with parameters d = 0.01 and Pe = 1, f = 0.4, R = 15, X ¼ 5;v = 0.4.
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5. Conclusions

In this paper, throughflow and G-jitter effects on chaotic
convection in an anisotropic porous medium are studied.
The adopted model is firstly reduced into Lorenz system by
employing truncated Galerkin expansion method. By using phase

portrait and time domain diagrams the following findings are
obtained.

(a) The effect of scaled Rayleigh number R is to either increase
(chaotic) or decrease(periodic) the heat transport in the
Lorenz system.
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Fig. 21. Phase Portrait and time domain diagrams For the System (10) with parameters d = 0.2 and Pe = 1, f = 0.4, R = 15, X ¼ 5;v = 0.4.
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Fig. 22. Phase Portrait and time domain diagrams For the System (10) with parameters d = 0.4 and Pe = 1, f = 0.4, R = 15, X ¼ 5;v = 0.4.
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(b) The throughflow parameter Pe is to delay the chaotic con-
vection i.e. heat transfer decreases in the system.

(c) The amplitude d (frequency X) of modulation is to advance
(delay) the heat transfer in the Lorenz system.

(d) The anisotropic parameters v and f has tendency to delay
the chaotic behaviour in the system.

(e) Finally, it is obtained that heat transfer is more in the modu-
lated system in comparison to thewithoutmodulated system.
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Fig. 24. Phase Portrait and time domain diagrams For the System (10) with parameters d = 0.1 and Pe = 1, f = 0.4, R = 5, X ¼ 5;v = 0.4.
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Fig. 23. Phase Portrait and time domain diagrams For the System (10) with parameters d = 0.0 and Pe = 1, f = 0.4, R = 5, X ¼ 5;v = 0.4.
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